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The traveling salesman problem:

Given finitely many “cities” along with the cost of travel 
between any two of them,

find the cheapest way of going through all the cities 
and coming back to the city you started out from.
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The symmetric TSP:                                                                                  
Travel from A to B costs as much as travel from B to A.
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A tour through 47 cities in 

Germany



(…) Business leads the traveling salesman here and there, 

and there is not a good tour for all occurring cases; but 

through an expedient choice and division of the tour so 

much time can be won that we feel compelled to give 

guidelines about this. Everyone should use as much of the 

advice as he thinks useful for his application. We believe we 

can ensure as much that it will not be possible to plan the 

tours through Germany in consideration of the distances 

and the traveling back and forth, which deserves the 

traveler’s special attention, with more economy. 

A tour through 47 cities in 

Germany



(…) Business leads the traveling salesman here and there, 

and there is not a good tour for all occurring cases; but 

through an expedient choice and division of the tour so 

much time can be won that we feel compelled to give 

guidelines about this. Everyone should use as much of the 

advice as he thinks useful for his application. We believe we 

can ensure as much that it will not be possible to plan the 

tours through Germany in consideration of the distances 

and the traveling back and forth, which deserves the 

traveler’s special attention, with more economy. 

The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)

A tour through 47 cities in 

Germany



The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)



The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)

Road map

4 3

5

A

B

C D



The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)

Road map

4 3

5

A

B

C D

Travel costs

4 3

7

5 89

A

B

C D



The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)

Road map

4 3

5

A

B

C D

Travel costs

4 3

7

5 89

A

B

C D

A-B-C-D-A



The main thing to remember is always to visit as many 

localities as possible without having to touch them twice. (…)

Road map

4 3

5

A

B

C D

Travel costs

4 3

7

5 89

A

B

C D

A-B-C-B-D-B-A A-B-C-D-A



MISCONCEPTION #23:                                         

THE TSP IS A PROBLEM IN GEOMETRY



MISCONCEPTION #23:                                         

THE TSP IS A PROBLEM IN GEOMETRY

Travel costs

1 4

3

1 11

B

D

A C



MISCONCEPTION #23:                                         

THE TSP IS A PROBLEM IN GEOMETRY

Travel costs

1 4

3

1 11

B

D

A C

cost(A,C)  exceeds  cost(A,B)+cost(B,C)!



1 4

3

1 11

B

D

A C



1 4

3

1 11

B

D

A C



1 4

3

1 11

B

D

A C

tour cost 9



1 4

3

1 11

B

D

A C

tour cost 9 tour cost 6



1 4

3

1 11

B

D

A C

tour cost 9 tour cost 6 tour cost 7



1 4

3

1 11

B

D

A C

tour cost 9 tour cost 6 tour cost 7

OPTIMAL



Great terminological confusion



Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion



Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

• particle swarm optimization 

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

• particle swarm optimization 

• simulated annealing

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

• particle swarm optimization 

• simulated annealing

• tabu search

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

• particle swarm optimization 

• simulated annealing

• tabu search

• memetic algorithms

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 

Great terminological confusion

Is x=3 a solution of the equation 2x = 5 ?



Soft computing heuristics

• artificial neural networks

• genetic algorithms

• ant colony optimization 

• particle swarm optimization 

• simulated annealing

• tabu search

• memetic algorithms

• etc. …

Mulder, S. A. and Wunsch, D. C.  Million city traveling salesman problem 

solution by divide and conquer clustering with adaptive resonance neural 

networks. Neural Networks 16 (2003), 827-832. 
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Julia Robinson



http://www.zalafilms.com/
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THE MINIMUM-COST SPANNING TREE PROBLEM IS EASY!               
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This question stimulated the study of computational complexity       
and, in particular, the development of the theory of NP-completeness

Stephen A. Cook,  The complexity of theorem-proving procedures. In Proc. 
3rd Annual ACM Symposium on the Theory of Computing, 1971, pp.151—
158.

Richard  M. Karp. Reducibility among combinatorial problems. In R.E. Miller 
and J.W.Thatcher, editors, Complexity of Computer Computations, Plenum 
Press, 1972, pp. 85--104.
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49 cities in the U.S.A.

The Big Bang
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The Dantzig-Fulkerson-Johnson cutting-plane method

The Dantzig-Fulkerson-Johnson initial TSP box:

applies to any problem

such that  S  is a finite subset of a Euclidean space

cutting plane
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Tiebreaker: Write a short essay on one of Procter & Gamble’s products



1977 Martin Grötschel: a 120-city instance



1986 Manfred Padberg and Giovanni Rinaldi: a 532-city instance



1987 Martin Grötschel and Olaf Holland: a 666-city instance



1987 Manfred Padberg and Giovanni Rinaldi: a 2,392-city instance    
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February 10, 1996

IBM’s “supercomputer” Deep Blue beats Garry Kasparov

From an interview with V.C. published in 1996:

The traveling salesman problem is to mathematical programming what 
chess is to artificial intelligence: thoroughly useless and fiercely 
competitive sport that serves as a testing ground of your techniques.
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My daddy can beat up your daddy
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Radiation hybrid technique: Break the DNA into pieces by X-rays 
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the more often they appear together in the hybrid cells.
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look at the same star. Star light from the two mirrors will be 
combined to create a very good image, which is then sent 
back to Earth. Laser beams are used to keep the two 
spacecraft very precisely aligned.
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APPLICATION: NASA’s StarLight mission

Bailey, C., McLain, T., and Beard, R. Fuel Saving Strategies for Dual 
Spacecraft Interferometry Missions, Journal of the Astronautical Sciences,

Volume 49, Number 3, pp. 469-488, July-September 2001.

