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Abstra
t

By a 2-pa
king in a graph we mean a subset of its vertex set, in

whi
h all the verti
es are in distan
e at least 3 from ea
h other.

The question about the maximumnumber of 2-pa
kings in a graph

is strongly related to the problem of L(2, 1)-labeling of graphs (see

[2℄).

In this paper we �nd new asymptoti
 upper and lower bounds

on the maximum number of 2-pa
kings in a 
onne
ted graph on n

verti
es. The bounds are O(1.5399..n) and Ω(1.4970..n), respe
tively.
Moreover, we present a lower bound on the number of k-element 2-

pa
kings in a 
onne
ted graph, whi
h is max(
`

n−2k+2

k

´

, (k+1)
`⌊ n−1

2
⌋

k

´

).

1 Introdu
tion

The dire
tion of resear
h that we follow in this paper is related to several

famous results in extremal graph theory like, for example, the upper bound

for the number of maximal 
liques in a graph by Moon and Moser [6℄ or the

upper bound for the number of maximal independent sets in a tree by Sagan

[7℄. These bounds are widely used in 
omplexity analysis of algorithms.

∗
The authors have been working on this paper when visiting KAM at Charles Uni-

versity in Prague in O
tober 2010.
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Besides the bounds, also graphs a
hieving them are subje
t of interest. In

both 
ases mentioned above su
h graphs are well 
hara
terized.

In this paper we study another problem of extremal graph theory, whi
h

is the problem of �nding the maximum number of 2-pa
kings in a graph. A

subset of verti
es in a graph is 
alled a 2-pa
king if no two verti
es of this

subset have a 
ommon neighbor. We 
an think of 2-pa
kings in a graph

G as of independent sets in the graph G2
. Some authors 
all 2-pa
kings

2-stable sets (see [1℄).

Noti
e that no 2-pa
king in a 
onne
ted graph has more than

n
2 verti
es,

sin
e ea
h of them must have at least one neighbor and no two of them may

share the same neighbor.

The question how large the number of 2-pa
kings in a graph 
an be

arises naturally in the analysis of an exa
t algorithm for �nding an L(2, 1)-
labeling in a graph (for the de�nition of this 
on
ept see [2℄) by Havet et

al. [3℄. The bound on the number of 2-pa
kings is 
ru
ial in dis
ussion of

the 
omputational 
omplexity of this algorithm. The authors showed in [3℄

that the number of k-element 2-pa
kings in a 
onne
ted graph on n verti
es

(denoted by uk(n)) does not ex
eed
(
n/2
k

)
2n
. From this inequality we 
an

derive a bound on the number of all 2-pa
kings in a 
onne
ted graph on

n verti
es (denoted by u(n)), whi
h is

∑n
k=0

(
n/2
k

)
2n = O(1.7320..n). In

[5℄ we improved these bounds by showing that uk ≤
(
n−k+1

k

)
and u(n) ≤∑n

k=0

(
n−k+1

k

)
= O(1.6180..n).

If we drop the 
onne
tivity restri
tion, the question about the maximum

number of 2-pa
kings be
omes trivial � in a graph with no edges the number

of 2-pa
kings is equal to 2n
, where n denotes the number of verti
es in this

graph.

In Se
tion 3 of this paper, we present an algorithm for generating all

2-pa
kings in a 
onne
ted graph. From the analysis of this algorithm it

follows a better bound on u(n), whi
h is O(1.5399..n).
In Se
tion 4 a lower bound on u(n) is established, by 
onstru
ting a

graph with Θ(1.4970..n) 2-pa
kings.
Finally, in Se
tion 5, we present a lower bound on uk(n), whi
h is

max(
(

n−2k+2
k

)
, (k + 1)

(⌊n−1

2
⌋

k

)
).

2 Preliminaries

For graphs H and G we write H ⊆ G if and only if H is a subgraph of G.

By G[X ] (G is a graph, X ⊆ V (G)) we denote the subgraph of G indu
ed
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by the verti
es in X .

