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Abstract

Interval linear programming (ILP) was introduced in order to deal
with linear programming problems with uncertainties that are mod-
elled by ranges of admissible values. Basic tasks in ILP such as cal-
culating the optimal value bounds or set of all possible solutions may
be computationally very expensive. However, if some basis stability
criterion holds true then the problems becomes much more easy to
solve. In this paper, we propose a method for testing basis stabil-
ity. Even though the method is exponential in the worst case (not
surprisingly), it is fast in many cases.

Keywords: Linear programming, linear interval systems, interval analysis,
basis stability.

1 Introduction

Many practical problems are formulated as linear programming problems.
Since real-life data are often subject to uncertainties and measurement er-
rors, we have to take it into account in linear programming methodology.
Interval linear programming (ILP) was introduced to tackle these troubles.
Herein, intervals represent ranges of admissible variations for particular co-
efficients.

There have been developed diverse methods for solving ILP problems.
Some of them are based on interval arithmetic and extensions of the simplex
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algorithm to the case of interval data [2, 5, 6, 12], while another use a direct
inspection [7, 8, 15, 25]. A different direction aims to find a satisficing
solution [9, 33, 35] or a robust one [3, 13].

An important sub-class of ILP problems is that for which some basis
stability condition holds true. Under the assumption of basis stability we
can easily determine range of optimal values and set of all possible solutions.
Without the assumption the problems becomes much more difficult. The
issue of basis stability was discussed e.g. in [2, 7, 8, 15, 25].

Applications are found in diverse fields. Interval linear programming was
applied in portfolio selection problem [10], network topology of transmission
systems [19], air quality management [11], solid waste management planning
[34] or inventory management [3].

Let us introduce some notation: I denotes the identity matrix (with
convenient dimension), ρ(A) the spectral radius of a matrix A and diag(v)
the diagonal matrix with entries v1, . . . , vn. The sign of a real r is defined
as sgn(r) := 1 if r ≥ 0 and sgn(r) := −1 otherwise.

2 Interval linear programming

In order to develop a sophisticated methodology for interval linear program-
ming we have to remind some interval computing notation and results first.
An interval matrix is defined as

A = [A, A] = {A ∈ R
m×n; A ≤ A ≤ A},

where A ≤ A are given matrices. By

Ac :=
1

2
(A + A), A∆ :=

1

2
(A − A)

we denote the center and the radius of A, respectively. The set of all m-by-
n interval matrices is denoted by IR

m×n. Interval vectors are defined in a
similar way.

Interval arithmetic is defined in the following way [1, 14, 17]. Let a, b ∈
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IR, then

a ± b := [a ± b, a ± b],

a · b := [min(ab, ab, ab, ab), max(ab, ab, ab, ab)],

a/b :=

{

[min(a/b, a/b, a/b, a/b), max(a/b, a/b, a/b, a/b)] if 0 6∈ b,

undefined otherwise.

A basic task in interval computation is that of solving interval linear
equations. Let an interval linear system

Ax = b (1)

be given, where A ∈ IR
n×n and b ∈ IR

n. The solution set to a linear
system is defined as a set of solutions of all scenarios of the interval data

{x ∈ R
n; ∃A ∈ A ∃b ∈ b : Ax = b}.

A well-known description of the solution set was given by Oettli and Prager
[20, 28].

Theorem 1 (Oettli and Prager, 1964). The solution set to Ax = b is
described by

|Acx − bc| ≤ A∆|x| + b∆. (2)

Since the Oettli and Prager system is non-linear, it is cumbersome and
expensive to find exact bounds of the solution set. If a non-negativity of
variables is incorporated then the problem becomes easy and the character-
ization becomes linear [28]:

Ax ≤ b, −Ax ≤ −b, x ≥ 0.

