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Preface

Spring school on Combinatorics has been a traditional meeting organized for
faculty and students participating in the Combinatorial Seminar at Charles
University for nearly 30 years. It is internationally known and regularly vis-
ited by students, postdocs and teachers from our cooperating institutions
in the DIMATTA network. As it has been the case for several years, this
Spring School is generously supported by the Institute of Theoretical Com-
puter Science (ITI) of Charles University and the Department of Applied
Mathematics (KAM) of Charles University.

The Spring Schools are entirely organized and arranged by our undegrad-
uate students. The lecture subjects are selected by supervisors from the
Department of Applied Mathematics (KAM) and Institute for Theoreti-
cal Computer Science (ITI) of Charles University as well as from other
participating institutions. In contrast, the lectures themselves are almost
exclusively given by students, both undergraduate and graduate. This leads
to a unique atmosphere of the meeting which helps the students in further
studies and their scientific orientation.

This year the Spring School is organized in Borova Lada, a mountain village
in Sumava hills with a great variety of possibilities for outdoor activities like
snow-shoe hiking or cross-country skiing.

We thank Mrs. Eva Jirkov (Pension Kavalier) who provided us rich and wel-
coming athmosphere during this and many past editions of Spring School.

Dan Kral’, Jan Kratochvil, Jaroslav Nesetiil
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Geometry

Miroslav Klimos

xklimos@fi.muni.cz

Presented paper by Igor Pak

Hilbert’s third problem
(Lectures on Discrete and Polyhedral Geometry, chapter 15)

Given any two polyhedra of equal volume, is it always possible to cut the
first into finitely many polyhedral pieces which can be reassembled to yield
the second? That’s the question we talk about. Hilbert’s problems were
posed in 1900. This is the easiest of them, it was resolved the same year.

First of all, let’s focus on so-called scissor congruence in two dimensions: Is
it possible to cut the polygon and rearrange the pieces into the square? Both
the problem and the positive solution formulated in the following theorem
are very old (beginning of 19*® century).

Theorem 1. (Bolyai, Gerwien) Two convex polygons in the plane are scis-
sor congruent if and only if they have equal area.

Then the book moves to higher dimensions and talks about the Dehn’s
theorem, which resolves the original Hilbert’s problem in negative. To prove
it, unfortunate polytopes and Bricard condition are used. Stronger results,
such as the Dehn’s invariant, can be found in the following chapters of the
book.

Theorem 2. (Dehn) A cube and a regular tetrahedron of the same volume
are not scissor congruent.

Definition 3. Let ' = eq, ..., e, be the set of edges of a convex polytope
P C R3. Denote by «; the dihedral angle at edge e;. We say that P is
fortunate if m can be written as a rational combination of «;:

c10q1 + ... +cpa, =7, where0 < ¢; € Q

Otherwise, P is unfortunate.




Lemma 4. (Bricard condition) An unfortunate polytope in R3 is not scissor
congruent to a cube.

Zuzka Safernova

zuzka@saferna.net

Presented paper by Igor Pak
Polytope algebra

(Lectures on Discrete and Polyhedral Geometry, chapter 16)

Introduction

This is the second talk on scissor congruence. Here we present an alge-
braic approach, so we show how to add, subtract, multiply and divide the
polytopes.

More formally

Theorem 1. (Sydler 1) A regular tetrahedron is not scissor congruent to
a disjoint union of k > 2 regular tetrahedra, not necessarily of the same
s1zes.

Theorem 2. (Sydler 2) There is a continuous family {P;,t € [0,1]} of
polytopes of equal volume which are not pairwise scissor congruent: Py = Py
for all s #t.

Definition 3. We say that a polytope P C R? is rectifiable if it is scissor
congruent to a cube of equal volume. Denote by P@® @ the disjoint union of
P,Q c R3. Polytopes cP are said to be similar to P, for all ¢ > 0. We say
that a polytope P C R3 is self-similar if it is scissor congruent to a disjoint
union of two or more polytopes similar to P.

The main result in this talk is the following theorem:

Theorem 4. (Sydler’s criteria) A polytope P C R3 is rectifiable if and only
if P is self-similar. Alternatively, P is rectifiable if and only if P ~ ¢cP® R,
for some ¢ < 1 and a rectifiable polytope R.



The first Sydler’s theorem follows immediately from here.

Now we present two other useful properties of scissor congruence. They
can be viewed as saying that rectifiability of polytopes is invariant under
”subtraction” and ”division”.

Theorem 5. (Complementarity lemma) Suppose polytopes A, B,C, D C R3
satisfy: A B~C@®D and B~ D. Then A~ C.

Theorem 6. (Tilling lemma) Let P C R? be a polytope such that Py ®...®
Py, is rectifiable, where every P; is either congruent to P or a mirror image
of P, 1 <i<m. Then P is also rectifiable.

The following technical lemma is important for proofs of previous theorems.

Lemma 7. Let P C R?® be a polytope and let ay,...,cp > 0 be fized
nonnegative real numbers, such that aq + ...+ ar = 1. Then there exists a
cube R such that

P~r~atP®...0aP®R.

Standard, Hill and regular tetrahedra of equal volume are not scissor con-
gruent. We can check this directly without computing dihedral angles.

Definition 8. For every A € [0, %} define a A-truncated cube Q(\) C R? by
the following inequalities:

=l |yl |z[ < L, |2 + [yl + 2] <3 = A

For example, Q(0) is the cube, Q (%) is the cubeoctahedron, and Q(
the (usual) truncated cube.

ﬁ) is

The following result immediately implies the second Sydler’s theorem.
Lemma 9. We have Q(\) = cQ(p) for all0 <A < p < 1 and ¢ > 0.

If we have enough time, we will say few words about II-congruence. Two
polytopes P, @Q are II-congruent, write P < @, if each polytope is a disjoint
union of similar polytopes: P = U", P;,Q = U, Q;, where P; ~ c@);, for
some ¢ > 0. All scissor congruent polytopes are obviously also II-congruent,
but the inverse is not true even if the polytopes have the same volume.
Zylev’s theorem states that every two polytopes P, Q C R? are II-congruent.



Michal Vaner

vornerQucw.cz
Presented paper by Igor Pak
Dissections and valuations

(Lectures on Discrete and Polyhedral Geometry, chapter 17)

Introduction

First we restrict cutting operations we allow to cutting a single simplex of a
polytope in a special way or gluing it back together (inverse). We prove that
any dissection can be obtained from any other dissection by finite series of
these restricted operations.

Then we define symmetric valuations, which is class of functions generalizing
volume of polytope. We prove that these functions are invariant when we
cut the polytope into pieces by our restricted operations, rearrange them
using rigid motions (translation and rotation) and glue them back together.
Therefore, if two polytopes are scissor congruent (eg. we can cut one into
finitely many pieces, rearrange the pieces and glue them together to get the
other one), they must give the same result for all valuations.

Formally

Definition 1. Let D1, Dy be two dissections of the same polytope to sim-
plices. We say they are connected by an elementary move if they are the
same except that one simplex of Dy is divided into two in Ds.

Definition 2. Two dissections of the same polytope are elementary move
equivalent if one can be obtained from the other by series of elementary
moves.

Theorem 3. FEvery two dissections of the same polytope are elementary
move equivalent.

We first prove it for the plane, by proving that each dissection is elementary
move equivalent to a starred triangulation (triangulation with edges ending
only in vertices and all the edges sharing a common vertex) and proving
that all starred triangulations are elementary move equivalent.



