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Conjecture (Hadwiger). For every integer t > 1, every graph with no K
minor is (t — 1)-colorable.

Theorem 1.3. (Kostochka, Thomason) Every graph with no Ky minor is O(t+/logt)-
degenerate (and colorable).
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Theorem 1.4. For every 8 > 3, every graph with no K; minor is O(t(log t)%)-

colorable.

Theorem 2.4. For every é > 0 there exists C = Co 4(d) > 0 such that for every
D > 0 the following holds. Let G be a graph, d(G) > C, s = D/d(G). Then G
contains at least one of the following:

(i) a minor J, d(J) > D
(ii) a subgraph H, v(H) < Cs°D?/d(G) and d(H) > d(G)/(Cs°)

Theorem 2.6. There exists Cy6 > 1 satisfying the following. Let G be a graph
with k(G) > Ct(logt)i, and let r > /logt/2. If there exist vertez-disjoint
subgraphs Hy, ..., H, of G such that d(H;) > Ct(log t)% for each i, then G has
a K; minor.

Theorem 4.2. Let | > 2 be an integer, and let ¢y € (0,%) and do > 1/€g
be real. Let G = (A, B) be a bipartite graph such that |A| > I|B| and every
vertex in A has at least dy neighbors in B. Then G contains at least one of the
following:

(i) a subgraph H with v(H) < 3dy and e(H) > €3d3/2
(ii) an (I + 1)-bounded minor G' with d(G') > £ (1 — 2ley)do

Theorem 4.4. Let k > 1 > 2 be integers. Let e € (0, ﬁ) Let G be a graph
with d = d(G) > 1/e. Then G contains at least one of the following:

(i) a subgraph H with v(H) < 3k3d and e(H) > €2d?/2

(i) a bipartite subgraph H = (X,Y) with | X| > l|Y] such that every vertex in
X has at least (1 — 2ke)d neighbors in'Y

iii) an k-bounded minor G' with d(G') > £(1 — 2ke)d
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Lemma 3.2. Let G be a graph with d = d(G) > 3. Then G has a minor H
such that v(H) < d+2 and 26(H) > v(H) + 0.3d — 2.

Lemma 3.3. Letn > 0, k > 2 and h > n + 3k/2 be integers. Let G be a
graph with k(G) > k containing vertez-disjoint non-empty connected subgraphs
Ci,...,Cy such that each of them is non-adjacent to at most n others. Let
S ={s1,...,8k} CV(G). Then G contains vertez-disjoint non-empty connected
subgraphs D1, ..., Dy, where m = h|k/2] such that s; € V(D;) for each i € [k]
and every element of {D1,..., Dy} is non-adjacent to at most n subgraphs
among Di41,...,Dpn.

Lemma 3.4. There exists C = Cs4 > 0 satisfying the following. Let s be
a positive integer, let G be a graph with x(G) > Cs, and let Si,...,Sk be
non-empty disjoint subsets of V(G) such that Zle |Si| < 's. Then there exist
vertez-disjoint connected subgraphs C1,...,Cy of G such that S; C V(C;) for
every i € [k].

Lemma 3.5. There exists C = Cs5 > 0 satisfying the following. Let G be a
graph, let I > s > 2 be positive integers. Let sy,...,8;,t1,...,t;,71,...,Ts €
V(G) be distinct, except possibly s; = t; for some i € [l]. If

k(G) > Cmaz{l, s\/log s}

then there exists a Ky model M in G rooted at {r1,...,rs} and an (si,t;);cq-
linkage P in G such that M and P are vertez-disjoint.