What is crucial is not non-negativity but any sign restriction of variables.
Let q ∈ {±1}n and consider the orthant of R

n defined by diag(q) x ≥ 0.
That part of the solution set lying inside the orthant is described

|Acx − bc| ≤ A∆ diag(q) x + b∆, diag(q) x ≥ 0,

or

(Ac − A∆ diag(q))x ≤ b, (3a)

(−Ac − A∆ diag(q))x ≤ −b, (3b)

diag(q)x ≥ 0. (3c)
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The interval hull of a set is the smallest interval vector containing the set.
Computing the interval hull of the solution set to (1) is NP-hard problem
[31]. The interval hull h to (1) can be calculated e.g. by decomposing the
space into 2n orthants, and solving a series of linear programs as follows

hi = min
q∈{±1}n

inf xi subject to constraints (3), i = 1, . . . , n, (4)

hi = max
q∈{±1}n

sup xi subject to constraints (3), i = 1, . . . , n. (5)

In many practical circumstances, one doesn’t need to find an exact in-
terval hull, but any sufficiently sharp superset (called an enclosure) is desir-
able, too. Such enclosures are much faster computed, and there are plenty
of methods available; see e.g. [17, 18, 23, 26] and references therein. We
will employ the effective Hansen–Bliek–Rohn method [18, 24, 26].

Theorem 2 (Rohn, 1993). Let Ac be non-singular and ρ(|(Ac)−1|A∆) < 1.
Denote

M := (I − |(Ac)−1|A∆)−1,

xc := (Ac)−1bc,

x∗ := M(|xc| + |(Ac)−1|b∆).

Then the interval vector r defined entrywise as

r
i
:= min



−x
∗

i + (xc

i + |xc

i |)mii,
1

2mii − 1
(−x

∗

i + (xc

i + |xc

i |)mii)

ff

, i = 1, . . . , n

r i := max



x
∗

i + (xc

i − |xc

i |)mii,
1

2mii − 1
(x∗

i + (xc

i − |xc

i |)mii)

ff

, i = 1, . . . , n

forms an enclosure to the solution set.

By an inner enclosure of the solution set we mean an interval vector
that is a subset of its interval hull. Note that an inner enclosure needn’t be
a subset of the solution set itself. There are few results in this issue; we will
use that by Rohn [26, 30].

Theorem 3 (Rohn, 2000). Under assumption and notations from Theo-
rem 2, define

s
i
:= r

i
+

`

M |(diag(pi)(Ac)−1 diag(pi)−|(Ac)−1|)(ξ
i
A

∆
Mei + A

∆
x
∗ + b

∆)|
´

i

s i := r i −
`

M |(diag(qi)(Ac)−1 diag(qi)−|(Ac)−1|)(ξ
i
A

∆
Mei + A

∆
x
∗ + b

∆)|
´

i
,
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where

ξ
i
:= (|h| + h − xc − |xc|)i,

ξi := (|h| − h + xc − |xc|)i,

pi
j :=

{

sgn(xc
j) if j 6= i,

−1 if j = i,

qi
j :=

{

sgn(xc
j) if j 6= i,

1 if j = i.

If s ≤ s then s = [s, s] is an inner enclosure.

Eventually, we introduce an interval linear programming problem. Con-
sider a linear program

min cT x subject to Ax = b, x ≥ 0, (6)

and interval entities A ∈ IR
m×n, b ∈ IR

m, and c ∈ IR
n. An interval linear

programming (ILP) is a family of linear programs (6), where A ∈ A, b ∈ b,
c ∈ c. A scenario is a concrete realization of interval values, that is, any
linear program (6) with A ∈ A, b ∈ b, c ∈ c.

3 Basis stability

By a basis we mean an index set B ⊆ {1, . . . , n} such that AB is non-
singular, where AB denotes the restriction of A to the columns indexed
by B. Analogously, N := {1, . . . , n} \ B stands for non-basic variables,
and AN denotes the restriction to non-basic indices. A basis B is feasible
if A−1

B b ≥ 0 holds, and B is called optimal as long as it is feasible and
cT
N − cT

BA−1

B AN ≥ 0T comes true.

Definition 1. Let a basis B be given. The ILP problem is called B-stable
if B is an optimal basis for each scenario of interval values. ILP is called
[unique] non-degenerate B-stable if each scenario has a [unique] optimal
basic solution with the basis B.

In general, B-stability has not been investigated thoroughly yet. Non-
degenerate B-stability was studied e.g. in [25, 7]. The following reduction
to 22m linear programs is due to Rohn [25].
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Theorem 4 (Rohn, 1993). Let a basis B be given. ILP is [unique] non-
degenerate B-stable iff it is true for the following finite set of scenarios

min (cc + diag(q) c∆)T x

subject to (Ac − diag(p)A∆ diag(q))x = bc + diag(p) b∆, x ≥ 0,

where p ∈ {±1}m and q ∈ {q ∈ R
n; |qj | = 1 ∀j ∈ B, qj = 1 ∀j 6∈ B}.

