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THE BARGAINING SET AND THE KERNEL
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MOTIVATION

m What if we desire the stability the core offers, but C(v) = (?

1. we have the nucleolus 7(v)
2. What if we want more options?
» We need to relax the stability requirements
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can form a coalition that excludes j in which some members
benefit and all members are at least as well-off as in x.
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An objection of i against j to x is a pair (S,y) where
mSCN,i€S,j¢s,
my < RS y(S) < v(S) (y is feasible for S)
m VR € S,y, > x, and y; > x; (nobody is worse off and i gains)

m Goal: To obtain a side payment fromjto i



THE BARGAINING PROCESS

m Answer to an argument




THE BARGAINING PROCESS

m Answer to an argument
» [ can form a coalition that excludes agent i in which all agents
are at least as well off as in x, and as well off as in the payoff
proposed by i for those who were offered to join i in the
argument.




THE BARGAINING PROCESS

m Answer to an argument

» | can form a coalition that excludes agent i in which all agents
are at least as well off as in x, and as well off as in the payoff
proposed by i for those who were offered to join i in the
argument.

Counter-objection

A counter-objection to (S,y) is a pair (T, z) where
mTCN,jeT,i¢T,
m zc RS z(T) < v(T) (zis feasible for T)
m YR € T,z, > x, (nobody is worse off)
mVYRcTNS,z, >y, (ReQnPgetatleast as much asin (S,y))
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m Answer to an argument

» | can form a coalition that excludes agent i in which all agents
are at least as well off as in x, and as well off as in the payoff
proposed by i for those who were offered to join i in the
argument.

Counter-objection

A counter-objection to (S,y) is a pair (T, z) where
mTCN,jeT,i¢T,
m zc RS z(T) < v(T) (zis feasible for T)
m YR € T,z, > x, (nobody is worse off)
mVYRcTNS,z, >y, (ReQnPgetatleast as much asin (S,y))

m Goal: To show j can protect x; from the objection of i
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Stability

For a cooperative game (N, v), vector x € R" is stable if for each
objection at x there is a counter-objection.

The bargaining set

For a cooperative game (N, v), the bargaining set BS(v) is defined
as

BS(v) = {x € Z(v) | x is stable}.
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STABILITY

Core is a subset of the bargaining set

For a cooperative game (N, v), it holds
C(v) C BS(v).
Proof: There are no objections for x € C(v)!
m x(S) > v(S)

m objection (S,y) satisfies y(S) > x(S) and y(S) < v(S)
m v(S) > y(S)>x(S) > v(S)
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OBJECTIONS HIDDEN BEHIND COALITIONS

Idea: Players pretend to care about the welfare of coalitions.

m S is a coalition that contains i, excludes j and which
sacrifices too much (or gains too little).

Objection

A coalition S C N is an objection of i againstjtoxifi€S,j ¢ S
and x; > v(j).

m Player i's demand is not justified: T is a coalition that
contains j and excludes i and that sacrifices even more (or
gains even less)

Counter-Objection

A coalition T C N is a counter-objection to the objection P of i
againstjifj € T,i ¢ Tand e(T,x) > e(S, x).
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For a cooperative game (N, v), the kernel K£(v) is defined as

K(v) = 4 x € T(v) VS objection of i over j to x,
a 3T a counter-objection of jto S|

m denote S;; C Nsuchthatic Sjandj ¢S;
i does not have an objection against j

N is an objection
) is a counter-objection

1 X = V(j) ...
2. X; > v(j) ... every S; C

> every S satisfying e(Sj;, x) > e(Sj;, x
m playeriis safe against j if

1. X; = v(j), or
2. x; > v(j) and max e(S;ji, x) > g

fi= =

e(S, x)

B S;(Xx) = Q”ax e(Sj, X)
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For a cooperative game (N, v), the kernel £(v) is defined as
K(v) = {x € Z(v) | Vi #j : sjj(x) > sji(x) or x; = v(j) }.

m denote S;; C Nsuchthatic S;andj ¢S;
1. Xj = v(j) ... i does not have an objection against j
2. X; > V(j) ... every S;; C N is an objection
> every S; satlsfylng e(Sji,x) > e(Sj, x) is a counter-objection
m player i is safe against j if
1. x; = v(j), or
2. x; > v(j) and max e(S,,,x) > STS)I\(J e(S,x)

] s,-j(x) = gn (S,],x)

ax
N
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For a cooperative game (N, v), it holds KC(v) C BS(v).

Proof: x € K(v) = x € BS(v)
m (Sj,y) ... objection of i against j to x
> y(Sj) < v(Sy), VR yr > xeand y; > X (y(Sy) > x(Sj))
» we choose y(S;;) = v(Sj)
m we need (S, 2) s.t.
> 2(Sji) < v(Sji)s
B VReQ: z, > X,
B VkReQnP: Zr > Yk

1 X = v(j)

» choose S = {j} and y; = v(j)
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Relation of solution concepts

For a cooperative game (N, v), it holds

n(v) € C(v) € K(v) € BS(v).

Following theorem is immediate.

Non-emptyness of /C(v) and BS(v)

For a cooperative game (N, v), if it holds Z(v) # (), then we have
K(v) # 0 and BS(v) # 0.
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Objection

A pair (P,y), in which P C N and y € Z(v) is an objection to x if
e(P,x) > e(P,y).

Counter-objection

A coalition (Q,y) is a counter-objection to the objection (P, y)
when e(Q,y) > e(Q,x) and e(Q,y) > e(P, x).

Nucleolus

For a cooperative game (N, v), the nucleolus 7(v) is defined as

n(v) = {x € Z(v) | x is stable.}.




SUMMARY

The bargaining set and the kernel

The bargaining set and the kernel are solution concepts, which
relax the notion of core stability. The stability for both of these
sets is defined through a bargaining process consisting of
objections and counter-objections to payoff vectors. If each
objection is covered by a counter-objection, the payoff vector is
proclaimed stable. Both sets are generalisations of the
nucleolus and when the core is non-empty, all the mentioned
solution concepts together with the core form a hierarchy of
stable solutions.
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