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Abstract

We study the following problem: given a real number k and
integer d, what is the smallest & such that any fractional (k+
€)-precoloring of vertices at pairwise distances at least d of a
fractionally k-colorable graph can be extended to a fractional
(k + €)-coloring of the whole graph? The exact values of &
were known for k € {2} U [3,00) and any d. We determine
the exact values of € for k € (2,3) if d = 4, and k € [2.5,3)
if d = 6, and give upper bounds for k € (2,3) if d = 5,7, and
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k € (2,2.5) if d = 6. Surprisingly, € viewed as a function of k
is discontinuous for all those values of d.

1 Introduction and main results

Graph coloring is one of the classical topics in graph theory. In this
paper, we seek conditions when a precoloring of some vertices in a
graph can be extended to a coloring of the entire graph. This line
of research was initiated by Thomassen [17] who asked for sufficient
conditions on extending precolorings of vertices in planar graphs. His
original question led to the following result of Albertson [1].

Theorem 1.1 ([1]). Let G be an r-colorable graph and W a subset
of its vertex set such that the distance between any two vertices of W
is at least four. Then every (r + 1)-coloring of W can be extended to
an (r + 1)-coloring of G.

This result initiated a line of research [2, 3, 4, 5, 6, 8] seeking
conditions for the existence of an extension of a precoloring of various
types of subgraphs.

It is natural to ask whether an analogue of Theorem 1.1 also holds
for non-integer relaxations of colorings. For circular colorings intro-
duced in [18], the extension problem was almost completely solved
by Albertson and West [7] (see [19, 20] for background and results
on circular colorings).

Another well-established relaxation of classical colorings is the no-
tion of fractional colorings, see [15], which we address in this paper.
A fractional k-coloring of a graph G is an assignment of measur-
able subsets of the interval [0, k) C R to the vertices of G such that
each vertex receives a subset of measure one and adjacent vertices
receive disjoint subsets. The fractional chromatic number of G is
the infimum over all positive real numbers k such that G admits a
fractional k-coloring. For finite graphs (which we restrict our atten-
tion to), such k exists, the infimum is in fact a minimum, and its



value is always rational. A fractional k-precoloring is an assignment
of measurable subsets of measure one of the interval [0, k) to some
vertices of a graph.

In this paper, we study conditions under which a fractional pre-
coloring can be completed to a fractional coloring of the whole graph.

Problem 1. Let € > 0 be a real, k > 2 a rational and d > 3 an
integer. Given a fractionally k-colorable graph G and a fractional
(k+¢€)-precoloring of a subset of its vertex set at pairwise distance at
least d, is it possible to extend the precoloring to a fractional (k+¢)-
coloring of the whole graph G?

For a fixed rational k¥ > 2 and a fixed integer d > 3, let g(k,d)
be the infimum over all non-negative reals satisfying the following:
for any ¢ > g(k,d) and any fractionally k-colorable graph G, an
arbitrary (k+¢)-precoloring of vertices at pairwise distance at least d
in G can be extended to a fractional (k + ¢)-coloring of G. The next
proposition, which is proved in [12], implies that for any e < g(k, d)
there exists a fractionally k-colorable graph G with a fractional (k +
e)-precoloring of some of its vertices at pairwise distance at least
d, such that there is no extension of the precoloring to a fractional
(k + &)-coloring of G.

Proposition 1.2 ([12]). Let G be a graph with fractional chromatic
number k and W a subset of its vertex set. The set of all non-
negative reals € such that any fractional (k+ €)-precoloring of W can
be extended to a fractional (k + €)-coloring of G is a closed interval.

The only value of d for that the values of g(k,d) are known for
all k > 2is d = 3. In this case, g(k,3) = 1 for all k € [2,00), see [12].
For d > 4, the values of g(k,d) for k € {2} U[3, 00) were determined
in [12].
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Figure 1: The values of g(k,4).

Theorem 1.3 ([12]). For every k € {2} U[3,00) and d > 3, we have:

'k —1)2 +4d'(k—1) — (d'k -1
V@h -2+ dd k- = ([dk=1) 0y
2d’
kdl_;’ if d =1 mod 4;
, if d =2 mod 4;
2d’
_ k-1 therwi
TR otherwise,

where d' = |d/4]. The formula also holds for k € [2,00) and d = 3.

The main goal of this paper is to put more light on values of
g(k,d) for k € (2,3). We determine the values of g(k, d) for k € (2, 3)
if d =4, and for k € [2.5,3) if d = 6 (see Figures 1 and 3).

Theorem 1.4. For k € [2,3) we have g(k,4) = 3(\/(k—1)2+4 —
k+1).



Theorem 1.5. For k € {2}U[2.5,3) we have g(k,6) = 3 (Vk?> + 4—

For additional values of k € (2, 3) and d, we provide upper bounds
(Theorems 3.2, 4.2, 5.2, 6.2, and 6.3) which we believe to be tight.
See Figures 2 and 4 for the bounds we can prove for d = 5 and
d = 7. To our surprise, for fixed d € {4,5,6, 7}, the function g(k, d)
is discontinuous in k at k = 3, while for d € {6,7} the function
g(k,d) is also discontinuous at k = 2.5.
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Figure 2: The values of g(k,5). Upper bounds are given by dashed
lines.

The paper is organized as follows. In the analysis of the values of
g(k,d), we consider four cases based on the remainder of d modulo
4. In Section 3, we present our upper bounds on g(k, d) for k € (2, 3)
and d divisible by four. We also present the matching lower bound
for d = 4. This lower bound is based on a simple expansion bound
on independent sets in Kneser graphs based on eigenvalues of its
adjacency matrix. In Section 4, we present our upper bounds on
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Figure 3: The values of g(k,6). Upper bounds are given by dashed
lines.

g(k,d) for k € (2,3) and d congruent to two modulo four. This
section also contains the matching lower bound for the case d = 6 and
k € [2.5,3). This lower bound uses a suitable solution of the linear
program dual to that for finding the fractional chromatic number of
a Kneser graph. Finally, in Sections 5 and 6 we present our upper
bounds on g(k,d) for d congruent to one and three, respectively.

2 Notation, definitions and preliminary
results

Before we can present our results, and their proofs, in detail, we
need to introduce some notation. For a positive integer n, we set
[n] :={1,...,n}. Next, for a set Y C [0, 00) we write 2V for the set
of all measurable subsets of Y. If f : X — 2Y is a mapping from
aset X to 2¥ and A is a subset of X, we write f(A) for the set
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Figure 4: The values of g(k, 7). Upper bounds are given by dashed
lines.

Uaca f(a). We also write g : X — 2Y for mappings from X to 2V
such that g(7) N g(j) = & for any two distinct i,j € X.

We gave one possible definition of the fractional chromatic num-
ber of a graph G in the introduction. An equivalent definition can
be given as a linear relaxation of determining the ordinary chromatic
number: assign non-negative real weights to the independent sets of
G such that for every vertex v € V(G) the sum of the weights of
independent sets containing v is at least one. The minimum possible
sum of weights of all independent sets in G, where the minimum is
taken over all such assignments, is equal to the fractional chromatic
number of G.

The definition of fractional colorings also allows one to define a
class of universal graphs, i.e., a class such that for every graph with
fractional chromatic number k there is a homomorphism to one of the
graphs in this class. A homomorphism from a graph G to a graph H
is a mapping f : V(G) — V(H) such that if « and v are two adjacent



vertices of G, then the vertices f(u) and f(v) are adjacent in H. If

such a mapping exists, we say that G is homomorphic to H.
Universal graphs for fractional colorings are Kneser graphs K, /4;

the graph K/, for integers 1 < ¢ < p, has a vertex set formed by

all g-element subsets of [p], i.e., V(K,/,) = ([Z]) Two vertices A

and A’ are adjacent if AN A" = &. Tt is not hard to show that the
fractional chromatic number of K/, is equal to p/q. The following
proposition can be found, e.g., in [9].

Proposition 2.1. Let G be a graph with fractional chromatic num-
ber k. There exist integers p and q such that k = p/q and G is
homomorphic to the graph K.

Analogously to [12], our proofs are based on defining and an-
alyzing graphs that are universal for graphs (of a given fractional
chromatic number) with some precolored vertices. The graphs we
introduce now are isomorphic to the ones defined in [12], although
we use a slightly different notation.