The subsequent sufficient condition is due to Końıčková [7]. Since it
requires an interval hull calculation, the complexity is still exponential. Note
that the left-hand side of (7) is an upper limit of the interval matrix product
calculation.

Theorem 5 (Końıčková, 2001). Let B be a basis, xB an interval hull of
the solution set to ABxB = b, and y to AT

By = cB. Suppose that AB is
regular, and xB > 0. If the inequality

(AT
N )y ≤ cN (7)

holds then ILP is non-degenerate B-stable with a basis B. If (7) holds
strictly then it is unique non-degenerate B-stable.

B-stability of ILP is very important because it enables to describe the set
of all possible optimal solution [2, 7, 15] and to calculate the optimal value
range. Under the assumption of unique B-stability, the set of all optimal
solutions is equal to the solution set of the interval system ABxB = b,
xB ≥ 0, xN = 0. By Rohn [28], the set is formed by a convex polyhedral
set described by

ABxB ≤ b, −ABxB ≤ −b, xB ≥ 0, xN = 0.

When the ILP problem is B-stable, but not unique B-stable, then each
scenario of ILP has at least one optimal solution in this set, and, conversely,
each solution of the set is an optimal solution of some scenario.

Optimal value bounds are defined as [4, 16, 27]

f := inf f(A, b, c) subject to A ∈ A, b ∈ b, c ∈ c,

f := sup f(A, b, c) subject to A ∈ A, b ∈ b, c ∈ c.
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The lower bound is efficiently computable while the upper bound is NP-
hard [27]. Nevertheless, under the assumption of B-stability we obtain the
following efficient formulae

f = min cT
BxB subject to ABxB ≤ b, −ABxB ≤ −b, xB ≥ 0,

f = max cT
BxB subject to ABxB ≤ b, −ABxB ≤ −b, xB ≥ 0.

4 Our method

Let a basis B be given. It can be computed by an interval version of the
simplex method or estimated by solving a scenario with the midpoint values,
for instance.

In a real-valued linear programming, a basis B is optimal basis if and
only if three conditions holds:

1. (regularity) AB is non-singular;

2. (feasibility) A−1

B b ≥ 0;

3. (optimality) cT
N − cT

BA−1

B AN ≥ 0T .

Extension to interval data leads to the following characterization of B-
stability. The basis B is optimal for each scenario if and only if conditions
1. to 3. hold for each A ∈ A, b ∈ b, and c ∈ c. In the sequel we will discuss
the three conditions in detail.

4.1 Regularity

An interval matrix M ∈ IR
n×n is regular if every M ∈ M is non-singular.

It was proved by Poljak and Rohn [21] that checking regularity is NP-hard
problem, so the first condition cannot be answered efficiently. However,
there is a plenty of diverse methods for testing regularity; see e.g. a review
paper by Rohn [29] or [26]. Moreover, there are several sufficient conditions
that can be employed as well [22, 26]. For instance, a broadly used one is
that if the spectral radius of |(M c)−1|M∆ is less than 1 then M is regular.

Theorem 6. If ρ
(

|(Ac)−1

B |A∆
B

)

< 1 then AB is regular.

A useful necessary condition is the following one [22, 26].
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Theorem 7. If maxi=1,...,n

(

|(Ac)−1

B |A∆
B

)

ii ≥ 1 holds then AB is not regu-
lar.

4.2 Feasibility

Turning to the second point, the inequality A−1

B b ≥ 0 holds for every A ∈ A

and b ∈ b if and only if the solution set to the interval system ABxB = b

lies in the non-negative orthant. The simple but exponential method is
to compute the exact interval hull of the solution set and check for non-
negativity. Another way is to utilize some solver for interval equations to
get an enclosure of the solution set, and again to check its non-negativity.
This leads to a fast sufficient condition. As a necessary condition it can
serve any inner enclosure of the solution set; if it is not non-negative then
the interval hull cannot be, too. In our algorithm we utilize Theorem 2 for
enclosure computation and Theorem 3 for inner enclosure computation.

4.3 Optimality

In the third point, the condition is equivalent to

cT
N ≥ yAN , AT

By = cB. (8)

The interval counterpart takes the form

AT
Ny ≤ cN , AT

By = cB.

