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SOCIAL CHOICE AND IMPOSSIBILITY
THEOREMS




EXAMPLE OF SOCIAL CHOICE

Agent | a, | a, | a3 | a, | G
1 5113 |2 |4
2 112 |3 |45
3 3|1 4|52 |1
m {a,,...,0s5} ... alternative

m Preferences
> Agent 1: a, <, a, <4 a3 <4 A5 <4 A4
> Agent2: a, <, a, <, a3 <, a, <, Ug
> Agent 3: a5 <5 a, <3 0; <, G5 <3 43

Goal: What is the best social choice among the alternatives?



WHAT IS THE BEST SOCIAL CHOICE AMONG THE ALTER-

NATIVES?

Agent | a, | a, | a;|a, | as
1 51113 |24
2 112 3| 4|5
3 3|4 |5 ]2 |1
Choice?

m Social preference
> a,<a,<0a, <05 <03
B a, .. social choice
m Disadvantage of this approach?

» ranking of two alternatives may depend not solely on
individual preferences between the alternatives



WHAT IS THE BEST SOCIAL CHOICE AMONG THE ALTER-

NATIVES? NOT BORDA SCORES

Agent | a, | a, | a; | a, | G5
1 511|324
2 1123 ]4]|5
3 3|4 |5|2]1
> 9| 7|1 | 8|10
m Social preference: a, < a, < a; < as < as
> a, <4 a
> a, <, a,
> a, <3 a,
m Social preference: a, < a; < a, < a, < a3
> a, < a
> a, <, a4
> a, <3t

m individual preference of a, and a, did not change
m social preference did!



WHAT IS THE BEST SOCIAL CHOICE AMONG THE ALTER-

NATIVES? NOT BORDA SCORES

m Can we avoid this behaviour?
m Arrow: Only by selecting a dictator!




FORMAL MODEL

W d,,...,0; .. alternatives
m <C A xA.. preference

. (reflexive): a < aforalla e A
(complete): a<borb=<aforalla,beA
3. (transitive) a<x b,b<c = a<cforalla,b,cc A

» <C A xA.. strict preference

1. < ... preference
2. (antisymetric):a <b,b<a = a=b

m P, ... set of preferences on A
m P, ... set of strict preferences on A
» (<4,...,=n) € PT ... strict preference profile
m F: P? — Pg ... social welfare function
> eg F(<1,...,<n) =<
m f: P? — A..social choice function
» eg. f(<1,...,<n)=a

N




SOCIAL WELFARE FUNCTION

Social welfare function F: P" — PL is

1. (pareto efficienct)a <;bforallic N = a<b

» Preferred by all, preferred by society
2. (independent of irrelevant alternatives)

VieN:a<jb < a<'b = axb < ax*b

» Preference of alternatives determines their social preference
3. (Dictatorial) 3i € N : F(<q,...,<n) ==;

» There is a dictator!




ARROW'S THEOREM

Arrow’s theorem
A pareto efficient and IIA social welfare function F: P — PL is

dictatorial.
Proof: Start with (<4, <5,...,<p)st.a<;bforie N
m Pareto optimality — a<b

<1 2| | k=1 | k| kg1 | --- | =<n ’ F|f
al|lal... a a a |...| alala
[ ] [} 00 a [ ] [ ] [} 000 [} [ ]
[ ] [} 000 [ [ ] [} coo [ ] [ )
[ ] [} [ ] [} [} [} o
[ ] [} [ ] [ ] [} [} [ ]
b | b b b b b | b




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m move b up in <,

<1 2| | k=1 | k| kg1 | - | =<n ’ F|f
d a a a a a ala
° o | ... ° ° ° .| e °
° o | ... ° ° ° .| e °
° ° ° ° ° ° °
b ° ° ° ° ° °
° b b b b b || b
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ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
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ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — P< is
dictatorial.

Proof:
m move b up in <; untilit holdsa < b

<1 <2 [ =k [ =k =k |- [ = [ F]Sf
b | b |... a a a ... | alala
d a ° ° ° ° °
[ ) (] [} [ ] (] (] [ )
[ ) [ ) [ ] [ ] [ ) [ ) [ )
[ ] [ ) [ ] [ ] [ ] [ ) [ ]
° ° b b ° b || e




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — P< is
dictatorial.

Proof:
m move b up in <; untilit holdsa < b

< <2 [ =k [ =k =k |- [ = [F]Ff
b | b |... b a a ...l a|ala
a | a ... a b ° .| e |l e

[ ) [} [ ] [ ) [} [} b

[ ) [ ] [ ) [ ) [ ] [ )

[ ] [ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ b b [ ]




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m move b up in <, = a#b

<1 <2 | [ =k [ =k <ka |- [ = [F]Ff
b | b |... b b a ...l a|b|b
d a a a [ (] a
[} [} [ ] [ ] [ ] [ ] [}
[} [ ) [ [ ) [ [ ) [}
[} [ ) [ ) [ [ [ ) [}
[} [ ) [ ) [ ] b b ®




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and 1A social welfare function F: P — P is
dictatorial.