The extension product of graphs G and H is the graph with vertex
set V(G) x V(H) such that vertices (u,v) and (v/,v") are adjacent if u
and v’ are adjacent in G and either v = v’, or v and v’ are adjacent
in H. This type of a graph product was introduced by Albertson
and West [7]. An equivalent notion was used in [12] under the name
universal product; the only difference is that the meaning of G and
H was swapped, i.e., the universal product of G and H is isomorphic

to the extension product of H and G. For a set X € ([z]), a

ray Rf}f q.p 18 the extension product of the Kneser graph K/, and
the (P + 1)-vertex path with vertices 0, ..., P; the vertex (X,0) of
Rffqyp is marked as special. The copy of K/, in the ray Riq’P
corresponding to the vertex P of the path is said to be the base of

the ray. For brevity, R, , p will stand for Rx[z]q, p in what follows.

The ray Rg]2,2 is sketched in Figure 5. Note that the graph Rﬁfq’P



Figure 5: The ray RE]QQ

is homomorphic to K, /4, and the distance of the vertex (X,0) from
any vertex (A, ¢), for A € <[§]) and ¢ € [1, P], is at least £.

The graph U}, ;, which we now define, is a universal graph for
graphs with fractional chromatic number p/q with n precolored ver-
tices at pairwise distance at least d. Fix positive integers p, ¢, d and
n such that p > ¢/2 and d > 3. If d is even, the graph U} .a 1s the
extension product of the Kneser graph K/, and the star K Ln())

with each edge subdivided d/2 — 1 times. For every X € <[g] ), we

mark the vertex X as special in n copies of K/, corresponding to
the leaves of the star (for different values of X, we choose different
copies). In this way, the subgraphs of U, 4.a corresponding to the
products of the subdivided paths and K/, are isomorphic to rays

R;fq,d/? Hence, the graph Uy y.a can be viewed as obtained from

n copies of the ray Rff a,d/2 for each choice of X € ([g ]) through
identification of the bases of the rays. The graph U5172,6 is sketched

in Figure 6.
For positive integers N and P, let Ly p be the graph obtained



Figure 6: A sketch of the graph Uj 5 ¢ (some rays are omitted).

from a clique Ky by identifying each vertex of the clique with an
end-vertex of a P-vertex path; so Ly p, for P > 2, has N - (P — 2)
vertices of degree two, N vertices of degree one, and N vertices of
degree N. If d is odd, the graph U}, , is the extension product
of the Kneser graphs K/, and the graph L n(?),(d+1)/2° Again, for

each X € ([Z]), we mark vertices X in n of the copies of K/,

corresponding to the vertices of degree one of Ln(§)7(d+1)/2 as special

(with different copies for different values of X again). In this way, we
can view U7 ; as a union of n(g) rays R;f%(d_l)m with additional
edges between their bases. The graph U517277 is sketched in Figure 7.

In the next three propositions, we summarize the properties of
the graphs U}, ; needed in the proofs. We start with the first two

of them; the proof of the first one is straightforward and the proof
of the second one is in [12].
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Figure 7: A sketch of the graph U517277 (some rays are omitted).

Proposition 2.2. The graph U}, forp/q>2 and d > 3 is homo-
morphic to K, and its special vertices are at pairwise distance at
least d.

Proposition 2.3 ([12]). Let G be a graph with fractional chromatic
number k and W a subset of its vertex set at pairwise distance at least
d > 3. There exist positive integers p and q, such that k = p/q and

the graph G has a homomorphism to U‘ 0.d that maps the vertices of
W to special vertices of Ull)_q_d.

The length of the shortest odd cycle of a graph G is the odd
girth of G. The odd girth of the Kneser graph K/, is equal to

2{ q2 ] + 1, see [13]. Note that Proposition 2.1 implies that if
b —4q

G is a fractionally k-colorable graph, then its odd girth is at least
2[1/(k —2)] 4+ 1. The main difference between the case k € {2} U
[3,00), which was fully analyzed in [12], and the case k € (2,3) is

11



that vertices of a ray R, 4 p at some fixed small distance from the
special vertex form an independent set. Observe that the minimum
distance for which this property does not hold is related to the odd
girth of the Kneser graph K, ,.

Proposition 2.4. Consider a special vertex s of a universal graph

U;f(bd and an integer £ € {1,2,..., [p—qu—‘ — 1}_ The vertices at

distance £ from s form an independent set in U} ;.

Finally, we state the following proposition which is implicit in the
proof of Theorem 1.3 in [12].

Proposition 2.5 ([12]). Let k = p/q be rational, where p,q € N and
p>2q,d,n €N ande > 0. For every fractional (k + £)-precoloring
of the special vertices of Uy, ; by subsets C1,Cs, .. ., C’n(p) C0,k+
€) there exist functions f, and fo from [p] to 219%%2) such that the
following holds:

1) for everyi,j € [pl, i #j: fo(i)Nfolj) =@ and f(i)N fe(j) = &;

2) for every i € [p| and a € [n(i)} :

a) [|fo(@)l = (k+¢€)/p and || fo(i) N Call = 1/p,
b) lfe(i)ll = 1/q and || fe(i) N Call = 1/(p + ge).

In other words, the function f, in Proposition 2.5 is an equiparti-
tion of the interval [0, k + &) into p measurable parts f,(1),..., fo(p)
such that the measure of the intersection of f,(7) with each set Cj,

j € [n (g)}, is the same as the expected intersection of C; with

a random subset of [0, k+¢) of measure (k+¢)/p. Analogously, f. is
a partition of an appropriate subset of [0,k + ¢) of measure k into p
measurable parts f.(1),..., fe(p), where the parts have measure 1/¢
and the measure of the intersection of f.(i) with each set C; is the
same as for a random subset of [0, k 4 ¢) of measure 1/q.

12



3 Distances divisible by four

3.1 Upper bounds

In this section we prove upper bounds on g(k,d) for d = 0 mod 4
in the case that k and d satisfy 2 < k < 2+ P Observe that

Proposition 2.4 guarantees that if we consider the ray R, ; 4/2, then
for any ¢ € {1,...,(d — 2)/2}, the vertices at distance ¢ from the
special vertex form an independent set.

Lemma 3.1. Let € be a positive real and n, p, q and d positive
integers such that d = 0 mod 4 and p/q > 2. If the conditions

1
2 < 24+ —— 1
<k< +2d’—1 and (1)
d'—2
) k—1+4¢ 1
k—1)212 4 ¢. > 2
gjz:;( ) te k+e ~T k+e 2)

are satisfied, where d = d/4 and k = p/q, then any fractional (k +
g)-precoloring of the special vertices of U y.a can be extended to a

fractional (k + €)-coloring of U] ;.

Proof. First observe that by Proposition 1.2 we only need to con-
sider the case that e is the smallest positive real that satisfies in-
equality (2), i.e., that solves the equation

42 Ek—14+¢ 1

k—1)%+2 - = .
Ejzz(:)( ) te k+e k+e

Furthermore, it is straightforward to show that any positive solution
to this equation satisfies the following two inequalities as well:

a'—2 d'—2

, E—1 ,
622(1@—1)23+1 < Ti_g and €Z(I<:—1)23 <
Jj=0 j=0

1
k+e’

3)

13



Now consider the universal graph U} ;.

Let C, for i € {n(g)}
be a precoloring of the special vertices and let f. be a mapping as
described in Proposition 2.5. In what follows, for each ray R;, which

is isomorphic to Ry, 4,24, we find a fractional coloring ¢; that satisfies
the following: for every set A € (D;J] ), each vertex v = (4, 2d’) of the

base of R; is colored by the set f.(A), and the special vertex of R;
is colored by C;. Since the universal graph U}, ; is constructed by
identifying the vertices (A, 2d’'), the conclusion of the lemma follows
from the existence of such a fractional coloring for each ray.

Fix a ray R; and let s be the special vertex of R;. For an integer
¢ € [2d' — 1], let V; be the set of vertices of R; at distance ¢ from
s, and let V54 be the set of vertices of R; at distance at least 2d’
from s. Observe that the sets V;, £ = 1,...,2d’, form a partition of
V(R;) \ {s}, and if a vertex v = (4,¢) of the ray R; is in V;, then
¢ < (. In particular, the vertices of the base of R; form a subset
of Vagr. By (1) and Proposition 2.4, it follows that the set V; forms
an independent set in R;, for £ € [2d' — 1].