Then we show how to extend the theorem to G by splitting the polytope
to cones and proving that it holds because the cones have polygonal bases.
Similar trick can be used to extend it to higher dimensions.

Definition 4. Let ¢ be a function from all simplices of given dimension to
non-negative real numbers (we could use any abelian group, actually). We
call it symmetric if it is invariant under rigid motions. It is valuation, if it
is invariant under elementary moves.

For example, volume of the simplex is a symmetric valuation.

It is easy to observe that each symmetric valuation can be uniquely extended
to all convex polytopes.

Corollary 5. Let P,Q be two polytopes. If there is @ symmetric valuation
such that o(P) # ©(Q), then P and Q are not scissor congruent.

There exists a set of such symmetric valuations called Dehn invariants in
space. They are of the form:

P(P)=> el f (1)

ecP

where 7. is dihedral angle at edge e and f is additive function (such that
fla+b) = f(a)+ f(b)).

Theorem 6. Two polytopes P, Q) in space are scissor congruent if and only
if vol(P) = vol(Q) and for every ¢ Dehn invariant o(P) = ¢(Q).

We present this theorem only without proof, since it is too technical.



Matroid structure

Tomas Gavenciak

gavento@gmail.com

Introduction to Matroid Theory

Definition 1. A matroid M is an ordered pair (E,Z) of a finite set F and
a family 7 of subsets of E with following properties:

(I1) 0 € Z (nonempty).
(I2) If I € Z and I' C I, then I' € Z (closed on subsets).

(I3) If I, Iy € T and |I;| < |I2|, then there is an element e of Iy — I; such
that [; Ue € 7.

A set F is called the ground set of M, the members of Z independent sets.
Any subset of E not included in 7 is called dependent.

A base is an inclusion-wise maximal independent set of a matroid.
A circuit is an inclusion-wise minimal dependent set of a matroid.
Lemma 2. If By and By are two bases of matroid M, then |B1| = |Ba].

Lemma 3. Let M be a matroid on E and let B be the family of its bases.
The family B has the following properties:

(B1) B# 0 (nonempty).

(B2) if B1,B2 € B and e € By \ Ba, then there is an element f € By \ By
such that (By —e)+ f € B.

Theorem 4. Let E be a set and B be a family of subsets of E satisfying
properties (B1) and (B2). Let I be the family of subsets of E that are
contained in some member of B. Then, the pair (E,T) is a matroid and B
are its bases.

10




Definition 5. The rank function of a matroid M is a function r from 27
to non-negative integers where (X)) is defined to be the size of a largest
independent subset of X.

Lemma 6. Let M be a matroid on a set E. The rank function r of M has
the following properties:

(R1) 0 <r(X) <|X]| for every X CFE
R2) r(X) <r(Y) forevery X CY CE
R3) r(XUY)+r(XNY) <r(X)+rY) for every X, Y C E.

Theorem 7. Let E be a finite set and r a function mapping 2F to non-
negative integers that has properties (R1), (R2), (R3). Let T be a family of
all subsets X of E with r(X) = |X|. Then, the pair (E,T) is a matroid and
r 18 its rank function.

Definition 8. Uniform matroid is Uy = (E,Z), where E is an [-element
set and 7 the family of all subsets X of E with |X| < k.

Representability and graphic matroids

Definition 9. Let E be a multiset of vectors of a vector space V. Consider
a matroid with the ground set E where a subset of E is independent if it
is linearly independent in V. Then, the conditions (I1), (I2) and (I3) are
satisfied. Such matroid is called a vector matroid.

Definition 10. Let F be a field and let A be an m x n matrix over F. If
the vector matroid given by the columns of A is isomorphic to a matroid
M, then A is a representation of M over F.

The matroids that have a representation over some field are called repre-
sentable matroids.

Definition 11. Let G = (V, E) be a graph (with loops and parallel edges
allowed). The graphic matroid, M(G) of the graph G is the matroid on the
ground set E with a subset X C F independent if it is acyclic in G.

Lemma 12. A set of edges B C FE is a base of graphic matroid M(G) if
and only if edges in B form a spanning tree in G.

Lemma 13. A graphic matroid is representable over any field.

11



Duality and minors

Let B be a family of bases of a matroid M. Let B* be the family of
complements of members of B, i.e., X € B* if and only if F\ X € B.

Definition 14. The family B* is a family of bases of a matroid on E. This
matroid is called the dual of M and is denoted by M*.

Theorem 15. A graph G is planar if and only if M(G)* is a graphic
matroid.

Theorem 16. If G is a planar graph then M(G)* is isomorphic to M(G*).
Definition 17. Minors of matroids are defined using two basic operations,

a deletion and a contraction of elements and their sets.

e Deletion: the matroid M\ T obtained by deleting a set T C E is the
matroid with the ground set E \ T whose independent sets are those
subsets of E\ T that are independent in M.

e Contraction: the matroid M /T obtained by contracting of a set
T C FE is defined through deleting in the dual matroid: the matroid
M/T is equal to (M*\ T)*.
Lemma 18. Every minor of an F-representable matroid is F-representable.
Lemma 19. Every minor of a graphic matroid is graphic.

Branch decompositions

Definition 20. A connectivity function Aaq of a matroid M with groud
set F is defined as:

A (X) = rad(X) + 7 (BE\ X) — rpq(E) + 1.

Definition 21. A branch-decomposition of a matroid M with the ground
set F is an unrooted cubic tree T with a bijection between the leaves of T’
and the elements of F.

An edge e € T splits T into two subtrees and the elements corresponding
to the leaves of the two subtrees form a partition (E7, Es) of the ground set
E.

e The width of an edge e € T is equal to A(E1) = A\(E»).

12



e The width of the branch-decomposition T is the mazimum among

10.
11.

12.

13.
14.

widths of e € T

The branch-width of the matroid M is the minimum width of a branch-
decomposition of M, and is denoted by bw(M).

Exercises

Prove Lemma 3 and Theorem 4.

. Prove Lemma 6 and Theorem 7.

Express r*(X) (rank in dual) in terms of »(X), |X|, »(E), ... Hint:
use 7(E) +r*(E) = |E|.

Show that uniform matroid Uy, ; is a matroid for all k,1 < 0. What is
u;,?

Prove that M(G) is a matroid.

Let G = (V, E) be a graph. Let Z = {V' C V|V’ induces an acyclic
subgraph of G}. Is (F,Z) a matroid?

Let G = (AU B, E) be a bipartite graph and Z = {E' C E|E’ is a
partial matching}. Is (E,Z) a matroid?

Let G = (AU B, E) be a bipartite graph and Z = {A" C A|there is a
partial matching in G using entire A’'}. Is (F,Z) a matroid?

Show that every graphic matroid is binary (i.e., is representable over
Z3). Find a binary matroid that is not graphic.

Prove that Us 4 is not binary. Which U}, ; are binary?

Let M = (E,Z) be a matroid. Let ZT = {[ +e¢|l € Z,e € E}. Is
MT(E,ZT) a matroid?

Let M = (E,Z) be a matroid. Let Z= = {I —e|l € Z,I # 0,e €
Iy U{0}. Is M~ (E,Z7) a matroid?

Find an optimal branch decomposition of Uy ;.

What width can a branch decomposition of M(Ky) have?

13



References

Daniel Kral’, Ondtej Pangrac: Introduction to Matroid Theory, Matfyz-
press, 2009

James Oxley: Matroid Theory, Oxford University Press, 1992

Jan Volec

volec@kam.mff.cuni.cz
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Towards a matroid-minor structure theory
(http://homepages.cwi.nl/ bgerards/personal/papers.html)

This talk surveys recent work that is aimed at generalising the results and
techniques of the Robertson and Seymour Graph Minors Project to matroids
over finite fields.