There are no dependencies in this system (AB and AN are disjunctive), and
so it is a standard interval system. Few is known about its feasibility as it
consists of mixed equations and inequalities. However, we will exploit the
regularity of AB to characterize strong feasibility.

First, we derive a simple sufficient condition. Let y be an enclosure to
the solution set of AT

By = cB . If

(AT
N )y ≤ cN (9)

then in each scenario the solution to the equation system solves also the
whole system (8) and thus the strong feasibility is valid. Observe that
we came across the same relation as in (7), but with weaker assumptions.
Moreover, we are able to derive a complete characterization instead of a
sufficient condition only.
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Similarly we will proceed to derive a sufficient and necessary charac-
terization to the third condition. We formalize the property that for each
scenario the solution to the equation system solves the whole system (8) as
well. By Theorem 1, the solution set of AT

By = cB is described by

|(Ac
B)T y − cc

B| ≤ (A∆

B)T |y| + c∆

B (10)

According to Rohn [28, 32], a vector y solves each scenario of AT
Ny ≤ cN if

and only if it solves

(Ac
N )T y − cc

N ≤ −(A∆

N )T |y| − c∆

N . (11)

Both the sets are non-convex polyhedral sets, however, they are convex
when restricted to an orthant. Let q ∈ {±1}m and consider the orthant
diag(q) y ≥ 0. Restriction of (10) to the orthant reads

(

(Ac
B)T − (A∆

B)T diag(q)
)

y ≤ cB, (12a)

−
(

(Ac
B)T + (A∆

B)T diag(q)
)

y ≤ −cB , (12b)

diag(q) y ≥ 0 (12c)

while the restriction of (11) reads

(

(Ac
N )T + (A∆

N )T diag(q)
)

y ≤ cN , diag(q) y ≥ 0. (13)

Thus the proposed method is based on partitioning of the space R
m into

2m orthants and testing whether (12) lies in (13) for each q ∈ {±1}m.
Polyhedra inclusion testing can be performed by solving a linear number of
linear programs, namely n − m.

4.4 Summary

Algorithm 1 summarizes the method described above. Even though it is
designed for B-stability, it can be easily adapted for [unique] non-degenerate
B-stability, too. A basis B is optimal and corresponds to a non-degenerate
solution if and only if there is a strict inequality in the feasibility condition,
that is, A−1

B b > 0. Thus Algorithm 1 will work for non-degenerate B-
stability when we put strict inequality in steps 16, 20 and 24.

For a unique basis stability no such a simple characterization is known.
A simple but strong sufficient condition is that there is a strict inequality
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in the optimality test (8). Replacing by the strict inequality in step 33 and
strict inclusion in step 37 we adapt the algorithm to unique B-stability.
However, we must also replace step 38 by “no decision” since we cannot
decide in this case.

The proposed algorithm runs quickly in many cases, but it is exponential
in the worst case. Each of the three main steps requires solving up to 2m

linear programs. Thus, the overall complexity is O(2mpoly(m, n)), where
poly(m, n) is the time for a linear program; it is polynomial as long as we
employ a suitable solver. The complexity is still much better than that for
the Rohn’s method (Theorem 4), and it is comparable with the method by
Końıčková (Theorem 5), which gives only a sufficient condition.

Provided P 6= NP there cannot exist an efficient algorithm for testing
basis stability since the problem is NP-hard. Below, we give a proof for
B-stability. [Unique] non-degenerate B-stability seems to be NP-hard, too,
but the proof remains open.

Proposition 1. Checking B-stability for a given basis B in NP-hard.

Proof. We construct a reduction from the problem of testing regularity of
an interval matrix, which is known to be NP-hard [21]. Let A ∈ IR

n×n.
We claim that A is regular if and only if the ILP problem

min 0T x + 0T y subject to Ax + Iy = 0, x, y ≥ 0

is B-stable with B = (1, . . . , n). Let A ∈ A. If A is non-singular then B is
optimal basis since x = y = 0 is basic feasible solution, and every feasible
point is optimal. Conversely, if A is singular then B cannot be optimal
basis.

