3-choosability of planar graphs with
(<4)-cycles far apart

Zdenék Dvorik*

Abstract

A graph is k-choosable if it can be colored whenever every vertex
has a list of at least k available colors. We prove that if cycles of
length at most four in a planar graph G are pairwise far apart, then
G is 3-choosable. This is analogous to the problem of Havel regarding
3-colorability of planar graphs with triangles far apart.

1 Introduction

All graphs considered in this paper are simple and finite. The concepts of list
coloring and choosability were introduced by Vizing [13] and independently
by Erdds et al. [7]. A list assignment of G is a function L that assigns
to each vertex v € V(G) a list L(v) of available colors. An L-coloring is a
function ¢ : V(G) — U, L(v) such that ¢(v) € L(v) for every v € V(G) and
o(u) # p(v) whenever u and v are adjacent vertices of G. If G admits an L-
coloring, then it is L-colorable. A graph G is k-choosable if it is L-colorable
for every list assignment L such that |L(v)| > k for all v € V(G). The
distance between two vertices is the length (number of edges) of the shortest
path between them. The distance d(H;, H2) between two subgraphs H;
and H is the minimum of the distances between vertices v; € V(H;) and
Vo € V(Hg)
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The well-known 4-color theorem (Appel and Haken [3, 4]) states that
every planar graph is 4-colorable. Similarly, Grétzsch [8] proved that ev-
ery triangle-free planar graph is 3-colorable. For some time, the question
whether these results hold in the list coloring setting was open; finally, Voigt
[14, 15] found a planar graph that is not 4-choosable, and a triangle-free pla-
nar graph that is not 3-choosable. On the other hand, Thomassen [10, 11]
proved that every planar graph is 5-choosable and every planar graph of
girth at least 5 is 3-choosable. Also, Kratochvil and Tuza [9] observed that
every planar triangle-free graph is 4-choosable.

Motivated by Grotzsch’s result, Havel asked whether there exists a con-
stant d such that if the distance between each pair of triangles in a planar
graph is at least d, then the graph is 3-colorable. This question was open
for many years, finally being answered in affirmative by Dvotdk, Krél’ and
Thomas [6] (although their bound on d is impractically large). Due to the
result of Voigt [15], an analogous question for 3-choosability needs also to
restrict 4-cycles: does there exist a constant d such that if the distance
between each pair of (<4)-cycles in a planar graph is at least d, then the
graph is 3-choosable? We give a positive answer to this question:

Theorem 1. If G is a planar graph such that the distance between each
pair of (<4)-cycles is at least 26, then G is 3-choosable.

This bound is quite reasonable compared to one given for Havel’s prob-
lem [6]. However, it is far from the best known lower bound of 4, given by
Aksionov and Mel’nikov [2].

2 Proof of Theorem 1

For a subgraph H of a graph G, let d(H) = mingd(H, F), where the
minimum goes over all (< 4)-cycles F' of G distinct from H. Let t(G) =
ming d(H), where the minimum goes over all (<4)-cycles H of G. A path
of length k (or a k-path) is a path with k edges and k + 1 vertices. For a
path or a cycle X, let £(X) denote its length. Let r be the function defined
by 7(0) =0, (1) = 2, (2) = 4, r(3) =9, r(4) = 13 and r(5) = 16. For
a path P, let r(P) = r(£(P)). Let B = 26. Using the proof technique of
precoloring extension developed by Thomassen [11], we show the following
generalization of Theorem 1:



r &)

OBSTal OBSTa2 OBSTa3
YLD
OBSTa4 OBSTab OBSTa6 OBSTa7
AV
OBSTx1 OBSTxla OBSTx1b OBSTxlc
OBSTx2a OBSTx2b OBSTx3
OBSTx4

Figure 1: Forbidden configurations of Theorem 2, ¢(P) < 2
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Figure 2: Forbidden configurations of Theorem 2, £(P) < 5



Theorem 2. Let G be a planar graph with the outer face C such that
t(G) > B, and P a path such that V(P) C V(C). Let L be a list assignment
such that

(S1) |L(v)| =3 for all v e V(G) \ V(C);
(52) 2 < |L(v)| <3 for allv e V(C)\ V(P);

(88) |L(v)| =1 for all v € V(P), and the colors in the lists give a proper
coloring of the subgraph of G induced by V(P);

(1) the vertices with lists of size two form an independent set;

(T) if wow is a triangle, |L(u)] = 2 and v has a neighbor with list of
size two distinct from u, then w has mo neighbor with list of size two
distinct from u; and

(Q) if a vertex v with list of size two has two neighbors w1 and wy in P,

then L(v) # L(w1) U L(ws).
In this situation, if (P) < 2 and

(OBSTa) every subgraph H C G isomorphic to one of the graphs drawn in
Figure 1 is L-colorable,

then G is L-colorable. Furthermore, if £{(P) <5, d(P) > r(P) and

(OBSTb) every subgraph H C G isomorphic to one of the graphs drawn in
Figure 2 is L-colorable,

then G is L-colorable.

Note that we view the single-element lists as a precoloring of the vertices
of P. Also, P does not have to be a part of the facial walk of C, as we
only require V(P) C V(C). The notation used in Figures 1 and 2 is the
following: We mark the vertices of P (precolored vertices) by full circles,
the vertices with list of size three by empty circles, and the vertices with
list of size two by empty squares. In the conditions (OBSTa) and (OBSTb),
we require the lists of the vertices of H according to L to match the sizes
prescribed by Figures 1 and 2.

Let us remark that the assumption (T) is necessary—Figure 3 shows a
non-L-colorable graph (G; with only one precolored vertex x; satisfying all
other assumptions of Theorem 2. By repeating the left part of this graph,



Figure 3: Assumption (T) is necessary

x1 can be made arbitrarily far apart from the triangle. Let G5 and G
with precolored vertices z1 and z2 be the copies of G; with the color A
replaced by colors A’ and A", respectively, in the lists of all vertices. Let
G be the graph obtained from Gy, G2 and G3 by identifying the vertices
x1, 22 and z3 to a single vertex whose list is {A, A’, A”}. Note that G is a
counterexample to Theorem 2 without the assumption (T) and that G has
no precolored vertices and ¢(G) can be arbitrarily large.

In his paper showing that every planar graph with at most three triangles
is 3-colorable, Aksionov [1] also proved that if G is a plane graph with
exactly one (< 4)-cycle, then any precoloring of a 5-face of G extends to
a 3-coloring of G. Thomassen [11] showed that in a planar graph of girth
5, any precoloring of an induced cycle C' of length at most 9 extends to a
3-coloring, unless a vertex has three neighbors in C. Walls [16] extended
this characterization for cycles of length at most 11 (giving more subgraphs
that prevent the coloring from being extended), Thomassen [12] generalized
it for list-coloring, and Dvofdk and Kawarabayashi [5] extended both of
these results for the cycles of length 12. Similarly, Theorem 2 implies a
result regarding extension of a precoloring of a (< 8)-cycle, assuming that
(<4)-cycles are far apart.

Let C be a (<8)-cycle. We call a plane graph F a C-obstacle if C C F
bounds the outer face of F, F' contains exactly one (<4)-cycle, and

O1l: F—V(C) is a tree (with at most £(C) — 6 vertices), or

02: F—V(C) is a graph (with at most £(C') — 3 vertices) whose only cycle
is a triangle, or

03: F' is one of the graphs drawn in Figure 4.

Corollary 3. Let G be a plane graph with the outer face bounded by an
induced (< 8)-cycle C, such that t(G) > B. Furthermore, assume that G
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Figure 4: C-obstacles

does not contain a C-obstacle as a subgraph. Let L be an assignment of lists
of size 1 to the vertices of C and lists of size 3 to the other vertices of G.
If L prescribes a proper coloring of C, then G is L-colorable.

Let us give a proof of this result in a slightly more general setting, which
we are going to use in the inductive proof of Theorem 2. A graph G, is
smaller than Go if

e (1 has smaller number of (<4)-cycles than Ga, or

e (G; and G5 have the same number of (<4)-cycles and satisty |V (G1)| <
[V(G2)], or

e (GG1 and G5 have the same number of (<4)-cycles, |V(G1)| = |V (G2)|
and |E(G1)| < |E(G2)|.

Lemma 4. Let G be a plane graph satisfying the assumptions of Corollary 3.
If Theorem 2 holds for all graphs smaller than G, then G is L-colorable.

Proof. Suppose for a contradiction that G is a non-L-colorable graph satis-
fying the assumptions, such that Lemma 4 holds for all graphs smaller than
G. Let K # C be a (<8)-cycle in G, and H the subgraph of G drawn in
the closed disk bounded by K. If H # K, then, by the minimality of G,
G — (E(H)\ E(K)) has an L-coloring ¢, and since G is not L-colorable, the
precoloring of K given by ¢ does not extend to an L-coloring of H. By the
minimality of G, we conclude that either K is not an induced cycle in H or
H contains a K-obstacle F'. Assume the latter. Note that each internal face
K’ of F has length at most 7, and let H' be the subgraph of G drawn in the
closed disk bounded by K’. Since F' contains a (<4)-cycle and ¢(G) > B,



K’ is an induced cycle in H' and H’ does not contain any K’-obstacle. It
follows that H' = K’ for every internal face K’ of F', and thus H = F. We
conclude that

every (<8)-cycle K # C in G either bounds a face, has a chord drawn inside
the disk bounded by K, or the subgraph drawn inside K is a K—obstacle.( )

1
In particular, every (<5)-cycle bounds a face.

Consider a vertex v € V(G)\V(C), and assume that v has more than one
neighbor in C. If v has at least three neighbors in C, then G contains the
C-obstacle consisting of v, C' and three edges incident with v (satisfying the
condition O1). Thus, suppose that v has exactly two neighbors wy,wy €
V(C). Furthermore, suppose that ¢(C') < 7 or that w; and wy are non-
adjacent. Let K7 and K5 be the two cycles formed by w;vws and the two
paths between w; and wsy in C, and note that (K1), 4(K2) < 8 and both
K, and K are induced cycles. By (1) and the assumption that ¢(G) > B,
we conclude that at least one of K; and Ka (say K;) bounds a face. By
the minimality of G, v has degree at least three, thus K> does not bound a
face. Again, since t(G) > B, this implies that (K1) > 5 and 6 < ¢(K3) < 7.
Thus, the subgraph F5 drawn inside K is a Ks-obstacle satisfying condition
O1 or O2, and Fy U K7 is a C-obstacle in G. It follows that

no vertexv € V(G)\V(C) has more than one neighbor in C, unless £(C) = 8
and the neighbors of v in C' are adjacent.
(2)

Also, observe that

if £(C) = 8 and v has two adjacent neighbors wy and wq in C, then no
neighbor x of v distinct from wy and ws is adjacent to a vertex in C,
3)

as otherwise (1) together with ¢(G) > B implies that z has two (non-
adjacent) neighbors in C'.

Suppose now that two adjacent vertices vy,vs € V(G)\ V(C) both have
a neighbor in C. By (2) and (3), each of them has exactly one such neighbor;
let w; € V(C) be the neighbor of v;, for ¢ € {1,2}. Furthermore, suppose
that both (induced) cycles K7 and K5 consisting of wyvivaws together with
a path joining wy with we in C have length at least 6. Note that ¢(K7) +
0(K2) = £(C) + 6, thus (K1), £(K2) < ¢(C) and ¢(C) > 6. Since t(G) > B,
(1) implies that say K; bounds a face and the subgraph of G in K3 is a
Ks-obstacle. Counsider the graph G’ obtained from G by contracting an
edge e of the path K7 — {w1,v1,v2, w2} and giving the resulting vertex a



color different from the color of its neighbors. By (1), e does not belong
to a (<5)-cycle in G, thus the contraction does not create any (<4)-cycle.
Also, as G contains only one cycle of length at most 4 (drawn inside K3),
the restriction on the distance between (<4)-cycles in G’ is vacuously true.
The graph G’ is not L-colorable, and by the minimality of G, it contains
an obstacle satisfying O1 or O2. However, this gives a corresponding C-
obstacle in G. Therefore,

if each of two adjacent vertices vi,v2 € V(G) \ V(C) has a neighbor in C,
then they together with a path in C' bound a face of length at most 5.
(4)

If 3 < ¢(C) < 4, then consider the graph G’ obtained from G by sub-
dividing an edge of C' by 5 — ¢(C) new vertices, and giving these vertices
distinct colors that do not appear in any of the lists of G. Note that G’ is
smaller than G, since it contains fewer (<4)-cycles, and by the minimality
of G, we conclude that G’ is L-colorable. However, that gives an L-coloring
of G, thus we may assume that £(C) > 5.

Let us now show that there exists a set X C V(C) of max(1,£4(C) — 5)
consecutive vertices of C' such that

e every path of length at most 3 whose endvertices belong to X is con-
tained in the subgraph of G induced by X, and

e 10 vertex of X has a neighbor in a triangle.

If ¢(C) < 7, then by (2), at most three vertices of C' are incident with or
have a neighbor in a triangle, and at most two vertices are incident with a
4-cycle. Since t(G) > B, these cases are mutually exclusive, thus we can
choose X as a subset of the remaining (at least £(C') — 3) vertices. Hence,
suppose that ¢(C) = 8 and C' = vyvge...vs. If say vaus is an edge of a
triangle, then none of vs, ..., vg has a neighbor in a triangle. If vsvgvr
is not a part of the boundary walk of a 5-face, then set X = {vs, vg, v7};
otherwise, vgv7ug is not a part of the boundary walk of a 5-face by (2),
and we set X = {vg, v7,vs}. We choose the set X in the same way in case
that a triangle shares a single vertex vy with C, or a 4-cycle shares at most
two vertices ve and vg with C, or no (<4)-cycle intersects C' and at least
4 consecutive vertices vs, vg, v7 and vg have no neighbor in a triangle. It
remains to consider the case that no (< 4)-cycle intersects C' and among
each 4 consecutive vertices, at least one has a neighbor in a triangle. If
three vertices of C had a neighbor in a triangle, then (1) would imply that
G — V(C) is a triangle, giving a C-obstacle satisfying O2. Therefore, two



opposite vertices of C, say v; and vs, have a neighbor in a triangle. However,
this contradicts (2) or (4).

Let C — X = vyvs... v, where k = £(C) — | X| < 5. Let G' =G — X,
with the list assignment L’ obtained from L by removing from the list of
each vertex the color of its neighbor (if any) in X. Furthermore, we set
L'(v1) = L(v1) U L(ve) and L'(vg) = L(vg) U L(vk—1). By the choice of
X, G' with the list assignment L’ satisfies the assumptions of Theorem 2,
and every vertex incident with a triangle that does not belong to V(C) has
list of size three. An L’-coloring of G would correspond to an L-coloring of
G, thus we conclude that & = 5 (and hence £(C) > 6) and G’ contains a
subgraph H isomorphic to one of the graphs OBSTal — OBSTa7 drawn in
Figure 1 (with matching lengths of lists according to L’). However, a case
analysis shows that

e if H is OBSTal or OBSTa2, then G contains a C-obstacle satisfying
(02),

e if H is OBSTa3, then G contains the C-obstacle drawn in Figure 4(a).

e if H is OBSTa4, OBSTab or OBSTa7, then G contains the C-obstacle
drawn in Figure 4(b).

e if H is OBSTa6, then G contains the C-obstacle drawn in Figure 4(c).
(|

Let us now give a short outline of the proof of Theorem 2. We basi-
cally follow the proof of Grétzsch theorem by Thomassen [11], which the
reader should be familiar with. We consider the hypothetical smallest coun-
terexample. First, we give constraints on short paths @) whose endvertices
belong to V(C) and internal vertices do not belong to V(C) (claims (6),
(7) and (9) in the proof), by splitting the graph along @, coloring one part
and extending the coloring to the second one, with @ playing the role of
the precolored path in the second part. However, due to the existence of
counterexamples to the statement “every precoloring of a path of length
two can be extended” (depicted in Figure 1), we cannot exclude such paths
entirely. However, using the ability to color vertices of a path of length up
to 5 if we can in the process ensure that there are no (< 4)-cycles nearby,
we can strengthen these constraints sufficiently if the vertices of ) are close
to P (claims (15) and (18)). Then, as in the Thomassen’s proof, we try to
color up to five appropriately chosen vertices of G near to P and remove
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their colors from the lists of their neighbors, so that the resulting graph G’
satisfies the assumptions of Theorem 2. This may only fail if a (<4)-cycle
T appears near to the colored vertices, making (I) or (T) false (claims (19)
and (21)). Note that this implies that £(P) < 2. Many of these problematic
configurations (those where T is a 4-cycle, or where (T) is false in G’) can
be reduced by precoloring up to three more vertices near to 7', extending
the precolored path and at the same time removing some vertices so that
T disappears. Still, some cases (e.g., when T contains a vertex in C' whose
distance from P is at most four) remain. However, then we observe that
we can apply the symmetric argument on the other side of P, and if that
fails as well, a (<4)-cycle T must be close to the vertices that we try to
color there as well. Since the distance between any two (< 4)-cycles in G
is at least B, it follows that T" = T', which implies that G' contains a short
path @ with endvertices in C'. Using the constraints on such paths, we can
find a suitable set of vertices to color and remove in this case as well, finally
finishing the proof.

