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The Borsuk–Ulam Theorem: history

• The first proof was given by Karol Borsuk (1933), where the
formulation of the problem was attributed to Stanislaw Ulam.

Figure: Karol Borsuk (1905–1982) a Stanislaw Ulam (1909–1984).

Sources: https://www.komputerswiat.pl/ and https://en.wikipedia.org
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The Borsuk–Ulam Theorem: history

• First mentioned by Lyusternik and Schnirelmann (1930).

Figure: Lazar Lyusternik (1899–1981) a Lev Schnirelmann (1909–1984).

Source: https://en.wikipedia.org



The Borsuk–Ulam Theorem: history

• First mentioned by Lyusternik and Schnirelmann (1930).

Figure: Lazar Lyusternik (1899–1981) a Lev Schnirelmann (1909–1984).

Source: https://en.wikipedia.org



The Borsuk–Ulam Theorem: the original statement

Source: Matoušek: Using the Borsuk–Ulam Theorem
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The Borsuk–Ulam Theorem

For every n ≥ 0, the following statements are equivalent, and true:

(BU1a) For every f : Sn → Rn there is x ∈ Sn with f (x) = f (−x).

(BU1b) For every antipodal f : Sn → Rn there is x ∈ Sn with f (x) = 0.

(BU2a) There is no antipodal f : Sn → Sn−1.

(BU2b) There is no f : Bn → Sn−1 that is antipodal on ∂Bn = Sn−1.

(LS-c) For any closed cover F1, . . . ,Fn+1 of Sn, there is i ∈ [n + 1] and
x ∈ Sn with x ,−x ∈ Fi .

(LS-o) For any open cover U1, . . . ,Un+1 of Sn, there is i ∈ [n + 1] and
x ∈ Sn with x ,−x ∈ Ui .

Source: Matoušek: Using the Borsuk–Ulam Theorem (colored)
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The Borsuk–Ulam Theorem: another intepretation

Source: https://scientificgems.wordpress.com/

• There are always two antipodal points on Earth with the same
temperature and air pressure (follows from (BU1a) for n = 2).
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The Borsuk–Ulam Theorem: yet another intepretation

Source: Fixed poits (Vsauce)

• There are always two antipodal points on the equator with the same
temperature (follows from (BU1a) for n = 1).
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Source: Matoušek: Using the Borsuk–Ulam Theorem (colored)



Brouwer’s Fixed Point Theorem

Brouwer’s Fixed Point Theorem

For each n ∈ N and every continuous f : Bn → Bn, there exists a fixed point
x ∈ Bn for f , that is, f (x) = x .

Figure: L. E. J. Brouwer (1881–1966).

Source: https://arxiv.org/pdf/1612.06820.pdf

• A simple corollary of the The Borsuk–Ulam Theorem.
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