
Cooperative game theory

Martin Černý

kam.mff.cuni.cz/∼cerny
cerny@kam.mff.cuni.cz

May 2, 2023



Social Choice and Impossibility
Theorems



Example of social choice

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1

{a1, . . . ,a5} ... alternative
Preferences

▶ Agent 1: a2 ≺1 a4 ≺1 a3 ≺1 a5 ≺1 a1
▶ Agent 2: a1 ≺2 a2 ≺2 a3 ≺2 a4 ≺2 a5
▶ Agent 3: a5 ≺3 a4 ≺3 a1 ≺2 a5 ≺3 a3

Goal: What is the best social choice among the alternatives?
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What is the best social choice among the alter-
natives?

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1

Choice?

Social preference

▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice

Disadvantage of this approach?

▶ ranking of two alternatives may depend not solely on
individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

Social preference

▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice

Disadvantage of this approach?

▶ ranking of two alternatives may depend not solely on
individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

9 7 11 8 10

Social preference
▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice
Disadvantage of this approach?

▶ ranking of two alternatives may depend not solely on
individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

9 7 11 8 10

Social preference
▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice

Disadvantage of this approach?

▶ ranking of two alternatives may depend not solely on
individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

9 7 11 8 10

Social preference
▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice
Disadvantage of this approach?

▶ ranking of two alternatives may depend not solely on
individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

9 7 11 8 10

Social preference
▶ a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3

a2 ... social choice
Disadvantage of this approach?
▶ ranking of two alternatives may depend not solely on

individual preferences between the alternatives

2 38



What is the best social choice among the alter-
natives? NOT Borda scores

Agent a1 a2 a3 a4 a5
1 5 1 3 2 4
2 1 2 3 4 5
3 3 4 5 2 1∑

9 7 11 8 10
Social preference: a2 ≺ a4 ≺ a1 ≺ a5 ≺ a3
▶ a4 ≺1 a1
▶ a4 ≺2 a1
▶ a4 ≺3 a1

Social preference: a2 ≺ a5 ≼ a1 ≺ a4 ≼ a3

▶ a4 ≺1 a1
▶ a4 ≺2 a1
▶ a4 ≺3 a1

individual preference of a1 and a4 did not change
social preference did!
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What is the best social choice among the alter-
natives? NOT Borda scores

Can we avoid this behaviour?
Arrow: Only by selecting a dictator!
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Formal model

a1, . . . ,ak ... alternatives
≼⊆ A× A ... preference

1. (reflexive): a ≼ a for all a ∈ A
2. (complete): a ≼ b or b ≼ a for all a,b ∈ A
3. (transitive) a ≼ b, b ≼ c =⇒ a ≼ c for all a,b, c ∈ A
▶ ≺⊆ A× A ... strict preference

1. ≺ ... preference
2. (antisymetric): a ≺ b, b ≺ a =⇒ a = b

P≼ ... set of preferences on A
P≺ ... set of strict preferences on A

▶ (≺1, . . . ,≺n) ∈ Pn
≺ ... strict preference profile

F : Pn
≺ → P≼ ... social welfare function

▶ e.g. F(≺1, . . . ,≺n) =≼

f : Pn
≺ → A ... social choice function

▶ e.g. f (≺1, . . . ,≺n) = a
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Social welfare function

Social welfare function F : Pn
≺ → P≼ is

1. (pareto efficienct) a ≺i b for all i ∈ N =⇒ a ≺ b

▶ Preferred by all, preferred by society

2. (independent of irrelevant alternatives)
∀i ∈ N : a ≺i b ⇐⇒ a ≺∗

i b =⇒ a ≼ b ⇐⇒ a ≼∗ b

▶ Preference of alternatives determines their social preference

3. (Dictatorial) ∃i ∈ N : F(≺1, . . . ,≺n) =≺i

▶ There is a dictator!

6 38
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof: Start with (≺1,≺2, . . . ,≺n) s.t. a ≺i b for i ∈ N

Pareto optimality =⇒ a ≺ b

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
a a . . . a a a . . . a a a
• • . . . • • • . . . • •
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • • . . . • •
b b . . . b b b . . . b b
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...
...