Let us now provide the details of this argument, which unfortunately
turns out to be rather lengthy and technical.

Proof of Theorem 2. Suppose that G together with lists L is a smallest
counterexample, i.e., Theorem 2 holds for every graph smaller than G and
G satisfies the assumptions of Theorem 2, but G is not L-colorable. Let C
be the outer face of G and P a path with V(P) C V(C') as in the statement
of the theorem. We first derive several properties of this counterexample.
Note that each vertex v of G has degree at least max(2, |L(v)|), and if two
vertices w and v are adjacent, then L(u) N L(v) # 0, unless uv is an edge
of P. In particular, if v ¢ V(P) is adjacent to a vertex p € V(P), then
L(p) C L(v).
Lemma 4 implies that

every (<8)-cycle K in G either bounds a face, has a chord drawn inside the
disk bounded by K, or the subgraph drawn inside K s a K-obstacle.
()

In particular, every (<5)-cycle in G bounds a face. Furthermore,

The graph G is 2-connected.

(6)
Proof. Clearly, G is connected. Suppose that G is not 2-connected, and let
G = G1UGs2, where V(G1)NV(G2) = {v} and |V (G1)|, |V (G2)| > 2. If say
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P C (G4, then by the minimality of G, an L-coloring ¢ of G exists. Let Lo
be the list assignment such that Ls(x) = L(z) for z # v and L(v) = {¢1(v)}.
By the minimality of G, we have that G5 is Ls-colorable. However, this
gives an L-coloring of G. Similarly, in case that the cut-vertex v is an
internal vertex of P, the minimality of G implies that both G; and G2 are
L-colorable, giving an L-coloring of G. This is a contradiction. O

A chord of a cycle K is an edge e ¢ E(K) joining two vertices of K. A
vertex of a path is internal if its degree in the path is two, and an endvertex
otherwise.

Every chord of C joins two vertices u and v with list of size three, such that
either u and v have a common neighbor with list of size two, or there exists
a triangle wywews with |L(ws2)| = 2, a neighbor z € {wa, w3} of wy with
|L(z)| = 2, and uz,vws € E(G) or uws,vz € E(G).

(7)

Proof. Let uv be a chord of C. Let G = G1 U Gg, where V(G1) NV (G2) =
{u,v} and |V(G1)],|V(G2)] > 3. By symmetry, we may assume that
[V(G1) N V(P)] > |[V(G2) N V(P)|. If u,v € V(P), then by the mini-
mality of G, both G; and G2 are L-colorable, and their colorings combine
to an L-coloring of G. This is a contradiction, thus we may assume that
v V(P). Let P, = (PNG;)U{uv} for i € {1,2}.

By the minimality of G, there exists an L-coloring ¢ of G. Let L’ be the
list assignment such that L'(x) = L(z) for z € {u,v} and L'(x) = {p(z)}
for z € {u,v}. Since G is not L-colorable, G is not L’-colorable, thus it
violates (Q), (OBSTa) or (OBSTD).

Suppose first that u is not an internal vertex of P. Then only two
vertices are precolored in G, and thus G5 contains either a vertex with list
of size two adjacent to u and v or OBSTx1. By (I) and (T), neither u nor
v have a list of size two. Furthermore, note that u cannot be an endvertex
of P: Otherwise, we have d(P) < 2, thus (P) < 2. Let ¢ # ¢(v) be a
color in L(v) \ L(u) and Lo the list assignment such that Lo(v) = {c} and
Lo(x) = L(z) for  # v. Note that G2 with list assignment Lo satisfies
(Q) and (OBSTa), and by the minimality of G, Ga is Las-colorable. It
follows that G; cannot be Lo-colorable. However, we have d(P;) > B —
4 > r(Py) in Gy. Since Gy is not La-colorable, it follows that G; violates
(Q). However, that implies that G contains a non-L-colorable OBSTxlIc,
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OBSTx2a or OBSTx2b, which is a contradiction. Therefore, the chord uv
satisfies the conclusion of (7) in this case.

Let us now consider the case that u is an internal vertex of P. By
the choice of G7 and Ga, we have 2¢(P;) < ¢(P) + 2. Suppose first that
¢(P) = 2. By the minimality of G, we conclude that (S3), (Q) or (OBSTa)
fails for Gy with the list assignment L’. This implies that d(P) < 3, and
since G satisfies the assumptions of Theorem 2, we have ¢(P) = 2. However,
by symmetry Gy with the precolored path P; also fails (S3), (Q) or (OBSTa),
implying that ¢(G) < 6. This is a contradiction.

Therefore, we may assume that £(P;) = 3, and thus ¢(P) > 4 and
d(P) > r(P). Note that d(P2) > d(P) — 1, and thus d(Ps) > r(P). By the
minimality of G, we have that G4 fails (Q), and G5 contains a vertex w with
|L(w)| = 2 adjacent both to v and to an endvertex of P. Analogously, Gy
(with the precolored path Py) also fails (Q), or £(P) = 5 and G fails either
(S3) or (OBSTb) due to a subgraph isomorphic to OBSTbl or OBSTb2.
The obstruction in Gy together with the 5-cycle G form one of the sub-
graphs H described in (OBSTb), namely OBSTbl, OBSTbla, OBSTblb,
OBSTb5 or OBSTbh6; and by (5), this subgraph H is unique. By (OBSTD),
H has an L-coloring 1. However, by the minimality of G, this implies that
the precoloring that assigns v the color ¥ (v) extends both to G; and Ga,
contradicting the assumption that G is not L-colorable. O

Let us note that (7) implies that P is a subpath of C. Furthermore,
observe that there exists an L-coloring of the subgraph of G induced by
V(C), unless G contains a non-L-colorable OBSTx1, OBSTxla or OB-
STx1b. Lemma 4 then implies that

0c) > 9.
(8)

Proof. If £(C) < 8, then G would contain a C-obstacle H, and by (5), it
would actually be equal to this C-obstacle. Since each C-obstacle contains
a (<4)-cycle whose distance from any vertex of C is at most 4, this is only
possible if ¢(P) < 2. However, a straightforward case analysis shows that
either G is L-colorable or violates (OBSTa). More precisely,

o If H satisfies (O1) and |V(H) \ V(C)| =1, then G contains OBSTal
or is L-colorable.

o If H satisfies (O1) and |V(H) \ V(C)| = 2, then G contains OBSTa6
or OBSTx4, or is L-colorable.
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o If H satisfies (02) and |V(H) \ V(C)| = 3, then G contains OBSTa2
or is L-colorable.

o If H satisfies (02) and |V (H) \ V(C)| = 4, then G is L-colorable.

o If H satisfies (02) and |V(H)\ V(C)| = 5, then G contains OBSTa3,
OBSTa4 or OBSTa7, or is L-colorable.

o If H satisfies (O3), then G is L-colorable.
O

For k > 2, a k-chord of a cycle K is a path Q = qoq1 ...qr of length
k joining two distinct vertices of K, such that V(K) N V(Q) = {qo,qx}-
We consider a chord to be a 1-chord. Suppose that neither gg nor ¢ is an
internal vertex of P. Let G; and G2 be the maximal connected subgraphs
of G intersecting in @, such that P C G;. We say that Q splits off a face if
G- is a cycle. For one of the obstructions O drawn in Figures 1 and 2, the
k-chord @ splits off O if G5 is isomorphic to O and

e the vertices drawn in the Figures by full circles coincide with the (not
necessarily proper) subpath of ) consisting of the vertices z € V(Q)
such that |L(z)| € {1, 3}, and

e the sizes of the lists of all other vertices of G5 are equal to those given
by Figure 1 or 2.

Let Q@ = qoq1---qx be a k-chord of C such that no endvertex of @ is an
internal vertex of P and @Q does not split off a face. If k < 2, or if k =3
and q3 has list of size two, then Q splits off one of the obstructions drawn
i Figure 1.

9)

Proof. Suppose for a contradiction that there exists a k-chord @ violating
(9). Let Gy and G be the maximal connected subgraphs of G intersecting
in @, such that P C G;. Let us choose @ among all (<3)-chords of C' that
violate (9) so that |V (G2)| is minimal.

By the minimality of G, there exists an L-coloring ¢ of G;. Let L’ be the
list assignment such that L'(z) = L(z) if ¢ € V(Q), L'(¢3) = {¢(q2), v(g3)}
if k=3 and L'(¢;) = {¢(q)} for 0 < ¢ < 2. Observe that G2 is not L'-
colorable, thus it violates (Q) or (OBSTa). Let H be the minimal subgraph
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of G5 that contains @ and violates (Q) or (OBSTa). Note that H contains
a (<4)-cycle T whose distance to any vertex of H is at most four. By (5),
each face of H except for the outer one is also a face of G.

We claim that Go = H, that is, @ splits off H. Otherwise, consider a
k’-chord Q' # @ of G2 that is a subpath of the union of ) and of the outer
face of H. If Q)" satisfies the assumptions of (9), then by the choice of @,
we have that that Q' splits off a subgraph H’ that is either a face or an
obstruction drawn in Figure 1. However, H' contains a (<4)-face T”, whose
distance to @’ is at most three. It follows that d(T,T') < 7 < B, which
is a contradiction. Therefore, Q' does not satisfy the assumptions of (9).
Since every vertex with list of size two in H belongs to the outer face of G,
the inspection of the graphs in Figure 1 shows that this is only possible if
k =3, H is OBSTx1 and Q' = ¢3qaqiuv for vertices u,v € V(H) \ V(Q)
such that |L(u)| = 3 and |L(v)| = 2. However, in this case let G} and G} be
the subgraphs of G that intersect in @Q’, let ¢’ be an L-coloring of G and
let Lo be the list assignment such that Lo(x) = {¢/(z)} for = € {v,¢1, q2},
Ly(gs) = {¢/(@2), ¢/ (@)}, La(v) = {¢/(w), ()} and Lo(z) = L(z) for
other vertices © € V(G%). Since ¢(G) > B and H contains T, we conclude
that GY, satisfies the assumptions of Theorem 2, hence G, is Ls-colorable.
This gives an L-coloring of G, which is a contradiction. (|

(5) and (9) imply that G does not contain a subgraph isomorphic to ones
described in (OBSTa) or (OBSTb), such that the sizes of the lists match
those prescribed by Figures 1 and 2: If G contained such a subgraph H, we
would conclude that G = H as in the proof of (9), and by the assumptions,
G would be L-colorable.

If Q = qoqi1q2 is a 2-chord of C in G, then at most one endvertex of @
belongs to P.
(10)

Proof. Suppose that both gy and g2 belong to P. Then @Q together with a
subpath of P forms a cycle K of length at most ¢(P)+2, and by (5) together
with the assumption that d(P) > r(P) if £(P) > 2, this cycle bounds a face.
Observe that ¢; cannot have a neighbor in P distinct from gy and ¢o. Let
L’ be the list assignment such that L'(g1) € L(q1) \ (L(go) U L(gz)) has size
one and L'(z) = L(z) for © # ¢1. Let G' = G — qoge if K is a triangle
and G' = G — (V(K) \ V(Q)) otherwise. Note that the vertices with list
of size one form an induced path P’ in G’, and the length of P’ is at most
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¢(P) — 1 if K has length at least 5 and at most ¢(P) + 1 otherwise. In the
former case, if d(P) > r(P), then d(P’) > r(P’), since d(P’) > d(P) — 1.
In the latter case, we have £(P) < 2 and d(P’) > r(P’), since d(K) > B.
Since G’ is smaller than G and is not L’-colorable, we conclude that it
violates (Q) or (OBSTb). However, in these cases, G itself would violate
(OBSTDb): If G’ violates (Q), then G contains OBSTblb; if G’ contains
OBSTbl, then G contains OBSTb3; and if G’ contains OBSTh2, then G’
contains OBSTh4. O

Suppose that C' has either a 3-chord Q = qoq1g2q3, or a 4-chord Q =
q0q1G293qa such that |L(qs)| = 2, where no endvertez of @Q is an internal
vertex of P. Let G1 and Gy be the maximal connected subgraphs of G that
intersect in @, such that P C G1. Assume that either

o ((P)>4 and d(P,q;) <r(4) —r(3) =4 for 0 <i <3, or
o G1 contains a (<4)-cycle T such that d(P,q;) < B—r(3) for0 <i < 3.

Then G4 is a 5-cycle, and hence qo and g3 have a common neighbor with
list of size two (equal to q4 if Q is a 4-chord).
(11)

Proof. Let ¢ be an L-coloring of GGy that exists by the minimality of G. Let
Lo be the list assignment such that La(q;) = {¢(q;)} for 0 <i < 3, if Q is
a 4-chord, then Ls(q4) = {¢(g3),¥(qs)}, and La(z) = L(x) for x ¢ V(Q).
The graph G2 is not Lo-colorable. Furthermore, we have d(qoq1g2q3) >
r(goq19293), since either ¢(P) > 4 and d(qoq19293) + (r(4) —r(3)) > d(P) >
r(P), or d(qoq19293) + (B —7(3)) > B. By the minimality of G, we conclude
that G2 violates (Q), hence a vertex a with a list of size two is adjacent
to both ¢o and ¢3. Furthermore, by (5) and (9), Gs is equal to the 5-face

4091G24G37. O

We may assume that ¢(P) > 2; otherwise, we can color 2 — ¢(P) vertices
adjacent to P in C so that the resulting list assignment L’ either still satisfies
the assumptions of Theorem 2 or violates (OBSTa). But, in the latter case,
(5) and (9) would imply that G with the list assignment L’ is equal to one
of the obstructions in Figure 1. However, then it is easy to see that G either
is L-colorable or contains OBSTx1. Let P = pop1 ... pm, where m = {(P).

A subgraph H of G is a near-obstruction if it is isomorphic to one of the
graphs in Figure 1 or 2, where the vertices drawn by full circles coincide
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with the vertices of H belonging to P and the sizes of lists of other vertices
of H are greater or equal to the sizes prescribed by the Figure. A near-
obstruction H is tame when for every vertex v of H that is depicted in
Figure 1 or 2 by a square, if v is adjacent to a vertex in P, then v € V(C).

The graph G contains no tame near-obstruction.
(12)

Proof. Suppose that H is a tame near-obstruction in G, and let K be the
cycle bounding the outer face of H. Let Qo = qoq1 - - - gx be the subpath of
K vertex-disjoint with P such that V(K) C V(Qo) UV (P). Suppose first
that both gy and g are adjacent to an endvertex of P, say qg to pg and
gk 10 pm; by the assumption that d(P) > r(P) and that H is tame and by
(7), this is the case unless H is OBSTx1 and £(P) = 2. Let @ be the path
consisting of @y and those of the edges qopo and gxp.,, that do not belong
to C.