The basic idea is to partition for each V; the interval [0, k+¢) into
three parts. The first part will be split into p equal-size parts and
will be assigned to vertices in V; according to the corresponding sets
in the Kneser graph. The second part will be assigned to all vertices
in V; (that is possible since V; forms an independent set). The third
part will not be used on the vertices of V; at all and will be reserved
for the vertices in V;_;. Based on the parity of V, the second part
will be either inside C; and the third part will be disjoint from C;, or
vice versa. First we define the partition for Vo4, and after defining
the partition for some V;, we define the partition for V,_;. During
this procedure, the sizes of the second and third parts will increase
at the expense of the first part.

Formally, we construct functions f, : [p] < 2%+ g, [p] —
20k+e) and h, : [p] — 20k for x € [2d'], y € [d — 1] and
z € [d'—1] in the following way. Fora € [p]and j =d'—1,d'-2,...,1,

14



e

Figure 8: The construction of a fractional coloring in Lemma 3.1 for
d=S8.

we sequentially define:

d'—1
o g;(a) as an arbitrary subset of (fe(a)\ Ci)\ U 1 gj(a)
=)+
of measure ﬂcy(k; — 1)2(d'—j)—17
p

o hj(a) as an arbitrary subset of (fe(a) N C;) \ U hj (a)
=j+1
of measure %y(k 1)2(d'=9)-2,

and then:

* faar(a) = fe(a),

* faj41(a) := fajy2(a) \ hj(a), and

o f2j(a) = faj41(a) \ g;(a).
Finally, we set fi(a) := fa(a) \ C; for every a € [p]. Since the
measure of f(a) is 1/q and the measure of f.(a) N C; is 1/(p + qe),

these functions exist if and only if conditions (3) are satisfied. Next,
we set Y to be the set of measure ¢ that is disjoint from f.([p]), i.e.,

Y :=[0,k+¢e)\ fe([p]). Observe that ||[Y'\ C;|| =e—¢/(k+¢). The
described construction of the functions is sketched in Figure 8.

15



Let £ € [2d'] and v = (A,¢') € V,. Recall that ¢/ < £. If £ is even,
we set

d —1
ei(w) = flA) U | (o)

J=t/2
if £ > 3 is odd, we set
d' -1
a@i=fHu | g)uy;
J=(£+1)/2
and for £ = 1 we set
d'—1
ci(v) =AU g(ph U\ Ci).
j=1

Finally, we set ¢;(s) := C;.

We claim that ||¢;(v)]] > 1 for every vertex v € V(R;). Indeed, if
v = s, then the assertion immediately follows from ||C;|| = 1. Hence,
in the remainder we may assume that v belongs to a set V; for some
¢ € [2d']. Observe that for a fixed ¢ € [2d'], the color sets of any
two vertices u and v from V; have the same measure. Let my be the
measure of vertices in V;. Then mog = 1, by the definition of f.. If
d > 4, then maog 1 = mags, since both Y and hg—1(A), for A € ([‘2}),
have measure e. Next, if £ € {3,5,...,2d" — 3}, then

me = mego—e(k—1)2 ¢ 2D (k1) (k—1)X D =y,
Analogously, if £ € {2,4,...,2d" — 2}, then
me =myro—e(k—1)2@ 0D 4 (k1) .e(k—1)24 4272 =y

Finally, for m; we have



which is at least one by (2).

It remains to check that the mapping c¢; assigns disjoint sets to
any two adjacent vertices in R;. Let u = (A4,4,) € V;, and v =
(B,¢,) € Vi, be two arbitrary adjacent vertices in R;. Hence, A is
disjoint from B and without loss of generality ¢, < ¢, < ¢, + 1. If
Ly, = Ly, then ¢, = 2d’ (since for ¢ < 2d’ the set V4 is independent).
Thus the sets ¢;(u) and ¢;(v) are disjoint, since f.(A) and f.(B) are
disjoint.

From now on, we assume that ¢, = ¢, + 1. If £, is even, then
¢;(v) is disjoint from Y, and disjoint from g;([p]) for any j € {(¢, +
1)/2,...,d —1}. Furthermore, ¢;(u) is disjoint from h;([p]) for any
j € {6,/2,...,d — 1}. Analogously if ¢, is odd and larger than
one, then ¢;(v) is disjoint from h;([p]) for any j € {¢,/2,...,d —1},
and ¢;(u) is disjoint from Y, and disjoint from g;([p]) for any j €
{(ly = 1)/2,...,d" — 1}. Since f;(A) is a subset of f.(A) for any
¢e2d]and A € ([Z] ), the sets ¢;(u) and ¢;(v) are disjoint. Finally,
the sets assigned to neighbors of s are disjoint from Cj.

We can conclude that the coloring ¢; is a fractional coloring of
the ray R; with the required properties. O

Combining Lemma 3.1 with Proposition 2.3 yields the following
theorem.

Theorem 3.2. Let d be a positive integer such that d =0 mod 4, k
a rational and € a positive real such that conditions (1) and (2) are
satisfied, where d' = |d/4|. If G is a fractionally k-colorable graph
and W is a subset of its vertex set with pairwise distance at least
d, then any fractional (k + €)-precoloring of W can be extended to a
fractional (k + €)-coloring of G.

17



3.2 Lower bound for distance four

Let p and ¢ be positive integers, p/q > 2, and n = (g) Let A =

A(K,/q) be the normalized adjacency matrix of the Kneser graph

K, q- This is the n x n matrix indexed by vertices of K/, such that

if {u,v} is an edge of K, /4, the entry corresponding to (u,v) is equal
-1

to the inverse degree of u, i.e., equal to (p ; q) , while all other

entries are zero. If A\1, Ao, ..., A\, are the eigenvalues of A such that

[A1] > [A2| = -+ > |Anl, then it follows that |Ag| = p%q , see [14].

A standard expansion inequality (see, e.g., [10, Theorem 4.15])
asserts that

|Na(I)| = W? (4)

for every vertex subset I of a graph G of size at most cn, where n
is the number of vertices of G. If I is an independent set of the
Kneser graph K, /4, then by the Erdés-Ko-Rado Theorem (see, e.g.,

[11]), the size of I is at most (Z B }) Therefore, |I]|/n < q/p, where

n = (2), and hence |[N(I)|] > b-q. [I] by (4). This yields the
q

following proposition.

Proposition 3.3. Let p and q be positive integers, p/q > 2. IfI is an
independent set of the Kneser graph K, ,,, then |[N(I)| > " |1].
q

This proposition has a key role in proving that in any fractional
k-coloring of K, /4, where k > p/q, there is a vertex v such that the
union of sets assigned to the neighborhood of v has measure at least
p/q — 1. Note that this statement is trivial if p/q > 3, because in
that case the neighborhood of any vertex of K/, is isomorphic to

Kp/q-1-

18



Lemma 3.4. For every real € > 0, all positive integers p and q,
where p/q > 2, and any fractional (p/q + €)-coloring c : V(K /q) —
2l0p/ate) of K, )4, there exists a vertex v € V(K,/,) such that
[e(N ()l = p/q—1.