Let NG(v) = {u: uv ∈ E(G)} denote the neighborhood of a vertex v
in a graph G. The set NG[v] = NG(v) ∪ {v} denotes the 
losed neighbor-

hood of v. By the neighborhood of a set X of verti
es in G we mean the

set NG(X) =
⋃

v∈X NG(v) and by the 
losed neighborhood of X � the set

NG[X ] = NG(X) ∪X .

Let distG(x, y) denote the distan
e between verti
es x and y in a graph

G, whi
h is the length of the shortest x-y-path. A set X ⊆ V (G) is a

2-pa
king in G if and only if ∀x, y ∈ X distG(x, y) > 2.
For a tree T let L(T ) denote the set of leaves in T (i.e. verti
es with

degree equal to 1).
We write f(n) = O∗(g(n)) if there exists a polynomial p(n) su
h that

f(n) ≤ p(n) · g(n) for all n greater than some n0.

3 Algorithm for generating all 2-pa
kings in a


onne
ted graph

In this se
tion we present a re
ursive algorithm for generating all 2-pa
kings
in a 
onne
ted graph G. The analysis of this algorithm gives an improved

upper bound on the number of 2-pa
kings.
Noti
e that removing an edge from a graph does not redu
e the number

of 2-pa
kings. Hen
e a 
onne
ted graph having the maximum number of

2-pa
kings is a tree.

If the graph has at most 2 verti
es, all 2-pa
kings 
an be easily enumer-

ated. For graphs with more verti
es, the algorithms pro
eeds to its main

part.

In the beginning, the algorithm �nds T � a spanning tree of G and then

P , whi
h is the longest path in T (the longest path 
an be found by the

algorithm des
ribed in [8℄). Let v be an end-vertex of the path P , u its

neighbor on P , and c a neighbor of u on P other that v (the third vertex

on P ). Depending on the stru
ture of T near the end-vertex of P , the

algorithm 
hooses one of the bran
hing rules des
ribed below to 
onstru
t

a 2-pa
king. Let us denote this 
onstru
ted 2-pa
king by S.

3.1 Bran
hing Rules

Bran
hing rule A
This rule 
an be applied if degT u = 2 and degT c ≤ 2.
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The algorithm re
ursively generates 2-pa
kings not 
ontaining v and 2-
pa
kings 
ontaining v. If v is not in
luded in generated 2-pa
king S, we 
an
delete v from the graph and pro
eed with the graph G − v. On the other

hand, if v is in
luded in S, none of the verti
es u and c 
an belong to S.
Thus we 
an pro
eed with the graph G− {v, u, c}.

Bran
hing rule Bp,q
(for any p, q ∈ N su
h that p+q ≥ 2) 
an be applied

if degT u > 2 or degT c > 2. Let d denote a neighbor of c with at least two

neighbors in L(T ), if there exists su
h a vertex. Otherwise let d = c.

�
�

�✏✏✏
PPP

❅
❅

❅

tt
♣♣♣

tt

t
♣♣♣
t

t ♣ ♣ ♣

z1

zq d

w1

wp

u1

up

Let Z = {z1, .., zq} and U = {u1, .., up} be the sets of neighbors of

the vertex d, having degree 1 and 2 in the tree T , respe
tively. Let W =
{w1, .., wp} = L(T )∩N(U). Noti
e that p or q might be equal to zero, but

not at the same time. In 
ase p = 1, q = 0 we 
an apply bran
hing rule A,

so we 
an assume that p + q ≥ 2.
In this 
ase we bran
h on all the verti
es in Z ∪W ∪ U simultaneously.

If none of these verti
es is in
luded in S, we 
an delete them all from the

graph and pro
eed with the graph G− (Z ∪W ∪ U). In other 
ase we 
an


hoose any nonempty 2-pa
king Ŝ in G[Z ∪W ∪U ∪ {d}] not 
ontaining d,
and in
lude its verti
es in S. Noti
e that the vertex d is in distan
e at most

2 from any of the verti
es in Z ∪W ∪U , so it 
annot belong to S. Thus we

an pro
eed with the graph G− (Z ∪W ∪ U ∪ {d}).