Proof:
m move a to the bottom in <,

<1 <] . [ =k [ =k <k |- [ = [F]Ff
b b | ... b b a ...l a|b|b
° a a a ° ° a
° o | ... ° ° ° .| e °
° ° ° ° ° ° °
° ° ° ° ° ° °
a ° ° ° b b °




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and 1A social welfare function F: P — P is
dictatorial.

Proof:
m move a to the bottom in <,

<1 <] . [ =k [ =k <k |- [ = [F]Ff
b | b |... b b a ...l a|b|b
° ° a a ° ° °
° ° ° ° ° ° a
° ° ° ° ° ° °
° ° ° ° ° ° °
a a ° ° b b °




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — P< is
dictatorial.

Proof:
m move a to the bottom in <,_,

<1 <2 | . [ =k [ =k <ka |- [ = [F]Ff
b | b |... b b a ...l a |bl|b
o [ ) a ° ° °
(] [ ] [ ] [ ] o [ ] [}
[ ] [} [ ] [ ] [ ] [ ] [ ]
[ ] [} [ ] [ ] [ ] [ ] [
a a a ° b b | e




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — P< is
dictatorial.

Proof:
m move a just above in b <,

<1 <2 | . [ =k [ =k <ka |- [ = [F]Ff
b | b |... b b ° ...l a |bl|b
o [ ) a ° ° °
(] [ ] [ ] [ ] o [ ] [}
[ ] [} [ ] [ ] [ ] [ ] [ ]
[ ] [} [ ] [ ] a [ ] [
a a a ° b b | e




ARROW'S THEOREM

Arrow'’s theorem
A pareto efficient and IIA social welfare function F: P — P< is

dictatorial.
Proof:
m move a justabove b in <, q,...,=<p

<1 <2 | . [ =k [ =k <ka |- [ = [F]Ff
b | b |... b b ° ... | e |[b|b
® [} ) a ) . ° )
[ ] [ ] [ ) [ ] [ ) PR [ ] [ ]
) ) ) ) ® ° a
° ° ° ) a a °
a a a ° b b °




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m changeb <, atoa <y b

<1 <] [ =k [ =k <k |- [ = [F]f
b | b |... b a ° | e 1?7
° o | ... ° b ° .| e || ?
° o | ... ° ° ° ° ?
° ° ° ° ° ° ?
° ° ° ° a a ?
a| a a ° b b |7




ARROW'’S THEOREM - OPTION 1

Arrow’s theorem
A pareto efficient and IIA social welfare function F: P — PL is

dictatorial.
Proof:
m IIA: Only order of a, b can change — b (almost) at the top

<1 <2 | [ =k [ =k <ka |- [ = [F]Ff
b b | ... b a ° ° b|b
° o | ... ° b ° ° a
[ ] [ ] [ ) [ ] [ ) [ ] [ ]
[ ] [ ] [ [ ] [ ] [ ] [ ]
° ° ° ° a a o
a a a ° b b °




ARROW'’S THEOREM - OPTION 2

Arrow’s theorem
A pareto efficient and IIA social welfare function F: P — PL is

dictatorial.
Proof:
m IIA: Only order of a, b can change — b (almost) at the top

<1 2| | k=1 | k| kg1 | - | =<n ’ F|f
b b | ... b a ° ° ala
° o | ... ° b ° .| e b
[ ] [ ] e [ ] [ ] [ ] e [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
° ° ° ° a a o
a a a ° b b °




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m recall previous table and move a to the bottom

<1 2| | k=1 | k| kg1 | - | =<n ’ F|f
b | b |... b a a ...l a|ala
a| al... a b ° .| e |l e
[ ] [} (] [ ] [} [ ] b
[ ] [} o [} [} [} o
[ ] [} [ ] [ ] [} [} [ ]
[ ] [} [ ] (] b b °




ARROW'S THEOREM

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m preferences between a,b do not change — a < b

<1 <] [ =k [ =k <k |- [ = [F]f
b | b |... b a ° | e 1?7
° o | ... ° b ° .| e || ?
° o | ... ° ° ° ° ?
° ° ° ° ° ° ?
° ° ° ° a a ?
a| a a ° b b |7




ARROW'’S THEOREM - OPTION 2

Arrow’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:
m |lA: Only order of a, b can change — a < b at the top

<1 2| | k=1 | k| kg1 | - | =<n ’ F|f
b | b |... b a ° ...| e |la]a
o | o | ... ° b ° ... | e |Ib
° o | ... ° ° ° ° °
° ° ° ° ° ° °
° ° ° ° a a o
a | a a ° b b | e




ARROW'’S THEOREM - OPTION 2

Arrow’s theorem

A pareto efficient and 1A social welfare function F: P% — PL is

dictatorial.
Proof:
m consider c and reorder =& g remains at the top (it did not
move)

<1 <2 | [ =k [ =k <k |- [ = [F]Ff
o | o | ... o a o ...| e Jlala
° o | ... ° c ° . ° ?
° °o | ... ° b ° e | e ?
o (o o ° (o c |7
b | b b ° a a | ?
a| a a ° b b || ?