Proof. For x € [0,p/q+¢), let V, C V(K,/,) be the set of vertices of
K/, that contain x in their color set, i.e., V, = {ve V:z € c(v) }.
For i > 1 we define X; := {z € [O,p/q—i—e) : |[Vz| = i¢}. In other
words, X; are the points in [0,k + ¢) contained in exactly i color

sets ¢(v). Note that for i > (Z B 1) the set X; is empty and that

Z i || X:] = ( ) Next, let X7 be the set of points z € [0, k+¢) such

that the number of vertices v that have at least one neighbor v with
x € c(u) is equal to j. In other words, let X7 := {z € [0,p/q + ¢) :
IN(Va)l =5 }. |

Finally, consider all the intersections of X; with X7, where i €
[(g: i)] and j € [(g)}, and let X7 .= {z € [0,p/q+¢) : [Va| =
i and |[N(V,)| = j}. Note that for a fixed j the sets X/ form
a partition of the set X7, where for some values of i the part Xij
might be empty. Since for any z the set V, forms an independent
set in K,/,, Proposition 3.3 yields that if j < % -4, then Xg is
empty. Now, for a vertex v € V, consider the measure of points
x € [0,p/q + €) such that x is contained in the color set of at least
one neighbor of v. By a double counting argument it follows that

(2) () (G20 (=1) (3)
> lle(N ()| _ZJ X =" > - lx= " > i 1x].

veV j=1 i=1 i=1 j=1

Since the sets Xg are empty for j < % -4, we conclude that

3 eV (w ||>Zp e xl =22 (7).

veV
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Therefore, there exists a vertex v € V such that ||¢(N(v))|| > p/q —
1. O

We are now ready to prove that the upper bound on g(k,4) for
k € [2,3) given in Theorem 3.2 is best possible. The proof uses the
same precoloring as was used in [12] for a lower bound in the case
k € {2} U[3,00), but the argument for k& € (2, 3) is considerably more
involved.

Theorem 3.5. Let k € [2,3) be a rational number and € a positive

1
real such that € < g There exists a graph G with fractional

€
chromatic number k, a subset W of its vertex set at pairwise distance
at least four and a fractional (k + €)-precoloring of W that cannot be
extended to a fractional (k + €)-coloring of G.

1+x

Proof. Let €p be the positive root of the equation x = .
x

let
1=k /(k-1)2+4
= 5 ,

ie.,

Eo -

Next, let p’, ¢ be positive integers such that k +¢ < p'/q < k + &9
and kq an integer. Set ¢’ := p'/q—k, p := kq and G := U}, 4, where

/
n= (Z ) We will show the existence of a (k + ¢’)-precoloring of the

special vertices of G that cannot be extended to a (k + &’)-coloring
of G. This implies that there exists also a (k + €)-precoloring of the
special vertices that cannot be extended to a (k + ¢)-coloring of G
by Proposition 1.2. Since the special vertices of G are at pairwise
distance at least four, the statement of the theorem immediately
follows.

Let f: [p/] < 2[9%+<) be the function f(i) = [(i — 1)/q,i/q), for
i € [p']. Consider a precoloring of G that assigns to the n special

vertices of the copies of qu,Q, where Y € ([Z]), all the n different
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/
sets f(X), for X € ([Z;]> We claim that this fractional (k + &)-
precoloring cannot be extended to a fractional coloring of the whole
graph.

Suppose for contradiction that there exists an extension of the
precoloring given by f to a fractional coloring ¢ : V(G) — 2l0k+e"),
Let H be the base of G (that is, the common bases of all rays).
Since H is isomorphic to K, /4, Lemma 3.4 implies that there exists
avertex v € V(H) with ||¢(Ng(v))|| > k—1. Let C := ¢(Ng(v)) and
let u be an arbitrary neighbor of v in H; without loss of generality u
is the vertex corresponding to the vertex ([g], 2) in each ray of U}, 4.

Now consider all the rays 51[311,2 in Up,q,4; by the definition of f,

/
for any X € <[Z ]) there is a ray where the special vertex [q] is
precolored with f(X). Since each point of [0,p’/q) is contained in
/ J—
exactly (Z:] - 11 ) sets f(X), a double counting argument yields that

= 3 lenfol.
(4 =1) x<e)

/
Therefore, there exists X € (bé]) such that ||[C N f(X)] < EIHCH
p

Consider the corresponding ray S with the special vertex [¢] precol-
ored by f(X), and let v; be the vertex (v,1) in S. Observe that the
neighborhood of v; in G contains Ny (v)U {s}, where s is the special
vertex of S. Therefore,

k-1
Ck+e

[eN ) 2 IC] + 1= [[Cn fFX)]| = k- ]%(k‘— =k

Since 0 < &’ < gy, it follows that ¢’ < (14 ¢&’)/(k + ¢’) and hence
k+e = [le(N(v)) < 1.

This implies that c(vy) intersects ¢(N(vy1)), a contradiction. O
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4 Distances congruent to two mod four

4.1 Upper bounds

We start this section with showing upper bounds for g(k,d), for

2
d = 2 mod 4 such that k and d satisfy k < 2 + T3

Lemma 4.1. Let € be a positive real and n, p, ¢ and d positive
integers such that d > 6, d = 2 mod 4 and p/q > 2. If the conditions

1
< N
2 k<2+2d’ and (5)

d'—1

1
2j+1
y Z “k+te (6)

are satisfied, where d' = |d/4] and k = p/q, then any fractional
(k + €)-precoloring of the special vertices of Uy y.a can be extended to

a fractional (k + ¢)-coloring of U}, ;-

Proof. As in the proof of Lemma 3.1, we only need to consider the
case that ¢ is the positive solution of

d—1 1
k—1)¥H = —
6;( ) k+e

Any such solution also satisfies the following two inequalities:

d'—1

. k—1+4¢ 1
eZ(k—l)Qﬂgﬁ and ez ¥+ < <o (7)

For the universal graph U}, ;. let C;, for i € {n(g)}, be a pre-

coloring of the special vertices and let f. be a mapping as described
in Proposition 2.5. Analogously to the proof of Lemma 3.1, for each
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ray R; we find a fractional coloring ¢; that satisfies the following: for
every set A € ([g]), each vertex v = (A, 2d’ 4+ 1) of the base of R; is
colored by the set fe(A4), and the special vertex of R; is colored by
Ci.

Fix a ray R; and let s be the special vertex of R;. For an integer
¢ e [2d'], let V; C V(R;) be the set of vertices at distance ¢ from s,
and let Vo411 be the set of vertices of R; at distance at least 2d’ + 1
from s. Similarly to the proof of Lemma 3.1, the vertices of the base
of R; form a subset of Vo441, and the set V; forms an independent
set in R;, for £ € [2d'].

We construct functions f, : [p] < 2[0*+e) g, [p] < 2[0k+2) and
h. : [p] < 200kt for x € [2d' + 1], y € [d'] and z € [d — 1] as
follows. For a € [p] and j = d'—1,d' —2,... 1 we sequentially define:

d'—1
e hj(a) as an arbitrary subset of (fo(a) N C;)\ U hj(a)

KTt .y
of measure 6—(lc — 1)2(d —9-1
p

Next, we sequentially define for a € [p] and m=d',d' —1,...,1

e gn(a) as an arbitrary subset of (fe(a)\Ci)\ U  gm(a)
1

and then:
o forti(a) = fe(a),
o fom+1(a) :== fams2(a) \ hm(a) for m < d’, and
o fom(a) == fomii1(a) \ gm(a).

Finally, we set fi(a) := f2(a) \ C; and Y := [0,k + ¢) \ fe([p]).
Similarly as in the proof of Lemma 3.1, such functions exist if and
only if conditions (7) are satisfied. The described construction of the
functions is sketched in Figure 9.
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fe(D) fe(2) . .. felp) Y
}91(.7

f2(7) >
>c

-\

Figure 9: The construction of a fractional coloring in Lemma 4.1 for
d = 6.

j)
f1()

Let ¢ € [2d'] and v = (A, ¢') € Vp. If £ is even, we set

d'—1

ci(v) :== fe(A)U U hi([p) VY
j=0/2
and if £ is odd, we set
d'—1
)= feHu  J gl
J=(+1)/2
Setting ¢;(s) := C;, together with an analysis analogous to the
that presented in the proof of Lemma 3.1, yield that ¢; is a fractional
coloring of the ray R; with the required properties. O

Combining the lemma with Proposition 2.3 yields the following
theorem.

Theorem 4.2. Let d be an integer such that d > 6 and d = 2 mod 4,
k a rational and € a positive real such that conditions (5) and (6) are
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satisfied, where d' = |d/4]|. If G is a fractionally k-colorable graph
and W is a subset of its vertex set with pairwise distance at least
d, then any fractional (k + €)-precoloring of W can be extended to a
fractional (k + €)-coloring of G.

We close this section by showing an upper bound on g(k,6) for
k € [2.5,3), which is best possible due to Theorem 4.5.

Theorem 4.3. Let k be a positive rational less than 3 and € a posi-

1
tive real such that € > e If G is a fractionally k-colorable graph

and W is a subset of its vertex set with pairwise distance at least
six, then any fractional (k + €)-precoloring of W can be extended to

a fractional (k + €)-coloring of G.