There are p2p−1+(q+1)2p−1 nonempty 2-pa
kings in G[Z∪W ∪U∪{d}]
not 
ontaining d.

To de
ide whi
h bran
hing rule should be applied, the algorithm �rst


he
ks if degT u = 2 and degT c ≤ 2. In this 
ase bran
hing rule A is


hosen. In the other 
ase the algorithm 
he
ks if there is a neighbor x of the

vertex c, adja
ent to more than one leaf in T . In su
h 
ase bran
hing rule

B0,degT x−1
is applied for d = x. If there is no su
h neighbor then bran
hing

rule Bp,q
is applied for d = c, and proper p, q.

Noti
e that appli
ation of these bran
hing rules may generate some sets

that are not 2-pa
kings in T . For example in bran
hing rule Bp,q
when any
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neighbor of c is added to S, then the neighbor of c in V (P ) \ (Z ∪ U) 
an
not belong to generated 2-pa
king, but the algorithm does not make use of

this information. Moreover, not all 2-pa
kings in T are also 2-pa
kings in
G. Thus after generating ea
h set we should 
he
k if it is a 2-pa
king in

G and delete it if it is not. Che
king if a given set is a 2-pa
king 
an be

performed in polynomial time.

Here is the pseudo
ode of the algorithm Generate-2-pa
kings. Noti
e
that we have to keep the initial graph G all the time to 
he
k if a generated

set is a 2-pa
king in G. Hen
e in re
ursive 
alls we modify the 
opy of G,

whi
h is Ĝ.
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Algorithm 1: Generate-2-pa
kings

Call : Generate-2-pa
kings(G, Ĝ, S)

Arguments: Conne
ted graph G, Conne
ted graph Ĝ ⊆ G, Set

S ⊆ V (G) \ V (Ĝ)

if |V (Ĝ)| ≤ 2 then1

forea
h v ∈ V (Ĝ) do2

if S ∪ {v} is a 2-pa
king in G then3

Print S ∪ {v}4

if S is a 2-pa
king in G then5

Print S6

return7

T ← spanning tree of Ĝ8

P ← longest path in T9

v ← end-vertex of P10

u← neighbor of v on P11

c← neighbor of u on P other than v (next vertex on P )12

U ← {x ∈ NT (c) \ V (P ) : degT x ≥ 2} ∪ {u}13

Z ← {x ∈ NT (c) : degT x = 1}14

W ← {x ∈ NT (U) : degT x = 1}15

if degT u = 2 and degT c ≤ 2 then16

Generate-2-pa
kings(G, Ĝ− v, S)17

Generate-2-pa
kings(G, Ĝ− {v, u, c}, S ∪ {v})18

else if there exists x ∈ U su
h that degT x > 2 then19

forea
h y ∈ NT (x) \ {c} do20

Generate-2-pa
kings(G, Ĝ− (NT [x] \ {c}), S ∪ {y})21

Generate-2-pa
kings(G, Ĝ− (NT (x) \ {c}), S)22

else23

forea
h Ŝ � nonempty 2-pa
king in G[U ∪W ∪ Z ∪ {c}] not24


ontaining c do

Generate-2-pa
kings(G, Ĝ− (U ∪W ∪ Z ∪ {c}), S ∪ Ŝ)25

Generate-2-pa
kings(G, Ĝ− (U ∪W ∪ Z), S)26

In order to generate all 2-pa
kings in a graph G we 
all the algorithm:

Generate-2-pa
kings(G, G, ∅).
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Lemma 1. The algorithm 
all Generate-2-pa
kings(G, G, ∅) generates

ea
h 2-pa
king in G exa
tly on
e.

Proof. Let G be a 
onne
ted graph, Ĝ a 
onne
ted subgraph of G and

S ⊆ V (G) \ V (Ĝ). We will prove by indu
tion on the number of verti
es in

Ĝ that the algorithm 
allGenerate-2-pa
kings(G, Ĝ, S) generates exa
tly

on
e ea
h set A, su
h that A is a 2-pa
king in G and S ⊆ A ⊆ S ∪ V (Ĝ)

If |V (Ĝ)| ≤ 2 the algorithm obviously gives the 
orre
t result (lines 1-7).

