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e The Ramsey number R(G) is the smallest integer such that each
2-coloring of the edges of Kr(s) contains a monochromatic copy of G.

Example: R(G) =6

e Obtaining good estimates on R(G) is notoriously hard.
o Classical bounds of Erdds and Szekeres: 272 < R(K,) < 2%".
e Ramsey numbers of bounded-degree graphs are at most linear.
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e An ordered graph G is a pair (G, <) where G is a graph and < is a total
ordering of its vertices.

(Gy, <1) is ordered subgraph of (G,, <5) if G; C G, and <;C<5.

(ALAN AN

o The ordered Ramsey number R(G, H) of ordered graphs G and H is the
minimum /N such that every red blue colorlng of the edges of Ky
contains a red copy of G or a blue copy of H as an ordered subgraph.

o We write ﬁ(g) _(g g).
e Note that R(G (9) < R(K|V(G)‘) for every G and its ordering G.

@m@

R(Ca) =10 R(Cg) = 11 R(Cc) =14
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@ Ordered and unordered Ramsey numbers are similar on dense graphs.
e However, they can behave very differently on sparse graphs.

Theorem 1 (B., Cibulka, Kynél, Kral, 2015)
There are arbitrarily large ordered matchings M, on n vertices such that

R(M,) > nwetees)

e True for almost every ordered matching (Conlon, Fox, Lee, Sudakov).
@ Theorem 1 is in sharp contrast with the case for unordered graphs.
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Off-diagonal ordered Ramsey numbers

e Conlon, Fox, Lee, Sudakov studied the case R(M, K3), where M is an
ordered matching.

Theorem 2 (Conlon, Fox, Lee, Sudakov, 2015)

For every ordered matching M on n vertices, we have

R(M, K3) < o( i )

log n

Moreover, there are ordered matchings M on n vertices such that

R(M,, K3) > Q ((Iogn>4/3> .

o The upper bound follows from R(K,, K3) < O(n?/logn). To improve it,
one has to employ the sparsity of M.
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Ordered matchings versus triangle

Problem 1 (Conlon, Fox, Lee, Sudakov, 2015)
Is there € > 0 such that every ordered matching M on n vertices satisfies

ﬁ(M,IC3) S (0] (n2_5) o

@ Problem 1 is still open, but there has been a progress by Rohatgi.

e Rohatgi verified Problem 1 for almost all ordered matchings with
interval chromatic number 2 (with £ = 1/13).

Theorem 3 (Rohatgi, 2018)
For every ¢ > 0, every non-crossing matching M on n vertices satisfies

R(M, K3) < O(n**9).

@ The proof of Theorem 3 is based on nested matchings.
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Nested matchings

o An ordered matching M = (M, <) on vertices v; < --- < v, is nested if
n is even and M has edges {v;, v, j1} forevery i=1 ... n/2.
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e We use N/ M, to denote the nested matching on 2k vertices.
e Rohatgi proved the following bounds on R(AV M, K3).

Theorem 4 (Rohatgi, 2018)
For every k € N, we have 4k — 1 < R(N M, K3) < 6k.

@ He believed that the lower bound is tight.
Conjecture 1 (Rohatgi, 2018)
For every k € N, we have RIN My, K3) = 4k — 1.
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Our results

o First, we refute the conjecture by Rohatgi.
e We also improve his upper bound R(N My, K3) < 6k.

Theorem 4 (B., Poljak, 2021+)

For every k € N, we have

RWN M, K3) < (3+V5)k < 5.3k.
If kK > 6, we have B
RN My, K3) > 4k + 1
and, moreover, R(N My, K3) = 16 and R(N Ms, K3) = 20.

o We also determine the asymptotic growth rate of R(N M, K,,)
Theorem 5 (B., Poljak, 2021+)

For every k,n € N, we have RIN' My, K,) = ©(kn). Moreover,

RN Mo, K,) =3n—2.
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Counterexample

o The construction of red-blue colorings that give R(N M, K3) > 4k + 1

has the following matrix representation.
2n—3 3 3 2n —6 1 2

12 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

2n —6

2n—3 | 23

@ The idea was based on colorings found by computer.
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Chromatic numbers of k-queue graphs

e Our lower bounds on R(N M1, K3) yield an application for so-called
k-queue graphs that are equivalent to N'M,_;-free ordered graphs.

e Dujmovic and Wood considered the following problem.

Problem 2 (Dujmovi¢c and Wood, 2010)

What is the maximum chromatic number Y, of a k-queue graph?

e Dujmovic and Wood proved x4 € {2k + 1,...,4k} and that the lower
bound is attainable for k = 1.

Corollary 1 (B., Poljak, 2021+)

For every k > 3, the maximum chromatic number of k-queue graphs is at
least 2k + 2.
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Ramsey goodness

e We extend the classical notion of Ramsey goodness to ordered graphs.
e A simple construction gives R(G, K,) > (m —1)(n — 1) + 1 for every n
and each connected graph G on m vertices.

o Just take n — 1 red copies of K,,_; and color all edges between
them blue.

e A connected graph G on m vertices is n-good if this lower bound is
tight. We call a graph good if it is n-good for all n € N.

e A well-known result by Chvatal (1977) states that all trees are good.
Moreover, no other graphs are good.

e What ordered graphs are good?
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Ordered Ramsey goodness

@ The same construction as before works also in the ordered setting.

o A connected ordered graph G on m vertices is n-good if
R(G,K,) = (m—1)(n—1)+ 1. We call an ordered graph good if it is
n-good for all n € N.

e We discovered a new class of ordered trees that are good.

e A monotone caterpillar is an ordered graph that can be obtained by
performing joins on one-sided ordered stars.

AN AAANN

Theorem 6 (B., Poljak, 2021+)
All monotone caterpillars are good.
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Open problems

e We believe that monotone caterpillars are the only good ordered graphs.

Conjecture 1 (B., Poljak, 2021+) J

A connected ordered graph is good if and only if it is a monotone caterpillar.

e This is verified for small cases by our program.
Problem 3
Is it true that R(N M3, KC,) = 5n — 4 for every positive integer n? J

e If true, then x, = 5. We verified Problem 2 for small n by our program.
Problem 4
Determine R(NV M, K3) for all positive integers k. J

Thank you.