Conjectures

A number of the most interesting and apparently difficult conjectures in ma-
troid theory concern minor-closed classes. Perhaps the most famous such
conjecture is Rota’s Conjecture.

Definition 1. (Excluded minor) For a minor-closed class of matroids a
minor-minimal matroid that does not belong to that class is its excluded
minor (obstruction).

Conjecture 2. (Rota’s Conjecture) Let F be a finite field. There are,
up to isomorphism, only finitely many excluded minors for the class of F-
representable matroids.

In 1958 Lazarson showed that there are an inifinite number of excluded
minors for representability over the reals and this true also for all other
infinite fields. So, if true, Rota’s conjecture is best possible. At the moment,
Rota’s conjecture is proved only for GF(2), GF(3) and GF(4).

Other conjectures are inspired by the work of Roberston and Seymour in
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their Graph Minors Project. A major outcome of their project is the proof
of Wagner’s Conjecture establishing that in any infinite sequence of graphs
there is one that is isomorphic to a minor of another. In other words, graphs
are well-quasi-ordered under the minor order. The following conjecture is a
natural generalization to matroids. This conjecture was made by Robertson
and Seymour, although apparently not in print.

Conjecture 3. (Well-Quasi-Ordering Conjecture) Let F be a finite field.
Then in any infinite set of F-representable matroids there is one that is
isomorphic to a minor of the other.

As yet, the Well-Quasi-Ordering Conjecture has not been resolved for any
finite field. For any infinite field it is possible to construct infinite antichains
of matroids that are representable over that field. Note that Well-Quasi-
Ordering Conjecture is equivalent to the following conjecture.

Conjecture 4. Let F be a finite field. Any minor closed class of F-
representable matroids has a finite number of F-representable excluded mi-
nors.

The Graph Minors Project has also algoritmic consequences. In particular
Robertson and Seymour proved that there is a polynomial time algorithm
for recognising a given graph as a minor. As a consequence any minor-
closed property of graphs can be recognised in polynomial time. Geleen,
Gerards and Whittle conjecture that this result also extends to matroids
representable over finite fields.

Conjecture 5. (Minor-Recognition Conjecture) For any finite field F and
any F-representable matroid N, there is a polynomial time algorithm for
testing whether an F-representable matroid contains an N-minor.

Combined with the Well-Quasi-Ordering Conjecture, Minor-Recognition
Conjecture implies that, for a given finite field F, there is a polynomial
time algorithm for testing any minor-closed property for F-representable
matroids.

Partial result — excluding a planar graph

In this section, for a finite field F and a planar graph H we provide a
structural description of F-representable matroids with no M (H)-minor.
This description provides a partial results for conjectures mentioned above.
This restricted solutions are the promising beginning.

In Graph Minors Project Robertson and Seymour proved the following the-
orem.
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Theorem 6. (Grid Theorem) For any planar graph H, there is an integer
k(H) such that if G is a graph of tree width at least k(H), then G cotains
an H-minor.

Note that every planar graph is a minor of some grid, therefore it suffices
to prove this theorem for the case that H is a grid.

While it is possible to extend tree width definition to matroids, the exten-
stion of branch width, initially also introduced for graphs, extends more
naturally and is easier to work with. Moreover, branch width is equivalent
to tree width in the following way.

Theorem 7. A class of graphs (or matroids) has bounded tree width if and
only if it has bounded branch width.

Johnson, Robertson and Seymour conjectured that Grid Theorem extends
to all finite fields and Geleen, Gerards and Whittle proved this conjecture.

Theorem 8. (Grid Theorem for matroids) For any planar graph H and
any prime power q, there is an integer w(H,q) such that if M is a GF(q)-
representable matroid of branch width at least w(H,q), then M cotains an
H-minor.

An easy corollary of this theorem is that any minor-closed class of GF(q)-
representable matroids that does not contain all planar graphs has bounded
branch width. Geleen, Gerards and Whittle also proved the following.

Theorem 9. Let F be a finite field and k be an integer. Then each infinite
set of F-representable matroids with branch width at most k has two members
such that one is isomorphic to a minor of the other.

If we put the last two results together, we obtain partial result towards the
Well-Quasi-Ordering Conjecture.

Corollary 10. Let F be a finite field and C be a minor-closed class of F'-
representable matroids that does not contain the cycle matroids of all planar
graphs. Then C is Well-Quasi-Ordered under the minor order.

In combination with results of Hlinény, we also obtain partial progress to-
wards the Minor-Recognition Conjecture.

Corollary 11. For any finite field F and any planar graph H, there is
a polynomial time algorithm for testing whether or not an F-representable
matroid contains an M (H )-minor.

Another result of Geleen, Gerards and Whittle is
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Theorem 12. For any finite field F and any integer k, there is a finite
number of excluded minors for F-representable matroids with branch width
at most k.

Corollary 13. For any finite field F and any planar graph H, there is a
finite number of excluded minors for F-representable matroids that do not
have M (H )-minor.

Martin Bohm

bohm@atrey.karlin.mff.cuni.cz

Presented paper by Geleen, Gerards, Robertson, Whittle

Obstructions to branch-decomposition of matroids
(http://homepages.cwi.nl/ bgerards/personal/papers.html)

Introduction

We aim to find a structure that guarantees large branch-width in a matroid,
ideally one similar to the idea of grids for graphs. We will define nets and
prove that large branch width in a matroid implies a net of large size as a
minor of such a matroid.

We are inspired by the following theorem:

Theorem 1. (Robertson, Seymour) For any positive integer n there exists
an integer k such that if G is a graph with branch-width at least k, then G
contains a minor isomorphic to the n by n grid.

Chapter One, Definitions

Definition 2. A series class C of a matroid M is a maximal subset of
E(M) such that every two distinct members of C' are in series, that means,
they form a cocircuit.

Definition 3. (Minimum separation) For disjoint subsets A, B of E(M)
we let

km (A, B) = min A (X).
ACXCE(M)-B
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Definition 4. Let X be a subset of E(M). We call X an [k, n]-connected
set if for each partition (X1, Xs) of M with |Xi|,|X2] > n we have
HM(Xl,XQ) Z k

Definition 5. A (J,7)-net of a matroid M is a pair (N,P) where N
is a minor of M, P is a collection of series classes of N, |P| > ¢ and
kam (P, Q) >~ for all distinct pairs of sets P,Q € P.

Definition 6. Let A be a connectivity function on £ = E(M). A tangle
of X of an order k is a collection 7 of subsets of E such that:

VBeT :\B)<k.

e For each separation (A, B) of order less than k, 7 contains A or B.
If A,B,C €T,then AUBUC # E.

Vee E:E—{e}¢T.

We also need three theorems on matroids:

Theorem 7. (Tutte’s Linking Theorem) If S and T are disjoint sets of
elements in a matroid M, then there exists a minor N of M such that
E(N)=SUT and AN(S) = km(S,T).

Definition 8. For a positive integer ¢, U(q) is a clas of matroids with no
Us,q+2 minor and U*(Q) is a class of matroids without an Uj 442 minor.

Theorem 9. (Proven in [5]) For ¢ > 2, if M is a simple rank-r matroid in
U(q), then

Theorem 10. (Proven in [6]) If M is a matroid of b-w. at least (m;l),
then M contains a circuit of length at least m.

Our two main goals will be:

Theorem 11. Let M be a GF(q)-representable matroid. If M contains a
(qk, k)-net, then M has branch-width at least k.

