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Seventy years ago...

Tutte 1947, 1954,

e G-flows of a graph (taking values in abelian group G).
Nowhere-zero G-flows counted by flow polynomial.

@ G-tensions <> colourings.
Proper colourings/Nowhere-zero G-tensions counted by
chromatic polynomial.

@ Unified in the bivariate dichromate (Tutte polynomial):
includes chromatic polynomial and flow polynomial as
specializations



e Flows and and tensions for maps (graphs 2-cell embedded in
closed surfaces) taking values in finite group G.

@ G-flows and G-tensions counted by multivariate polynomial in
|G|/d, for d, dimensions of irreducible representations p of G

@ Surface Tutte polynomial for maps.

@ Evaluations give number of nowhere-identity G-flows and
nowhere-identity G-tensions of a map



Flows and and tensions for maps (graphs 2-cell embedded in
closed surfaces) taking values in finite group G.

G-flows and G-tensions counted by multivariate polynomial in
|G|/d, for d, dimensions of irreducible representations p of G

Surface Tutte polynomial for maps.

Evaluations give number of nowhere-identity G-flows and
nowhere-identity G-tensions of a map

Specializes to Tutte polynomial of underlying graph.

Specializes to a new Tutte polynomial for signed graphs, which
includes as evaluations the number of nowhere-zero flows,
nowhere-zero tensions, and signed graph colourings.






Colourings, tensions and flows of graphs

Proper vertex 3-colouring




Colourings, tensions and flows of graphs

Nowhere-zero Zs3-tension




Colourings, tensions and flows of graphs

Nowhere-zero Zs3-tension

1+14+2-1=0in7Z;



Colourings, tensions and flows of graphs

Colourings and tensions of graphs

Graph ' = (V, E) with fixed orientation of edges.
Abelian group G (written additively).

@ Colour vertices of I with elements of G.

Use orientation to define tension values on E.

Defining property of tensions: net value around any directed
closed walk is zero (does not refer to vertex colouring).

Suffices to check irreducible closed walks: edges in a circuit
(of cycle matroid of I)

@ Nowhere-zero tension corresponds to proper colouring.



Colourings, tensions and flows of graphs

Counting colourings and tensions

Graph I with k(I') connected components.
deletion \e and contraction I'/e

@ number of proper G-colourings is x(I'; |G|) (chromatic
polynomial evaluated a |G|)

MNe)—x(I f I
o x(F) = x(F\e) — x(l/e) for e not a loop
0 for e a loop.

o |G|~ KMx(T;|G|) = #{nowhere-zero G-tensions of '} for
any finite abelian group G



Colourings, tensions and flows of graphs

Nowhere-zero Zs-flow




Colourings, tensions and flows of graphs

Nowhere-zero Zs-flow

1+2-1-2=0in%Z3



Colourings, tensions and flows of graphs

Nowhere-zero Zs-flow

1+4241-2-2=01inZ3



Colourings, tensions and flows of graphs

Counting flows

@ number of nowhere-zero G-flows of I is ¢(I";|G]) (flow
polynomial evaluated a |G|)

o §(I) = o(I'/e) — ¢(I'\e) for e not a bridge
o for e a bridge.



Colourings, tensions and flows of graphs

Counting flows

=(V,E), k(I') conn. cpts.
rank r(I") = |V| — k(T), nullity n(I") = |E| — r(T)
(") number of G-flows (zero allowed).

1 fg(I') = fg(I'/e) for non-loop edge e
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Colourings, tensions and flows of graphs

Counting flows

=(V,E), k(I') conn. cpts.
rank r(I") = |V| — k(T), nullity n(I") = |E| — r(T)
(") number of G-flows (zero allowed).

1 fg(I') = fg(I'/e) for non-loop edge e

2 f6(I) = |G|" when T consists of n loops alone.

3 By contracting edges in spanning tree (maximal spanning
forest) of I, leaving n(I") loops,
fo(I) = |G|"") for any given I

4 G-flows of N\ A€ «++ G-flows of I" with support C A

5 By inclusion-exclusion, ¢(I; |G|) = ZAQE(—1)|AC‘|G|”(F\AC)



“Dichromate” of a graph

The Tutte polynomial

o ¢(I';|G]) = S ace (=141 6N

1)
x(T;|G|) = ’G|k(r) ZAQE( 1)l G| (r/A),
in which r([/A) = r(F) — r(I'\A°).