Note that |V(H)| < |V(G)|, since otherwise either G violates (OBSTa)
or (OBSTb), or is L-colorable. Let G' = G — (V(H) \ V(Q)). By the
minimality of G, the graph H is L-colorable. Let ¢ be an L-coloring of H,
and let L’ be the list assignment such that L'(xz) = {p(z)} if z € V(Q)
and L'(x) = L(x) otherwise. Note that G’ is not L’-colorable, and by the
minimality of G, it cannot satisfy the assumptions of Theorem 2. But,
clearly G’ satisfies (I) and (T). Let us now discuss several cases; we always
assume that the precolored vertices of the drawing of H in Figure 1 or 2
are labeled from left to right, i.e., pg is the the leftmost precolored vertex
in the drawing.

e H is OBSTx2a or OBSTx2b: Since ¢ps is not a chord by (7), we
have ¢; € V(C). By (9), the 2-chord goq1p2 splits off a subgraph H’
which is isomorphic to one of the graphs drawn in Figure 1. Since
V(H) # V(G), H' is not OBSTx1. Since H C G, we have that ¢;
has degree at least three in H' and that g1, p2 and two vertices of a
triangle are incident with a common 5-face in H'. This implies that
H’ is OBSTal, OBSTa3 or OBSTx4. However, then qq is adjacent to
a vertex with list of size two in H’, and thus |L(qo)| = 3. It follows
that the 5-cycle pop1p2giqo has at least two L-colorings, and at least
one of them extends to H'. Therefore, G is L-colorable, which is a
contradiction.
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e /(Q) < 5: Since t(G) > B or d(P) > r(P), no vertex of @ is contained
in a (<4)-cycle. The inspection of the graphs depicted in Figures 1
and 2 shows that among any three consecutive internal vertices of Q,
at least one has degree two in H. This implies that @ is an induced
path in G, since otherwise by (5), G would contain a vertex of degree
two with list of size three. Similarly, we conclude that in G, no vertex
with list of size two has two neighbors in @, unless H is OBSTal (or
OBSTx2a, but that was already excluded). However, if H is OBSTal
and g and g3 have a common neighbor x with list of size two, then
(5) and (9) imply that V(G) = V(H) U {z}, and it is easy to see that
G is L-colorable. We conclude that G’ satisfies (S3) and (Q).

Let us discuss several subcases regarding m:

— m = 2: That is, H is one of the obstructions drawn in Figure 1,
except for OBSTa5, OBSTx1, OBSTx2b or OBSTx3 (or OB-
STx2a, which was already excluded). Note that in all these cases,
(Q) < 4. Also, H contains a triangle whose distance from any
vertex of @) is at most three, and thus G’ satisfies d(Q) > r(Q).
It follows that G’ violates (OBSTb), i.e., £(Q) = 4, H is OBSTa3,
OBSTa4, OBSTa6, OBSTa7, OBSTxla, OBSTx1b or OBSTx4
and G’ is OBSTb1 or OBSTb2. Since G does not contain a ver-
tex of degree two with list of size three, if G’ is OBSTb2, then
H is OBSTa7. The case analysis of the possible combinations of
H and G’ shows that G is L-colorable, which is a contradiction.

— m = 4: The case that H is OBSTbl is excluded by (9), since
d(P) > d(T), thus H is OBSTb2. (9) furthermore implies that
|L(g2)| = 3, and thus we may choose the L-coloring ¢ so that
©(q1) & L(qo) \ L(po). Let L” be the list assignment defined by
L"(qo0) = (L(q0) \ L(po)) U{p(q1)} and L"(x) = L'(x) otherwise.
Note that only a path ¢;g2g3q4 of length three is precolored in G’
according to this list assignment and d(q1¢293qs) > d(P) — 3 >
r(P) —3 > r(q1q2¢q3¢4) and thus G’ is L”-colorable. This gives
an L-coloring of G, which is a contradiction.

— m = 5: By (10), H cannot be OBSTb3 or OBSTb4. Thus,
H is OBSTbla, OBSTblb, OBSTb2a, OBSTb2a’, OBSTb2b or
OBSTb5, and 4(Q) < 4. We conclude that G’ is OBSTb1 or
OBSTb2 and £(Q) = 4 (excluding the cases that H is OBSTbla
or OBSTblb). Note that g2 has degree two in H, and since it
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has degree at least three in G, we conclude that G’ is OBSTb1.
The case analysis of the possible combinations of H and G’ shows
that G is L-colorable, which is a contradiction.

e /(Q) > 5: Thus, H is OBSTa5, OBSTx3 or OBSTb6. Let us discuss
these cases separately:

— H is OBSTab: Let w be the common neighbor of ¢; and gg, and
w’ the common neighbor of w, ¢3 and q4. If there exist colors
e1 € L) \ (Ligo) \ L(po)) and c2 € Ligs) \ (L(ar) \ L(p2))
so that L(w) # L(p1) U {c1, 2}, then consider the graph G; =
G — V(P) with the list assignment Ly such that Li(q1) = {1},
Li1(gs) = {c2}, L1(w) chosen as an arbitrary one-element subset
of L(w) \ (L(p1) U {e1,¢2}), Ln(q) = (L(go) \ L(po)) U {1},
Li(g7) = (L(g7)\ L(p2)) U{c2} and L;(x) = L(z) otherwise. The
graph G cannot be L;-colorable, thus it violates (OBSTa). This
is only possible if G is OBSTal, but then V(G) = V(H) and
thus G is L-colorable.

So, we have |L(qo)| = [L(q7)| = 3, L(q1) = (L(qo) \ L(po)) U{c1},
L(gs) = (L(gr) \ L(p2)) U {c2} and L(w) = L(p1) U{c1,c2}. Let
1 be an L-coloring of g1qopop1p297qs such that ¥(q1),v(gs) &
L(w) \ L(p1). Let Go = G — (V(P)U{w'}), with the list assign-
ment Ly such that Ly(z) = {¢(x)} for = € {q0,q1,9, 97}, L2(w)
is an arbitrary singleton list disjoint with Ls(g;) and La(gs)
and La(z) = L(z) otherwise. Since an Ls-coloring of Ga cor-
responds to an L-coloring of G (choosing the color of w’ dif-
ferent from the colors of g3 and g4, and the color of w differ-
ent from the color of p; and ws), we have that Ga is not Lo-
colorable. By (5), Gy satisfies (S3) and (Q), and the internal
face of G5 incident with w has length at least six, thus G sat-
isfies (OBSTb). Furthermore, since d(gsqaw’) > B in G, we
have d(goq1wqeqr) > B — 3 > r(goq1wgeqr). Therefore, G5 is a
counterexample to Theorem 2 smaller than GG, which is a contra-
diction.

— H is OBSTx3: Let gy wiw2q3 be the path in H such that wy, wy #
g2. If |L(qo)| = 2, then consider an L-coloring ¢ of the sub-

graph of G induced by {qo, 1, w1, w2, po,p1} such that ¢(ws) ¢
L(g7) \ L(p2). Let L’ be the list assignment defined by L'(qp) =

{¢(0),¥(a)}, L'(x) = {¢(z)} for x € {q1, w1, wa}, L'(g7) =
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(L(g7) \ L(p2)) U{¢(w2)} and L'(z) = L(z) otherwise. We con-
clude that G—V (P) is not L’-colorable, thus it violates (OBSTa).
Note that wy has degree two in G — V(P) and the face with that
it is incident does not share any vertex with the triangle, and
that g7 is not incident with the triangle, thus G — V(P) con-
tains OBSTx2a. By (5) and (9), G — V(P) is equal to OBSTx2a.
However, then gs2, g5 and g7 have list of size two and G contains
OBSTx3, which is a contradiction.

So, we have |L(go)| = 3. Then, there exist ¢; € L(q1) \ (L(w1) \
L(p1)) and ¢o € L(qo) \ L(po) such that ¢y # ¢1. Let Gy be the
graph obtained from G —{pg, p1, w1, w2} by adding the edge g1 pa.
Let ¢ be a color that does not appear in any of the lists of G. Let
L4 be the list assignment such that L1 (go) = {co}, L1(q1) = {1},
Li(p2) = {c}, Li(ar) = (L{gr) \ L(p2)) U{c} and Li(2) = L(x)
for all other vertices of G;. Observe that G is not Li-colorable.
Furthermore, the distance of ¢; from the triangle g4q5¢s is three
both in G and (1, and the distance of ¢; and g7 to any other
(<4)-cycle is at least B —3, thus t(G1) > B. The internal face F'
of G incident with ¢;ps has length at least six, as otherwise the
cycle F'—q1p2+q1w1p1p2 has length at most seven and contradicts
(5). Furthermore, observe that neither gy nor ¢; is adjacent to a
vertex of the triangle g4q5qs, thus G1 contains neither OBSTx1
nor OBSTxla. It follows that Gy satisfies (OBSTa), and thus
it is a counterexample to Theorem 2 smaller than G. This is a
contradiction.

H is OBSTb6: Let g;wjwseps be the path in H with w; adjacent
to p1. If |L(gs)| = 2, then let ¢’ be the unique color in L(gg) \
L(ps), and note that there exists ¢ € L(gs) \ (L(ps) U {c'}). Let
G1 = G — {p4,ps} and let Ly be the list assignment such that
Li(gs) = {c}, L1(gs) = {c,¢'} and Ly (x) = L(x) for x & {5, g6}-
Note that G; is not Lj-colorable, and since a path of length 4
is precolored in G; and H is a subgraph of GG, we conclude that
(1 contains OBSTb2. However, this implies that G contains
OBSTb6, which is a contradiction.

Therefore, |L(gg)| = 3. Then, there exists an L-coloring ¢ of the
subgraph of G induced by {¢s3, q4, g5, g, P3, P5 } such that 1)(q3) &
L(w2) \ L(p3). Let G5 be the graph obtained from G — (V(P) U
{w1,w2}) by adding a vertex w adjacent to go and ¢3. Let ¢ be
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a new color that does not appear in L(go) UL(q3). Let L be the
list assignment such that Lo(z) = ¢(x) for = € {¢3,94,05,96},
La(w) = {c}, L2(q0) = (L(q0) \ L(po)) U {c} and Ly(x) = L(x)
otherwise. Observe that an Ls-coloring of G5 corresponds to an
L-coloring of G, thus G5 is not Ls-colorable. Furthermore, a path
P> = wq3qaqsge of length 4 is precolored in G3. Let us remark
that the newly added vertex w is not incident with a (<4)-cycle,
as otherwise either ¢(P) < r(P) in G, or (5) implies that ¢ is a
vertex of degree two with list of size three. Furthermore, t(G2) >
B, since only the added path gowgs could result in shortening the
distance between (<4)-cycles, in G we have d(qp) > d(P) — 1 >
r(P)—1and d(g3) > d(P) —2 > r(P) — 2, and 2r(P) — 1 > B.
AlSO, d(PQ) Z d(P) -2 Z T(PQ).

Note that G satisfies (S3), since w is not adjacent to g and
d(P) > r(P). Similarly, G2 satisfies (Q), since otherwise (5)
would imply that g4 is a vertex of degree two with list of size
three. Hence, G2 violates (OBSTb). Since g4 has degree at least
three, G5 contains OBSTb1. But then g4 and gy have a common
neighbor z, and the existence of g2 together with d(P2) > r(P)
contradicts (5) applied to the 7-cycle goq1wiwaqsqaz.

Finally, let us consider the case that say qg is not adjacent to an end-
vertex of P, that is, /(P) =2, H is OBSTx1, ¢ is adjacent to p; and g3 is
adjacent to ps. An L-coloring of H does not extend to an L-coloring of the
subgraph G’ that is split off by the path popi1qoqig2q3. If pp and g1 have
a common neighbor with list of size two, then either G is L-colorable or
contains OBSTal. Otherwise, G’ satisfies (S3) and (Q), as ¢1 cannot be a
vertex of degree two with list of size three. Therefore, G’ violates (OBSTb).
If |L(g3)| = 2, then G’ may only be OBSTb1, OBSTb1lb, OBSTb2 or OB-
STbh2b. OBSTbl and OBSTb1b are excluded, since g; must have degree at
least three; if G’ is OBSTb2, then G is L-colorable, and if G’ is OBSTb2b,
then G contains OBSTa3. If |L(gs)| = 3, then there exist L-colorings 1
and 12 of H such that ¥1(q0) = ¥2(q0), ¥1(q1) # V2(q1), ¥1(g2) # ¥2(q2)
and 11 (g3) # ¥2(q3). The inspection of the graphs in Figure 2 shows that
at least one of 17 and 19 extends to an L-coloring of G’, unless G’ contains
a subgraph H’ isomorphic to OBSTbl, OBSTbla, OBSTblb, OBSTb3 or
OBSTb5. By (5) and (9) we conclude that G’ = H and G = HU H'. How-
ever, all possible combinations of H and H' result in an L-colorable graph,
which is a contradiction. |
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Let v1, v, ..., vs be the vertices of C' — V(P) labeled so that C' =
PO - - PmU1V2 . .. Vs, where s = £(C') —m — 1. Let us also define vy = py,.

For 1 < i < 4, if the edge v;_1v; is not contained in a cycle of length at
most 4 and a vertex v € V(G) is adjacent to both v; and an endvertex p of
P, then v € V(C).

(13)

Proof. Suppose for a contradiction that v € V(C). Let G2 be the subgraph
of G that is split off by the 2-chord v;up according to (9), and G; = G —
(V(G2) \ {vi,v,p}). If p = pp, then i € {3,4}, since v;_1v; does not
belong to a (< 4)-cycle. By (5) and the fact that every vertex of degree
two has list of size two, we have that i = 4 and G2 contains a triangle. It
follows that m < 2. Consider an L-coloring ¥ of G5, and let L; be the list
assignment such that Li(v) = {¢(v)}, L1(va) = {¢(v;)} and Li(x) = L(x)
for ¢ ¢ {v,v4}. Note that Gy is not Li-colorable. By (7), (9), (8) and
the assumption that v ¢ V(C), we conclude that G; satisfies (S3) and (Q).
Therefore, using (5) and (9) we conclude that G; is equal to (OBSTb1) or
(OBSTb2). However, all combinations of (OBSTb1) or (OBSTb2) with a
PmU1V2v3v4v-0bstacle are L-colorable.

Let us now consider the case that p = py. Since a (< 4)-cycle in G is
in distance at most 4 from P, we have {(P) < 2. Let K be the cycle of
length at most 8 formed by the 2-chord v;vpg, the path P, and the vertices
V1, V2, ..., ;. Since t(G) > B, G; cannot be a K-obstacle, and if K is
not a face, then ¢(K) = 8 and K has a chord splitting K to two 5-faces.
If K is not a face, then since each vertex with list of size three has degree
at least three, we conclude that |L(v1)| = |L(vs)| = 2, |L(vz2)] = 3 and
the chord of K is vopg. However, this contradicts (7). Therefore, K is a
face. Since v has degree at least three, G2 is not a face. Furthermore, Go
is not (OBSTx1b), thus |L(v;)| = 3. Hence, there exist L-colorings ¢ and
19 of K such that ¢ (v) # a(v) and ¥1(v;) # a2(v;). The inspection of
the graphs in Figure 1 shows that at least one of 11 and 1, extends to an
L-coloring of Ga, giving an L-coloring of G. This is a contradiction. O

Suppose that m = 5. For 1 <i <4, if a vertex v € V(QG) is adjacent to both
v; and to p € {p1,pa}, then v € V(C), unless p = ps and i =2, or p = p;

andi=s—1.
(14)
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Proof. Suppose that v & V(C) is adjacent to ps and v;. Since d(P) > r(P)
and every vertex with list of size three has degree at least three, (5) implies
that 7 = 2.