Theorem 12. For all positive integers 0, v and a finite field F there exists
an integer k such that if M is an F-representable matroid with b-w. at least
k, then M or M* contains a (0,7) net.

18



Chapter Two, Observations

Lemma 13. Let A be a connectivity function and let k € Z. Now let T be
a collection of subsets of E that satisfies:

VB ET:AB)< k.

For each separation (A, B) of order less than k, T contains A or B.

IfACB,BeT and AN(A) <k, then AeT.

If (A, B,C) is a partition of E, then T cannot contain all three sets
A, B,C.

Vec E:E—{e} ¢ T.

Then T is a tangle.

Lemma 14. Let \ be a connectivity function on E. Then the mazimum
order of a tangle of X is equal to the branch-width of \.

Lemma 15. For all positive integers k and ¢ > 2, if M € U(q) and M
contains a (q*, k)-net, then M has branch-width at least k.

Lemma 16. Let X be a subset of E(M). If X is an [k,n]|-connected set
and | X| > 3n, then M has branch-width at least k + 1.

Definition 17. Let 7 be a tangle of M of order k. For X C E(M), if
X CT,T € T, then we define &7(X) = min(Ay(A) —1: X C AeT).
Otherwise, we set ®7(X) =k — 1.

Lemma 18. Let M be a matroid and let T be a tangle of M of order k.
Then ®71 is the rank function of a matroid of rank k — 1.

Lemma 19. If M is a matroid with a branch-width at least 3k + 1, then
there exists a [k, k]-connected subset X of E(M) with |X| > 3k.

Remark 20. The amount of work needed to verify that a set is [k,n]-
connected grows exponentially with respect to both k and n.

Chapter Three, The Technical Chapter

Definition 21. For positive integers 0, v we define a (4, v)-frame in M to
be a pair (N, P) such that N is a minor of M, P is a set of series classes of
N, |P|>dand VP € P:|P|>~.
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Lemma 22. There exists an integer-valued function f1(0,7,q,k), such that
for every integer §,v,q > 2, and k > 1, if M is a matroid in U*(q) with
b-w. > 3(k+98)+ 1, then either M contains a (8,7)-frame or there exists
Y C E(M) such that M|Y has b-w. >k and |Y| < f1(6,7,¢, k).

Lemma 23. There exists an integer-valued function fa(7y,q,t) such that for
any integer 8,v,q > 2 and t > 1, if M is a matroid in U*(q) that does not
contain a (0,7)-frame and A C E(M), with A\yr(A) < t, then there exists
X C E(M) — A such that A\yryx (A) <0 and | X| < fa(v,q,t).

Lemma 24. There exists and integer-valued function f3(0,7,q, k1, ke, n
such that for any integer §,v,k1,ka,n,q > 2, if M is a matroid in U(q) N
U*(q) s.t. M has a b-w. > f3(...) and neither M nor M* contains a (8,7)-
frame, then there exists a restriction N of M and a partition (A1, As, ... Ay)
of E(N) such that:

e N|A;,N|As...N|A,_1 each have b-w. at least k.
e N|A, has b-w. at least ko.
L] VZG{lTl*l}AN(AluAQUUAz)S5

Lemma 25. (Main result of Chapter Three) There exists an integer-valued
function fy(0,7,k) s.t. for all integers 6,7,k > 2, if M is a matroid in
U(q)NU*(q) with b-w. > f4(6,7, k), then M or M* contains a (8, )-frame.

Chapter Four, The Sweet Finish

Definition 26. Let f be an integer valued function defined on the set of
the positive integers. A matroid M is called (m, f)-connected, if whenever
(A, B) is a separation of order I < m, then either |A| < f(I) or |B| < f(1).

Lemma 27. (Proven in [3]) Let g(I) = (6'=1 —1)/5 for all positive integers
l. If M is a minor-minimal matroid with b-w. k, then M is (k+1,g)-
connected.

After the publication of this paper, the following conjecture was proven in
[11]:

Theorem 28. For any positive integer n and prime power q, there exists
an integer k such that if M is a GF(q)-representable matroid with branch-
width at least k, then M contains a minor isomorphic to the cycle-matroid
of the n by n grid.
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Introduction

A tangle in matroid is an obstruction to small branch-width. I will show
that there is a tree-decomposition of a matroid that ”displays” all of its
maximal tangles and when M is representable over a finite field, each tangle
of sufficiently large order ”dominates” a large grid minor.

More formally

Definition 1. Let A : 2 — Z be an integer-valued, symetric and submod-
ular function, then we say A is connectivity function on E. A connectivity
system is a pair K = (E, \) where A is a connectivity function on E.

Definition 2. Let K = (E,\) be connectivity system. A partition (A, B)
of E is called separation of order A(A).

Definition 3. Let K be a connectivity system. A tangle in K of order 6 is
a collection 7 of subsets of E(K) such that:

For each B € 7, Ax(B) < 0

For each separation (A4, B) of order less than 6, 7 contauins either A or B
If A,B,C €7,then AUBUC # FE(K)

Foreach e € E(K), EK —{e} ¢ T

For matroid M and X C E(M), we let Ay (X) = rp(X) + ry (E(M) —
X) —r(M) + 1, where ry is rank function of matroid M. We will use
Ky = (E(M), Av) as matroid connectivity system.

Lemma 4. Let 1 be tangle of order 8 > 3 in a matroid M. Then each subset
of E(M) with rank less than 6 — 1 is in T.

I will prove that next definition is correct.

Definition 5. Let 7 be tangle of order € in a connectivity system K and
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let 6 < 6. Now let 7 be the collection of all sets A € 7 with Ag(A) < . We
say that 7 is the truncation of 7 to order 6.

Definition 6. Let K = (F,\) be a connectivity system and let X C F.
Let KoX = ((E—X)U{ex},\') where for each A C E—X, N (A) = A(4)
and N(AU{ex}) = AN(AUX).

Lemma 7. If K is connectivity system and X C E

Definition 8. A set X of elements in a connectivity system K is called
titanic if each partition (Aj, As, Az) of X satisfies Ax(A4;) > A (X) for at
leats one i = 1,2, 3.

And now the partial converse of previous lemma will come:

Lemma 9. Let K be a connectivity system, let X C E(K) be titanic with
Ak (X) < 0, and let ' be a tangle of order 6 in K o X. Now let T be the
collection of all A C E(K) such that A\x(A) < 0 and either A— X € 7/ or
(A—X)U{ex} e1'. Then T is a tangle of order 0 in K.

Now we can move towards minors and I can present next definition.

Definition 10. Let NV be a minor of M and let 7y be a tangle in N of order
0. Now let )y be the collection of all sets A C E(M) where Ay (A) < 6
and AN E(N) € 7. We say that 7/ is the tangle in M induced by 7.

Definition 11. Let f: Z; — Z, be a function and m € Z, A matroid is
called (m, f)-connected if whenever (A, B) is a separation of order [ < m
we have either |A| < f(I) or |B| < f(1).

In the following we let g(n) = (6"~! —1)/5.
Theorem 12. Let 7 be a tangle of order 0 in a matroid M. Then there

exists a (0, g)-connected minor N of M and a tangle 7' of order 6 in N such
that 7 is the tangle in M induced by 7.

In the proof of thist theorem I will use lemma(without proof):

Lemma 13. Let f: Zy — Z4 be a nondecreasing function. If e is an
element of an (m, f)-connected matroid M, then M e or M/e is (m,2f)-
connected.