Assume that for any 
onne
ted graph G, 
onne
ted graph Ĝ ⊆ G with

less than k verti
es and any S ⊆ V (G)\V (Ĝ) the algorithm 
allGenerate-

2-pa
kings(G, Ĝ, S) generates every 2-pa
king A in G su
h that S ⊆ A ⊆

S ∪ V (Ĝ) exa
tly on
e.

Noti
e that if S is not a 2-pa
king in G, there is no 2-pa
king in G

ontaining S. In su
h 
ase the algorithmGenerate-2-pa
kings returns no
set, sin
e before returning any set it 
he
ks if it is a 2-pa
king in G (lines

3, 5). Hen
e from now we 
an assume that S is a 2-pa
king.

Consider a 
onne
ted graph G, 
onne
ted graph Ĝ ⊆ G with k verti
es

and S ⊆ V (G) \ V (Ĝ). Let v, u, c, U, Z, W be de�ned as in the algorithm.

If degT u = 2 and degT c ≤ 2, we 
an divide the set of all 2-pa
kings A
in G, su
h that S ⊆ A ⊆ S ∪ V (Ĝ), to those not 
ontaining v and those


ontaining v. Graphs G− v and Ĝ−{v, u, c} are 
onne
ted so by indu
tive

assumption all the 2-pa
kings not 
ontaining v are generated by re
ursive


all in line 17, while ones 
ontaining v are generated in re
ursive 
all in line

18.

If there exists x ∈ U su
h that degT x > 2 then the set of all 2-pa
kings
A su
h that S ⊆ A ⊆ S ∪ V (Ĝ), 
an be divided into two sets: those


ontaining any of verti
es in NT (x) \ {c} and those not 
ontaining any of

them. Noti
e that at most one vertex from NT (x) \ {c} 
an belong to ea
h

2-pa
king. Graphs Ĝ− (NT [x]\{c}) and Ĝ− (NT (x)\{c}) are 
onne
ted so

by indu
tive assumption all 2-pa
kings 
ontaining a vertex from NT (x)\{c}
are generated in the re
ursive 
alls in lines 20-21 and all the 2-pa
kings not

ontaining verti
es from NT (x) \ {c} are generated in the re
ursive 
all in

line 22.

In all remaining 
ases we 
an divide the set of all the 2-pa
kings A su
h

that S ⊆ A ⊆ S ∪ V (Ĝ) into sets: AbS = {A : A is 2-pa
king su
h that S ⊆

A ⊆ S ∪ V (Ĝ) and A ∩ (U ∪ W ∪ Z) = Ŝ} where Ŝ is a 2-pa
king in

Ĝ[U ∪W ∪Z∪{c}] not 
ontaining c (noti
e that a subset of a 2-pa
king is a

2-pa
king). Graphs Ĝ−(U∪W∪Z) and Ĝ−(U∪W∪Z∪{c}) are 
onne
ted so
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by indu
tive assumption for non-empty 2-pa
king Ŝ ⊆ U∪W ∪Z 2-pa
kings
from AbS are generated in the re
ursive 
alls in lines 25 and 2-pa
kings from
A∅ are generated in the re
ursive 
all in line 26.

Sin
e those are all possible 
ases, the proof is �nished.

3.2 Time 
omplexity analysis

In time 
omplexity analysis we will use a widely known te
hnique �rst pre-

sented by Oliver Kullmann [4℄. We start this se
tion with a short introdu
-

tion to this method.

Let T be a rooted tree, D: V (T ) → P(V (T )) its des
endant fun
tion,

i.e.