Hence, assume that v ¢ V(C) is adjacent to p; and v;. Let Q = popivv,
let G be the subgraph of G drawn in the cycle bounded by vp; ...psv1 ... v;
and G2 = G — (V(G1) \ V(Q)). By the minimality of G, there exists an
L-coloring ¢ of Gy. Let L be the list assignment such that La(x) = ()
for € {v,v;} and La(x) = L(x) otherwise; the graph G5 cannot be Lo-
colorable. Since only an induced path @ of length three is precolored in G,
(and d(Q) > d(P) —2 > r(P) — 2 > r(Q)), we conclude that G5 violates
(Q), thus there exists a vertex w with list of size two adjacent to py and v;.
By (7), we have C' = pop; .. .psv1 ... v;w, and thus i = s — 1. O

If v; has degree two and is incident with a triangle, then i > 4. Further-
more, if 4 < i < 6, v; has degree two and is incident with a triangle, then

|L(vig2)| # 2.
(15)

Proof. Suppose first that v; is such a vertex, with 1 < ¢ < 3. Clearly,
this is only possible if ¢(P) < 2. By the minimality of G, the subgraph
Go of G induced by V(P) U {v1,...,v;41} has an L-coloring ¢. Let L’ be
the list assignment such that L'(z) = {¢(z)} for z € {v1,...,v;41} and
L'(z) = L(zx) otherwise, and let Q = pop1pavy ... v;—10;41. Let G = G —v;.
Then, G’ is not L’-colorable. Furthermore, by (7) and (8), G’ satisfies (Q).
Since d(Q) > d(v;—1v;v;41) —4 > B —4 > r(Q), G’ violates (OBSTb), and
by (5) and (9), G’ is equal to one of the graphs drawn in Figure 2. If i = 2,
then either G’ is OBSTb1 and thus G contains OBSTx2b, or G’ is OBSTh2
and G is L-colorable. Therefore, i = 3. If |L(v1)| = 3, then we can assume
that ¥ (ve) & L(v1)\ L(p2), thus there exist two L-colorings of the subgraph
of Gy that differ only in the color of v;. Furthermore, the degree of v1 in G’
is at least three. The inspection of the graphs drawn in Figure 2 shows that
at least one of these colorings extends to G’, which is a contradiction. If
|L(v1)| = 2, then by (T) we have that either G’ is OBSTb1b and G contains
OBSTx2a, or G’ is OBSTb2b and G contains OBSTx3.

Suppose now that 4 < ¢ < 6 and |L(v;+2)| = 2. Again, m = 2. By
(T), |L(vi—2] = 3, and by (7), pop1pavi ... v;—1v;+1 is an induced path.
Thus, there exists its L-coloring ¢ such that L(v;) # {¢(vi—1), ¥ (vi+1)}
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and ’L/)(’UiJrl) g L(vi+2). Let G/ =G — {’Uifl,’Ui,’UiJrl} with the list as-
signment L’ such that L'(v;) = {¢(v;)} for 1 < j < i —3, L'(v;—2) =
{Y(vi—3),¥(vi—2)}, L'(x) = L(z) \ {¥(y)} for a vertex x € V(G') with a
neighbor y € {v;—1,vi+1} and L'(z) = L(x) otherwise. The graph G’ is
not L’-colorable. Furthermore, by (7), (S2) holds, and by (9), (I) is sat-
isfied as well. Let w be a common neighbor of two vertices of the path
Q@ = popipavi ... vi—3 in G'. By (7), we have w # v;—2 and |L(w)| = 3.
Furthermore, |L'(w)| = 3, since otherwise w would be adjacent to v;_1 or
vi41 as well, and (5) would imply that v;—2 has degree two in G. This
shows that (Q) is true. Note that d(Q) > B — 7 > r(P). Therefore,
G’ violates (OBSTb). This implies that ¢ > 5; observe that there exist
L—COlOI‘ngS ’l/)l and 1/)2 of Q such that 1/)1 (’Uifl) = ’(/)2(’01',1) = ’L/)(’Ui,l),
Y1(vi1) = Y2(vig1) = Y(vit1), Y1(vie2) # Y2(vi-2), Y1(vi-3) # Y2(vi-3)
and if ¢ = 6, then t1(v1) = ¥a(v1). Note that v;_4 is not adjacent to a
vertex x with |L/(z)| = 2 and that v;_» is the only such vertex adjacent
to v;—g, by (7), (5) and the fact that v;_ has degree at least three in G.
Since neither 11 nor 1o extends to an L’-coloring of G’, the inspection of
the graphs depicted in Figure 2 shows that ¢ = 6 and G’ contains OBSTb3.
If vg is adjacent to pg, then G' contains OBSTx3. Otherwise, (7) and (9)
imply that the edge of OBSTb3 incident with v;_o (distinct from v;_5v;_2)
is a chord of C that splits off OBSTx1 in G; however, the resulting graph
is L-colorable. O

We have |L(v1)| = 2 or |L(v2)| = 2.
(16)

Proof. Suppose that |L(v1)| = |L(v2)| = 3. Let L’ be the list assignment
such that L'(vi) = L(vy) \ L(pm) and L'(xz) = L(z) otherwise. Let G’ =
G — pmv1. By (7), G’ with the list assignment L’ satisfies (I). Suppose
that (T) is violated. Then there exists a triangle wywaws such that either
v1 = we and both w; and ws have a neighbor with list of size two, or
|L(ws2)| = 2, w is adjacent to v; and ws has a neighbor w distinct from w,
with list of size two. By (9), the former is not possible, and in the latter
case, we have w1 = vg, we = vz and ws = v4. However, that contradicts
(15). Therefore, (T) holds. Furthermore, by (7), v1 is not adjacent to any
vertex of P other than p,,, and thus (Q) is satisfied. Since an L’-coloring of
G’ would give an L-coloring of G, it follows that G’ with the assignment L’
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violates (OBSTa) or (OBSTb). However, this implies that G with the list
assignment L contains a tame near-obstruction H, contradicting (12). O

If ¢(P) =5, then £(C) > 10.
(17)

Proof. By (8), we have £(C) > 9. Suppose that £(C) = 9. By (16), either
|L(v1)] = 2 or |L(ve)| = 2. Applying (16) symmetrically on the other
end of P, we also have that |L(vs)| = 2 or |L(vs)| = 2. Therefore, either
| L(v1)| = [L(vs)| = 2 and |L(va)| = 3, or [L(v1)| = [L(vs)| = 3and |L(va)| =
2. In the former case, L-color the path vivevs so that vy gets a color
different from the color of ps and w3 a color different from the color of pg.
Let G' = G — {v1,v2,v3}, with the list assignment L’ obtained from L by
removing the colors of the vertices vy, v2 and vz from the lists of their
neighbors. Note that G’ satisfies (I), since otherwise v1v2v3 would be a part
of a 5-cycle, and by (5), v2 would have degree two. Furthermore, (T) is
satisfied since d(P) > r(P) and (Q) is satisfied by (10). Note also that no
vertex adjacent to pg or ps has list of size 2, thus G’ satisfies (OBSTb). This
is a contradiction, since an L’-coloring of G’ corresponds to an L-coloring
of G.

In the latter case, let G’ be the graph with list assignment L’ obtained
from G by coloring vy from its list arbitrarily, removing vo and removing its
color from the lists of its neighbors. Again, (I), (T) and (Q) are obviously
satisfied by G’. Furthermore, since d(P) > r(P), the distance between any
pair of vertices of G’ with list of size two is at least three. This implies
that G’ satisfies (OBSTb), unless it contains OBSTb1b. However, that is
excluded by (10). O

Let X be the set of vertices defined as follows: If |L(v1)| = 3 (and thus
|L(v2)| = 2 by (16) and |L(vs)| = 3) and |L(v4)| = 3, then X = {wy}. If
|L(v1)| = 3 and |L(vs)| = 2, then X = {vq,v3}. If |L(v1)| = 2 (and thus
|L(v2)| = 3) and |L(vs)| = 3, then X = {v1}. If |L(v1)| = |L(v3)| = 2 (and
thus |L(vg)| = 3) and vs = pg or |L(vs)| = 3, then X = {vq, v3}. Otherwise,
X = {vg,v3,v4}.

Let Q@ = quq1---qx be a k-chord of C such that no endvertex of @ is an
internal vertex of P and @Q does not split off a face. If k < 2, or if k =3

and q3 has list of size two, then qo & X.
(18)
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Proof. Let G5 be the subgraph of G that is split off by @ and G; = G —
(V(G2) \ V(Q)). Let Q be chosen so that Gy is as large as possible. Let 4
be the index such that v; = go. By (9) we can assume that ¢(P) = 2, since
otherwise G5 contains a triangle whose distance from ¢p is at most four,
hence its distance from P is at most 8, contradicting d(P) > r(P).

By (7) and (15), the path consisting of P and v1vev3v4 is induced. Sup-
pose now that g € {v1,vs,v3,v4}, and let K be the cycle bounded by @
and a subpath of v1vav3v4. Since @ does not split off a face, (5) implies
that ¢(K) > 6, thus k = 3 and {qo,qr} = {v1,va}. If o = v1 € X, then
|L(v1)| = 2 and |L(v2)| = |L(vs)| = 3. However, (5) implies that vs or vs
has degree two, which is a contradiction.

If go = vq4 € X, then (5), (15) and the choice of X imply that either
v2g2 € E(G), or va, g2 and qg are adjacent to vertices of a triangle T'. In the
former case, let ¥; and 15 be L-colorings of the subgraph of G induced by
V(P)U{v1,v2, go} such that 1 (v1) = tha(v1), ¥1(v2) # 12(v2) and 11 (g2) #
Ya(g2), let G' = G — v1vg and let Ly and Lo be the list assignments such
that L;(x) = {¢;(z)} for x € {v1,v2,¢2} and Lj(x) = L(x) otherwise. Note
that G’ satisfies (Q) by (9) and that G’ is not Lj;-colorable for j € {1,2},
thus G’ with both of these assignments violates (OBSTb). This is only
possible if G’ contains OBSTb3, but then G contains OBSTx4. In the latter
case, let t1 and to be the vertices of T" adjacent to vo and vy, respectively,
let ¢ be an L-coloring of p,,v1vevsvy such that either ¢ (ve) & L(t1) or
L(t1) \ {¢(v2)} # L(t2) \ {¥(v4)}, and let G’ be the graph obtained from
G — V(T) by identifying vo with vs to a new vertex z. Note that z is
not contained in a (<4)-cycle by (5), and observe that ¢(G') > B. let L’
be the list assignment defined in the following way: L'(v;) = {¢(v;)} for
i € {1,4}, L'(z) = {c} for a new color ¢ that does not appear in any of
the lists, and L'(z) = L(z) for any other vertex x € V(G’). Observe that
G’ is not L’'-colorable and satisfies (Q) by (7) and (8), hence G’ contains
a subgraph H violating (OBSTb). Since g; has degree at least three, (5)
implies that v12v4q1¢2 is the only cycle of length at most 5 in G’ containing
z, and that every cycle of length 6 containing z also contains ¢;. It follows
that g1 € V(H). Unless H is OBSTb1b or OBSTb2b, |L'(g1)| = 3 implies
that vs € V(H), thus vy has degree at least three in H. Note that H
is neither OBSTb1b nor OBSTh2b, since then we would have vs ¢ V(H)
and a (<3)-chord contained in the outer face of H incident with v4 would
contradict (9). The only obstruction in that the endvertex of the precolored
path has degree greater than two is OBSTb4, however H is not OBSTb4
since ¢; is not adjacent to p,,.
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Therefore, g & {v1,v2,v3,v4}. By (9), G2 is one of the graphs depicted
in Figure 1. Observe that there exists a color ¢ € L(qg) such that every L-
coloring of ) that assigns ¢ to gy extends to an L-coloring of Gs. Suppose
first that there exists an L-coloring v of the path P’ = pop1pavs ... v; such
that ¥(qo) = ¢. Let Ly be the list assignment such that Li(x) = {¢(z)} for
x € {vr,...,vi1}, Li(vs) = {9p(vs),¥(vi—1)} and Li(z) = L(x) otherwise.
Note that the path P = P’ — v; that is precolored in G has length at most
5. Furthermore, G5 contains a triangle whose distance from v; is at most
4, thus d(Py) > B — 10 > r(P1), and since G is not L-colorable, G; is not
Li-colorable. By (7), G satisfies (I) and (Q). Note that the distance in
G; from v; to any triangle is at least B — 4 > 1, thus G; satisfies (T). We
conclude that G violates (OBSTb), and thus 7 € {3,4}. The choice of Q
implies that if Q" # @ is a path in G of length at most three from a vertex
v; with j <14 to a vertex with list of size two, then the endvertex of @’ is
qo and Q" bounds a face. The inspection of the graphs in Figure 2 shows
that G can only satisfy this condition if it contains OBSTb1, OBSTbla or
OBSTblb. However, if Gy contains one of these graphs, then (5) and (7)
imply that both v; and v2 have degree two, which is a contradiction.

Let us now consider the case that there is no L-coloring of the path
P’ assigning the color ¢ to v;. Since the path P’ is induced, this is only
possible if i = 1, or if ¢ = 2 and |L(v1)| = 2. If |L(v;)| = 2, then ¢ = 1 and
(9) implies that kK = 2 and G2 is OBSTx1b. However, that is excluded by
(15). Therefore, |L(v;)| = 3. There exist two L-colorings ¢ and 15 of P’
such that 11 (v;) # 1¥2(v;), and by the minimality of G, both of them extend
to L-colorings 1 and ¢y of Gy. Furthermore, neither ¢; nor ¢y extends to
an L-coloring of GG2. The inspection of the graphs in Figure 1 shows that
this is only possible if G2 is OBSTal or OBSTxlc, or if £ = 3 and G is
OBSTa2 or OBSTx2a. The case that Gy is OBSTx2a is excluded by (15).
Let us discuss the rest of the cases separately:

e If G5 is OBSTal, then there exists a color ¢1 € L(q1) \ {¢1(g0)} such
that every coloring of @) that assigns 11 (qp) to go and ¢; to ¢; extends
to an L-coloring of G3. By (9), no neighbor of ¢; has list of size two.
Let L' be the list assignment such that L' (v;) = {¢1(v;)} for 1 < j <4,
L'(q1) = {¥1(qo),c1} and L' (z) = L(x) otherwise. Note that G is not
L’-colorable, thus it violates (Q) or (OBSTb). If (OBSTb) is violated,
i.e., G1 contains OBSTb1 or OBSTb2, then G contains a (< 3)-chord
contradicting the choice of @, thus suppose that (Q) is false. Then,
(9) implies that i = 2 and ¢; is adjacent to p;. However, then consider
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the path Q" = pop1q1g2 (or Q" = pop1q1geqs if k = 3). Similarly to
(11), we conclude that py and g2 have a common neighbor with list of
size two, and since g has degree at least three, this common neighbor
is not equal to ¢q3. However, then G contains OBSTa5.

If G5 is OBSTxlc, then by (15), go has degree two in Gs. Since neither
1 nor gy extends to an L-coloring of Ga, this implies that @ is a 3-
chord. Note that there exists an L-coloring ¢ of the path p,,v1 ... v;42
such that ¢(v;y2) & L(g3). Let L’ be the list assignment such that
L'(vj) = {p(vj)} for 1 < j < i+ 1, L'(vis2) = {o(vit1), p(vit2)}
and L'(z) = L(z) otherwise. The graph G' = G — v;12¢g3 is not
L'-colorable, thus it contains a subgraph H violating (OBSTb). By
(9), if i = 2 then G’ does not contain OBSTb1 or OBSTb2, hence
Vit1,Vit2 € V(H). By (5), we conclude that v; has degree at least
three in H, and by the choice of @, we have g3 € V(H). By (5) and
(9), we have G’ = H. If H is OBSTb3, then G is OBSTx4. Otherwise,
G contains a subgraph H' depicted in Figure 5. Observe that every
L-coloring of G — V(H') extends to an L-coloring of G, contradicting
the minimality of G.

