Mathematics++ (topology), lecture #2 (March 15, 2021)
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Separation axioms
Last time: basic definitions, some examples of topological spaces.
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Separability
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Lemma

X is a Ty space with countable base = 3 a_countable sequence f1, fa,... of continuous functions from X
to [0,1] such that: whenever x € X, and U open set with « € U, there is f; such that f; is 0 outside U
and 1 in x.
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Proof of Urysohn’s metrization theorem

Theorem
X s T3, has countable base = X 1is metrizable.

P1r0(<)1;7.Lj We will fhow Huat K S homeomophic do a fubspace of H.. Hibect enbe

f:= ath indinite sequences -(K,”scz,yil-,- ), where x(éCOl—‘{fj
- 3 . : _ TR 2.
withh 2?- meMC ¢ % otﬂ-(x,g), Z(X’ lj‘) Need : £ agnhnuous

Delive "f: e (% "p'] b‘)/ % 'p&(".)l %-@56&1 T ) ¥ injedie

1Scomt - ‘ \-f"’(u) U -[1"‘ conhneovs
e e,

Let UYcH opeut , wmt cf—I[U) open, Let x@L{J"((A)/ let j.-:lf[x). wawt - IV PM, xe v
?(V\Eb{. Let & be st. Bljle)ﬁb(_ SuPAtes o g |/ sit. Y[V)ggwli)'

md o G4, oz <E2
Find Vo kzn’: %5 (_1_ 2 ¢
For keno let Vi = 226X (K@) —Ye) < Zg

Thew Viz Ve 35 also opeh and  fr 26\/, we hout
E<ino

gt —yIF = k%o(wg t %ux(dkm:yf\, £e
< & * \——’ﬁj_/
z-no Z¢™

2

§ {So}w/l suce e cort

(N

IN
N



e e (p[x) [\7)

Q[cwr‘
% (S conhnuou S Flu)
U ex OF‘@/\ - Want J@ (m @
That (S, Yxell J¢ B( (@E
Fvd | with LG = 7 £ ,O Oukg.o(e (/{ Let &= /

& 40 ot ?0(><3~ \j)”ié = ],f\/ﬁi ~f’ﬂ%)\<é:2/iv
"<

ff@) 1

= g is et odid . =7 yell = ply)eolu) P

(1 Cohve .-

=7 L4 v5- v o



Compactness
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Compactness 11

Theorem (Continued real-valued function on compact set attains its minimum)

Proof.



Products of spaces
Definition

Remark

Example

Exercise
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Theorems of Tychonoff and de Bruijn—FErddés (about graph colorings)
Theorem (Tychonoff)

Theorem (de Bruijn—Erdds)

Proof.