Proof. By Proposition 2.3, it is enough to consider only the universal
graphs U} | ¢, where p/q =k and n € N, and an arbitrary precoloring
of its special vertices. As in the proofs of Lemmas 3.1 and 4.1, let
C;, for i € [n(Z )}, be a precoloring of the special vertices and let

fe be a mapping as described in Proposition 2.5. For each ray R; we
find a fractional coloring ¢; that satisfies the following: for every set

Ae ([g] ), each vertex v = (4, 3) of the base of R; is colored by the

set fe(A), and the special vertex of R; is colored by C;.
Fix a ray R;, let s be the special vertex of R; and set YV :=
[0,k +¢)\ fe([p]). By symmetry, it is enough to consider the case
b.q.3- We construct functions g : [q] — 2[0:k+e)
and h : [q] — 2[0F+9) as follows. For j € [q] we define g(j) to be
~- Note that these

where R; is a copy of R

an arbitrary subset of f.(j)\ C; of measure

k-1
subsets always exist since || fe(4) \ Ci|| = +7+6 . Next, we define
pTqe

h(1),h(2),...,h(q) as an arbitrary equipartition of Y'NC; into ¢ parts

of measure . The described construction of the functions is

D+ qe
sketched in Figure 10.
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fe(1) fela)  fela+1) fe(p) Y

h(1)
c h(2)

} @)

Figure 10: The construction of a fractional coloring in Theorem 4.3.

Recall that the neighborhood of s in R; forms an independent set.
Since s = ([g],0), for every neighbor (A, ¢') of s we have AN[q] = @
and ¢ = 1. We now construct a fractional coloring of R;. Let
v = (A, ¢') be a vertex of R; and let £ be the distance of v from s
in R;. We define ¢;(v) in the following way:

e if £ >3, then ¢;(v) := fe(A);

o if £ =2, then c;(v) := (fe(A) \ g(AN[q])) Uh(AN][q]);

o if £ =1, then ¢;(v) := (fe(A)\ C;) U(Y \ C;) Ug([g]); and
L] CZ‘(S) = C‘z

It is straightforward to check that we assigned disjoint sets to any two
neighbors in R;, and that any vertex at distance at least two from s is

v
v

assigned a set of measure one. Furthermore, for every A € ([p] (\] [q])

the set fe(A)\C; is disjoint from both ¥ and ¢([g]), and has measure
1 1
1 - 4= - Since (Y\ Ci) Ug(lg]) has measure € > 7—— (recall that

1Y NCs|| =¢/(k+¢)), it follows that ¢; is a fractional coloring with
the required properties. O
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4.2 Lower bound for distance six

The goal of this section is to prove that g(k,6) = +(Vk®+4 — k)
for k € [2.5,3), i.e., g(k,6) is the positive root of the equation = =

—— for k in that range. Before we present a formal proof, let us
x
first sketch the idea. Suppose for a contradiction that there exists
1
k € [2.5,3) and € > 0 such that g(k,6) < e and € < e As in
3

the proof of Theorem 3.5, we may assume that ¢ is a rational. Let
p’ and ¢ be integers such that p’/q = k + ¢ and kq is an integer,
and let p = kq. We construct a precoloring of the special vertices of

/
U} 6o Where n = (1; ), such that each point of the interval [0, k+¢)

/ p—
belongs to exactly (g) . (Z B 11) sets.

Now fix an arbitrary extension ¢ : V(U}, ) — 2[0:k+e) of this
precoloring to a fractional coloring of Uy’ 5, and let ¢’ be the restric-
tion of ¢ to the special vertices and the common bases of the rays.
For every ray R; of U}, g, we will consider a linear program P; that
minimizes the value of a fractional coloring that extends ¢’. Clearly,
for every ray R; the optimal solution of P; has value at most k + €.

On the other hand, we will show that there is a ray R; such that the

optimum of the dual program to P; is at least k + T Therefore,
€

by weak duality of linear programming (see e.g. [16]), it follows that

k+ . < k + ¢, which contradicts the assumption.

€
We start the formal exposition by introducing the notion dual
to fractional colorings. Let G = (V, E) be a graph. We say that a
mapping z : V(G) — [0,1] is a fractional cliqgue in G if for every
independent set I of G the sum Y x(v) is at most one. The weight
vel
of x is the sum Y. z(v). The problem of determining the maxi-
veEV(G)
mum weight of a fractional clique in G can be also formulated as a
linear program. This program is the dual program to the program
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that determines the fractional chromatic number of G. For a frac-
tional clique z in a graph G and a vertex subset S C V(G) we set

z(S) == > z(v).
veS
The following proposition asserts that there exists a fractional

clique of weight p/q in the Kneser graph K/, where p/q € [2.5,3)
and ¢ is even, such that there exists a neighborhood N (v), where the
sum of the weights over N(v) is equal to one.

Proposition 4.4. For every positive integer p and for every positive
even integer q such that p/q € [2.5,3), there exists a fractional clique

T ([Z]> — [0,1] in K, of weight p/q such that x(v) = (p ; q)

for every neighbor v of the vertex [q].

Proof. Let Vo = {[¢]}, Vi = ([p];[q]) and Vo :={X € ([p]) :

q
| X N[g]| = q/2 } be vertex subsets of K,,/,. Note that |V;| = (p ; q),
|Va| = (qL/JZ) . (pq;;])v and the sets Vg, Vi and V, are pairwise

disjoint. Let H be the subgraph of K/, induced by Vo U Vi U V5.
Observe that H is connected since p/q > 2.5. We will show the
existence of a fractional clique = in H of weight &k such that x(v1) =
|V1|71 for each vertex v; € Vi. The statement of the proposition
then follows.

For each vertex v € V(H), define

3—-p/q, ifv=]ql;

1
— if v e Vi
z(v) = V1] !
2(p/q—-2) .
— = ifvel
V4| ’

The weight of x(H) is equal to p/q. Hence, it remains to check that
z(I) <1 for every independent set I of H.
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Fix an independent set I of H. First suppose that [¢] € I. Ob-
serve that since I has to be disjoint from V7, it is enough to show that
|[I N Va| < |Va]/2. Consider the subgraph H’ induced by Va. Since

every vertex in H’ has degree (p _q?g/ 2), the graph H'’ is regular

and therefore it has independence number at most |V (H')|/2.
In the remainder of the proof we suppose that [¢] ¢ I. Next set

a;zlmm,&::{Xe(U%Hd);maemaYelmvawmnngq

, and S := Sy U Sy, If Sp is empty, then I is a subset of V;, and
therefore x(I) is at most one. On the other hand, if Sy is empty,

then I is a subset of V5. As the graph induced by V5 is (p _(];)’3/2)_

regular, hence z(I) <p/q—2 < 1.
So we can assume that both S; and S5 are non-empty. For a set

X € 5y, we define Z(X) := > 2(Y). Now let O be the
YeInV: s.t. XCY

set of all (p— ¢ — 1)! circular orders of the set [p] \ [¢q]. We say that a
set Z C [p]\ [g] is an arc in O € O if we can order the elements of Z
in such a way that they form a consecutive segment in O. For every
O € O, we define the set SO as the subset of S that contains X € S
if and only if X is an arc in O.

Analogously, define S{ as the family of sets X € S; that are arcs
in O, and SQ as the family of sets X € S, that are arcs in O. Observe
that for every X € S; there exists ¢!(p — 2¢)! choices of O such that
X € 5S¢, and for every X € S there exists (¢/2)!(p — 3¢q/2)! choices
of O such that X € S¢. Consider the function 2’ : S — [0, 1] defined
as follows:

1 (p—g—1)
e for X € S1, set 2/(X) := = -z(X); and
! X = =~ -z

pla-2) {Yel:XCY}| _
= (,}2)

o for X € Sy, set 2/(X) = 2

pP—q-1!
(q/2)X(p — 3¢/2)!

#(X).

29



By a double counting argument,

p—q-D-e()= 3 3 o/(X).