StarLight cancelled in 2002                       S

slew also slue transitive verb 1 : to turn (as a telescope or 
a ship's spar) about a fixed point that is usually the axis
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• postal deliveries

• meals on wheels

• inspection tours

• school bus routing

• X-ray crystallography

• drilling problems

• post-manufacture computer chip testing (“scan chains”)

• data clustering

• etc. etc. etc.

OTHER APPLICATIONS
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TSPLIB:

a library of 111 instances                                                 
collected by Gerhard Reinelt (Heidelberg) in 1991
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The red instances were unsolved in 1991
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Bill Cook



With my friend and co-author Najiba Sbihi
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There is also the oft-repeated recollection in Donleavy’s 
autobiographical writing that his Irish parents grew up 
“without a pot to piss in”.

J. P. writes in his memoir: “I had come to this peasant land 
with my nice big American pot to piss in.”

… the author’s rise to artistic glory, when he finally found in         
his home at Levington Park, with eleven toilets, a pot to piss in.
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McGill 1987: Chính Hoàng’s Ph.D. defense 

Professor Cook first from the left (in the doorway)











December 1987





LESSON #1:                                                       

MISCHIEF IS A POWERFUL ENGINE OF DISCOVERY



David Applegate

January 1988
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Bill Cook’s original TSP algorithm



write TSP code

code fast enough?

done!

let David speed it up
by a factor of three

YES NO

Bill Cook’s original TSP algorithm
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1988 – 1989: The Age of Innocence

Battle cry:

If everyone does it in a certain way, we will do it differently!!

OUT WITH THE OLD, IN WITH THE NEW

LESSON #3: 

SOMETIMES THE OLD IS USED FOR A GOOD REASON

Case in point:

The simplex method of linear programming
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[Facsimile of a transparency used by V.C. in his talk in Texas]

SURVEY OF PROGRESS IN TSP SOLVING

1954 Dantzig, Fulkerson, and Johnson 49 cities

1970 Held and Karp 60 cities

1974 Helbig Hansen and Krarup 80 cities

1975 Camerini, Fratta, and Maffioli 100 cities

1977 Grötschel 120 cities

1980 Crowder and Padberg 318 cities

1986 Padberg and Rinaldi 532 cities

1987 Grötschel and Holland 666 cities

1987 Padberg and Rinaldi 2,392 cities

1990 Applegate, Chvátal, and Cook 17 cities
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January 1992: The Great Dismay    

Desperate last-ditch efforts:

• combs from consecutive ones (Chapter 8)

• cut tightening (Section 10.1)

• cut gluing (Section 10.4)

• strong branching (Section 14.3)

April 1992: pcb3038 falls
The Discover Magazine, January 1993
“A new TSP record, 3,038 cities”
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Another breakthrough: local cuts (Chapter 11)



TSPLIB

gr48

gr96

gr120
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gr202

gr229
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d15112

d18512

dantzig42

dsj1000

eil51

eil76
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fl417

fl1400

fl1577

fl3795

fnl4461

fri26

gil262

gr17

gr21

gr24

a280

ali535

att48
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bays29

berlin52
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brd14051

brg180

burma14

ch130

ch150
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pla33810
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ts225
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u1060

u1432
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The red instances were unsolved in 2006



April 2001 d15112 34 CPU years

December 2002 it16862 11 CPU years

March 2004 brd14051 5 CPU years

May 2004 sw24978 85 CPU years

October 2004 pla33810 16 CPU years

March 2005 d18512 57 CPU years

April 2006 pla85900 136 CPU years

Large TSP instances solved in the new millennium





CONCORDE’S YOUNGER HELPERS

• An implementation of Adam Letchford's domino parity constraints

developed by Bill Cook, Daniel Espinoza, and Marcos Goycoolea. 

Used in the solution of d18512, pla33810, and pla85900.

• Keld Helsgaun's refinement of the Lin-Kernighan heuristic.

Used in the solution of sw24978 and pla85900.
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Bill Cook’s Mona Lisa Challenge: $1000 Prize for a tour shorter than 5,757,191
the 100,000-city problem  created by Robert Bosch.

A tour of length 5,757,191 was found on March 17, 2009, by Yuichi Nagata

Techniques for developing such point sets have evolved over through work of Bosch and Craig Kaplan.
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