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THEOREM (CHUNG [1992])
mo(n, Cot) =0 for even t > 4.

THEOREM (FUREDI-OzKAHYA [2009])
mo(Cot) =0 forodd t > 7.

if To(Cip) = 0 is still open.
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mo(C)

THEOREM (BRASS-HARBORTH-NIENBORG [1995])

exg(n, G) > 3(1 + %)e(Qn) (valid when n is a power of 4)

THEOREM (CHUNG [1992])
m0(Cs) < 0.62284.

THEOREM (THOMASON—WAGNER [2009])
70(Cs) < 0.62083.

THEOREM (BALoGH-HU-L-LIU, IND. BABER [2012+])
70(Cs) < 0.6068.



INTRODUCTION FLAG ALGEBRAS PROOF 15t TRy FLAGS

mo(n, Cs)

THEOREM (CONDER [1993])
mo(Gs) > 1/3.



INTRODUCTION FLAG ALGEBRAS PROOF 15t TRy FLAGS

mo(n, Cs)

THEOREM (CONDER [1993])
mo(Gs) > 1/3.

THEOREM (CHUNG [1992])
710(Cs) < V2 — 1~ 0.41421.



INTRODUCTION FLAG ALGEBRAS PROOF 15t TRy FLAGS

mo(n, Cs)

THEOREM (CONDER [1993])
FQ(Cs) >1/3.

THEOREM (CHUNG [1992])
710(Cs) < V2 — 1~ 0.41421.

THEOREM (BALOGH-HU-L-L1U, IND. BABER [2012+])
70(Cs) < 0.3755.
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FLAG ALGEBRAS

DEFINITION

p(H, G): the probability that a random |V/(H)|-set U in V(G)
induces G[U] isomorphic to H.

Razborov [2007] developed flag algebras. Let G be the family of
graphs forbidding some structures, then flag algebras can be used

to bound

I H,G).
GGg,|VI?2§)|%oo P( )



!ESULTS USING !LAG !LGEBRAS

THEOREM (HLADKY-KRAL'-NORINE [2009])
Every n-vertex digraph with minimum outdegree at least 0.3465n
contains a triangle.

THEOREM
(HATAMI-HLADKY-KRAL-NORINE-RAZBOROV [2011],
GRZESIK [2011])

The number of Css in a triangle-free graph of order n is at most
(n/5)°.

THEOREM (FALGAS-RAVRY—-VAUGHAN [2011])

W(K;, GCs, F372) - 12/49, W(K;, F372) . 5/18.

Fzo : {123,145,245,345}, G5 : {123,234, 345,451, 512}.
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contains a triangle.

THEOREM
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GRZESIK [2011])

The number of Css in a triangle-free graph of order n is at most
(n/5)°.

THEOREM (FALGAS-RAVRY-VAUGHAN [2011])
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H> Hs Ha

mo(Cs) < maxp(H;) = p(Hs) = 3/4
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IS THE BOUND GOOD?

p(G) =Y _ p(H)p(H,G)

HeHs

Hy Ho Hs Ha

mo(Cs) < maxp(H;) = p(Hs) = 3/4
fo<>; cH,.p(H,-, G) then

< Z +CH (H,',G)

7TQ(C4) < m’ax (p(H;) + cH.)

cH; might be negative
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DEFINITION
Flags: F=(H,0),H € Hs,0 : [2X] — V/(H) is injective,
H[Im(c9)] € Hyg.

® o (&—
1 1
F F>



INTRODUCTION FLAG ALGEBRAS PROOF 1°' TRY FraGs
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Let G € H,,0: [1] — V(G).

DEFINITION

p(Fi, 0, G): the probability that a random 1-cube U in G subject
to Im(0) C U satisfies (U, 0) = F;.

p(Fi, Fj, 0, G): the probability that two random 1-cubes Uy, U in
G subject to Uy N Uy = Im(0) satisfy (Uy,0) = Fj, (U2, 0) = F;.
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ExXAMPLE CONTINUED: p(F;,0,G)
Let G € Hn, 0 : [1] = V(G).
DEFINITION

p(F;i,0,G): the probability that a random 1-cube U in G subject
to Im(0) C U satisfies (U, 0) = F;.

p(F1797 H4) = 1/2
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po = {p(F1,0; G), p(F2,6; G)}, then

0 < Eg[poMpj ]
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po = {p(F1,0; G), p(F2,0; G)}, then

0 <EolpoMpjl= > _ m;Ee[p(F:,0, G)p(F}, 0, G)]
1<i,j<2

LEMMA

p(Fi.0,G)p(F;,0,G) = p(Fi, Fj, 0, G) + o(1),

o(1) - 0 as n — oc.