5 Example

Example 1. Consider an ILP problem

min cT x subject to Ax = b, x ≥ 0

with data

A =

(

−[3, 4] [7, 8] [5, 6]
[6, 7] −[7, 8] [1, 2]

)

, b =

(

[7, 8]
[5, 6]

)

, c =





[3, 4]
[5, 6]
[1, 2]



 .
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A candidate basis for B-stability is B = (1, 3) since it is optimal for the sce-
nario taking the center values. Let us proceed along the depicted algorithm
and check for validity of the three points.

1. According to Theorem 6, we calculate the spectral radius 0.2073, so
the interval matrix AB is regular.

2. By the Hansen–Bliek–Rohn method (Theorem 2) we compute an
enclosure to the solution set of ABxB = b to be
xB = ([0.1867, 0.7997], [1.2912, 2.1389])T . It is non-negative, so the second
point is valid.

3. By the Hansen–Bliek–Rohn method we compute an enclosure to the
solution set of AT

By = cB to be y = ([−0.0734, 0.3199], [0.4124, 0.8340])T .
Now, the relation (9) reads

(AT
N )y = −0.1171 ≤ cN = 5.

Thus the sufficient condition is valid.

All three conditions are satisfied and hence the problem is B-stable.
Changing the interval coefficient b1 to b1 := [7, 11] the problem is still
quickly verified to be B-stable. When we change b1 to b1 := [7, 12] then in
the second point we obtain the enclosure
xB = ([−0.0034, 0.8680], [1.2912, 2.8706])T , which is not non-negative. Thus
we have to calculate the exact interval hull ([0.0232, 0.7436], [1.3333, 2.8236])T .
Since it is non-negative now, we can confirm B-stability again. However,
changing b1 to b1 := [7, 13] the interval hull reads
([−0.0278, 0.7436], [1.3333, 3.0001])T , and the problem will no more be B-
stable. Unfortunately, we have to calculate the exact interval hull as the
necessary condition based on inner enclosure (step 20 of Algorithm 1) is not
successful here.

Let us inspect also effects of changes in the objective function coefficients.
The problem is basis stable even when replacing c3 by c3 := [1, 5], but for
c3 := [1, 6] the sufficient condition (9) is not fulfilled. Thus we decompose
the problem into testing 2m = 4 inclusion properties of a pair of convex
polyhedral sets. It turns out that all the inclusions are fulfilled, whence the
B-stability follows. Eventually, when we change c3 to c3 := [1, 10] then it
fails to be basis stable.

The example illustrates that the sufficient conditions for basis stability
are quite strong, but when the data perturbations are large enough then we
must call the exact but costly algorithm.
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6 Conclusion

We proposed a new algorithm for testing basis stability of an interval linear
programming problem. Even though the complexity is (and due to NP-
hardness probably must be) exponential, it runs quickly in many cases and
outperforms the known methods. The algorithm works not only for basis
stability but non-degenerate basis stability, too.

There are some open problems remaining. A necessary condition for
optimality testing in Section 4.3 would be desirable as it may accelerate the
decision process. A complete method for testing unique [non-degenerate]
basis stability is of interest, too.
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Algorithm 1 (B-stability)

1: {regularity}
2: if ρ

(

|(Ac)−1

B |A∆
B

)

< 1 then

3: goto step 14;
4: else if maxi=1,...,n

(

|(Ac)−1

B |A∆
B

)

ii ≥ 1 then

5: return “not B-stable”;
6: else

7: check regularity of AB e.g. by the method from [26];
8: if AB is regular then

9: goto step 14;
10: else

11: return “not B-stable”;
12: end if

13: end if

14: {feasibility}
15: compute the enclosure r to ABxB = b by Theorem 2;
16: if r ≥ 0 then

17: goto step 31;
18: else

19: compute the inner enclosure s to ABxB = b by Theorem 3;
20: if not s ≥ 0 then

21: return “not B-stable”;
22: else

23: compute the interval hull h to ABxB = b by (4)–(5);
24: if h ≥ 0 then

25: goto step 31;
26: else

27: return “not B-stable”;
28: end if

29: end if

30: end if

31: {optimality}
32: compute the enclosure r to AT

By = cB by Theorem 2;

33: if (AT
N )y ≤ cN then

34: return “B-stable”;
35: else

36: for q ∈ {±1}m do

37: if (12) does not lie inside (13) then

38: return “not B-stable”;
39: end if

40: end for

41: return “B-stable”;
42: end if
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