If G5 is OBSTa2, then let w; and ws be the neighbors of v; and v;42,
respectively, that are incident with the triangle T of the configura-
tion. Since neither 7 nor g extends to an L-coloring of Ga, we
have L(w1) = L(ws). Let ¢ be a coloring of the path pp,v1 ... 042
such that ¢(v;) # ¢(vit2). Let G’ be the graph obtained from
G — (V(T)U{vi+1}) by adding the edge v;v;1+2, and L’ the list assign-
ment such that L'(v;) = {¢(v;)} for 1 < j <i+2and L'(z) = L(x)
otherwise. Note that G’ is not L’-colorable. By (5), no (< 4)-cycle
in G’ contains the edge v;v;12, thus the minimality of G implies that
G’ violates (Q) or (OBSTD). If G’ violates (Q), then g3 is adjacent
to po, and since ¢; has degree at least three, (5) applied to the cycle
PopP1 - - - 90q1g2q3 shows that ¢ = 2 and ¢; is adjacent to p;. It follows
that G contains OBSTa4. Suppose now that G’ contains a subgraph
H violating (OBSTb). Observe that v;43 belongs to H; and, the in-
spection of the graphs in Figure 2 shows that v;43 has degree two in
H. However, since @ is a 3-chord, v;+3 = g3 has degree at least three
in G, contradicting (5) or (9).

O
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Figure 5: A configuration from claim (18).
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wq Ws z1 Z9

(A4) (A5)
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w1 Ws w1 Ws

(B4)

Figure 6: Configurations from claims (19) and (21)

Let k be the index such that vi € X and vi11 € X. We now show that
G contains one of several subgraphs near to P; see Figure 6 for cases (A4)
and (A5).
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One of the following holds:

(A1) |X| =3 and vavsvy is a part of the boundary walk of a 5-face, or
(A2) a vertex of X is incident with a triangle, or

(A3) an edge of the path p,vivs ... vy is incident with a 4-face, or

(A4) |X| =3 and there exists a path wywawswaws in G— (X UV(P)) such
that wawy, vowy, v3ws, vaws € E(G), or

(A5) |L(v1)| = |L(vs)| = |L(ve)| = 2 and there exist adjacent vertices
21,22 € V(G) \ (X UV(P)) such that z1va, zov4, 2205 € E(G).

(19)

Proof. Assume for a contradiction that X satisfies none of these conditions.
Since no vertex of X is incident with a triangle, (7) implies that the subgraph
R induced by V(P) U {v1,..., v} is either a path or equal to the cycle C.
Observe that there exists an L-coloring ¥ of R such that

o if v; € X, then ¢ (v1) & L(pm), and

o if 1 ¢ X and |L(v1)| = 2, then v(vg) is different from the unique
color in L(v1) \ L(pm ), and

o if [L(vg41)] = 2, then ¢ (vx) € L(vk) \ L(vk41).-

Let G’ = G — X and let L’ be the list assignment obtained from L by
removing the colors of vertices of X from the lists of their neighbors, with
the following exception: if v; ¢ X and |L(v1)| = 2, then L'(v1) = L(v1)
(note that still, an L'-coloring of G’ corresponds to an L-coloring of G, since
1 (v2) does not belong to L(vi) \ L(pm)). By (7), no neighbor of a vertex of
X other than v; and vi41 has list of size less than three in L; furthermore,
since (A2) and (A3) are false, no vertex of G’ has two neighbors in X. It
follows that G’ satisfies (S2). By (7) and (10), no vertex of V(G) \ V(P)
has two neighbors in P, thus (Q) holds. Let us now show that (I) holds:
otherwise, there would exist adjacent vertices wy,wy € V(G’) such that
|L'(wy)] = |L'(we2)| = 2. We may assume that |L(w;)| = 3, and thus w
has a neighbor in X. If |L(ws)| = 3, then wsy has a neighbor in X as well,
and by (5), it follows that (A1), (A2) or (A3) holds. If |L(wz)| = 2 and
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wy ¢ V(C), then (18) is contradicted, unless (A2) holds. If wy € V(C),
then since (A2) is false, (18) implies that wy € {vy,vg41}. If wy = vy, then
the chord wyws contradicts (7), hence w; = vg41 and we = viy2. However,
the set X was chosen so that if |L(vg41)| = 3, then |L(vg42)| = 3, which is
a contradiction.

Suppose now that (T) is violated, that is, there exists a path wjwswswws
in G’ such that |L'(w1)| = |L'(w3)| = |L'(ws)] = 2 and wowy € E(G). If
|L(w3)| = 2, then by (T) and symmetry, we may assume that |L(wy)| = 3,
and hence w; has a neighbor € X. If wy & {v1,vk41}, then (18) implies
that a subpath of zwiwqows splits off a face F', and since |L(ws)| = 2, we
have ¢(F) < 4. However, d(F,wowsw,) < B, which is a contradiction. If
wy = v, then by (9), a subpath of wywsws splits off a triangle T' or OB-
STx1. However, then (A2) holds. It follows that w1 = vg41. If |L{ws)| = 3,
by symmetry we have ws = vgy1 = w;, which is a contradiction. There-
fore, |L(ws)| = 2 and by (9), wswaws is a subpath of C. Since the triangle
wowswy is outside of the subgraph split off by wjwows, we also conclude
that wiwows C C, thus w; = vpq; for 1 < j < 5. However, then k& < 3,
since both vg41 and vi12 have a list of size three, and |L(vi45)| = 2 and
Uk+3 18 a vertex of degree two incident with a triangle, contradicting (15).
Thus, |L(ws)] = 3 and ws has a neighbor y € X. If |L(w1)| = |L(ws)| = 3,
then each of them has a neighbor in X, and thus (A4) holds. Therefore,
assume that say |L(w1)| = 2. If ws & {v1,vg41}, then by (18) a subpath
of ywswow; splits off a face of length at most four whose distance from
wowswy is less than B, which is a contradiction. Similarly, (9) shows that
wiwews C C, hence wj = vgpq—; for 1 < j < 3. If [L(ws)| = 2, a symmet-
rical argument would show that ws = viy3 = wq, thus we have |L(ws)| =3
and ws has a neighbor in X. By the choice of X, it follows that (A5) holds.

Therefore, G’ satisfies (S1), (S2), (S3), (I), (Q) and (T), and by the
minimality of G, we conclude that G’ violates (OBSTa) or (OBSTb). Thus
G contains a near-obstruction H, and by (12), there exists a vertex v €
V(H) \ V(C) such that |L'(v)] = 2. By (13), v is not adjacent to an
endvertex of P, hence either m = 2 and H is OBSTx1, or m = 5 and H is
OBSTbl or OBSTb2, with a vertex p € {po, pm} not contained in H. Let
v be the neighbor of v in X.

Suppose first that m = 2. Let qgoq192q3 be the subpath of the outer face
of H, where qoq2 € E(G) and g3 = v. If p = pg, then H is drawn inside
the closed disk bounded by K = popivvivs—q ...v1. Then, (5) implies that
t > 3. Since at most one of vy and v has degree two, only the vertices qq,
q1 and g2 are contained in the open disk bounded by K. Since at most one
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of v; and vy has degree two, vy is adjacent to a vertex of the triangle gpq1go.
Considering the path @ = pop1vvy, as in (11) we conclude that @ splits off a
face and py and v; have a common neighbor with list of size two. However,
such a graph G is L-colorable. Hence, suppose that p = p» and observe that
t = 2 and ve has list of size three. Therefore, vy has degree at least three,
and ¢q1,¢g2,q93 € V(C) by (11). It follows that |L(g1)| = 3 and ¢; is adjacent
to a vertex x € X. Note that « and py have a common neighbor with list
of size two by (11) applied to xq1gopo. But, such a graph G is L-colorable.

Let us now consider the case that m = 5. By (14) and symmetry (we
will no longer use any properties of the set X), we may assume that p = ps
and v is adjacent to vy and ps. Let K be the cycle bounding the outer face
of Hand Q@ = K — (V(P)U{v1}) = qoq1 - . ., where qq is adjacent to py. By
(13), we have o € V(C). Let Gy = G — (V(H)\ V(Q)).

If H is OBSTbl, then note that v has degree at least three, thus by
(11) go and vy have a common neighbor with list of size two. However,
then G contains OBSTb2b. Therefore, H is isomorphic to OBSTb2. There
exists an L-coloring ¢ of H such that ¢(q1) € L(qo) \ L(po). Let L1 be
the list assignment defined by Li(x) = p(z) for z € V(Q) \ {qo}, L1(q0) =
(L(g0) \ L(po)) U {p(q1)} and Li(x) = L(x) otherwise; G; cannot be L;-
colorable. Since a path Q—qq of length 4 is precolored in G and d(Q—qo) >
d(P)—3 > r(P)—3 = r(Q—qo), the minimality of G implies that G; violates
(Q) or (OBSTDb). In the former case, as g2 cannot be a vertex of degree
two with a list of size three, (9) implies that G consists of H and a vertex
with list of size two adjacent to g2 and vs, and it is L-colorable. Similarly,
in the latter case, G; must be OBSTb2 and G is L-colorable. This is a
contradiction. |

Let H be one of the obstructions from Figure 1 or 2. A set U C V(H)
has lists determined by the rest of H if whenever L1 and Lo are two list
assignments to H such that

e the size of the list of each vertex is given by Figure 1 or 2,
o L1(x) = Lo(x) for each = ¢ U,

e vertices with list of size one give a proper coloring of the path induced
by them, and

e H is neither Li-colorable nor Ly-colorable,
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then L; = Lo. That is, the list assignment that does not extend to H is
uniquely determined once it is known on all the vertices except for those
in U. We call H k-determined if every subset U of vertices of H of size at
most k consisting only of vertices with list of size two has lists determined
by the rest of H. A straightforward case analysis shows the following.

All graphs in Figures 1 and 2 are 1-determined. All except OBSTa2, OB-
STxzlc, OBSTz2b, OBSTb1, OBSTbla, OBSTb3, OBSTb5 and OBSTbH6 are

2-determined.
(20)
Let us now further discuss the subcase (A1) of (19); see Figure 6 for
cases (B3) and (B4).

If | X| = 3 and vavsvazez1 is a 5-face, then there exists
(B1) a triangle incident with vy, v4, 21 or 2o, or
(B2) a 4-face incident with z, or z2, or

(B3) adjacent wertices wy, we € G — (X U {z1,22}) such that
w1 22, Wavs, weve € E(Q), and furthermore, |L(v7)| =2, or

(B4) a path wywawswaws in G— (X U{z1, 22}) such that wowy € E(G), and
either vown, z1ws, zows € E(G) or zyw1, zows, vaws € E(G) (possibly
with wy = vy in the former case or ws = z5 in the latter case).

(21)

Proof. Suppose that none of these conditions is satisfied. Since vy and vy
have list of size three, they must have degree at least three in G, and thus
(18) implies that 21,22 ¢ V(C), unless (B1) holds. Let ¢ be the coloring of
X, G =G — X and L’ the list assignment to G’ as chosen in the proof of
(19). Note that |L'(z1)|,|L'(22)| > 2. As in the proof of (19), we conclude
that G’ — {z1, 22} is L'-colorable.

There exist at least two L’-colorings ¢ and 5 of the path z129 such
that p1(21) # p2(21) and p1(22) # wa(z2). For i € {1,2}, let L; be the list
assignment obtained from L’ by removing the colors of 27 and 2 according
to ¢; from the lists of their neighbors. Then (18) implies that L, satisfies
(S2), and by (10), (Q) holds as well.

Let G” be the graph obtained from G’ — {z1, 22} by repeatedly removing
the vertices whose degree is less than the size of their list both in L; and
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in Ly. Note that G” is L;-colorable if and only if G is L-colorable, for
i € {1,2}. Let us argue that (I) is satisfied in G”’. Unless (B1) or (B2)
holds, (18) implies that no neighbor of z; and zy other than vy and vy
lies in C, and furthermore, there exists no path wzy, where w € {z1, 22},
x & {va,v4,21,20} and |L(y)| = 2. Thus, (I) holds unless there exists a
path wryv with w € {z1, 22}, v € {v2,v4, 21,22} and z,y € V(G) \ (V(C)U
{#z1,22}. Since (B1l) and (B2) are false, we have w = z; and v = v4 or
w = z9 and v = ve. However, then (5) implies that z1 or z3 has degree two,
which is a contradiction.

Let us now consider the condition (T) for G”. Suppose that there exists a
path wywowswsws with wewy € E(G) and |L;(wy)| = |Li(ws)| = |Li(ws)| =
2 for some i € {1,2}. If |L(ws)| = 2, then by (T) and symmetry, we may
assume that |L(w;)| = 3, and thus wy & {v1,v5} and by (18), wy &€ V(C).
Consider the (< 5)-chord @ contained in X U {z1, 22, w1, wa, w3, ws} such
that the subgraph F of G that is split off by @ contains neither P nor the
triangle wowswy. We have d(Q) > B — 3 > r(Q) in F, since the triangle
wowswy intersects ). By the minimality of G and the choice of @, we
conclude that F violates (S3), (Q) or (OBSTb) (with the list assignment
matching L on V(F)\ V(Q) and an L-coloring of the rest of the graph on
Q). If F violates (OBSTb), then by (5) and (9), F is isomorphic to one of
the graphs in Figure 2. Since |L(ws)| = 2, this is only possible if £(Q) =5
and ws € V(F)\V(Q). However, note that vs has degree two in F' and thus
it has degree one in G — X. It follows that vs ¢ V(G”), and similarly we
conclude that (V(F)\ V(Q)) NV (G”) = 0. This implies that ws & V(G"),
which is a contradiction. If F violates (S3) or (Q), then (5) and (9) imply
that @ splits off a face. In particular, we have vy € V(Q). If (S3) fails,
then we have that vs = ws and that w; is adjacent to z,. Since w; has
degree at least three, (5) implies that ws is not adjacent to wva, 21 or zo;
therefore, |L(ws)| = 2, and by (9) we have ws = vy and G satisfies (B3).
If (Q) fails, then note that vs has degree one in G — X, hence vs ¢ V(G")
and consequently, vs # ws. It follows that vs is adjacent to we, and by (T),
we have |L(ws)| = 3. However, by symmetry of the path wjwowswsws,
we conclude that vs is also adjacent to w4, which is a contradiction since
V5 F Ws3.

Suppose now that |L(ws)| = 3 and w3 has a neighbor in X U {z1, 22}.
If |L(w;)| = 3 or w; € {v1,vs} holds for each ¢ € {1,5}, then since both 21
and zo have degree at least three, (5) implies that (B4) holds. Therefore, by
symmetry we may assume that |L(w1)| = 2 and w1 & {v1,v5}. Again, we
consider the (<5)-chord @ contained in X U{z1, 22, w1, w2, w3, wys} and the
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subgraph F' of G that is split off by () containing neither P nor the triangle
wawswy. As in the previous paragraph, we conclude that F' is a face and
violates (S3) or (Q). If |L(ws)| = 2, then by symmetry we can assume that
ws € V(F), and thus ws = vs. However, in that case ws € V(G"), which
is a contradiction. Therefore, |L(ws)| = 3 and ws ¢ V(F). Since z; has
degree at least three, wy is adjacent to z; by (5). However, vs is adjacent
to we, and the path vswowswaws satisfies (B4).

It follows that G” satisfies (T). Let us now show that G” is L;-colorable
or Ls-colorable, thus obtaining an L-coloring of G and a contradiction.
Suppose first that neither z; nor z; have a neighbor in P. Then both L; and
Lo satisty (S3). We conclude that G” violates (OBSTa) or (OBSTb). Thus,
G contains a (unique) near-obstruction H. The case that |L;(v)| = |L'(v)]
for every v € V(G) is excluded similarly to (19), thus H has at least one
vertex uy such that say |L'(u1)| = 3 and |L;(u1)| = 2. Let K be the outer
face of H, and let goqy . ..q: = K — V(P), where ¢q is the neighbor of pg (or
of py, if H is OBSTb1, OBSTb2 or OBSTx1 and po & V(H)).