• • . . . • • • . . . • b
• • . . . • • • . . . • •
• b . . . b b • . . . b •
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Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn
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Proof:
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn
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dictatorial.
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
move a to the bottom in ≺1
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• a . . . a a • . . . • a
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • • . . . • •
a • . . . • • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
move a to the bottom in ≺2
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• • . . . • • • . . . • a
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • • . . . • •
a a . . . • • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
move a to the bottom in ≺k−1
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b b . . . b b a . . . a b b
• • . . . • a • . . . • •
• • . . . • • • . . . • •
...

...
...

...
...

...
...

...
...

• • . . . • • • . . . • •
• • . . . • • • . . . • •
a a . . . a • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
move a just above in b ≺k+1

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b b • . . . a b b
• • . . . • a • . . . • •
• • . . . • • • . . . • •
...

...
...

...
...

...
...

...
...

• • . . . • • • . . . • •
• • . . . • • a . . . • •
a a . . . a • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
move a just above b in ≺k+1, . . . ,≺n

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b b • . . . • b b
• • . . . • a • . . . • •
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • a
• • . . . • • a . . . a •
a a . . . a • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
change b ≺k a to a ≺k b

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a • . . . • ? ?

• • . . . • b • . . . • ?

• • . . . • • • . . . • ?
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • ?

• • . . . • • a . . . a ?

a a . . . a • b . . . b ?
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Arrow’s theorem - option 1

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
IIA: Only order of a,b can change =⇒ b (almost) at the top

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a • . . . • b b
• • . . . • b • . . . • a
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • a . . . a •
a a . . . a • b . . . b •
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Arrow’s theorem - option 2

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
IIA: Only order of a,b can change =⇒ b (almost) at the top

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a • . . . • a a
• • . . . • b • . . . • b
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • a . . . a •
a a . . . a • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
recall previous table and move a to the bottom

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a a . . . a a a
a a . . . a b • . . . • •
• • . . . • • • . . . • b
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • •
• • . . . • • • . . . • •
• • . . . • • b . . . b •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
preferences between a,b do not change =⇒ a ≼ b

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a • . . . • ? ?

• • . . . • b • . . . • ?

• • . . . • • • . . . • ?
...

... . . .
...

...
... . . .

...
...

• • . . . • • • . . . • ?

• • . . . • • a . . . a ?

a a . . . a • b . . . b ?
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Arrow’s theorem - option 2

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
IIA: Only order of a,b can change =⇒ a ≼ b at the top

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
b b . . . b a • . . . • a a
• • . . . • b • . . . • b
• • . . . • • • . . . • •
...

... . . .
...

...
... . . .

...
...
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Arrow’s theorem - option 2

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
consider c and reorder IIA

=⇒ a remains at the top (it did not
move)

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
• • . . . • a • . . . • a a
• • . . . • c • . . . • ?

• • . . . • b • . . . • ?
...

... . . .
...

...
... . . .

...
...

c c . . . c • c . . . c ?

b b . . . b • a . . . a ?

a a . . . a • b . . . b ?
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:
switch a,b for k+ 1, . . . ,n IIA

=⇒ a ≼ c ≼ b

≺1 ≺2 . . . ≺k−1 ≺k ≺k+1 . . . ≺n F f
• • . . . • a • . . . • a a
• • . . . • c • . . . • •
• • . . . • b • . . . • c
...

... . . .
...

...
... . . .

...
...

c c . . . c • c . . . c b
b b . . . b • b . . . b •
a a . . . a • a . . . a •
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Arrow’s theorem

Arrow’s theorem
A pareto efficient and IIA social welfare function F : Pn

≺ → P≼ is
dictatorial.

Proof:

consider (≺1, . . . ,≺n) s.t. a ≺k b
change s.t. c:

1. a ≺k c ≺k b
2. c ≺i d for every alternative d, i ̸= k

order of a, c same as in previous table =⇒ a ≼ c
pareto optimality: c ≼ b
Transitivity of ≼ =⇒ a ≼ b
the same for any combination of alternatives =⇒ Player k
is dictator!
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Social choice function

Social choice function f : Pn
≺ → A is

1. (unanimous)
∀i ∈ N,b ∈ A \ {a} : a ≺i b =⇒ f (≺1, . . . ,≺n) = a

▶ Alternative a is unanimously chosen!

