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OUTLINE

Stochastic cooperative games




STOCHASTIC COOPERATIVE GAMES




MOTIVATION

m Framework of only one game (not dynamic).

m The main question is how to divide payoff of the grand
coalition.

m When to use stochastic model?

1. Information shortage (Costly to get all the information or not

possible to get it).
2. Decision before the realization of random event (demand,

events in principle random) .




STOCHASTIC MODEL

m We can use classical framework of cooperative game theory
(N, v) with some additions and generalizations.

m Characteristic function is considered to be random variable.

Random characteristic function

v(S):Q —E SCN
Q possible outcomes of random variable
E measurable space (for us mostly R)




MODELS FOR V

m Normal distribution N (i, o) or Aon(u, ¥)
e.g., Model for random erorr.

m Uniform distribution on a set.
Mostly intervals [a, b].
e.g., We do not know anything about the value, but we the
bounds.

m Discrete distribution.
e.g., Information about number events which can happen
with positive probability.




MOTIVATION EXAMPLE

Example of storage

Two sellers want to decide whether they want to share their cost
of storing the product.
Random part is a demand of their product.




ANOTHER MOTIVATION EXAMPLE

Bankruptcy situation

Two sellers want to decide whether they want to share their cost
of storing the product.
Random part is a demand of their product.




STOCHASTIC MODELS

Can we already make a decision about the division of players
costs or payoffs in case of (N, v), where v is random?

Answer

Yes, but let us look at model with one more component.




STOCHASTIC MODELS Il

Model with preferences

Triple (N, v, (=;)ien) is the stochastic model with preferences,
where (<;);cy is a preference of a player over random variables
and v is random.[1] or [2]

Preferences

Player i prefers random variable X over Y if Y <; X.




SOLUTION CONCEPT IN MODEL WITH PREFERENCES

m There is more model with preferences. Their difference are in
the expression of the allocation.

Model with preferences |
Solution is in the form of x; = d; + r; - (v(N) — E(v(N))),

D ien i ="
W >0,

= > d; = E(v(N))

Model with preferences Il

Solution is in the form of x; = r; - v(N).




CORE IN MODEL WITH PREFERENCES |

m In the paper they use mostly quantiles u)oﬁi as preferences are
used for a given a; € (0,1) .

Core of the stochastic cooperative game (N, v, (X))ien)

Coalition S C N has no incentive to split off if and only if
Sies (di +ri(ul™ — E(v(N))) = maxicsutl”




EXAMPLE OF THE MODEL CORE WITH PREFERENCES

Bankruptcy problem

On the whiteboard, two player bankruptcy game.




PROPERTIES OF STOCHASTIC COOP GAME

m Some results can be generalized for the stochastic approach.

Convex games in model with preferences

The greater the coalition the greater the marginal contribution of
the coalition or player.

In stochastic setting is game convex if:

dT*V + rfUy(T U U) =; ¢V + r?2Yy(SU V), Vi € U and

dIV + rfU(TUU) = dl +rTv(T),VieT




PROPERTIES OF STOCHASTIC COOP GAME

Convex games in model with preferences

Convex stochastic cooperative game (N, v, <) has nonempty core.




PREFERENCES IN THE MODEL

m Quantiles as we used.
m Stochastic dominance of some order(first, second)

m E(X) + by/Var(X) (Similar condition for core can be derived
in the case of these preferences)




THE OTHER MODEL WITH PREFERENCES

Model with preferences Il

Solution is in the form of x; = r; - v(N).

m In this model we are able to quite nicely define Shapley
value.

m The portion of the grand coalition payoff.

m Shapley value can be defined in a few equivalent ways in the
deterministic setting.

m In stochastic setting solutions does not coincide. More in [2].




OTHER TYPES OF MODELS: BASED ON OPTIMIZATION OF

A FUNCTION

m Another variant is to use specify multivariate distribution.

m The model is somehow generalizing the previous models:
allocation x; = d; + ri(v(N) — E(v(N))), where r; € R.

m Based on optimizing given function [3].




OPTIMIZATION MODEL

Objetive function

Minimize > sy E(e(S,x) — é(v, x)), where

m e(v,X)) = 5= > s (S, X)
m and e(S,x) = v(S) — x(S)

We get explicit expression for d; and r; for each player.




CONCLUSION

|
We went through the some of the possible models to deal with
randomness in the model for cooperative games. (There are
other possibilities how to deal with uncertainty like model with
states or scenarios and fuzzy models).




REFERENCE |

[

B

JEROEN SulJs, PETER BORM, ANJA DE WAEGENAERE, AND STEF TiJs.
COOPERATIVE GAMES WITH STOCHASTIC PAYOFFS.
European Journal of Operational Research, 113(1):193—205, 1999.

JUDITH TIMMER, PETER BORM, AND STEF TIJS.

ON THREE SHAPLEY-LIKE SOLUTIONS FOR COOPERATIVE GAMES WITH
RANDOM PAYOFFS.

International Journal of Game Theory, 32:595-613, 2004.

PANFEI SUN, DONGSHUANG HOU, AND HAO SUN.
OPTIMIZATION IMPLEMENTATION OF SOLUTION CONCEPTS FOR
COOPERATIVE GAMES WITH STOCHASTIC PAYOFFS.

Theory and Decision, 93(4):691-724, 2022.




	Stochastic cooperative games