D(v) = {u: u is a 
hild of v in T }. A fun
tion µ: V (T ) → R
+ ∪ {0} is a

measure if and only if µ(v) > µ(u) for any v ∈ V (T ) \ L(T ) and u ∈ D(v).
For a �xed rooted tree T and a measure µ let τv (where v ∈ V (T ) \ L(T ))
denote the positive root of the equation

1 =
∑

u∈D(v)

τ−(µ(v)−µ(u))
(1)

Noti
e that this equation has a unique positive solution. Moreover, it is

easy to observe that τv > 1.

Lemma 2 (Kullmann [4℄). For a rooted tree T and a measure µ, if there
exists a real number τ0 su
h that the inequality τv ≤ τ0 holds for every

v ∈ V (T ) \ L(T ) then |L(T )| = O
(
τ

µ(r)
0

)
where r is the root of the tree T .

We will apply this method to prove the main theorem of our paper:

Theorem 1. The maximum number of 2-pa
kings in a 
onne
ted graph on

n verti
es does not ex
eed O(1.5399..n). The 
omplexity of the algorithm

Generate-2-pa
kings is bounded by O∗(1.5399..n).

Proof. Let T be the re
ursive 
alls tree of the algorithm Generate-2-
pa
kings for a graph G. Noti
e that ea
h leaf in T 
orresponds to at

most one 2-pa
king (some re
ursive 
alls of Generate-2-pa
kings may

�nish with no 2-pa
king generated, see lines 3, 5), while inner nodes of T

orrespond to pairs (H, S), where H is a subgraph of G and S ⊆ V (G).
We will use Lemma 2 for µ(H) = |V (H)| to estimate the value of |L(T )|,
whi
h is the bound on the number of 2-pa
kings in G. Now let us show that
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τ(H,S) ≤ τ0 for every pair (H, S) 
orresponding to some inner node of T ,
where τ0 = 1.5399.. is the positive root of the equation

τ7 = τ + 19 (2)

This will show that |L(T )| = O(τn
0 ).

Noti
e that τ(H,S) does not depend on S, but only on the bran
hing

rule that is applied to subgraph H . Hen
e we will denote τ(H,S) by τA if

bran
hing rule A is applied to H by de algorithm, and by τp,q if bran
hing

rule Bp,q
is applied to H . The number τA is the positive root of the equation:

1 = τ−1 + τ−3
(3)

>From this equation we obtain the value of τA = 1.4650.. < 1.5399.. =
τ0.

The number τp,q is the positive root of the equation:

1 = τ−(2p+q) + (p2p−1 + (q + 1)2p − 1)τ−(2p+q+1)
(4)

Noti
e that τ0 = τ3,0.

We 
an transform the above equation to a form:

τ2p+q+1 = τ + (p2p−1 + (q + 1)2p − 1) (5)

Let Lp,q(τ) = τ2p+q+1
and Rp,q(τ) = τ + (p2p−1 + (q + 1)2p − 1).

We observe that τp,q ≤ τp+1,q−2 for all n, p and q ≥ 2.
Let us 
ompare the equations de�ning τp,q and τp+1,q−2:

τp,q : τ2p+q+1 = τ + (p2p−1 + (q + 1)2p − 1)
τp+1,q−2: τ2p+q+1 = τ + ((p + 1)2p + (q − 1)2p+1 − 1)

Noti
e that Lp,q(τ) = Lp+1,q−2(τ) and Rp,q(τ) < Rp+1,q−2(τ), so τp,q <
τp+1,q−2.

Thanks to this observation we 
an 
onsider only the 
ases where q = 0
or q = 1, (all the others values of τp,q 
an be bounded by the ones with

redu
ed value of q).
The table below presents values of τp,q for small p, q.

τp,q
q

0 1

p
1 X 1.5337..

2 1.5354.. 1.5238..

3 1.5399.. 1.5201..
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Now let us show that τp,0 < τ3,0 = τ0 for all p > 3. To prove it, it is

enough to show that:

Lp,0(τ0) > Rp,0(τ0) (6)

and

d

dτ
Lp,0(τ) >

d

dτ
Rp,0(τ) for τ ≥ τ0 (7)

Conditions (6) and (7) imply that Lp,0(τ) > Rp,0(τ) for τ ≥ τ0. Hen
e the

positive root of the equation (5) must be smaller than τ0.