2. (monotonic) ∀i ∈ N,b ∈ A \ {a} : (a ≺i b =⇒ a ≺∗
i b) =⇒

(f (≺1, . . . ,≺n) = a =⇒ f (≺∗
1 , . . . ,≺∗

n) = a)

▶ Better preference cannot change the selection.

3. (dictatorial) ∃k ∈ N : f (≺1, . . . ,≺n) = a where a ≺k d for
every d ∈ A \ {a}

▶ There is a dictator k!
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Here we go again...

Muller-Satterthwaite
A unanimous and monotonic social choice function f : Pn

≺ → A is
dictatorial.

Proof:

Similar to the proof of Arrow
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...and it gets worse...

Social choice function f : Pn
≺ → A is

4. (strategy-proof)
f(≺1,...,≺k−1,≺k,≺k+1,...,≺n)≺kf(≺1,...,≺k−1,≺∗

k ,≺k+1,...,≺n)

▶ You cannot get a better result by lying

5. (surjective) ∀a ∈ A, ∃(≺1, . . . ,≺n) ∈ Pn
≺ : f (≺1, . . . ,≺n) = a

▶ Each alternative is possible

Gibbart-Satterthwaite
A surjective strategy-proof social choice function f : Pn

≺ → A is
dictatorial.

Proof: strategy-proof =⇒ monotonic

f (≺1, . . . ,≺k−1,≺k,≺k+1, . . . ,≺n) = a
∀b ∈ A \ {a} : a≺kb =⇒ a≺∗

kb
if f (≺1, . . . ,≺k−1,≺∗

k,≺k+1, . . . ,≺n) = c

▶ strategy−proof
=⇒ a≺kc =⇒ a≺∗

kc and c≺∗
ka

▶ antisymmetry
=⇒ c = a
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2. (monotonic) ∀i ∈ N,b ∈ A \ {a} : (a ≺i b =⇒ a ≺∗
i b) =⇒

(f (≺1, . . . ,≺n) = a =⇒ f (≺∗
1 , . . . ,≺∗

n) = a)
4. (strategy-proof)

f(≺1,...,≺k−1,≺k,≺k+1,...,≺n)≺kf(≺1,...,≺k−1,≺∗
k ,≺k+1,...,≺n)

Gibbart-Satterthwaite
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≺ → A is
dictatorial.
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∀b ∈ A \ {a} : a≺kb =⇒ a≺∗

kb
then f (≺1, . . . ,≺k−1,≺∗

k,≺k+1, . . . ,≺n) = a

apply for k ∈ N
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...and it gets worse...
Social choice function f : Pn

≺ → A is
1. (unanimous) ∀i∈N,b∈A\{a}:a≺ib =⇒ f (≺1,...,≺n)=a

2. (monotonic) ∀i ∈ N,b ∈ A \ {a} : (a ≺i b =⇒ a ≺∗
i b) =⇒

(f (≺1, . . . ,≺n) = a =⇒ f (≺∗
1 , . . . ,≺∗

n) = a)
5. (surjective) ∀a ∈ A, ∃(≺1, . . . ,≺n) ∈ Pn

≺ : f (≺1, . . . ,≺n) = a

Gibbart-Satterthwaite
A surjective strategy-proof social choice function f : Pn

≺ → A is
dictatorial.
Proof: Surjective + monotonic =⇒ unanimous

∀i ∈ N,b ∈ A \ {a} : a ≺i b
surjectivity: ∃(≺∗

1 , . . . ,≺∗
n) : f (≺∗

1 , . . . ,≺∗
n) = a

monotonicity: move a to top of each players preference
▶ =⇒ a is the social choice

monotonicity: change each players preference to ≺i
▶ =⇒ a is the social choice
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Summary

Social Choice
Social choice theory studies the aggregation of individual
preferences into a common or social preference. In the classical
model of social choice, there is a finite number of agents who
have preferences over a finite number of alternatives.
There are two impossibility theorems, which state that under
mild and natural assumptions, the only way to make a social
choice is to follow a dictatorial approach - the social choice is
according to single players’ preferences.
There is a large literature that tries to escape the negative
conclusions by adapting the model and/or restricting the
domain.
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