FraGs

PrRoorF CONTINUED: FLAGS

Let M = (mj;) be a positive semidefinite 2-by-2 matrix, define
po = {p(F1,0; G), p(F2,6; G)}, then

0 < Eg[poMpg ] = Z m;iEq[p(Fi, 0, G)p(F;, 0, G)]

1<ij<2
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p(Fi707 G)p(Fj,Q, G) = p(Ff7 Fjaev G) + 0(1)7

o(1) — 0 as n — oc.
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PrRoorF CONTINUED: FLAGS

Let M = (mj;) be a positive semidefinite 2-by-2 matrix, define
Po = {p(Flve; G)7p(F2a0; G)}' then

1<ij<2

- Z mijEQ[p(Fquj7€) G)]+O(1)
1<i j<2

= Z Z m,-J-Eg[p(Fi,ij& H)]p(H7 G)+O(1)

1<i j<2 HEH>
LEMMA

Eglp(Fi, Fj,0; G)| = > Eglp(Fi, Fj,0; H)]p(H, G)
HeH>
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PrRoorF CONTINUED: FLAGS
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PrRoorF CONTINUED: FLAGS

0 < Eg[peMp]] = Z Z m;iEq[p(Fi, Fj,0; H)]p(H, G)+o(1).

HeM, 1<i,j<2

Let
cu(M) =Y myEo[p(Fi, Fj,0; H)],

1</ j<2

then
0< 3 cu(M)p(H, G) + o(1).
HeH,

So

p(G) < > (p(H) + cu(M)) p(H, G)
HeHo

mo(Ca) < max (p(H) + cu(M))



Hy

COMPUTING Ey[p(Fj, Fj, 0; H)]

o { ] *—0 o
*— *— .—I
Hs Hy

® o (&—e

1

F
Hi | Ho | H3 | Hs | Hs
FFi| 1 |1/2] 0 |1/4] 0
Fi.Fo| 0 |1/4|1/2|1/4|1/4
Pl | 0 0 | 0 |1/4]1/2

FraGs




!!PTIMIZING la

m m
M = 11 12
mo1  ma2

p(Hi)+cy, = 0+ mp

p(Ha) +cy, = 1/44 mu1/2 + myp/2

p(H3) +cny, = 1/2+ mo

p(Ha) +cn, = 1/2+ mu/4+ m2/2+ my/4
p(Hs) 4+ cny = 3/4+ mi2/2+ mo/2

mo(Ca) < max(p(H:) + cn;)
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OPTIMIZING M

m m
M = 11 12
ma1 m22

p(Hi)+cy, = 0+ mp

p(Ho) +cy, = 1/44 muy/2 + myp)/2
p(H3)+cn, = 1/2+ mp2

p(Ha)+cn, = 1/24 mu/4+ m2/2+ my/4
p(Hs) 4+ cny = 3/4+ mi2/2+ mo/2

mo(Ca) < max(p(H:) + cn;)
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SOLUTION

Take

M= < 2:{/33 _11/{33>

then
max(p(H;) + c) = 2/3
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RESULTS

THEOREM (BALOGH-HU-L-LIU, IND. BABER [2012+])
70(Cs) < 0.6068.

THEOREM (BALOGH-HU-L-LIU, IND. BABER [2012+])
70(Cs) < 0.3755.

By using H3 and bigger flags.
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RESULTS

THEOREM (BALOGH-HU-L-LIU, IND. BABER [2012+])
70(Cs) < 0.6068.

THEOREM (BALOGH-HU-L-LIU, IND. BABER [2012+])
70(Cs) < 0.3755.

By using H3 and bigger flags.

Almost surely can be improved by waiting.



Thank you for your attention!
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