COOPERATIVE GAME THEORY

MARTIN CERNY

KAM.MFF.CUNI.CZ/~CERNY
CERNY(@KAM.MFF.CUNI.CZ

MARCH 2, 2023



NUCLEOLUS




MOTIVATION

mC(v)={xeZ(v)|x(S)>v(S)proS C N} ... core of a game
m How to choose x € C(v)?

m x(S) > v(S)
m X(S) +e=v(S)
> e<o
> size of e represents dissatisfaction of players over x
m e(S,x) = v(S) — x(S) ... excess of coalition S over x
» mine(S,x) = maxx(S)
mC(v)={xeZ(v)|eS,x) <oproSCN}




THE EXCESS

e(s,
()

x) == v(S) — x(S) ... excess of coalition S over x

= (e(S1,X),e(S2,X),...,e(San_1,X)) ... vector of excesses
e(Si,x) = e(Sj,x) proi < j

| 9(x) =lex 0(y) ... lexicographic ordering

1. exists k: Ox(X) < ()
2. for £ < R: 0,(x) = 64(y)




NUCLEOLUS

e(s,
()

x) = v(S) — x(S) ... excess of coalition S over x
(e(5+,%),e(S2,X),...,e(San_1,X)) ... vector of excesses
e

Si,X) = e(Sj;,x) proi <j
| 9(x) =lex O(V) ... lexicographic ordering

Nucleolus
For a cooperative game (N, v), the nucleolus 7(v)

n(v) = {x € Z(v) | 0(x) Ziex 0(y) fory € Z(v)}.




NUCLEOLUS
Non-emptyness of the nucleolus

For a cooperative game (N, v), it holds
Z(v) #0 = n(v) # 0.

Proof: Iterative usage of the Extreme value theorem

Extreme value theorem

A continuous function over compact set M attains its minimum.
Moreover, the set of all minima forms a compact set M.

m e(S,e) is continuous for SC N = 6;(e) is continuous
m X, =Z(v)
B X = {X € Xt_q ]| 0:(x) < O:(y) fory € Xe_}

> t=1,...2" -1




NUCLEOLUS

Uniqueness of the nucleolus

Nucleolus is a single-point solution concept.

Proof: "0(x) = 0(y) = x=Y"
mOo<a<1

1. 0(ax+ (1= a)y) Ziex 0(x) = 0(y
2. B(ax + (1= a)y) Ziex 0(x) = 0(y)
3. O(ax+ (1—a)y) =0(x) = 6(y)

Lo X=Y




NUCLEOLUS

Uniqueness of the nucleolus

Nucleolus is a single-point solution concept.

Proof: "0(x) = 0(y) = x=Y"
BOoO<ac<1
mx,yen(v) = 0(x)=06(y)
- B(ax + (1= a)y) Ziex 0(x) = 6(y)
» from definition of (v) and x,y € n(v)
O(ax + (1= a)y) Ziex 0(x) = 0(y)

-

21 §%
3. O(ax+ (1—a)y) = 0(x) = 0(y)
L X=Y




NUCLEOLUS

Uniqueness of the nucleolus

Nucleolus is a single-point solution concept.

Proof: "0(x) = 0(y) = x=Yy"
mBOoO<ac<1
mx,yenv) = 0(x)=06(y)
1. 0(ax + (1= a)y) Ziex 0(x) = 0(y)
2. (ax+ (1= a)y) Zjex 0(X) = )9(y)

> O(ax + (1- a)y) Siex aB(x) + (1 - a)6(y)
» home exercise

3. f(ax+ (1 —a)y) = 0(x) = 0(y)
L X=Y



NUCLEOLUS

Uniqueness of the nucleolus

Nucleolus is a single-point solution concept.

Proof: "0(x) = 0(y) = x=Y"

BOoO<ac<1

mxyen(v) = 0(x)=0()

1. O(ax+ (1 — @)y) =ex 0(X) = 0(y)
2. Olax+ (1= a)y) Zex 0(x) = 6(y)
3. 0(ax+ (1—a)y) =0(x) = (y)

> - x IS antisymmetric order
Lo X=Y

)



NUCLEOLUS

Uniqueness of the nucleolus

Nucleolus is a single-point solution concept.

Proof: "0(x) = 0(y) = x=Yy"
BEO<a<1
m Xy en(v) = 6(x)=0(y)
1. O(ax+ (1 —a)y) =0(x) =0(y)
2. X=Yy
» flax+ (1—a)y) =aa+(1—a)b
B 5SS, ...,Sn 4 ..poradi koalic v §(ax + (1 — a)y)
B a=(e(5:,%),e(S2,X),...,e(San_q,x))
m b= (9(51,)/),6(52,)/), S 7e(s2”—17y))
> 0(x)=a,0(y)=Db
Baoa=1a=0
e(Si,x)=e(S;,y)proi=1,...,2" —1
m e({i},x) =e({i},y)
m v(i) — X = v(i) — Vi
B X =Y




NUCLEOLUS AS A CORE SELECTOR

Nucleolus is a core selector

For a cooperative game (N, v), if it holds C(v) # 0 then

n(v) € C(v).

Proof: x ¢ C(v) in contradiction with lexicographical minimality
mxen(v)\C(v) = ISCN:e(S,x) >0
mproyeC(v):e(S,y)<o

u Q(X) > lex 9(y)
> 61(x) > 61(y)



COMPUTATION OF THE NUCLEOLUS

m We can use the proof of non-emptyness
> X = Z(v)
> X = {X € Xt_1 | Gt(y) > gt(X) proy ¢ Xt_1}
mt=1...2"-1

min Qo
XEXo,a0ER
m LP(0) = { subjectto o > X(S) — v(S)

VS € 2N\ {0}
> X, ... set of optimal solutions LP(0)
> B, ={SC2"\ {0} | e(S,x) = ao pro vx € X,}

min o
XEXt,atER

W LP(t) = { subjectto > x(S) — v(S)
V0 £ S e 2N\ B

> X:....set of optimal solutions LP(t)
» B, ={Se2"\ (B:U{0})|e(S,x) = ar pro Vx € X¢} U B;




COMPUTATION OF THE NUCLEOLUS

m LP(0),LP(1),...,LP(2" — 2)
» From the proof of non-emptyness theorem: X; # ()
> at most 2" — 1 LPs

m if X; contains single vector — it is the nucleolus

m there are more efficient algorithms for special classes of
games

» a lot of research in this nowadays




SUMMARY

Nucleolus

Nucleolus is a single-point solution concept, which is defined for
every game with non-empty imputation set. Moreover, if the core
of this game is non-empty, the nucleolus is contained by it. In
general, it is possible to compute the nucleolus by a system of
up to 2" — 1 linear programs. Therefore, one of the most
important open problem in cooperative game theory is to find
efficient algorithms when restricted to special classes of games.
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