Let G,, denote n by n grid graph. The goal is then to prove existence of
natural tangle of order n in M(G,,). For i € {1,...,n} let P; denote the
horizontal paths in grid and @); denote the vertical path. Now let 7,, denote
collection of all subsets A C E(G,,) such that Ay, )(4) < n and A does
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not contain any E(F;) for i € {1,...,n}. Then this lemmma holds:
Lemma 14. For n > 3. 7, is a tangle in M(G,,) of order n.

We will need Tutte’s linking Theorem (an extension of Menger’s Theorem)
and a lemma:

Theorem 15. If S and T are disjoint sets of elements of a matroid M,
then there exists a minor N of M such that E(N) = SUT and An(S) =
KI\/I(Sv T)

Lemma 16. If S and T are disjoint sets of elements of a matroid M.
Then there exist set S C S and Ty C T such that |Si|+1 = |Th|+1 =
Ky (51, Th) = Ku(S,T).

Let [n] denote the set {1,...,n}

Lemma 17. Let i € [n] and for each j € [n] — {i}, let e; and f; be disjoint
edges of P;. Nowlet X ={e; : j € [n]—{i}} andletY = {f; : j € [n]—{i}}.
Then Ky, (X,Y) =n.

Definition 18. We call a set A C (G,,) small if Ay, )(A) < n and A does
not contain any of E(P;) or F(Q;) for all i € [n].

Lemma 19. Forn > 3, E(G,) cannot be partitioned into three small sets.
I will need following result to show first big theorem of this article:

Theorem 20. There exist an integer-valued function f(k,g) such that for
any positive integer k and primepower q, if M is a GF(q)-representable ma-
troid with branch-width at least f(k,q), then M contains a minor isomorphic
to M(Gk)

Theorem 21. For each finite field F and possitive integer k there exists an
integer 0 such that, ij M is an F-representable matroid and T is a tangle in
M of order 0, then T dominates a minor N that is isomorphic to the cycle
matroid of a k by k grid.

Definition 22. Let E be a set, a partition of F into two sets is called a
separation of E. Two separations (Ay, As) and (B, B2) of set E are said
to cross if A; N B; # 0 for each 4, j € [2]. A collection S of separations of F
is laminar if no two separations in S cross.

Definition 23. Let K be a connectivity system, a set X C EFK is ro-
bust if for each proper partition (X7, X2) of X either A\x(X1) > Ag(X) or
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A (X2) > A (X). A separation (X,Y) of K is robust if X and Y are both
robust.

Lemma 24. Let K be a connectivity system and let S be the set of all
robust separations of K. Then S is laminar.

Theorem 25. Let K be a connectivity system and let Ty, ...,T, be tangles
in K, none of which is a truncation of another. Then there exists a tree-
decomposition (T, P) of E(K) such that V(T) = [n] and such that folloving
hold:

1. For each i € V(T) and e € E(T) if T' is the component of T — e
containing i then P[V(T")] is not in ;.

2. For each pair of distionct vertices i and j of T', there exists a minimum-
order distinguishing separation for T; and T; that is displayed by T'.

Corollary 26. An m-element connectivity system has at most mT*Q maxi-
mal tangles.
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A problem is fized-parameter tractable (FPT) with respect to a parameter k,
if it can be solved in time f(k)-poly(n) for some (computable) function f(k)
depending only on k. We will present the following method of ”treewidth
reduction”: given a graph G, two terminal vertices s and ¢, and a parameter
k, we can compute in a FPT-time a graph G* having its treewidth bounded

by a function of & while (roughly speaking) preserving all the minimal s—¢
separators of size at most k.

This method can be used to establish fixed-parameter tractability for various
separation and bipartization problems. We will apply it to prove FPT for

e MINIMUM STABLE s — t CUT problem (Is there an independent set
of size < k whose removal separates s and t7), and for

e STABLE BIPARTIZATION problem (Is there an independent set of
size < k whose removal makes the graph bipartite?).

Definition 1. Let G = (G, E) be a graph, T a tree and ¥V = (Vi)ier a
family of subsets of G. The pair (T, V) is called a tree decomposition of G,
if

(Tl) G = UteT Vi,

(T2) Ve E)(FteT)e CV,,

(T2) Vi, NVi, C V4, whenever ts lies on the path between ¢ and ts.
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The width of (T, V) is max{|V;| : t € T} — 1. The treewidth of G, tw(G), is
the minimal width of a tree decomposition of G.

Theorem 2.(The treewidth reduction theorem) Let G be a graph, S C G
and k € N. Let C be the set of all vertices of G participating in a minimal s
—1 cut of size at most k for some s,t € S. Then there is an FPT algorithm,
parameterized by k and |S|, that computes a graph G* having the following
properties:

(1) CUSCG*

(2) For every s,t € S, a set K C G* with |[K| < k is a minimal st
separator of G*, if and only if K C C'US and K is a minimal s—t
separator of G.

(3) The treewidth of G* is at most h(k,|S|) for some function h.
(4) For any K C C, G*[K] is isomorphic to G[K].

The previous theorem, in combination with the well-known Courcelle’s the-
orem (see below), provides a powerful tool to prove FPT for constrained
separation and (using a little trick) also bipartization problems.

Theorem 3.(Courcelle’s theorem) All graph properties definable in monadic
second-order logic can be decided in (linear) FPT-time w.r.t. the treewidth
of the input.

Robert Himmelmann

rjhOmytum.de
Presented paper by Andrew D. King
Hitting all maximum cliques with a stable set using
lopsided independent transversals
(http://arxiv.org/pdf/0911.1741v2)

For certain colouring problems having a stable set S meeting every maxi-
mum clique in a graph G is helpful. Rabern proofed that a sufficient con-
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dition for the existence of such an S is w(G) > 2(A(G) + 1). In my talk I
am going to present the best possible result of this type. For that purpose
the following lemmas will be useful.

Intermediate Results

Lemma 1. Let Q be a collection of mazximum cliques in a graph G. Then

we have | Q] > 2w(G) — U Q|

For a graph G let C(G) be the graph with the set Q of maximum cliques
of G as vertices and edges between two cliques if their intersection is not

empty. Le. C(G) = (Q,{C1,C2 € (§) : C1 N O # 0})

Lemma 2. Let G be a graph satisfying w(G) > %(A(G)qu). Then for every

connected component C of C(G) we have |V (C)| > 2w(G) — (A(G) + 1)

Lemma 3. Let k € N and G be a graph partitioned into cliques Vi, ..., V..
If for any v € V;, v has at most min{k, |V;| — k} neighbours in G —V;, then
G contains a stable set of size r.

Theorem

With these Lemmas the following can be shown:

Theorem 4. If a graph G satisfies w(G) > 2(A(G) + 1) then it contains a
stable set S, such that w(G — S) < w(G).

To see that this bound cannot be improved, consider the graph G obtained
from a Cj by substituting every vertex with a clique of size k. Then we
have w(Gy) = 2k = 2(A(Gk) + 1) but there is no stable set meeting every
maximum clique.

Proof Outline
Lemmas 1 and 2 have already been proven elsewhere, see for example [2].
Lemma 3 is an easy consequence of the following lemma.

Lemma 5. Let G be a graph partitioned into stable sets Vi,...,V,.. Let
x be a vertex in V,.. Assume that for every J C [r — 1] there are no sets
XY C{at U, Vj such that

e Every vertex in {z} UJ,.;V; has a neighbour in X UY".

jed
e X and Y are stable.

o Vily NV <1
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e Fwery vertex in'Y has exactly one neighbour in X.

e r X

Then there is a stable set S such thatVi.|V;NS| =1 (i.e. S is an independent
system of representatives) with x € S.