0€e0 XeSso

Therefore, it is enough to show that for every O € O the sum
> 2/(X) is at most one. Let 2'(O) be this sum.
Xeso
e
1S90
p—q
1. If SO is empty, then we show that 2/(0) < p/q — 2. Indeed,

consider the subgraph Hp of H induced by AUX, where A € (q[c/]]Z)

and X € S. Note that |V(Hop)| < (p—q) (q?z). By the definitions

Fix a circular order O € O. If S§ is empty, then 2/(0) =

of 2/ and Z,

(Pq72q) 1NV (Ho)|
= ———z(INV(Ho)) =2(p/q—2) ————

(b =) (p—q)(q%) |

Since the graph Ho is (p—2¢+1)-regular, |INV (Hp)| < |V (Ho)|/2 <
_ q ! < _
(p q)(q/z)/Z, and hence z'(0) < p/q — 2.

Finally, consider the case that both S{ and S¢ are non-empty.
We claim that [S?| < 3¢/2. We say that an arc L in O of size ¢/2 is
forbidden for SO if there exists a set in S¢ that is disjoint from L.
Let 51 = |S9| and so = |SS|. Every arc in O of size q/2 intersects
at most 3¢/2 — 1 arcs in O of size ¢, hence s1 < 3¢/2 — 1. On the
other hand, we show that at least p — 5¢/2+ s1 arcs in O of size q/2
are forbidden for Slo, which means that so < 3¢/2 — s7.

Fix an arbitrary cyclic numbering of the elements of the set [p]\ [¢]
with numbers 1,2,...,p — ¢ such that any two consecutive elements
in O have consecutive numbers. Let Ky, for £ € [p — g], be the arc in
O of size ¢ that starts at the ¢-th element of O and contains the next
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g — 1 elements of O. Analogously, let Ly, for £ € [p— ¢l, be the arc of
size q/2 that starts at the £-th element and contains the next ¢/2 —1
elements. For brevity, we also refer to K,_; as Ko, and to L,_, as
Lg. If the sets in SO correspond to s; consecutive arcs, i.e., for a fixed
(€ [p— q] the set SO is equal to { K¢4jmodp—q:J=0,...,81 — 1},
then observe that exactly p — 5q/2 + s arcs in O are forbidden for
S0,

Suppose now that the sets in S do not correspond to s; consecu-
tive arcs. By symmetry, we may assume that K; € S¢, K; € S for
some j € {3,...,p—q—1},and K ¢ SO for every j' =2,...,j—1.
We will show that there exists a set T of s; consecutive arcs in O
of size ¢ such that the number of forbidden arcs in O of size ¢/2
for SO is at least the number of forbidden arcs for 7. If the arc
Ly_34/2+2, i.e., the arc that ends at the first element of O, is disjoint
from K, then every set that is disjoint from K3 is also disjoint from
K, or K;. Therefore, every arc in O of size ¢/2 that is forbidden for
T := (89 \ {K,}) U{K>} is also forbidden for S¥.

If the arc L,_34/242 intersects Kj, then since K/ is not in S
for all 7/ = 2,...,7 — 1, the arc Ljtq mod p—g is disjoint from K;
and intersects every other set in SC. Since it intersects also K>, the
number of forbidden arcs in O of size /2 for T := (SP\{ K, })U{K2}
is at most the number of forbidden arcs for S{. By repeating this
procedure till the arcs in O in the set T” are consecutive, we conclude
that the number of forbidden arcs for S¢ is at least p — 5¢/2 + s1.

Now if s; > ¢, then

8_1q+ Y () < s1+(3¢/2 —s1) - 2(p/q — 2) <1,

Xesg P4

¥(0) =~

since the nominator of the last fraction is equal to 3p — 6¢ — s1(2 -
p/q —5), which is at most p — q.
On the other hand, if s; < ¢, then consider the partition of the

set ((][?]2) into (q?Z)/Z unordered pairs {A, B} such that A and
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B are disjoint. Fix such a pair {A, B}. We claim that the number
of tuples (L, Z), where L € S¢, Z € {A,B} and LU Z € I, is at
most ¢/2+ s2. Indeed, otherwise there would be at least ¢/2+ 1 arcs
L € S§ such that both LU A and LU B are in I. Since every arc in
O of size ¢/2 intersects q/2 — 1 other arcs of size ¢/2, there exist two
disjoint sets in I, which contradicts the fact that I is an independent
set. Therefore, it follows that

3 () < (q/2+ s2)(p/q—2)

Xeso (r—2q)
and
by 1 o s1+(q/2+3q/2 —s1)(p/q —2)
x(O)fp_q—i—Z (X) < b <1.

XeSs?

The last inequality holds since the nominator of the last fraction is
equal to s1(3 — p/q) + 2p — 4q, which is less than p — q. O
We are now ready to give a lower bound on g(k, 6) for k € [2.5, 3).

Theorem 4.5. Let k € [2.5,3) be a rational number and € a positive

1
real such that ¢ < P There exists a graph G with fractional

€
chromatic number k, a subset W of its vertex set at pairwise distance
at least siz and a fractional (k 4 €)-precoloring of W that cannot be
extended to a fractional (k + €)-coloring of G.

Proof. As in the proof of Theorem 3.5, let £y be the positive root of

the equation z = and let p’ and g be positive integers such

k+z

that ¢ is even, k + & < p'/q < k + €9 and kq is an integer. Next, set
/

p:=kq, & :=p'/q—kand G := U}, s, where n = (Z) We will

show the existence of a fractional (k 4 €’)-precoloring of the special

vertices of G that cannot be extended to a fractional (k+e¢’)-coloring
of G, which implies the statement of the theorem by Proposition 1.2.
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Let f: [p/] < 2[9%+<) be the function f(i) = [(i — 1)/q,i/q), for
i € [p']. Consider a precoloring of G that assigns to the n special ver-

tices of the copies o € , all the n diflerent sets ,
i f th i fRY Y [2] 11 th diffe f(X

P,q,3”

/
for X € <[IZ] ]) We assert that this fractional (k + ¢’)-precoloring

cannot be extended to a fractional coloring of the whole graph.

Suppose, on the contrary, that there exists an extension of the
precoloring given by f to a fractional coloring ¢ : V(G) — 2[0k+<)),
Let H be the base of G (recall that H is isomorphic to K, /,), let Zg
be the set of all independent sets in H, and for every I € Ty let T
be the complement of I in H, ie., I = V(H)\ I

For every ray R; with its special vertex colored by C; and every
independent set I € Zp, let d;(I) be the measure of the set of all
points in [0,k + &’) N C; assigned by ¢ to all vertices in I and none
in I. In other words,

di(I) = H M (ew) N C)\ c(T)H.

Analogously, let e;(I) be the measure of points of [0, k+¢’) \ C; used
in the coloring of H with ¢ exactly on vertices of I, i.e.,

ei(1) = [ (et \ o\ e

Finally, set t;(I) := d;(I) + e;(I). Observe that for every vertex
v € V(H) the sum of ¢;(I) over all independent sets I that contain
v is equal to one.

Now let N be the neighborhood in H of the vertex [g]. (Where
[q] is the vertex obtained by identifying the vertices ([¢],3) from all

rays R;.) Recall that |[N| = (p ; q). We assert that there exists a
ray R; with the special vertex ([¢],0) for which

S INAL a2 N s = (P L @)

/ /
Iely k+€ ¢ p
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Indeed, let C1,Cs, ..., C, be the sets used in the precoloring of the
vertex ([q],0) in the rays RI[)]Q3 For simplicity, let Ri, Ra,..., R,
be these rays and di,eq,...,d,, e, are the corresponding functions

defined above. Since each point of [0,k + ¢’) is contained in exactly

1_1 . n /_1
(Z, B 1) sets O}, it follows that ;1 d;(I) = (‘Z, B 1) -t;(I) for every

I € Ty. Next, by a double counti;lg argument we have > [INN]|-
Iely

t;,(I)=|N| = (p ; q). Therefore,

i: Z INOI|di(T) = ) |NmI|<Zd > - (Z/:f),(p;q).

I€Ty

/
Since n = (1; ), there exists a ray R; with the special vertex ([q],0)

such that inequality (8) holds. In the remainder of the proof, we fix
R; to be such a ray and let s be the special vertex in R;.