“Dichromate” of a graph

The Tutte polynomial

o ¢(I;|G|) = ZAQE( lAC"G| n(M\A%)

1)
x(T;|G|) = ’G|k(r) ZAQE( 1)l G| (r/A),
in which r([/A) = r(F) — r(I'\A°).

Dichromate/ Tutte polynomial:

T(ix,y) = Y (= 1Oy - 1yl0A)

ACE
o x(Ix)= (- )r(r) k() T(;1-x,0)
o ¢(Ty) = (-1)"MIT(r;0,1-y)
o T(I';x,y)=T(I;y,x) for planar I



“Dichromate” of a graph




Tensions and flows of maps

Sphere Torus
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Tensions and flows of maps

'y T A 'y '

Torus

not 2-cell embeddings



Tensions and flows of maps

Klemn bottle Projective plane
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Tensions and flows of maps

Klem bottle Projective plane
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Tensions and flows of maps

Local tensions of maps

Map M = (V, E, F) with fixed bidirection of edges.
untwisted edges: ——> or opposite <<

twisted edges: <—— or opposite —<—

Finite group G (written multiplicatively).

Traversing a closed walk follows consistent bidirections on
consecutive traversed edges (e.g. —— followed by —+)



Tensions and flows of maps

Local tensions of maps

Map M = (V, E, F) with fixed bidirection of edges.
untwisted edges: ——> or opposite <<

twisted edges: <—— or opposite —<—

Finite group G (written multiplicatively).

Traversing a closed walk follows consistent bidirections on
consecutive traversed edges (e.g. —— followed by —+)

@ Defining property of local G-tension: net product of values
around any contractible closed walk is identity (invert values
when traversing by bidirection opposite to fixed one)

o Suffices to check irreducible contractible closed walks (faces)

@ Nowhere-identity G local tensions of M correspond to certain
proper colourings of covering graph of M [Litjens, Sevenster
2017].



Tensions and flows of maps

Local flows of maps

e Kirchhoff rule at each vertex (cyclic order given by vertex
rotation of embedding)

@ Local G-flows of M < local G-tensions of dual M*
(vertices of M <« faces of M*)



Tensions and flows of maps

Bouquet of two loops, orientably embedded.
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Tensions and flows of maps

Bouquet of two loops, nonorientably embedded.
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Tensions and flows of maps

Counting local flows

fc(M) number of local G-flows (identity allowed).
1A fg(M) = fg(M/e) for non-loop untwisted edge e

@ vertex-splitting, “inverse operation” to contraction

b
a
b.b'a =1
c.¢'al=1
b
b C
b..b c..e'=1



Tensions and flows of maps

1B Sequence of vertex splittings/contractions reduces M to a
bouquet M, in standard form (cf. classification theorem for
closed surfaces) of same genus g as M.



Tensions and flows of maps

1B Sequence of vertex splittings/contractions reduces M to a
bouquet M, in standard form (cf. classification theorem for
closed surfaces) of same genus g as M.

2 Finding fg(M) reduced to known enumeration of
homomorphisms from fundamental group of a surface of
genus g to a finite group G:

fo(M) = |G|~ 1Zp€G F(p)8d5~¢ M non-orientable,
G|t d% M orientable
pEG P

when M is a standard bouquet of n loops of genus g, where
d, is the dimension of irreducible representation p of G, and

F(p) = 16173 (7)€ {-1,0,1)

xeG

is the Frobenius indicator.