Noti
e that the inequality (6) is equivalent to:

τ0

(
τ2
0

2

)p

>
p + 2

2
+

τ0 − 1

2p

Let l(p) = τ0

(
τ2

0

2

)p

and r(p) = p+2
2 + τ0−1

2p .

To prove that l(p) > r(p), it is enough to show that l(4) = 3.0430.. >
3.0337.. = r(4) and l′(p) > r′(p) for p > 3.
l′(p) = (0.2622..) · (1.1856..)p

> 0.5

r′(p) = 0.5− (0.3742..) · 2−p < 0.5
Hen
e l(r) > r(l) and therefore Lp,0(τ0) > Rp,0(τ0), whi
h ends the

proof of the inequality (6).

To prove the inequality (7), it is enough to show that

d
dτ Lp,0(τ) = (2p+

1)τ2p > 1 = d
dτ Rp,0(τ).

Hen
e τp,0 < τ0 for all p > 3.
In analogous way we 
an show that τp,1 < τ1,1 for all p > 2.
Sin
e τ1,1 = 1.5337.. < 1.5399.. = τ0, the assumptions of Lemma 2 are

ful�lled. Hen
e the number of leaves in T and therefore the number of

2-pa
kings in G does not ex
eed O(τn
0 ) = O(1.5399..n).

All the lo
al operations (i.e. �nding a spanning tree, �nding the longest

path in a tree, deleting verti
es, 
he
king if a set is a 2-pa
king et
.) are

performed in polynomial time, hen
e the total 
omputational 
omplexity of

the algorithm is O∗(1.5399..n).

The idea presented in this se
tion 
an be developed to obtain better

bound on the value of u(n). To do so, one have to 
onsider four or more


onse
utive verti
es on the end of the longest path in a spanning tree (in-

stead of three). However, this leads to many te
hni
al 
al
ulations.
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4 Lower bound for the maximum number of

2-pa
kings

In this se
tion we present a lower bound on the maximum number of 2-
pa
kings in a 
onne
ted graph.

Theorem 2. The maximum number of 2-pa
kings in a 
onne
ted graph is

bounded from below by Ω(1.4970..n).

Proof. We will prove the theorem by showing a graph with Θ(1.4970..n)
2-pa
kings.

Let us 
onsider the following graphs:

♣ ♣ ♣t t t t t

t t t t t

t t t t t❦

1 2 3 4 k

Ak

♣ ♣ ♣t t t t t t

t t t t

t t t t

❦
1 2 3 k

Bk

♣ ♣ ♣t t t t t

t t t t

t t t t

❦
1 2 3 k

Ck

♣ ♣ ♣t t t t t

t t t t t

t t t t t

�
�❅
❅

❦

1 2 3 4 k

Dk

Let ak, bk and ck denote the number of 2-pa
kings in graphs Ak, Bk and

Ck, respe
tively. Let dk denote the number of su
h 2-pa
kings in graph Dk,

whi
h do not 
ontain the 
rossed out vertex.

Considering the number of 2-pa
kings not 
ontaining and 2-pa
kings

ontaining marked verti
es, we obtain the following system of re
ursions:






ak = bk−1 + ak−1

bk = ck + dk

ck = ak + 2dk−1

dk = 2ak−1 + dk−1
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Solving this system we obtain the result ak = Θ(3.3553..k). Sin
e k = n/3,
the graph Ak 
ontains ak = Θ(3.3553..n/3) = Θ(1.4970..n) 2-pa
kings. This
is also a lower bound on the maximum number of 2-pa
kings in a 
onne
ted

graph.

5 Lower bound for the maximum number of

k-element 2-pa
kings

In this se
tion we present a lower bound for the value of uk(n). To show it,

let us prove the following lemmas.

Lemma 3. The maximum number of k-element 2-pa
kings in a 
onne
ted

graph on n verti
es is at least

(
n−2k+2

k

)
.

