Exercise sheet #8
Set Theory 2022

Definition 1.
1. For any «a,e,v € ORD with v < «, of - v is a monomial in a.
2. For any n € w and ordinals €,_1 > €,-2 > ... > g9 and vg,...,Vp—1 < Q, E?Zn% o -y is a
polynomial in «. If all the v; are greater than 0, then Z?:n—l aft - v; is a proper polynomial in «.
Exercise 1. Let n > 0 be a natural number and suppose that p = Z?:n_l aft - v; is a polynomial in a.

Prove afn—111 > p.

Exercise 2. Let n > 0 be a natural number and suppose that p = Z?:n% af - v; is a polynomial in a.
Prove a1 - (vp—1 + 1) > p.

Exercise 3. Suppose that M is a set of monomials in «. Prove that sup M is a monomial in a.

Exercise 4. For all a, 8 € ORD with a > 2, there exist n € w, a decreasing sequence €,_1 > ... > g¢ and
0 €

10, ,Vp—1 <asuchthat 3 =5, o .

Hint: Prove it by induction on . Identify the largest monomial m = o®-v < 8. If m < 8, then there exists v € ORD

such that m +~ = g.

Exercise 5. If p = Z?:n—l af - y; and q = Z?Zm_l afi - u; are two proper polynomial representations of

B, then m =n and for all i <m e; = &;, v; = ;.
Definition 2. An ordinal « is a gamma number if 8+~ < « for all 5,7 < a.
Exercise 6. Let a be an ordinal. The following are equivalent:

1. « is a gamma number.

2. f+a=aforall §<a.

3. a = 0 or there exists € € ORD such that o = w°®.