The vertex u; cannot be adjacent to both z; and zo, thus Lj(u1) #
Lo(uy). Since H is neither Lj-colorable nor Ls-colorable and H is 1-
determined by (20), it follows that H contains another vertex ug such that
|L'(uz)| = 3 and |L;(us2)| = 2. Suppose that u; and ug are both adjacent to
z1 or both adjacent to z2. Since (B1) and (B2) are false, the distance be-
tween u; and ug must be at least three. Furthermore, we may assume that
no other vertex between uy and ug in K — V' (P) has list of size two. This is
only possible if H is OBSTal, OBSTa5, OBSTx2a, or OBSTx3. Note that
H is not OBSTal, OBSTab or OBSTx3, since OBSTal is 2-determined and
OBSTab and OBSTx3 are 4-determined. Therefore, either H is OBSTx2a
or we may assume that u; is adjacent to z1, us is adjacent to zo, and that
Li(z) = L'(x) for i € {1,2} and € V(H) \ {u1,uz2}. In the latter case, we
conclude that H is not 2-determined. By (20), H is one of OBSTa2, OB-
STx1lc, OBSTx2b, OBSTb1, OBSTbla, OBSTb3, OBSTb5 or OBSTh6.

Let us make one more useful observation: suppose that ¢(P) = 2, qq is
adjacent to po and |L1(qo)| = 2. If |L'(qo)| = 3, then consider the subgraph
G4 of G that is split off by the path @ = pogozv, where z € {21, 22} and
v € {v2,v4}. By the minimality of G, there exists an L-coloring of this path
that does not extend to Gs. Since H contains a triangle whose distance to
Q is at most 3, we conclude that Gy violates (Q), and thus vy is adjacent
to po. However, then £(C) < 8, contradicting (8). Therefore, |L'(qo)| = 2,
and by (18), if (B1) and (B2) are false, then |L(go)| = 2. Since uy and us
exist, in this situation H has at least three vertices with list of size two.
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This implies that H is neither OBSTa2 not OBSTxl1c. It also implies that
H is not OBSTx2a, since OBSTx2a is 2-determined.
Let us consider other obstructions separately:

e H is OBSTx2b: If py has degree two in H, then by the observation we
have |L(go)| = 2, and thus H is a tame near-obstruction, contradicting
(12). Thus, po has degree three in H. Furthermore, (12) implies that
g5 ¢ V(C), and thus g5 is adjacent to z; and g3 is adjacent to zo. If
|L(g1)| = 2, then by (11) applied to (a subpath of) v422¢3g2q1, v5 is
adjacent to g (possibly vs = z1). However, by (5) and (9) G does
not contain any other vertices, and such a graph is L-colorable. Thus,
|L(q1)| = 3 and ¢ is adjacent to vs. By (11) for pogoqiva, we conclude
that vs is adjacent to po, contradicting (8).

e H is OBSTbl or OBSTbla: If py € V(H), then by (11) for the
path vgzouspg, we have that vs is adjacent to pyo. However, then
G contains no other vertices and is L-colorable. Thus, pg & V(H)
and H is OBSTb1. In this case, we similarly conclude that the path
pop1u2zovy splits off a face, OBSTb1l or OBSTb2. In all these cases,
G is L-colorable.

e H is OBSTbS: This is excluded by (10).

e H is OBSTb5: Suppose that us = qo. Then u; = ¢ and g4 = vy,
and by (11) applied to vs2z2qopo, we conclude that vy is adjacent to
po. However, such a graph is L-colorable. So, us = g2 and u; = ¢4. If
|L(q0)| = 3, then go would be adjacent to vy, contradicting (18). Thus,
|L(qo)| = 2. Consider the path goq1g2zovs. By (11), vs is adjacent to
q1 (possibly vs = qo). However, then G is L-colorable.

e H is OBSTb6: Let us note that only one two-element subset of vertices
of H with list of size two does not have lists determined by the rest
of H—the one consisting of the two rightmost square vertices in the
depiction of OBSTb6 in Figure 2). So, we may assume that ps has
degree 4 in H, us = g4 and u; = gg, and |L(qo)| = 2. If vy4 is adjacent
to ¢o, then considering the subgraph split off by the path qoq1g2v4,
we conclude that vs = g2 and |L(g2)| = 2. If vy is not adjacent to qa,
then |L(g2)| = 2 as well. By (11) applied to g2g3qazav4, we have that
v is adjacent to ¢s. And again, we conclude that G is L-colorable.

Let us now consider the case that z; or 25 is adjacent to a vertex of P.
By (18), this vertex must be an internal vertex of P. If exactly one of z;
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and zo has a neighbor in P, then by (10) at least one of Ly and Lo, say L1,
satisfies (S3). It follows that G” with the list assignment L; must violate
(OBSTa) or (OBSTD), and contains a near-obstruction H. However, since
one of z; and 2 has an internal vertex p € P as a neighbor, p is a cut-vertex
in G”, thus this is only possible if p € {p1, pm—1} and either {(P) = 2 and
H is OBSTx1, or ¢(P) = 5 and H is OBSTbl or OBSTb2. Suppose that
there exists a vertex v € V(H) adjacent to p such that |L;(v)| = 2. By (7),
v is adjacent to vg, v4, 21 Or 2zo. Since z; or zo is adjacent to p and neither
z1 nor zo is incident with a (<4)-cycle, (5) implies that z; or z2 has degree
two. This is a contradiction. It follows that no vertex with list of size two
is adjacent to p, hence £(P) = 2. By (12), the two vertices of H with list
of size two are adjacent to zo and vy, respectively. However, then pg and vy
are joined by a 2-chord contradicting (18).

Finally, suppose that both z; and 22 have a neighbor in P. Since neither
(B1) nor (B2) holds, the neighbors of z; and 2z are internal vertices of P
by (18), and ¢(P) > 4. Let p; be the neighbor of z; and p; the neighbor
of z9. Suppose that ¢ < m —1 or j < m —3. By (5), P contains two
adjacent vertices of degree two that are not contained in any (<5)-cycle. In
that case, contract these two vertices into one (and change its color so that
it is consistent with the colors of its neighbors). The resulting graph is a
smaller counterexample to Theorem 2, which is a contradiction. Therefore,
i=m—1and j =m —3. Let Q = pop1 ...DPm—32204, and let ¢ be an L-
coloring of the subgraph of G induced by V(P)U X U{v1, 21, 22} that exists
by the minimality of G. Let G5 = G — (V(P)\ V(Q)) — {v1,v2,v3, 21 }. Let
L3 be the list coloring such that Lz(x) = ¢(z) for € V(Q) and Lz(z) =
L(z) otherwise. The graph Gj3 is not Ls-colorable, thus it violates (Q) or
contains OBSTbl or OBSTb2. If G5 violates (Q), then (18) implies that
vs is adjacent to pg and G contains OBSTb2 or OBSTb2a. If G5 contains
OBSTbl, then G contains OBSTb6. Otherwise, G is L-colorable. O

Let T be the 4-cycle in distance at most one or a triangle in distance
at most two from X, which exists by (19) and (21). Since d(P,T) < 4, we
have ¢(P) = 2.

Suppose that (A3) happens, i.e., T is a 4-cycle sharing an edge with the
path povy ... vg. Let v;v;41 be such an edge with ¢ minimal and let ¢ be
an L-coloring of the path psvy...v;. Let G’ be the graph obtained from
G —v;v;41 by adding a vertex v adjacent to v; and v; 1. Let ¢ be a color that
does not appear in the lists of v; and v; 1. Let L’ be a list assignment such
that L'(z) = {¢(x)} for z € {v1,...,v;}, L'(v) = {c} if |L(viy1)| = 2 and
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L/(0) = L), e} i |L(visn)| = 3, L'(vi11) = (Lvisn) \ {p(0)}) U{c} and
L'(xz) = L(z) for other vertices z € V(G’). Note that G’ is not L’-colorable.
Furthermore, by the choice of X, if k& = 4 then |L(v;)| = 4, hence a path
R of length at most 5 is precolored in P. Furthermore, since T contains
the edge v;viy1, we have d(R) > B —5 > r(R). By (7) and (18), R is an
induced path and no vertex with list of size two other than vy, v;41 and v is
adjacent to it, and since £(C) > 9, it follows that (S3) and (Q) are satisfied.
Since T is a 4-cycle, v cannot be in distance at most one from a triangle in
G’, thus (T) holds as well. By the minimality of G, we conclude that G’
violates (OBSTD); let H be the minimal non-L’-colorable subgraph of G'.
We have ¢(R) > 4, and consequently, ¢ > 1. If i = 1, then we also have
|L'(v)] =1, |L(v2)| = 2 and |L(v1)| = 3; let w = vy. If i > 2, then choose
w € {v1, v} such that |L(w)| = 3. Such a vertex w has degree at least three
in G, and thus it has degree at least three in H (even if w is an endvertex
of the precolored path of H, since then w has a neighbor x with list of size
two in H, and the edge wx belongs to C' by (18)). There exist L-colorings
1 and 9 of the path pov; ... v; such that @1 (w) # wa2(w); let L] and L be
the corresponding list assignments to G’. Since G’ is neither L}-colorable
nor Li-colorable, the inspection of the graphs in Figure 2 shows that H
is OBSTbl, OBSTbla, OBSTblb, OBSTb3 or OBSTb5. Since the edge
v;—1v; is not incident with 7', the vertex v; has degree at least three in G,
and hence also in H; therefore, H is OBSTb3 and |L'(v)| = 1. However,
(5) and (9) imply that V(G) = V(H) \ {v}, contradicting (8). We conclude
that (A3) is false.

Now, suppose that (B2) happens. If vy € V(T), then let Y = {vs,v4}.
If vy € V(T) and 22 € V(T), then let Y = {vs, v4, 22}; otherwise let Y =
{vs3,v4, 29, 21}. Note that if z; € Y, then 25 is not incident with a 4-cycle,
and since (A3) is false, at most one of z; and zo has a neighbor in P.
Thus, there exists an L-coloring ¥ of the subgraph Gy of G induced by
Y UV(P) U{z1,v1,v2} such that ¢¥(vq4) € L(vs). Let G = G —Y and
let L' be the list assignment such that L'(z) = {¢(x)} for x € {v1,v2},
L'(z) = L(x) \ {¢(y)} if © € V(G’) \ {v1,v2} has a neighbor y € Y, and
L'(z) = L(x) otherwise. The graph G’ is not L’-colorable. Since zo has
degree at least three, (5) and (18) together with the choice of Y imply that
G’ satisfies (I) and (S2). Obviously, (T) is satisfied as well. Suppose that
a vertex v with |L/(v)] = 2 has two neighbors in pop1pavive. By (7), we
have |L(v)| = 3, hence v is adjacent to a vertex in Y. Suppose that v # z;.
Since (A3) is false, v is not adjacent to z1; but then (5) implies that z;
has degree two, which is a contradiction. Therefore, v = 21, and since
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assigns a color to z1, G’ satisfies (Q). Hence, G’ violates (OBSTDb); let H
be the subgraph of G’ isomorphic to OBSTb1 or OBSTb2. Note that vs is
adjacent to a vertex x such that |L'(x)| = 2. Since z; has degree at least
three, (5) implies that @ = z;1, and thus Y = {v3, v4, 22}. Furthermore, note
that neither z; nor z; has a neighbor in P, thus there exists an L-coloring
¥’ of the subgraph of Gy such that ¢'(y) = ¥(y) for y € {v1,ve,vs3,v4} and
' (22) # ¥ (22). Since both OBSTb1 and OBSTb2 are 1-determined, zo has
a neighbor in H different from z;. Furthermore, H is not OBSTb2, since
OBSTb2 is 2-determined and zo cannot have more than two neighbors in
H whose list according to L’ has size two. However, if H is OBSTb1, then
po and vy are joined by a 3-chord, and by (11), vs is a common neighbor of
po and vy. This contradicts (8).

Therefore, neither (A3) nor (B2) holds and T is a triangle. Let us
consider the case that (B4) is true.

o Suppose first that vowq, z1ws, zows € E(G). Note that v; may be equal
to wy. Let S = L(v2)\ (L(v1)\ L(p2)). If S € L(z1), then let L’ be the
list assignment such that L'(v1) = L(v1) \ L(p2), L'(v2) = S\ L(#)
and L'(x) = L(x) otherwise. Observe that the graph G — {z1, w3} is
not L’-colorable and that it satisfies the assumptions of Theorem 2
(it satisfies (OBSTb), since vg is the only neighbor of vy with list of
size two and v1v2v3 cannot be a subpath of a 5-cycle), contradicting
the minimality of G. Thus, S C L(z). If S # L(v3), then choose a
color ¢ € S\ L(vs); let L’ be the list assignment obtained from L by
removing c¢ from the lists of neighbors of vy other than v;. Note that
G — vg is not L’-colorable, and as in (19), we conclude that G — v,
is a smaller counterexample to Theorem 2, which is a contradiction.
Similarly, we exclude the case that a color ¢/ € L(v4) \ L(vs) does
not belong either to S or to L(z2). Therefore, there exists a color
¢ € SN L(z2). By (5) and (18), 29 is not adjacent to a vertex of P.

Suppose that w; and ws do not have a common neighbor. Let G’
be the graph obtained from G — {ws, 21, vs} by identifying vy with 2z
to a new vertex v. Let L’ be the list assignment such that L'(vy) =
L(v1)\ L(p2), L'(v) = {c'}, L' (v4) = {"} for a color ¢ € L(vy) \ {c'}
such that L(vs) # {¢,¢’} and L'(z) = L(z) otherwise. Note that
t(G") > B, since both vs and zy are in distance at least B — 2 in G
from any (<4)-cycle different from T'. Since wy and ws do not have
a common neighbor, (5) implies that v is not contained in any (<4)-
cycle in G'. Since G’ is not L’-colorable, we conclude that it violates
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Figure 7: Configuration in case that (B4) holds.

(OBSTb). Let H be the subgraph of G’ isomorphic to one of the
graphs in Figure 2. By (7), p1 is not adjacent to a vertex with list of
size two, hence v4 belongs to H. Note that v has degree at least three
in H, as otherwise G contains a cycle K of length at most 7 such that
v1v2v3v4 C K and the open disk bounded by K contains z7, 2o and
ws, contradicting (5). The inspection of the graphs in Figure 2 shows
that v has degree exactly three and that both internal faces incident
with v in H have length five. Similarly, (5) implies that vws € E(H)
and w; = v1. But then vyvwswyws is the only 5-cycle in G’ containing
the edge vyv, thus viwy € E(H) and vy has degree at least three in
H. This is only possible if H is OBSTb4. However, then H is the
graph in Figure 7(a), which is L-colorable.

So, suppose that w; and ws have a common neighbor w, and thus
by (5), wz and w4 have degree three. By (18), |L(w)| = 3. Let ¢
be an L-coloring of pavivavsvaze such that ¥(vs) = /. Let d be a
color in L(z1) \ {#(v2),¥(22)}. Note that zo has no neighbor in P by
(5). If wy # v1, then let d’ be a color in L(wy) \ {¢(v2)} such that
L(ws2) \ {d'} = L(ws) \ {d}, if such a color exists, and an arbitrary
color in L(wj) otherwise. Among the possible choices of ¢, d and d’,
we choose them so that the following additional conditions hold:

— If wy is adjacent to p1, then L(wy) # L(p2) U {¢(v2),d'}.