Let Zr be the set of all independent sets in the ray R; and let
V':=V(R;)\ (V(H)U{s}). Consider the following linear program
P:

minimize: Z w(I);
I€TRr
subject to: Z w(l) > 1, Yo e V';
IEIR, UEI
Z w(l) > di(Ig), Vg € Zy;

I1€lR, s€l
INH=Ig

Z w(l) > ei(In), Vg € Iy
I€TR, s¢1
INH=Iy

w(I) >0, VI € Ig.

Observe that the fact that ¢ is a fractional (k + ¢’)-coloring of G
implies that there exists a solution satisfying the conditions of P
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such that ;.7 w(I) <k +¢'. Now consider the dual program P~
of P:

maximize: Z y(v) + Z [di I - yd(f) +ei(I) - ye(I)} ;

veV’ I€Ty
subject to: yd(IﬂH)JrZy(v) <1, VI € Ip s.t.s € I,
vel
ye(IﬁH)—l—X:y('u)Sl7 VI €Ipst.s¢I;
vel
y(v) >0, Yo e V'
y' (1) >0, y*(I) > 0, VI € Ty.
We will show that there exists a feasible solution of P* such that the
objective function of P* is at least k+¢/p’ = k+ e Therefore,
€
e > o which is a contradiction with the choice of ’.
€

Let x : ([§]> — [0,1] be a fractional clique in K/, of weight

p/q such that for every X € ([p] ; [q]) we have 2(X) = (P ; Q)_

Proposition 4.4 implies that such a clique exists (recall that ¢ is even).
We now define an embedding g of K/, in the subgraph of R; induced

by V. If X € ([§]> is disjoint from [q], we set g(X) := (X, 1);

otherwise we set g(X) := (X,2). For every set X € ([g]) we set
y(9(X)) := 2(X), and for every other vertex v € V'\ g( [g] ) we
NNI
set y(v) := 0. Finally, we set y?(I) := % and y°(I) := 0 for
(")
every I € Ty.
By the definition of z, it follows that > y(v) = k. Next, in-
veV’
equality (8) implies that > d;(I) - y¢(I) > q/p’. Since y(v), for

I€Ty
v € V’, forms a fractional clique in R;, it remains to show that for
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I € Ig, where s € I and INN # @, we have y4(I N H)+ Y y(v) < 1.
vel
We show that for every I, where s € [ and I N N # &, there exists

an independent set I’ € Zg that is disjoint from N and that satisfies

y (INH)+) yv) = y(v). 9)

vel vel’

Since y(v) is a fractional clique in R; and I’ is an independent set,

it follows that > y(v) < 1. We construct I’ in the following way:
vel’

e I’ is disjoint from {(X,O) X € ([p]) } U {(X,S) X €

q
[p]
()}
e (X,1) e I' if and only if (X,3) € INN (observe that (X, 1) ¢
I), and

e (X,2) eI if and only if (X,2) € I.
o
By the choice of y?(H N I), and since y((X,1)) = (p ] Q) for

X e ([p ] ; [q]), it follows that equation (9) holds. This completes
the proof. O

5 Distances congruent to one mod four

Analogously to Section 3.1, in this section we present upper bounds
on g(k,d) for d = 1 mod 4 in the case that k and d satisfy 2 < k <
2

94 2|
ta—3
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Lemma 5.1. Let € be a positive real and n, p, ¢ and d positive
integers such that d > 5, d = 1 mod 4 and p/q > 2. If the conditions

1
<
2 k<2—|—2d_1 and (10)

d'—1

akz E—1)%>1 (11)

are satisfied, where d' = |d/4] and k = p/q, then any fractional
(k + €)-precoloring of the special vertices of Uy, a can be extended to
a fractional (k + €)-coloring of U, ,

Proof. Again, we only need to consider ¢ that satisfy (11) with equal-

ity, i.e., we can take
d -1 -1
:(k > (k- 1)%) :
j=0

Note that trivially gives
ekz k—1)% <1. (12)

Considering the universal graph U g0 let C;, for i € [n(}qj )},
be a precoloring of the special vertices and let f, be a mapping as
described in Proposition 2.5. In what follows, for each ray R;, which
is isomorphic to R, 4,24, we find a fractional coloring c; that satisfies
the following: for every set A € ([g]), each vertex v = (A4,2d') of

the base of R; is colored by a subset of f,(A), and the special vertex
of R; is colored by Cj. Since the universal graph U}’ ; is constructed
by joining the vertices (A,2d') and (B,2d’) from different rays for

disjoint A, B € ([z]), the lemma follows from this claim.
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Fix a ray R; and let s be the special vertex of R;. For an integer
¢ € [2d' — 1], let V; be the set of vertices of R; at distance ¢ from s,
and let Va4 be the set of vertices of R; at distance at least 2d’ from
s. As in the proof of Lemma 3.1, the vertices of the base of R; form
a subset of Vo4 and the set V; forms an independent set in R; for
e 2d —1].

Analogously to the proof of Lemma 3.1, we construct functions
fo o p] = 2[0’k+6)a gy [p] = 20++9) and h: : [p] — 2[O’k+€)a for
x € [2d], y € [d'] and z € [d — 1] as follows. For a € [p] and
j=d —1,d —2,...,1, we sequentially define

o ga(a) as an arbitrary subset of f,(a) \ C; of measure = ,
p

d/
e g;(a) as an arbitrary subset of (fo(a)\ C;)\ U gy (a)
=41
of measure %(k' —-1)
p

d'—1
e hj(a) as an arbitrary subset of (f,(a) N C;)\ U hj(a)

K ! .y
of measure 6—(lc — 1)2(d —9-2
p

and then:

o faa(a) := fola) \ ga(a),

* faj41(a) = fajya(a) \ hj(a), and

o f2j(a) := faj41(a) \ gj(a).
Finally, we set fi(a) := fa(a) \ C; for every a € [p]. Since the
measure of f,(a) is (k + €)/p and the measure of f,(a) N C; is 1/p,
these functions exist if and only if condition (12) is satisfied. The
described construction of the functions is sketched in Figure 11.

Let £ € [2d'] and v = (A,¢') € V,. Recall that ¢/ < £. If £ is even,
we set

-1
ci(v) = fe(A)u {J hi(lp));

j=£/2
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foD) o) ... ... fop) L) fo2) .. . folp)
92(4) { 92(4) {

}gl(j)

500 o >f1(7)

C; Ci
() {

Figure 11: The construction of a fractional coloring in Lemma 5.1
for d =9.

and if ¢ is odd, we set
d/
a()=flAu |J ap).
J=(+1)/2
Finally, we set ¢;(s) := C;.

As in the proof of Lemma 3.1, we claim that |lc;(v)|| > 1 for
every vertex v € V(R;). First, it follows from the definition that
[lei(s)|l = 1. Next, for a fixed £ € [2d'], the color sets of any two
vertices u and v from V; have the same measure. Let my be the

k+e ¢
measure of vertices in V;. Then may = te i 1. Next, for
e {2,3,...,2d — 1} we have my = 1, by analogous calculations as

in the proof of Lemma 3.1. Finally, for m; we obtain
1 d-1 1 d' -1
1t r_1. _1\2i-1 _q1_t C1\24
my =1-—(k=1) akZ(k D lie=1 k—i—sZ(k e
j=1 7=0
which is at least one by (11).

An analysis analogous to that presented in the proof of Lemma 3.1
yields that c¢; assigns disjoint sets to any two adjacent vertices in R;.
Therefore, the coloring ¢; is a fractional coloring of the ray R; with
the required properties. O
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As in Section 3.1, applying Proposition 2.3 yields the following
theorem.

Theorem 5.2. Let d > 5 be an integer such that d = 1mod 4, k a
rational and € a positive real such that conditions (10) and (11) are
satisfied, where d' = |d/4|. If G is a fractionally k-colorable graph
and W is a subset of its vertex set with pairwise distance at least
d, then any fractional (k + €)-precoloring of W can be extended to a
fractional (k + €)-coloring of G.

Note that for d = 5, the theorem shows that g(k,5) < 1/k for
k€ 2,3).