To proof this lemma we will assume that there is a counterexample G. It can
then be shown that there is an increasing sequence (Y;); of sets Y; C V(G),
such that for any i we have Vj.|V; NY;| = 1. Since G is finite this is a
contradiction.
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Introduction

Interval graphs are intersection graphs of intervals on the real line. Every
interval is represented by a vertex and two vertices are adjacent if and only
if the corresponding intervals intersect. Studying of interval graphs is mo-
tivated by many real world applications—in molecular biology, scheduling,
etc.
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A natural problem to ask is whether a given graph is an interval graph, and
in the positive case to find an interval representation of this graph. In this
paper, Booth and Lueker present a linear-time algorithm for interval graph
recognition, using a new data structure called PQ-trees.

PQ-tree

A PQ-tree is a data structure used to represent a so-called permissible
permutation of a set U. For given subsets S; C U, a permissible permutation
is a permutation that contains all the elements of sets .S; consecutively (in
any order). For example, permutations bac and cab contain the set {a,b}
consecutively but permutations acb and bca do not.

A PQ-tree represents one permissible permutation. Leaves correspond one-
to-one to elements of U. There are two types of inner nodes: P-nodes and
@-nodes. The order of children of inner nodes is fixed. The permutation
represented by this tree is an ordering of its leaves from left to right, see
Figure 1.

Since sets S; admit different permutations, we can reorder the children of
inner nodes to get other permissible permutations. We can reorder the
children of P-nodes arbitrarily. On the other hand, @-nodes are more
restricted—we can only reverse the order of their children. Two PQ-trees
are called equivalent if there is a sequence of reorderings that changes one
to another. For example, the trees shown in Figure 1 are equivalent.

Theorem 1. For given sets S;, there exists a PQ-tree, such that all the
trees equivalent to it represent exactly all the permissible permutations for
sets S;.

Figure 1: PQ-trees representing permutations abcde fgh and fgedhach.
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Moreover, we can iteratively construct a PQ-tree in time linear to the sizes
of U and S; —in O(JU| + > |Si])-

Recognizing interval graphs using PQ-trees

A 0-1 matrix has the consecutive ones property if there exists a permutation
of its rows, such that all the ones in every column appear consecutively. This
problem is easily solvable using PQ-trees.

Lemma 2. For a given 0-1 nxm matriz with f ones, we can decide whether
it has the consecutive ones property in time O(n+m+ f).

We use the following characterization of interval graphs. A graph is an in-
terval graph if and only if it is chordal and there exists an ordering of its
maximal cliques in a way that every vertex appears only in several consec-
utive cliques.

To find a permissible ordering of maximal cliques, we consider the incidence
matrix of maximal cliques and vertices. The graph is an interval graph if
and only if this matrix has the consecutive ones property. As shown in
Figure 2, for a given ordering of maximal cliques, it is easy to construct an
interval representation.

abc bede € €g

Figure 2: An interval representation for a given ordering of maximal cliques.
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Combinatorial proof of colored Tverberg theorem

Introduction

This contribution is based on the following sources: Optimal bounds for the
colored Tverberg problem by Blagojevi¢, Matschke and Ziegler; Chessboard
complexes indomitable by Vreéica and Zivlajevié; and a work in progress by
Kreal, Matousek, Tancer and Wagner.

During the talk we recall Tverberg theorem and we explain colored Tverberg
problem. We emphasize the trick by Blagojevi¢, Matschke and Ziegler which
allowed to use topological methods for the colored problem and thus solve
the problem for the case of prime numbers. Few months later, Vreéica
and Zivaljevi¢ simplified the topological proof. This simplification allows
us to translate the proof into mostly combinatorial setting using just basic
topological notions (which can be even avoided if necessary).

More formally

Theorem 1. (Tverberg’s theorem) Let d and r be given positive integers.
For any set A C R? of at least (d+1)(r—1)+1 points there exists r pairwise
disjoint subsets Aq,..., A, C A such that the intersection of their convex
hulls is nonempty.

Theorem 2. (Colored Tverberg theorem) For any integers r,d > 2 there
exists an integer t such that given any t(d+1)-point set Y C R partitioned
into d+1 color classes Y1, ..., Yqr1 with t points each, there exist r pairwise
disjoint sets Ay, ..., A, such that each A; contains exactly one point of each
Yj,j=1,...,d+1 (that is, the A; are rainbow), and Ni_, conv(A;) # 0.
The task of colored Tverberg problem is to determine the smallest possible
t = t(d,r) for which the theorem above holds. Let us denote it by t.,;. From
general position t.,; > r. Blagojevi¢, Matschke and Ziegler have shown that
teor = 1 if 7+ 1 is a prime number. In particular they proved the following
more general result.
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Theorem 3. For an integer d > 2 and r a prime number given any
((r — 1)(d + 1) + 1)-point set Y C R? partitioned into d + 2 color classes
Yi,. ., Yar1, Yaro with |Ya|, .. |Yag1| = r—1; |Yayo| = 1, there exist r pair-
wise disjoint sets A1, ..., A, such that each A; contains at most one point of
eachYj, j=1,...,d+2 (that is, the A; are rainbow), and N]_, conv(A;) #
0.
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Presented paper by César Cérnandez-Célez, Gelasio Salazar, and Robin
Thomas
Nested Cycles in Large Triangulations and
Crossing-Critical Graphs
(http://arxiv.org/abs/0911.4690)

Introduction

The crossing number of a graph G (cr(G)) is the minimum, over all drawings
v of G, of the number of crossings in . We say, that G is k-crossing critical,
if er(g) > k, but ¢r(G — e) < k for every edge e of G.

Many mathematicians have explored the crossing critical graphs and their
properties. One of the questions that arose is, how many k-crossing crit-
ical graphs with given average degree do exist. The results of Richter,
Thomassen, Pinontoan, Bokal and Hlineny are, that for every ¢ rational
from the interval 3, 6 there exists an integer k such that there is an infinite
family of k-crossing critical graphs.

In my talk I will present the work of Célez, Salazar, and Thomas, who
proved that:

Theorem 1. For each fixed positive integer k, the collection of all k-crossing
critical graphs with average degree at least six is finite.

In fact, it turned out, that even stronger claim holds, and that is:
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Theorem 2. For all integers k > 1, r > 0 there is an integer ny such that
if G is a k-crossing critical simple graph on n vertices with average degree
at least 6 — -, then n < ng.

The clue to the proof of these theorems is the discovery summed up in the
following theorem:

Theorem 3. For every integer k there exists an integer n such that every
planar triangulation on at least n vertices has an s-nest of size k for some

s €{0,1,2}.

Martin Kupec
kupec@kam.mff.cuni.cz
Presented paper by Gerth Stglting, Brodal and Rolf Fagerberg
Dynamic Representations of Sparse Graphs
(WADS’99, LNCS 1663, pp. 342-351, 1999)

This talk describes an algorithm for maintaining graphs with bounded ar-
boricity in linear space under edge insertion, deletion and adjacency query.
Representation of a graph takes O(m + n) space. The data structure sup-
ports adjacency query in O(c) worst-case time, edge insertion in O(1) amor-
tized time and edge deletion in O(c+logn) amortized time. Where n is the
number of vertices in the graph and ¢ the bound on the arboricity.