— If wy = vy, then either ¥(v1) € L(wz) or L(ws) \ {¢(v1)} #
L(ws) \ {d}.
— If wy # vy, wy is not adjacent to p; and p; has a neighbor

z ¢ V(C), then L(z) \ L(p1) # L(ws) \ {¢(22)}-

Let G' = G — {wa, w3, w4, 21, 22, V3, 04}, with the list assignment L’
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such that L'(z) = {¢(x)} for & € {vi,v2}, L'(w1) = L(wy) \ {d'} if
wy # v, L'(x) = L(x) \ {(y)} for every vertex x with a neighbor
y € {v4,22} and L'(z) = L(x) otherwise. The graph G’ is not L'-
colorable. If w; had a common neighbor with vy or 22, then (5) would
imply that w has degree two; hence (18) implies that G’ satisfies (I). If
G’ violated (Q), then (5) and (18) would imply that w; is adjacent to
p1. But, in that case the choice of ¢, d and d’ ensures that (Q) holds.
Hence, G’ violates (OBSTb) and contains a subgraph H isomorphic to
OBSTbl or OBSTh2. Then vs is adjacent to a vertex with list of size
two, and by (5), this vertex is wq; hence, we have w; # v;. Note that
there exists a path wyay in H such that y has list of size two. By (18),
we have |L(y)| = 3, hence y is adjacent to z3 or v4. Since w has degree
at least three, (5) implies ¢ = w and y = ws. If H were OBSTb1,
then ws would be adjacent to pg, and by (11) applied to vaz2wspg, we
would have that vs is adjacent to pg, contradicting (8). It follows that
H is OBSTb2. Note that w; is not adjacent to p;, thus the unique
neighbor z of p; in V(H) \ V(C) satisfies L'(z) \ L(p1) # L'(ws).
However, then H is L’-colorable, contradicting the assumption that
(OBSTb) does not hold.

Nezxt, consider the case that zyws, zews, vaws € E(G). Note that ws
may be equal to vs. Similarly to the previous case, we conclude that
L(va) \ (L(v1) \ L(p2)) = L(vs) C L(vy), that each color ¢ € L(vq) \
L(vs) belongs to both L(vs) and L(z2) and that L(z1) = L(z2)—
otherwise, we can color a subset Y of X U {22}, remove the colors of
the vertices of Y from the lists of their neighbors, and obtain a smaller
counterexample to Theorem 2.

If L(z2) # L(vy), then let ¢ be an L-coloring of povivavsvs such that
¥(vy) € L(z2). Let G’ be the graph obtained from G — {vs, 22, w3}
by adding the edge v2v4. Let ¢ be a color that does not appear in
any of the lists and L’ the list assignment such that L'(z) = {¢(z)}
for x € {v1,v2}, L'(va) = {c}, L'(z) = (L(x) \ {¢(va)}) U {c} for all
other vertices x adjacent to vy, and L'(x) = L(x) otherwise. Note
that G’ is not L’-colorable. Also, by (5), the edge vavy4 is not incident
with a (< 4)-cycle, and thus ¢(G') > B. Furthermore, the distance
from ve to T in G is three, thus r(pop1pavivavs) > B — 7 > r(5).
Since vy is not incident with a vertex with list of size two and every
cycle containing the edge vovs has length at least seven, G’ satisfies
(OBSTD) and contradicts the minimality of G.
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Therefore, L(z2) = L(vs). If p; is adjacent to zj, then let G' = G —
{p2, v1, V2, V3,04, 22, w3 }. Let ¢ be an L-coloring of the subgraph of G
induced by {p1, p2, v1, V2, V3, V4, 21, 22, W1, w2 } such that Y(vy) € L(vs)
and ¥(wz) & L(ws) \ {¢)(22)}. Let L’ be the list assignment such that
L'(z) = {¢(x)} for € {z1,w1,wa}, L'(x) = L(z) \ {¢(va)} if z is a
neighbor of vy and L'(z) = L(z) otherwise. By (5), neither wy nor
wg has a common neighbor with vy (since if ws # vs, then ws has
degree at least three). By (18), w; has no neighbor with list of size
two in G, and since w; has degree at least three, (5) implies that G’
satisfies (Q). Since G’ is not L-colorable, by the minimality of G we
conclude that G’ violates (OBSTDb). Because w; has degree at least
three, (5) implies that G’ contains OBSTb2. Let y be the neighbor of
ws with list of size two and consider the path Q = vjwswaway. If Q is
not a subpath of C, then v4 and ws have a common neighbor by (11),
implying that wy has degree two, which is a contradiction. Therefore,
ws = vy and @ C C. However, then there exists an L-coloring ¢’ of
the subgraph of GG split off by the 3-chord p;z;wiws that differs from
1) exactly in the colors of w; and ws, and at least one of ¢ and )’
extends to an L-coloring of G. This is a contradiction.

It follows that p1z1 ¢ E(G). Suppose now that w; and ws do not
have a common neighbor. Then, let G’ be the graph obtained from
G—{vs3, 22, w3} by identifying z; with v4 to a new vertex v, with the list
assignment L’ such that L'(v) = L(vg) \ L(vs), L'(v1) = L(v1) \ L(p2),
L'(ve) C L(vg) \ L'(v1) has size one and L'(xz) = L(x) otherwise.
Observe that G’ satisfies t(G') > B and that it is not L’-colorable.
Also, since p; is not adjacent to z7, (18) implies that G’ satisfies (S3).
No vertex with list of size two is adjacent to p; or vy and the only
vertex with list of size two adjacent to v is vs, thus G’ satisfies (Q).
We conclude that G’ violates (OBSTb); let H be the subgraph of
G’ isomorphic to one of the graphs drawn in Figure 2. By (18), v9
has degree two in H. If v had degree two, then vyvavsvy would be
a subpath of a cycle K of length at most seven in G, such that the
open disk bounded by K contains z;, zo and ws. This contradicts
(5), hence v has degree three in H and H is OBSTb4. Let x be the
common neighbor of ps and v in H. By (18), z is adjacent to z; in G.
In H, there exists a path zyzvs, and by (5) we have z = w1, y = wa,
z = wy and vs = ws. Then G is the graph depicted in Figure 7(b),
which is L-colorable.
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Therefore, wy and ws have a common neighbor w. By (18), |L(w)| = 3,
and by (5), we and w4 have degree three. Suppose now that wy has no
neighbor in P. Then there exists an L-coloring 1 of the subgraph Gy of
G induced by V(P)U{vy,ve, v3, V4, 21, 22, w1 } such that ¢ (vy) & L(vs)
and cither (wi) & L(ws) or L(ws) \ {(w1)} # Liws) \ {9(25)}.
Let G' = G — {v3,v4, 22, wa, w3, ws } with the list assignment L’ such
that L'(z) = {¢(2)} for @ € {vi,v2, 21}, L'(w1) = {¥(21),¢(w1)},
L'(z) = L(x) \ {¢(vq4)} if = is a neighbor of vy and L'(z) = L(z)
otherwise. Note that G’ is not L’-colorable. By (5) and (18), G’
satisfies (I), and since p; is not adjacent to z;, G’ satisfies (S3). Since
wi has no neighbor in P and vy has no neighbor with list of size
two, G’ also satisfies (Q). We conclude that (OBSTb) is violated and
that G’ contains one of the graphs depicted in Figure 2; let H be
such a subgraph. The inspection of such graphs shows that if vo
has degree three in H, then it is incident with a path vexyz with
|L'(z)] = 2, where z # w;. By (5), z is not a neighbor of vy, hence
|L(z)| = 2. However, that contradicts (18). Therefore, vo has degree
two in H. Similarly, we conclude that v; has degree two in H, thus
H is OBSTbla, OBSTblb or OBSTbh4. Note that there exists an
L-coloring 1’ of Gy such that v’ matches 1) on v1, ve, v3 and vy,
cither /(wy) & L(ws) or L{ws) \ {1/ (w1)} # L(ws) \ {#/(2)}, and
Y'(21) # ¥(22) (¢ may or may not differ from % on w;). Note that
1’ does not extend to a coloring of H; that is only possible if H is
OBSTbla and ¢ (w;1) = 9’ (wy). But then there exists a path vaz12ypo
with |L'(y)| = 2. By (18), we have |L(y)| = 3, thus y is adjacent to
v4. However, then viypg is a 2-chord contradicting (18).

Finally, consider the case that w; has a neighbor p; € V(P). By (5),
z1 has degree three. Observe that there exist colors ¢; € L(w)\ L(p;)
and ¢a € L(v2)\ (L(v1)\ L(p2)) such that ¢y = ¢y or ¢1 & L(21) or ca &
L(z). Let G’ be the graph  obtained from
G — {pit1,.--,D2,01, 21, 22, Wa, w3, ws } by identifying wy with vy to
a new vertex v. By (5), v is not incident with a (< 4)-cycle, thus
t(G") > Band d(pg ...p;v) > B—4 > r(3). Let ¢ be a new color that
does not appear in any of the lists and L’ the list assignment such that
L'(v) = {e}, L'(15) = (L{vs) \ {2 U e}, L' (&) = (L(2)\ {ex}) U{e}
if x is a neighbor of w; and L'(xz) = L(z) otherwise. Observe that G’
is a counterexample to Theorem 2 smaller than G, which is a contra-
diction.
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Therefore, (B4) is false.

Suppose that (A4) holds. Note that wy # v1 and ws # vs, since vy and
vy have list of size three. Suppose first that there exists an L-coloring v of
the subgraph induced by V(P) U {vy, va, v3,v4, w1, w2} such that ¢(vy) &
L(vs) and |L(ws) \ {¢(vs),¥(w2)}| > 2. Then, let G = G — {vs,v4, w3}
with the list assignment L’ such that L'(z) = {¢(x)} for z € {v1,va, w1},
L'(ws) = {(wy1),¥(ws)}, L'(x) = L(z) \ {t(vs)} if  is a neighbor of vy
and L'(z) = L(x) otherwise. Note that G’ is not L-colorable, and the choice
of ¢ ensures that (S3) holds. By (5), no neighbor of ws is adjacent to vy, as
otherwise ws would have degree two; thus, (18) implies that (I) holds. As w;
has degree at least three, (5) implies that ws is not adjacent to a vertex of P
and (Q) holds. Therefore, G’ violates (OBSTDb) and contains a subgraph H
isomorphic to one of the graphs drawn in Figure 2. No neighbor of vs has list
of size two, thus w; belongs to H. If v; or vy had degree greater than two in
H, then G would contain a (< 3)-chord contradicting (9) or (18); hence, H
is OBSTbla, OBSTb1lb or OBSThb4. Since w; has degree at least three, H
is not OBSTbla. If H were OBSTb1b, then G would contain a (<3)-chord
starting in vy contradicting (18). Finally, if H is OBSTb4, then let wayz
be the path in the boundary of the outer face of H with |L'(z)| = 2. If 2
is a neighbor of vy, then by (5) we have y = wy and z = ws; however, then
there exists a path v4wsy’z’ in the boundary of the outer face of H with
|L(z")| = 2, contradicting (18). Otherwise, we have |L(z)| = 2. Consider
the subgraph split off by vswswswayz. Since both vs and z have list of size
two and ws and y have no common neighbor, this subgraph satisfies the
assumptions of Theorem 2, contradicting the minimality of G.

Suppose now that such a coloring ¢ does not exist. (5) and (18) show
that can only happen if w; is adjacent to p;. Since ws has degree at least
three, (11) implies that wy has no neighbor in P. Let ¢’ be an L-coloring
of the subgraph induced by V(P) U {v1,v2,v3, v4, w1, wa, w3, wy} such that
V'(vg) & L(vs), G' = G — {p2,v1,v2,v3, w3}, L'(x) = {¢'(x)} for z €
{wi,we,wa}, L'(x) = L(x) \ {¢¥'(vq)} if  is a neighbor of vy and L'(x) =
L(z) otherwise. By (5) and (18), ws is not adjacent to any vertex with list of
size two and ws is the only neighbor of w4 with list of size two. Furthermore,
ws is not adjacent to po by (18), and it is not adjacent to py, since (similarly
to (11)) we would have that the path popiwsvy splits off a 5-face, implying
that vs is adjacent to pg and contradicting (8). It follows that G’ satisfies
(Q). Furthermore, G’ satisfies (OBSTb), since by (18) it does not contain a
path vqwszy with |L(y)| = 2. Therefore, G’ a counterexample to Theorem 2
smaller than G, which is a contradiction. Therefore, (A4) is false.
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Suppose now that (B3) holds. Let ¢ be an L-coloring of the subgraph
Go of G induced by V(P) U {v1,va,...,ve, w2} such that ¢(vg) & L(vr)
(w2 has no neighbor in P by (5), thus such a coloring exists). Let L’ be
the list assignment such that L'(z) = {¢(x)} for € {v1,va,v3}, L'(v4) =
{(vs3),¥(v4)}, L'(x) = L(z) \ {¢(y)} if = has a neighbor y € {wq,vs}
and L'(x) = L(z) otherwise. The graph G’ = G — {vs,vs, w2} is not L'-
colorable, and by (5) and (9), it satisfies (I) and (Q). Furthermore, note
that there exists another L-coloring ¢’ of Go such that ¢'(ve) = t(vs),
P (we) = P(wa), ¥ (ve) # ¥(vg) and ¢’ (v2) # ¥(v2), thus we can choose
so that (OBSTb) holds, unless G’ contains OBSTb3. By (5) and (18), we
then have that z; is adjacent to p; and w; is adjacent to pg, and by (11)
applied to vgwowipg, v is adjacent to py. Nevertheless, such a graph is
L-colorable. Therefore, G’ contradicts the minimality of G. It follows that
(B3) is false as well, hence

G satisfies (A2), (A5) or (B1).
(22)
Suppose that there exists a vertex t € V(T) N (V(P) U {v1}). Let G’
be the graph obtained from G by splitting ¢ to two vertices ¢’ and " and
adding a new vertex v adjacent to ¢’ and t”, so that T' becomes a 5-face. Let
1 be an L-coloring of the subgraph of G induced by V(P) U {t}, ¢ a color
that does not appear in any of the lists, and let L’ be the list assignment
such that L'(¢') = L'(t") = {¢(¢)}, L(v) = {c¢} and L'(z) = L(x) otherwise.
Note that G’ is not L’-colorable, thus it must violate (OBSTb); let H be
the subgraph of G’ isomorphic to one of the graphs in Figure 2. In H, v has
degree two and is incident with a 5-face. If t € V(P), then H is OBSTb1 or
OBSTb2; but then G contains OBSTx1c or OBSTa6. Therefore, t = vy. If
H is OBSTbl, then G contains OBSTx1; if H is OBSTbla, then G contains
OBSTxla; if H is OBSTblb, then G contains OBSTx1b; if H is OBSTb2b,
then G contains OBSTx4; and if H is OBSTb5, then G contains OBSTx2b.
It follows that H is OBSTb4 or OBSTh6. By (5) and (9), we conclude that
G is equal to the graph obtained from H by removing v and identifying ¢’
with ¢”. However, then G is L-colorable. Therefore,

V(T)Nn (V(P)U{vi}) =0.
(23)
Let X’ be the subset of {vs,vs-1,vs5—2,vs_3} defined symmetrically to
X on the other side of P. By symmetry and the assumption that ¢(G) > B,
we conclude that T is also incident with a vertex of X’ (the case (A2)) or
one of the vertices z] or z4 incident with the 5-face vs_1vs_2vs_32521 (the
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cases (B1) and (A5)). Let b be the first vertex in the sequence va, vs, 21,
29 and vy that is incident with T, and let b’ be the first such vertex among
Vs—1, Us—2, 21, 25 and vs_3. Note that either b = b’ or b and b’ are adjacent.

Suppose now that V(T) C V(C). In this case (A5) does not hold.
By (15), we have b € {vs,vs} and b’ € {vs_2,vs_3}. If b = vs_3, then
vs—3 € X’ and by the choice of X', we have |L(vs—_2)| = 2. This contradicts
(15). Thus b’ = vs_g and symmetrically, b = vs. By (15), we have |L(ve)| =
|L(vs—1)| = 3, and by (16), |L(v1)] = 2. However, then X = {v;} and
b ¢ X, which is a contradiction. It follows that

T shares at most two vertices with C.
(24)

Suppose that vs_3 € X' N V(T) and vs_o &€ V(T'). The choice of X’
implies that |L(vs—3)| = 3 and |L(vs—2)| = |L(vs—4)| = 2. If {va,v3,04} N
V(T) =0, then b € {21, 22}; let v € {va2,v4} be the neighbor of b. By (18)
applied to vbvs_3, we conclude that T" = vbvs_3, contrary to the assumption
that v € V(T). It follows that a vertex of {va, v3, v4}NV(T') is equal to either
Vs—3 OF Vs_gq. By (8), we have 6 < s < 8. If s = 8, then vy = vs_4, which
is only possible if both X and X’ satisfy (A5). Let 212225 be the path such
that T' = zov4v5, 21 is adjacent to vy and z3 is adjacent to v7. Let ¢ be an
L-coloring of the subgraph of G induced by V (P)U{v1, v, v3, vg, v7, v} such
that ¥ (v3) & L(vs) or 1(vs) & L(vs) or L(va) \ {h(vs)} # L(vs) \ {¥(ve)}-
Let G' = G — {v3, v4,v5,v6} with the list assignment L’ such that L'(z) =
{¥(2)} for x € {vi,vs}, L'(v2) = {P(v1), ¥ (v2)}, L'(vr) = {h(vr), ¥ (vs)}
and L'(z) = L(x) otherwise. Note that G’ is not L’-colorable, and since v,
and v7 are the only vertices with list of size two, it is easy to see that it
satisfies the assumptions of Theorem 2. This contradicts the minimality of
G.