Tensions and flows of maps

3 By contracting edges in spanning tree of M, leaving
n(M) = |E| — |V| + k(M) loops,

(M) = |G|n(M Zpec ()(I\/I)dg*g(M) M non-orientable,
|G|n(M IZpEG q?-%M) M orientable
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Tensions and flows of maps

3 By contracting edges in spanning tree of M, leaving
n(M) = |E| — |V| + k(M) loops,

|G|”(’V’)—1 ZpEé F(p)g(l\/l)dgfg(M) M non-orientable,
|G|”(’V’)—1 Zpeé d3*2g(M) M orientable

fe(M) = {

4 G-flows of M\ A <+ G-flows of M with support C A

5 Inclusion-exclusion gives #{nowhere-identity G-flows of M} =

Z (- G| A=V

ACE
H de272g(M,-) H ZF(p)g(Mj)dg—g(Mj)_

orient. pE G non—orient. pE G
conn. cpts conn. cpts
M; of M\A® M; of M\ A€



Tensions and flows of maps




A Tutte polynomial for maps

Definition

Let x = (x;...,x_2,Xx_1,X0, X1, X2, ... ) and
y=(yi--.,¥-2,¥-1,¥0, Y1, Y2, - . . ) be infinite sequences of
indeterminates.

The surface Tutte polynomial of a map M = (V, E, F) is the
multivariate polynomial 7(M;x,y) :=

SO xm WA A TT ey T vams

ACE conn. cpts conn. cpts
M; of M/A M; of M\A€

where A€ = E\A for AC E, n*(M) = |E| — |F| + k(M) = n(M*),
and g(M) is the signed genus of M.



A Tutte polynomial for maps

A= 0 {a} {v} {a,b} 0 {a} {0} {a, b}
M/A Q . .
- O = I
2 (M/A) 1 1 1 1 22 z z 1
[Megary | 20 g af } ) % o %0
el © SRR
yr(MN\AY) 1 y y y? 1 y y y?
I1 Yg(M;) Yo Yo Yo Yo Yo Yo Yo Y1
T(8; X,y) = Toyo + 2yx3yo + y3xiyo 7(9; x,y) = 2’21y + 2xyToyo + ¥ Toy




A Tutte polynomial for maps

Theorem (G. Krajewski, Regts, Vena 2018; G., Litjens, Regts,

Vena, 2018+ )

Let G be a finite group with irreducible representations p of
dimension d,. Then

+{ nowhere-identity local G-flows of M} = (—1)EI=IVIT(M; x,y),
e x=1y=—|G|,
o x;=1andy, = —|G|? Zpe@ d>"%€ for g > 0; and
o x g=1landy ,=—|G|? > F(p)8d> 8 forg > 1.
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A Tutte polynomial for maps

Theorem (G. Krajewski, Regts, Vena 2018; G., Litjens, Regts,

Vena, 2018+ )

Let G be a finite group with irreducible representations p of
dimension d,. Then

+{ nowhere-identity local G-flows of M} = (—1)EI=IVIT(M; x,y),
e x=1y=—|G|,
o x;=1andy, = —|G|? Zpe@ d>"%€ for g > 0; and
o x g=1landy ,=—|G|? > F(p)8d> 8 forg > 1.
o (Forg >0, y, is |G| %6fg(My); forg > 1, y_g is
|G|8fg(M_g), where My, is a bouquet of signed genus +g.)

#{nowhere-identity local G-tensions} = (—1)EI=IFlT(M;y, x).



A Tutte polynomial for maps

Other specializations

e Tutte polynomial T(I'; X, Y): x=1=xg,y =Y —1 and
yg = X — 1 (for arbitrary embedding of I')

e Embedding a signed graph ¥ = (I', o) in a surface (embedded
cycles orientation-preserving precisely when balanced) and
takingx =1= x5,y =Y —1,and y, =X -1if g >0,
ye=(X-1)(Z-1)/(Y —1) if g < —1 gives a new “signed
Tutte polynomial” Tx(X,Y,Z) =

7 (XD )KEVAPKE) (1) AV Ik (E\A) 71 JH(EVA)-h(EA)
ACE

where kj, denotes the number of balanced components.



A Tutte polynomial for maps

[G., Litjens, Regts, Vena, 2018+] The signed Tutte polynomial
Ts(X,Y,Z) contains as evaluations the number of

e proper {0,+1,...,£n}-colourings of ¥, at (—2n,0, 2n+1)
and, for finite abelian group G,
@ the number of nowhere-zero G-tensions of ¥, at
(1-161.0. 157
@ the number of nowhere-zero G-flows of ¥, at
(0,1 —|G|,1—29
where |G| = 29m, with 29 the size of G's 2-torsion subgroup.

(Tensions are required to have net sum of values zero around only
balanced (positive) irreducible closed walks of X.)
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