Definition 1. The arboricity ¢ of the graph G = (V, E) is defined by

E(J)

— ., J C > 2.

c = maxy

Operations considered on graph G = (V, E) with arboricity ¢
— Adjacent(u,v), return true if and only if (u,v) € E,
— Insert(u,v), E:= EU{(u,v)},
— Delete(u,v), E:= E\ {(u,v)},
- Build(V, E), G := (V, E).
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We define operations as follow:
Adjescent(u, v):
return v € adju] or u € adj[v]

Delete(u, v):

adjfu] := adj[u] \ {v}
adj[v] := adj[v] \ {u}
Build(V, E):

for all v € V do
adj[v] =0

end for

for all (u,v) € E do
Insert(u, v)

end for

Insert(u, v):
adjlu] := adju] U {v}
if |adj[u]| = A+ 1 then
S :={u}
while S # ) do
w := Pop(9)
for all x € adj[w] do
adjlz] := adj[z] U {w}
if |adj[z]| = A+ 1 then
Push(S, x)
end if
end for
adjw] := 0
end while
end if

Effectiveness and time bounds of presented algorithm follows non-const-
ructive proof. The proof discusses existence of an algorithm based on edge
reorientations and it’s amortized time bounds.

We will use classical characterisation of arboricity bounded graphs by Nash-
Williams:

Theorem 2 (Nash-Williams). A graph G = (V, E) has arboricity ¢ if and
only if c is the smallest number of sets Fn, ..., E., that E can be partitioned
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into, such that each subgraph (V, E;) is a forest.

Definition 3. A-orientation is an orientation of an undirected graph, such
that each vertex has outdegree bounded by A.

Definition 4. An arboricity ¢ preserving sequence is sequence of edge
insertions and deletions on a graph G, initially of arboricity at most c,
where the arboricity stays bounded by ¢ during the entire sequence.

Using next lemmas we bound amount of extra work performed by edge
reorientations.

Lemma 5. Given an arboricity ¢ preserving sequence o of edge insertions
and deletions on an initially empty graph, let G; be the graph after the i’th
operation, and let k be the number of edge insertions.

If there exists a sequence Go,G1, ..., C_T"g‘ of d-orientations with at most r
edge reorientations in total, then the algorithm performs at most

A+1

Ry,

edge reorientations in total on sequence o, provided A > 20.

Lemma 6. Let G = (V, E) be a graph with arboricity at most c, let G =
(V, E) an orientation of G, and let § > c. In G, if u € V has outdegree at
least & then there exists a vertex v with outdegree less than § and a directed
path from u to v containing at most [logs,. |V|] edges.

Finally theorem bounding time consumption follows from previous lemmas.

Theorem 7. In an arboricity c preserving sequence of operations starting
with an empty gmph the algorithm for A/2 > 6 > ¢ supports Insert (u, v)

in amortized O(AJrl L) time, Build(V, E) in amortized O(|V |+|E| A$1+125)

time, Delete (u, v) in amortized O(A + AfiH%) time, and Adjacent (u, v)
in worst case O(A) time.

Choosing A = 4c and § = %c gives time bounds as stated at the beginning.
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Introduction

Alon and Tarsi introduced an algebraic technique for proving the upper
bounds of the choice number of graphs. For a graph G, the number ob-
tained by this method was named the Alon-Tarsi number and denoted by
AT(G). Alon and Tarsi gave two interpretations of this parameter. The
first interpretation states that AT(G) < k if and only if there exist an ori-
entation D, such that the out-degree of every vertex is less than k and the
number of odd eulerian subdigraphs is not the same as the number of even
eulerian subdigraphs of D. The second characterization applies only for line
graphs of d-regular d-colorable line graphs and interprets AT(G) in terms
of signed colorings.

The first characterization is generalized by showing that there is an infi-
nite family of weighting functions, each of which can be used to character-
ize AT(G). The second characterization is generalized for all graphs (and
hypergraphs). At last we use the second characterization to prove that
X(G) = ch(g) = AT(G) for certain families of graphs.

More formally

Let G = (V, E) be a undirected multigraph with vertex set {1,...,n}. The
graph polynomial is defined by

Po(x1,29, ..., &p) = H (i — ).
1<i<j<n
(i,j)€E

This polynomial encodes the information about proper colorings of G. A
graph G is k-colorable if and only if there exists an n-tuple (a1, ...,a,) €
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{0,...,k — 1} such that Pg(ai,...,a,) # 0. Similarly G is k-choosable if
and only if for any family of sets S; of size at least k there exists an n-tuple
(a1,...,an) € S1 X S2 X --- x S, such that Pg(ay,...,a,) #0.

The following theorem gives a sufficient condition for the existence of such
an n-tuple

Theorem 1./(Combinatorial Nullstellensatz)] Let F be a field and let p =
p(z1,...2,) be a polynomial over F. Suppose that deg(p) =Y _;_ t; and the
coefficient of H?:l zfl in p is nonzero. Then if S1,S9,...5, are subsets of
F with |S;| > t;, there exists an n-tuple (a1,...,a,) € S1 X Sy X -+ x S,
such that p(ai,...,a,) # 0.

Let f: V — Nt. We say that G is f-AT, if a coefficient in Pg satisfies
the above theorem with ¢; < f(i). We say that G is k-AT if G is f-AT for
fG@)=k.

The first characterization characterizes the f-AT graphs using eulerian sub-

digraphs. By the term eulerian, we mean that for every vertex we require the
out-degree to be the same as the in-degree, we do not require connectivity.

Theorem 2. Let G = (V, E) be an undirected graph, V. = vy,...,v,. Let
D be an orientation such that the out-degree of v; is d;. The graph G is
f-AT, f(i) = d; + 1, if and only if the number of odd eulerian subdigraphs
is not the same as the number of even eulerian subdigraphs of D.

We prove the following generalization.

Theorem 3. With notation as in above theorem, the graph G is f-AT if
and only if ZAQE(*U'Al [T, H;li:l(dj(vi) —dy(vi) —u}) # 0, where the
numbers u; are arbitrary real numbers.

Indeed if we choose u; = j we get the statement of the previous theorem.
Other interpretation given by Alon and Tarsi is this:

Theorem 4. Let H be a d-regular d-edge colorable graph and let G =
({v1,...,vn}, E) be its line graph. Let Cy be the set of proper colorings of
G with colors {0,1,...d — 1}. The sign of ¢ € Cq, denoted by sign(c), is
defined to be 1 if P(c(vy),c(v2),...,c(vn)) > 0 and —1 otherwise. Then
AT(G) < d if and only if 3 ..o, # 0.

We generalize it as follows.

Theorem 5. Let G = (V,E) be a graph, V. = {1,2,...,n} and |E| = m.
Let f : V. — N* be a function satisfying Yo\ f(u) = m +n. Let Cq be
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the set of all proper colorings ¢ of G with colors {0,1,.. . max{f(i)—1:1<
i <n}}. Then G is f-AT if and only if

> (T ] (f(z)(i) 1) Pa(c(l), ... e(n)) 0.

CGCf

We apply this theorem to uniquely colorable graphs.

Theorem 6. Let G be a uniquely k-colorable graph with n vertices and
(k—1)n— (g) edges. Then AT(G) = k.

Theorem 7. Let G be a uniquely k-colorable graph with n vertices and m
edges. Let the sets A; be the color classes of the unique coloring. Let 7,
(respectively r. ) be number of odd (even) sets A;. Let p, (respectively p.) be
number of pairs A;, Aj, 1 <14 < j legn, such that both A; and A; are odd
(even) and e(A;, A;) is odd. If m < max{(n —r,)(k — 1)+ (y) — pe, (n —
re)(k = 1)+ (5) — po}, then AT(G) = k.