ARROW'S THEOREM

Arrow’s theorem
A pareto efficient and IIA social welfare function F: P — P is

dictatorial.
Proof:
m switcha,bfork+1,...,n $a<c<b
<1 <2 | [ =k [ =k <k |- [ = [F]Ff
o | o | ... ° a ° ... | e |lal|a
[ ® ) C ° ° °
° o | ... ° b ° ° C
c c c ° c c || b
b | b b ° b b | e
a| a a ° a a || e




ARROW'S THEOREM

Arrow'’s theorem

A pareto efficient and IIA social welfare function F: P — PL is
dictatorial.

Proof:

m consider (<4,...,<p)st.a=<,b
m changest. c:

1. a<gC=rb
2. ¢ <; d for every alternative d, i # k

m order of a,c same as in previous table — a < ¢
m pareto optimality: c < b
m Transitivityof x = a<xb

m the same for any combination of alternatives — Player k
is dictator!



SOCIAL CHOICE FUNCTION

Social choice function f: P — Alis
1. (unanimous)
VieN,beA\{a}:a<;b = f(=1,...,=n)=a
» Alternative a is unanimously chosen!
2. (monotonic)Vie N,b e A\ {a} : (a <;b = a=<fb) =
(=t =n) = @ = f(<3,e..,<2) = )
> Better preference cannot change the selection.

3. (dictatorial) 3k € N : f(=4,...,<n) = a where a <, d for
everyd € A\ {a}

» There is a dictator R!



HERE WE GO AGAIN...

Muller-Satterthwaite

A unanimous and monotonic social choice function f: P% — Alis
dictatorial.

Proof:
m Similar to the proof of Arrow




...AND IT GETS WORSE...

Social choice function f: P% — Alis
4. (strategy-proof)
F(=R0 5=k 1=k =10 =) SR (K150, =<k—1,= =150 =n)
» You cannot get a better result by lying
5. (surjective) Va € A, 3(<4,...,=<n) € P : f(=4,...,=<n) =0
» Each alternative is possible

Gibbart-Satterthwaite

A surjective strategy-proof social choice function f: P — Ais
dictatorial.

Proof: strategy-proof — monotonic
B (<1, <1, <Ry <ki1r---,=<n) =20
mVbecA\{a}:a<xb = a=<;b

mif f(<q,. . <kt <f <kgr - <n) =C

strategy—proo,
> YPrT g 2ee = a=<ycand c<;a

antisymmetr,
> LU e



...AND IT GETS WORSE...

Social choice function f: P% — Alis
2. (monotonic)Vie N,be A\ {a} : (a<;b = a=<fb) =
(f(=1,--y=n)=0a = f(<5,...,=<p)=0q)
4. (strategy-proof)
F(=R15e5=km1y= ks =k =) ReF (K155 = km1, = y=kepet5-5=n)

Gibbart-Satterthwaite

A surjective strategy-proof social choice function f: P — Ais
dictatorial.

Proof: Surjective + strategy-proof — unanimous + monotonic

B (<1, <kro1, <Ry <ki1r---,=<n) =40
mVbecA\{a}:a<xb = a=<;b
m then f(<q,..., <1, <, <kt15---,=<n) =a

m applyforke N



...AND IT GETS WORSE...

Social choice function f: P% — Alis
1. (Unanimous) vien,beA\{a}:a<;b = f(<1,...,<n)=0
2. (monotonic)Vie N,b e A\ {a} : (a <;b = a=<fb) =
(f(=1,...,=n)=a = f(=<7,...,=<p) =a0)
5. (surjective) Va € A, 3(<1,...,<n) € P f(=4,...,=n) =0

Gibbart-Satterthwaite

A surjective strategy-proof social choice function f: P — Alis
dictatorial.

Proof: Surjective + monotonic = unanimous
mVieNbeA\{a}:a<;b
B surjectivity: 3(<3,..., <) f(<5,...,=<h) =a
® monotonicity: move a to top of each players preference
» — aisthe social choice
m monotonicity: change each players preference to <;
» — aisthe social choice



SUMMARY

Social Choice

Social choice theory studies the aggregation of individual
preferences into a common or social preference. In the classical
model of social choice, there is a finite number of agents who
have preferences over a finite number of alternatives.

There are two impossibility theorems, which state that under
mild and natural assumptions, the only way to make a social
choice is to follow a dictatorial approach - the social choice is
according to single players’ preferences.

There is a large literature that tries to escape the negative
conclusions by adapting the model and/or restricting the
domain.
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