Therefore, s < 7. By (7) and (24), C has no chords. If t € V(T) \ V(C)
has a neighbor v € V(C), then vt is an edge of T, as otherwise (5) would
imply that vs_1 or vs_5 (which have lists of size three) has degree two.
Note that there exists at most one vertex with two neighbors in the path
pop1p2v1v2 and another neighbor in T'. If such a vertex v exists, then vs_4
has degree two by (5), hence V(T) N V(C) = {vs—3}. Therefore, there
exists an L-coloring ¢ of the subgraph of G induced by V(P) U V(T) U
{v1,v2,...,vs5_4,v} such that ¢ (vs_3) & L(vs—2). Let G' = G—V(T) and let
L’ be the list assignment given by L'(z) = {¢(x)} for € {v1,v2,...,v5_5},
L(05-1) = {(0s5), ¥(s_1)}, I'(2) = L@) \ {:(y)} if 2 has a neighbor
y € V(T),and L'(z) = L(x) otherwise. Note that G’ is not L’-colorable, and
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by (5) and (18), it satisfies (I). The choice of ¢ ensures that (Q) holds as well.
Thus, G’ must violate (OBSTb), and in particular s = 7 and vs & V(T).
Let H be the subgraph of G’ isomorphic to OBSTb1 or OBSTb2. By (5),
vs is the only vertex with list of size two adjacent to pg, thus vs € V(H).
Let vszy be the path in the outer face of H such that |L'(y)| = 2. By
(5), we have © = vs_1 and y = vs—o. hence H is OBSTb2. But then
there exists a path of length three joining vy with vs_o and contradicting
(18). Therefore, if vs_5 € X' NV(T), then vs_2 € V(T'), and in particular,
b # vs_3. Symmetrically,

ifva € X NV(T), then vy € V(T),

(25)

and b # vy.
Ifb & {21,22} and b & {21, 25}, then since £(C) > 8, we have b = v3
and ¥ = vs_9 = vy. By symmetry, we may assume that |L(v4)| = 3,

and since vg € X', the choice of X’ implies that |L(vs)| = 2, |L(vg)| = 3
and |L(v3)| = 2. Consequently, |L(v2)] = 3 and |L(vy)| = 2. Let ¢ be
a coloring of the subgraph of G induced by V(P) U V(T) U {v1,v2} such
that 9 (v4) € L(vs); note that (5) implies that the vertex of V(T') \ V(C)
is not adjacent to a vertex of P, ensuring that such a coloring exists. Let
G' = G—V(T) and let L’ be the list assignment such that L'(v1) = {¢(v1)},
L' (v2) = {¢(v1),¥(v2)}, L' (2) = L(x)\{(y)} if # has a neighbor y € V(T),
and L'(x) = L(x) otherwise. The graph G’ is not L’-colorable, and by (5)
and (18), it satisfies (I) and (Q). This contradicts the minimality of G.
Thus, we may assume that say b € {21, 22}

If b = 21, then (18) implies that b # b’ and V' € {z1,25}. Let V(T) =
{b,V/,t}, let v' € {vs_1,vs_3} be the neighbor of ' and let G5 be the
subgraph split off by vaz1b'v'. If T ¢ Go, then (11) implies that ve and v’
have a common neighbor with list of size two, hence v = vy = v5_3 and
b = zj. By (5), we have z}, = z3. Note that ¢ # 21, since b’ # z{. If ¢ has
a neighbor in P, then since z] has degree at least three, (5) implies that
tpo, z1p1 € E(G). However, such a graph is L-colorable. It follows that ¢ has
no neighbor in P. Similarly, z; and 29 have no neighbors in C other than vy
and vs and no neighbor of v7 is adjacent to a vertex of T. There exists an
L-coloring of the subgraph of G induced by V(P)UV(T) U {vy1,v2,v3} such
that [L(vs) \ {¥(vs3),¥(22)} > 2. Let G' = G — (V(T) U {vs,v4,v5}) with
the list assignment L’ such that L'(v1) = {¢(v1)}, L' (v2) = {¢(v1), ¥ (v2)},
L'(z) = L(x) \ {¢(y)} if z has a neighbor y € V(T), and L'(z) = L(x)
otherwise. Observe that G’ satisfies the assumptions of Theorem 2 and is
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not L’-colorable, contradicting the minimality of G.

Let us now consider the case that 7' C (2. Since t has degree at least
three, we conclude that the subgraph of G split off by the path voz1tb'v’ is
OBSTbl, ¢t = 29 and either 25 = 20, )’ = 2] and s =7, 0r b’ = 25 and s = 9.
Suppose that b or b’ has a neighbor in P. If s = 7, then the resulting graph
would be L-colorable. If s = 9, then (5) implies that 2] has degree two.
This is a contradiction, hence neither b nor &’ has a neighbor in P. Let ¢ be
an L-coloring of the subgraph of G induced by V(P) U V(T) U {v1,v2,v3}
such that |L(vq)\{t(vs3),9¥(t)}| > 2. Let G’ = G—{vs,v4,v5,t} if s =7 and
G' = G — {v3,v4,v5,v6,v7,t} if s =7, with the list assignment L’ such that
L(2) = {(@)} if 7 € (o, 02, 21}, L'(V) = {(¥), $(z1)} and L'(z) = L(z)
otherwise. Note that G’ is not L’-colorable, thus it violates (OBSTb). Since
b" and v, are the only vertices with list of size two, G’ contains OBSTbla,
OBSTblb or OBSTb3 as a subgraph; and if s = 9, (5) implies that z]
belongs to this subgraph. However, in all the cases the resulting graph is
L-colorable, which is a contradiction.

Therefore, we have b = z. Suppose that ' € V(C). If b’ = vy, then (25)
implies that v4 € X, thus (A5) holds and vs € V(T'). This is a contradiction,
as we would choose b = vz. Therefore, b’ # vy, and (18) implies that the
2-chord vgbb’ splits off T', thus b’ = vs. Since vz & V(T), we have vy € X
and (Ab5) holds by (25). However, since |L(v4)| = |L(vs)| = 3, we have
vs € X' and since b’ € X', this is a contradiction.

Finally, consider the case that b ¢ V(C). Note that b’ # z{, since
we already excluded the symmetric case b = z1, hence ¥’ = z}. Suppose
first that b = b/. By (18), we have vs_3 € {v4,v5}. If vs_3 = vy, then
let V(T) = {b,t,t'}, and note that {¢,¢'} N {z1,21} = 0, by the choice of
b and b'. Since z; and z] have degree at least three, (5) implies that the
vertices of 1" have no neighbors in P, and that the distance between 1" and
{v1,v7} is at least three. There exists an L-coloring ¢ of the subgraph of
G induced by V(P)UV(T)U{wv1,v2,v3} such that |L(vg) \ {¢(vs), ¥ (b)}] >
2. Let G' = G — {v3,v4,v5,b,t,t'} and L’ the list assignment such that
V(o) = ()}, L(v2) = {e2)}, L'(x) = L) \ {o(y)} if = has a
neighbor y € V(T') and L'(x) = L(z) otherwise. Observe that G’ is not
L’-colorable and satisfies (I). Since z1 has degree at least three, (5) implies
that G’ satisfies (Q). It follows that G’ contains a subgraph H isomorphic
to OBSTb1 or OBSTb2. By (5), we have z,v7 € V(H). If H is OBSTbl,
then C' has a 3-chord vazyzv7 contradicting (18). If H is OBSTb2, then G
contains a path vezixyzv7, where y has a neighbor in 7. However, then ¢
or t’ has degree two by (5), which is a contradiction.
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If vs_3 = vs, then both X and X' satisfy (A5). By (18), we have z; # 1.
Since both z; and z] have degree at least three, (5) implies that b has no
neighbor in P and is in distance at least three from {v;,v7}. Let ¢ be an
L-coloring of the subgraph of G induced by V(P)UV(T) U {v1,v2,vs} such
that ¢ (vs) € L(vs). Let G' = G—{vs,v4,v5,v6,b} and L’ the list assignment
such that L' (1) = {u:(v1)}, L'(v2) = {$(va)}, L'(z) = L(z)\{$()} it = has
a neighbor y € V(T') and L'(z) = L(x) otherwise. Observe that G’ is not
L’-colorable and satisfies (I) and (Q). By the minimality of G, G’ contains a
subgraph H isomorphic to OBSTb1 or OBSTb2. The distance between the
neighbors of b is at least three, thus at most one of them belongs to H and
has list of size two. It follows that H is OBSTb1 and v7 € V(H). However,
then z; or z{ has degree two by (5), which is a contradiction.

We conclude that b # b'. Since T has two vertices that do not belong
to C, neither X nor X' satisfies (A5). Since vz & V(T'), by (25) we have
vy & V(T), and symmetrically, vs_5 &€ V(T); thus, vs_3 # vg. Let {t} =
V(T)\ {b,b'}. Consider the 3-chord @ = v4bb'vs_3 and the subgraph G
split off by it. If T ¢ Ga, then (11) implies that vs and vs_3 have a
common neighbor, and thus s = 9. If T' C G2, then we similarly conclude
that v4btb'v,_3 splits off OBSTb1, i.e., s = 11 and ¢ is adjacent to vg.

Let Sy = L(vz) \ (L(v1) \ L(p2)) and Sy = L(vs—1) \ (L(vs) \ L(po)). By
the minimality of G, we have |S1| = |S2| = 2, as otherwise we can remove
the edge vivy or vs_jvs. Suppose now that there exists an L-coloring
of T' such that for every ¢; € S; and ¢ € So, there exists an L-coloring
¢ of the subgraph of G induced by V(T) U {va,vs,...,vs_1} such that
p(va) = e1, p(vs—1) = c2 and p(x) = Y(x) for x € V(T). Let G' =
G — (V(T)U{vs,v4,...,vs_2}) and let L' be the list assignment such that
L'(x) = L(z) \ {¢(y)} if = has a neighbor y in V(T) and L'(x) = L(x)
otherwise. The choice of 1 implies that every L’-coloring of G’ corresponds
to an L-coloring of G, thus G’ is not L’-colorable. Note that no vertex of T'
is adjacent to a vertex of P and that the distance between T and {v1,vs}
is at least three, since otherwise (5) would imply that z; or z{ has degree
two. Thus, G’ satisfies (S3) and (I). Furthermore, it satisfies (OBSTa),
since otherwise a triangle of G’ would be in distance at most 7 from T,
contradicting t(G) > B. Therefore, G’ would be a smaller counterexample
to Theorem 2, which is a contradiction.

We conclude that no such L-coloring 1 exists. In particular, for any color
¢ € L(b), the list L(vs) \ {c} has size two and intersects L(vz). It follows
that L(vs) C L(vs) = L(b), and symmetrically, L(vs_2) C L(vs—3) = L(b').
Similarly, we conclude that L(vs) = Si, L(vs—2) = Sa, L(vs) C L(va),
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L(vs—4) C L(vs—3), and if s = 11, then L(vs),L(v7) € L(vg) = L(t). If
L(vs) = L(vs) = Sy, then choose ¥ (b) € Sy arbitrarily. Now, regardless of
the values of ¢1, co and the rest of 1, we can choose the color of v4 to be
the unique color in L(vy) \ S1, and the L-coloring ¢ will exist. Therefore,
L(vs) # S1 and L(vs_4) # S2. Similarly, if s = 11, then L(vs) # L(v7). Let
{e3} = L(vs) N Sy. Let ¢(b) be the unique color in Sy \ L(vs). Furthermore,
if s = 11 then let ¢ (t) = c3, and if s = 9 then let ¥(b’) = ¢3. Observe that v
(extended to the third vertex of T arbitrarily) has the required property—if
c1 # (b), then we can color vs by ¥ (b), so that two neighbors of vs have
the same color. And if ¢; = ¢(b), then we can color vs by cs, v4 by the
color in L(v4) \ S1 and vs with c3, so that ve has two neighbors with the
same color. This contradiction finishes the proof of Theorem 2. [l

3 Concluding remarks

The proof of Theorem 2 follows the lines of the original Thomassen’s
proof [11]. However, a basically unavoidable part of the proof—the need
to handle 2-chords, so that we can color and remove a 5-face in (21)—forces
us to deal with a large number of counterexamples to the claim “every pre-
coloring of a path of length two can be extended.” Especially painful is
the obstruction OBSTx1, which even applies to a path of length one. One
could ask whether we could not avoid this by forbidding vertices with list of
size two in triangles completely. This cuts down the number of obstructions
significantly, and indeed, this was our original aim. However, at the final
stage of the proof, we would only end up knowing that there is a triangle
whose distance is at most two from a vertex on each side of the precolored
path P. This is a quite small amount of structure to work with, making the
arising case analysis extremely difficult. Additionally, one runs into trouble
if these two vertices are in fact identical, which would essentially force ex-
tending Corollary 3 to precolored cycles of length at most 10. The number
of obstacles for such cycles then becomes rather large, and it is not quite
clear how such an extension of Corollary 3 could be proved.

Another point where one could hope to save on obstructions is by only
considering the precoloring of a path of length at most 4 in case that (<4)-
cycles are far enough from it. However, there are many places throughout
the proof where it is useful to extend the coloring of a path of length two
to a coloring of a path of length five, and it is unclear how to handle these
situations using only paths of length four.
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Consequently, we end up with a nontrivial number of obstructions, and
the proof becomes rather technical. Despite the length of this paper, still a
large amount of work is hidden in the need to carefully verify all the claims;
in particular, we in general do not give detailed proofs of colorability of the
described graphs. We feel that doubling the length of the paper by spelling
out all these technical details would not make the exposition any clearer or
more believable. Similar remarks apply to other results proved using this
technique (even the original paper of Thomassen [6], although written quite
shortly, becomes rather long when all details are worked out). Given the
rather repetitive nature of the arguments, one wonders whether it would
not be possible to apply computer to obtain such proofs. Let us however
note that many of the reductions appearing in our proof are quite tricky
and it is not immediately obvious how they could be obtained mechanically.

On the positive side, Theorem 2 is somewhat interesting even for graphs
of girth five, since it describes which precolorings of a path of length at
most five can be extended. This might be useful as a technical tool in
further study of 4-critical graphs of girth five. Similarly, Theorem 2 and
Corollary 3 give interesting information regarding graphs with exactly one
cycle of length at most four.

Compared with the solution to Havel’s problem [6], our proof is rather
elementary, not using any deeper results. Would it be possible to apply
the techniques of [6] instead? Possibly, but it would require developing a
new proof of 3-choosability of planar graphs of girth 5 based on reducible
configurations and discharging. While our initial inquiry in that direction
was somewhat encouraging, it seems inevitable that the set of reducible
configurations needed would be rather large (possibly hundreds as opposed
to about 10 needed in [6] for the case of 3-coloring), so the proof would
become of somewhat dubious value.

Finally, let us remark that we could require a much weaker assumption
on the distance between 4-cycles, since in most of the arguments only tri-
angles cause problems. However, for obvious reasons we did not want to
complicate the proof any more.
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