Proof. Let us 
onsider a graph Pn, whi
h is a path on n verti
es. Let pk(n)
be the number of k-element 2-pa
kings in Pn. Noti
e that pk(n) is equal to
the number of binary sequen
es of length n with exa
tly k ones, su
h that

there are at least two zeros between every pair of ones. Observe that there

are exa
tly

(
n−2k+2

k

)
su
h sequen
es.

Hen
e the maximum number of k-element 2-pa
kings in a 
onne
ted

graph on n verti
es is at least

(
n−2k+2

k

)
.

Lemma 4. The maximum number of k-element 2-pa
kings in a 
onne
ted

graph on n verti
es is at least (k + 1)
(⌊n−1

2
⌋

k

)
.

Proof. For an odd number n by Sn we denote a graph obtained from a

mat
hing of size (n− 1)/2 by adding one vertex and joining it with exa
tly

one vertex from every edge of the mat
hing.

�
�

�✏✏✏
PPP

❅
❅

❅

tt
♣♣♣

t

t

tt

t

t

t

Let sk(n) denote the number of k-element 2-pa
kings in Sn. It is easy

to observe that

sk(n) =

{
n for k = 1

(k + 1)
(n−1

2

k

)
for k 6= 1
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Hen
e the maximum number of k-element 2-pa
kings in a 
onne
ted graph

on n verti
es is at least (k + 1)
(⌊n−1

2
⌋

k

)
.

We observe that p2(n) > s2(n) (for n > 5), while sn−1

2

(n) > pn−1

2

(n) = 0

(for n > 7).

Corollary 1. The number of k-element all 2-pa
kings in a 
onne
ted graph

on n verti
es 
an be bounded from below by max(
(
n−2k+2

k

)
, (k + 1)

(⌊n−1

2
⌋

k

)
).

6 Open problems

In this paper we showed that the value of u(n) (the maximum number of all

2-pa
kings in a 
onne
ted graph) is between Ω(1.4970..n) and O(1.5399..n).
The question what is the value of u(n) in terms of Θ notation remains open.

The other problem that remains open is what is the exa
t value of uk(n),
the maximum number of k-element 2-pa
kings in a 
onne
ted graph.

It is also interesting to 
hara
terize graphs with u(n) 2-pa
kings and
graphs with uk(n) k-element 2-pa
kings.

A
knowledgement: The authors are grateful to Professor Zbigniew

Lon
 for his 
omments and suggestions that helped improving this paper.

Referen
es

[1℄ Chang G.J., Kuo, D. The L(2, 1)-labeling problem on graphs, SIAM

Journal on Dis
rete Mathemati
s 9 (1996) 309�316.

[2℄ Griggs J.R., Yeh R.K. Labeling graphs with a 
ondition on distan
e 2,

SIAM Journal on Dis
rete Mathemati
s 5 (1992) 586-595.

[3℄ Havet, F., Klazar, M., Krato
hvíl, J., Krats
h, D., Liedlo�, M.

Exa
t Algorithms for L(2, 1)-Labeling of Graphs, Algorithmi
a DOI

10.1007/s00453-009-9302-7

[4℄ Kullmann O., New methods for 3-SAT de
ision and worst-
ase analysis,

Theoreti
al Computer S
ien
e 223 (1-2) (1999) 1-72.

[5℄ Junosza-Szaniawski K., Rz�a»ewski P., On improved algorithms for

L(2, 1)-labeling of graphs, IWOCA 2010, Le
ture Notes in Computer S
i-

en
e 6460 (2011) 34�37.

13



[6℄ Moon, J. W., Moser, L. On 
liques in graphs, Israel Journal of Mathe-

mati
s 3 (1965) 23�28.

[7℄ Sagan B.E. A note on independent sets in trees, SIAM Journal on Dis-


rete Mathemati
s 1 (1988) 105-108.

[8℄ Wu, B.Y., Chao, K.-M. Spanning Trees and Optimization Problems,

Chapman & Hall/CRC Press, USA (ISBN 1-58488-436-3) (2004).

14