6 Distances congruent to three mod four
As in the previous sections, we start with showing upper bounds
on g(k,d) for d = 3 mod 4 such that k and d satisfies the condition

2<k<2+ 2
- d—3°

Lemma 6.1. Let ¢ be a positive real and n, p, q and d positive
integers such that d =3 mod 4 and p/q > 2. If the conditions

1
2§k<2+ﬁ and (13)
d'—1 '
etek Y (k—1)¥ >1 (14)
7=0

are satisfied, where d' = |d/4] and k = p/q, then any fractional
(k + €)-precoloring of the special vertices of Uy .a can be extended to
a fractional (k + €)-coloring of U}, ;-

Proof. For the fourth time, we can limit ourselves to e that give
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equality in (14):

d'—1 -1
£ = <1+k; > (k- 1)2j+1> :
§=0
For later in the proof we observe that these e trivially satisfy

d -2
etek Y (k-1 <1 (15)
=0

For the universal graph U}, ;,

let Cj, for i € {n(g)}, be a pre-
coloring of the special vertices and f, be a mapping as described in
Proposition 2.5. Analogously to the proof of Lemma 5.1, for each

ray R; we find a fractional coloring ¢; that satisfies the following: for
every set A € ([g]), each vertex v = (A, 2d’ 4+ 1) of the base of R; is

colored by a subset of f,(A), and the special vertex of R; is colored
by Ci.

Fix a ray R; and let s be the special vertex of R;. For an integer
¢ e [2d'], let V; C V(R;) be the set of vertices at distance ¢ from s,
and let Vo411 be the set of vertices of R; at distance at least 2d’ + 1
from s. Similarly as in the proof of Lemma 5.1, the vertices of the
base of R; form a subset of Vo441 and Vp forms an independent set
in R, for ¢ € [2d'].

We now construct functions f, : [p] < 2[0++) g, [p] — 2[0F+2)
and h, : [p] — 209 for x € [2d' + 1], y € [d'] and z € [d'] as
follows. For a € [p] and j = d’' — 1,d’' — 2,...,1, we sequentially
define:

€
o hg(a) as an arbitrary subset of f,(a) N C; of measure —, and
b

d/
o hj(a) as an arbitrary subset of (f,(a) N C;)\ U hj(a)
=it
of measure E—(k — 1)2(d'*j)*1.
p
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L) fo2) .. . folp)

}gl(]

>c

)
()

K3

h1(5){

Figure 12: The construction of a fractional coloring in Lemma 6.1
ford="1.

Next, we sequentially define for a € [p] and m=d',d' —1,...,1
d/

e gn(a) as an arbitrary subset of (fo(a) \C;)\ U  gm(a)
'=m+1

of measure %Hl(k —+1)2(d/_m),
o fariala) == £ola) \ haa),
o fomt1(a) := fomya(a) \ hm(a) for m < d’, and
o fom(a) = fomt1(a) \ gm(a).

Finally, we define fi(a) := fa(a) \ C; for every a € [p]. Similarly as
in the proof of Lemma 5.1, these functions exist if and only if condi-
tion (15) is satisfied. The described construction of the functions is
sketched in Figure 12.

Let ¢ € [2d'] and v = (A, ¢') € Vp. If £ is even, we set

7
ci(v) = fe(A)u |J ()

j=t/2
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and if £ is odd, we set

&
ci(v) == fe(A)U U g;([pl) -

J=(e+1)/2

Also, set ¢;(s) := C;. An analysis analogous to that presented in
the proof of Lemma 3.1 yields that ¢; is a fractional coloring of the
ray R; with the required properties. O

Lemma 6.1 and Proposition 2.3 together provide the following
theorem.

Theorem 6.2. Let d be a positive integer such that d = 3 mod 4, k
a rational and € a positive real such that conditions (13) and (14) are
satisfied, where d' = |d/4|. If G is a fractionally k-colorable graph
and W is a subset of its vertex set with pairwise distance at least
d, then any fractional (k + €)-precoloring of W can be extended to a
fractional (k + €)-coloring of G.

1

For d = 7, the theorem means that g(k,7) < P _hrl for

k € [2,2.5). We close this section by showing an upper bound on
g(k,7) for k € [2.5,3).

Theorem 6.3. Let k be a positive rational less than 3 and € a posi-

1
tive real such that € > e If G is a fractionally k-colorable graph

and W is a subset of its vertex set with pairwise distance at least
seven, then any fractional (k + €)-precoloring of W can be extended
to a fractional (k + €)-coloring of G.

Proof. By Proposition 2.3, it is enough to consider the universal
graphs U} g, where p/q =k and n € N, and an arbitrary precoloring
of its special vertices. Furthermore, we may assume ¢ < 1, since
g(k,3) =1 for every k > 2 by Theorem 1.3.
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As in the proofs of Lemmas 5.1 and 6.1, let C;, for i € {n(}(;)}’

be a precoloring of the special vertices and let f, be a mapping as
described in Proposition 2.5. For each ray R; we find a fractional

coloring ¢; that satisfies the following: for every set A € ([Z]), each

vertex v = (4, 3) of the base of R; is colored by a subset of f,(A),
and the special vertex of R; is colored by Cj.

Fix a ray R; and let s be the special vertex of R;. By symmetry,
it is enough to consider the case where R; is a copy of RL(I,]QJ We
construct functions g : [p] — 20k g, : [g] — 2[9%+) and b :

q| — 2% as tollows. For ) € |g] and )’ € q| we define:
2[0.k+€) a5 foll For j dj defi

e go(j) as an arbitrary subset of f,(j) \ C; of measure c ,
p

e g2(j') as an arbitrary subset of f,(j') N C; of measure £ , and
p

e g1(j) as an arbitrary subset of (f,(5) \ C;) \ g2(j) of measure

e
S(k=1).

Note that these functions exist if and only if € < 1. Next, we define
sets h(1),h(2),...,h(q) as an arbitrary equipartition of g2([p] \ [q])

€
into ¢ parts of measure —(k — 1). The described construction of the

functions is sketched in Figure 13.

Recall that the neighborhood of s in R; forms an independent
set. Since we assume that s = ([¢],0), for every neighbor (A,¢') of
s we have AN[q] = @ and ¢/ = 1. We now construct a fractional
coloring of R;. Let v = (A4,¢') be a vertex of R; and let ¢ be the
distance of v and s in R;. We define ¢;(v) in the following way:

e if £ >3, then ¢;(v) := fo(A) \ g2(A),
o if £ =2, then ¢;(v) == ((fo(A) \g2(A)) \ g1 (ANlq))) Uh(AN[q]),

o if £ =1, then ¢;(v) := (fo(4) \ C;) U g1([g]) U g2([q]), and
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fo(1) fola) folg+1) . o)

92(1) ... 92(q) |
g1(1) ... g1(a)

v p bga(a+1)...g2(p)

SR N

h(1) h(q)

Figure 13: The construction of a fractional coloring in Theorem 6.3.

e ¢i(s) :=C;.

An analysis analogous to that presented in the proof of Lemma 3.1
yields that we assigned disjoint sets to any two neighbors in R;, and
that any vertex at distance at least two from s got a set of measure
one. Furthermore, for every A € ([” ](}[Q]) the set f,(A)\ C; is disjoint
from both g¢1([g]) and g2([¢]), and it has measure 1 — (1 — ¢)/k.
Since ¢1([g] U g2([¢q]) has measure ¢ and for ¢ > 1/(k + 1) we have
e > (1 —¢)/k, it follows that ¢; is a fractional coloring with the
required properties. O

7 Open problems

Determining further values of g(k,d) seems to require additional
knowledge on the structure of independent sets and fractional color-
ings in Kneser graphs. We believe that our upper bounds presented
in Theorems 3.2, 4.2, 5.2, 6.2, and 6.3 are tight. In particular, for
distances d = 5,6 and 7, we conjecture the following.
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1
Conjecture 1. For k € [2,3) we have g(k,5) = Z

Conjecture 2. For k € [2,2.5) we have
g(k,6)=3(Vk>+4/(k—1)—k).

. 1 .
Conjecture 3. For k € [2,2.5) we izave g(k,7) = R while
2. = —.
for k € [2.5,3) we have g(k,7) T

We also believe that the function g(k, d) is discontinuous for more
values of k as d grows. In particular, the following seems as a rea-
sonable expectation.

Conjecture 4. For a fized integer d > 4, the function g(k,d) is
discontinuous at k € [2,00) if and only if k = 2 + 1/m with m €

(1,2,...,]d/2) —1}.
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