This thorem provides the following results

Corollary 8. AT (Ka.pn) = n, where Ko., is complete n-partite graph with
each part of size 2.

Corollary 9. AT(C?) = x(C?) =p+ 1, where C? is the p-th power of the
n-cycle.
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Cyclic Orderings and Cyclic Arboricity of Matroids
(http://arxiv.org/pdf/0912.2929)

We present a general result concerning cyclic orderings of the elements of a
matroid. This result has a few interesting corollaries, namely we generalize
a result of Nash-Williams on covering graphs by spanning trees and prove
a conjecture of Gongalves and a special case of conjecture of Kajitani et. al.

39



A matroid (F, 7) is formed by a finite ground set E together with a collection
T of independent sets. If a set S C E is independent, then also any of its
subsets is independent. If A and B are two independent sets and A has
more elements than B, then we can add an element of A to B obtaining
again an independent set. A maximal independent set is called a base. Any
two bases have the same cardinality. Any matroid has an associated rank
function: the rank r(F) of a set I C E is the cardinality of a maximal
independent set contained in F'. The rank of a matroid is the cardinality of
a base.

The mazimal density of a matroid M is v(M) = max (|A|/r(A)), the maxi-
mum taken over all non-empty subsets A C E. We call a matroid uniformly
dense if y(M) = |E|/r(E). A matroid M of rank r with ground set E is
cyclically orderable if there exists a cyclic ordering of the elements of E such
that any r consecutive elements form a base of M.

Conjecture 1. A matroid is cyclically orderable if and only if it is uni-
formly dense.

We prove this conjecture for a special class of matroids.

Theorem 2. Let M be a matroid such that |E| and r(E) are coprime.
Then M is cyclically orderable if and only if it is uniformly dense.

The arboricity T (M) of a matroid M is the minimum number of bases
needed to cover all the elements of the matroid. The fractional arboricity
T (M) of a matroid M is defined in a way similar to the fractional chro-
matic number of a graph: a non-negative weight is assigned to each base
of M in such a way that the sum of the weights of the bases containing
an element e of E is at least one; then T (M) is the minimal sum of the
weights assigned to the bases under these conditions. A third kind of ar-
boricity is circular arboricity resembling the circular chromatic number of
a graph. Let Sy be a circle with circumference d. Given a matroid M, we
want to map the elements of E to Sy in such a way that for any unit-length
arc (cyclic interval) of Sy, the elements mapped into this interval form an
independent set. The circular arboricity Y.(M) is the infimum taken over
all values of d for which such a mapping is possible.

Since every base can contain at most 7(A) elements of any subset A of the
matroid, the arboricity of a matroid is always at least its maximal density.
A theorem of Edmonds assures that T (M) = [y(M)]. An easy corollary of
this theorem is that Y (M) = y(M). Our second main result is captured
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in the following theorem.
Theorem 3. For a matroid M we have Y (M) =T (M).

A weighted matroid is a matroid M together with a weight function w from
E into the set of non-negative rational numbers. The weight w(A) of a set
A C F is the sum of the weights of its elements. Similarly to the unweighted
case, the mazimal density v(M,w) is the maximum of w(A)/r(A) taken over
all non-empty subsets A of E. A weighted matroid is uniformly dense if E
achieves the maximal density.

Let ® be a mapping from E to S4. The cyclic interval (arc of the circle Sy)
associated with an element e of E is J(e) = [®(e),P(e) + w(e)). Thus, to
every point x of Sy, we can associate the set Eg(2) C F such that e € Eg(2)
whenever x € J(e). The mapping @ is a fractional cyclic independence order
of (M, w) if Eg(x) is independent for every point x of Sg.

Both Theorem 2 and Theorem 3 can be derived from the following theorem.

Theorem 4. Let (M, w) be a weighted matroid, and d a positive rational
number. Then there exists a fractional cyclic independence order of (M, w)
into Sq if and only if d is greater than or equal to the maximal density

TM,w).
For a graph G, let V(G) be the set of its vertices, F(G) the set of its edges
and ¢(G) the number of its components.

Corollary 5. Let G be a connected graph and d a positive real number
such that for every set of edges A that form a cut-set of G we have |A| >
d-c(G—A). Then there exists a mapping ® from the edge set E(G) into the
circle Sq such that for every unit-length arc of Sq, the edges of G mapped
into this arc form a spanning connected subgraph of G.

The last corollary generalizes a well-known result of Tutte and Nash-Williams.

Theorem 6.[Tutte, Nash- Williams] A multigraph contains k edge-disjoint
spanning trees if and only if for every partition P of its vertex set it has at
least k(|P| — 1) edges with ends lying in different partitions.
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Introduction

The rank-width of a graph G, rw(G), is a width parameter that was in-
troduced by Oum and Seymour[5] in order to study the cliqgue-width. Let
G = G(n,p) a random graph following the Erdds-Rényi model. The tree-
depth of G is another parameter that has a crucial paper on the theory of
bounded expansion classes and has been introduced under numerous names.
The definition we will use is that given by Nesetril and Ossona de Mendez
[4]. The asymptotic behaviour of both parameters will be presented in the
case of dense and sparse random graphs. The first part is presented in [3]
and the second part has been developed by the speaker and O. Serra.

Rank-width of random graphs

Let Vi and V5 two disjoint subsets of nodes of G. We define their cut-rank
pc(V1,V2) as the rank of (0, 1)-matrix that gives the adjacencies between
both subsets.

A rank-decomposition of G consist in a pair (T, L) where T is a sub-cubic
tree and L a surjective application between the vertices of GG, and the leaves
of T. For each uwv € E(T) we get a partition of G by looking on Ay, =
L=Y(C,) and B, = L=Y(C,), where C, and C,, are the leaves of the disjoint
components of T\ {uv}.

In this context we can define the rank-width as,

G) = i Auszu'u
rw(G) = min max pol )

Theorem 1./Dense random graphs] Asymptotically almost surely G = G(n, p)
satisfies:
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1. if p € (0,1) is fized, then [%] —O(1) < rw(G) < [%]

2. if + < min(p,1—p), then [2] —o(n) < rw(G) < [%]
Theorem 2./Sparse random graphs] Suppose that p = ¢/n with ¢ > 0, then
a.a.s. G = G(n,p) satisfies:

1. if0<c< 1, then rw(G) is at most 2

2. if c =1, then rw(G) is at most O(n>/?)

3. if ¢ > 1, then there exists r = r(c) such that rw(G) is at least rn
This last theorem improves the bounds given by Kloks[2] and Gao[1] for the

threshold of linear behaviour of the tree-width of a random graph,

Corollary 3. Let ¢ > 1 and p = ¢/n. Then there exists t = t(c) such that
a.a.s. tw(G(n,p)) > tn

Tree-depth of sparse random graphs

Let T a rooted tree, we define its closure as the graph having the same
vertex set, and edges between vertices if one is ancestor of the other. Then
td(G) is the minimum height of such a T whose closure contains G as a
subgraph.

Theorem 4./Sparse random graphs] Suppose that p = ¢/n with ¢ > 0, then
a.a.s. G =G(n,p) satisfies:

1. if0<c< 1, then td(G) = ©(loglogn)

2. if c=1, then td(G) is at most O(logn)

3. if ¢ > 1, then there exists s = s(c¢) such that td(G) is at least sn

Then taking into account easy inequalities between tree-like parameters

Corollary 5. Letc =1 and p = ¢/n. Then a.a.s. rw(G(n,p)) = O(logn).
This result improves Theorem 2.2.
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