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Abstra
t

Motivated by the Ca

etta-Häggkvist Conje
ture, we prove that

every digraph on n verti
es with minimum outdegree 0.3465n 
on-

tains an oriented triangle. This improves the bound of 0.3532n of

Hamburger, Haxell and Kosto
hka. The main new tool we use in our

proof is the theory of �ag algebras developed re
ently by Razborov.

1 Introdu
tion

A digraph is a dire
ted graph with no loops, no parallel edges, and no


ounter-parallel edges. We write V �D� and E�D� for the set of verti
es

and for the set of edges of a digraph D. The outneighborhood Γ�

�u� of a

vertex u > V �D� is de�ned as Γ�

�u� � �v > V �D� � uv > E�D��. For a

set U b V �D�, we de�ne its 
ommon neighborhood Γ�

�U� �

�u>U Γ�

�u�.

The outdegree of a vertex u is de�ned deg��u� � SΓ�

�u�S. A digraph D is

outregular if deg
�

�u� � deg
�

�v� for any u, v > V �D�. For a digraph D we

�
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write δ��D� for its minimum outdegree, i.e., δ��D� � minu>V �D�

deg
�

�u�. A


y
le of length t is a digraph Ct whose verti
es 
an be labelled as v0, . . . , vt�1

so that vivj is a dire
ted edge of Ct if and only if i�1 � j (mod t�. A triangle

is a 
y
le of length three. Finally, a digraph is a
y
li
 if it does not 
ontain

any 
y
le.

One of the most intriguing problems of extremal (di)graph theory is the

following 
onje
ture of Ca

etta and Häggkvist [2℄ dating ba
k to 1978.

Conje
ture 1.1. Every n-vertex digraph with minimum outdegree at least

r has a 
y
le with length at most �n~r�.

If 
orre
t, the above bound is tight. We refer to [14℄ for a thorough

survey on the Conje
ture 1.1.

The 
ase when r � n~3 is of parti
ular interest. It asserts that any n-

vertex digraph with minimum outdegree at least n~3 
ontains a triangle.

Our main result gives a new minimum outdegree bound for this 
ase of the

Ca

etta-Häggkvist Conje
ture.

Theorem 1.2. Every n-vertex digraph with minimum outdegree at least

0.3465n 
ontains a triangle.

This improves previous minimum-degree bounds established by Ca

etta

and Häggkvist [2℄ (0.3820n), Bondy [1℄ (0.3798n), Shen [12℄ (0.3543n) and

Hamburger, Haxell, and Kosto
hka [5℄ (0.3532n).

The proof of Theorem 1.2 uses the theory of �ag algebras whi
h was

re
ently developed by Razborov [9℄. Flag algebras provide general for-

malism whi
h allows one to deal with problems in extremal 
ombinatori
s.

Razborov used this approa
h to solve a long-standing open problem on den-

sity of triangles in graphs [11℄, and a spe
ial 
ase of the Turán's problem

for 3-uniform hypergraphs [10℄. The main ingredient of our proof is, sim-

ilarly to [10℄, an approa
h 
alled by Razborov the �semide�nite method�.

The other two ingredients are (using the language of Razborov) �indu
tion�

and a re
ent result of Chudnovsky, Seymour and Sullivan [3℄ on eliminating


y
les in triangle-free digraphs. Brute for
e 
omputer sear
h was used to


ombine these te
hniques to give the bound. However, the resulting proof is


lose to being 
omputer-free, only with Maple used to verify several hundred

addition and multipli
ation operations involving �ve-to-nine digit numbers.

The paper is organized as follows. In Se
tion 2 we survey some of the the-

ory of �ag algebras needed for our purposes. Se
tion 3 treats the stru
ture

of triangle-free digraphs. It 
ontains a statement of the key Theorem 3.5
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and gives a short proof of Theorem 1.2 based on it. Finally, in Se
tion 4 we

give a proof of Theorem 3.5.

2 Flag algebras

We refer the reader to [9℄ for a thorough treatise of the matter of �ag

algebras. Here, we present only what is needed for our proof of Theorem 1.2,

following 
losely [9℄. Furthermore, we restri
t our presentation only to the

theory T of triangle-free digraphs. The theory T is a vertex uniform theory

i

with amalgamation property

ii

, whi
h allows us to use full strength of the

results from [9℄.

Given a digraph D and a set U b V �D� we write D �U for the digraph

obtained from D by deleting the verti
es of U .

A type of order k is a triangle-free k-vertex digraph σ on the vertex set

V �σ� � �k�. The symbol SσS denotes the order of σ, i.e., SσS � k. Suppose

that an inje
tive map η � �k�� � �k� is given. Then a restri
tion σSη of the

type σ is a type on the vertex set �k�� su
h that η is an isomorphism between

σSη and σ�Im�η��.

Suppose that σ is a type of order k. Then a σ-�ag is a pair F � �D,θ�,

where D is a triangle-free digraph and θ � �k� � V �D� is an inje
tive digraph

homomorphism su
h that σ � D�Im�θ��. We write F

σ
for the set of all σ-

�ags; F

σ
ℓ is its restri
tion to σ-�ags of order ℓ. For two σ-�ags F1, F2 > F

σ
,

F1 � �D1, θ1�, F2 � �D2, θ2�, we write F1 �σ F2 if there exists a digraph

isomorphism whi
h is 
onsistent with the labellings θ1 and θ2. A restri
tion

of a σ-�ag F � �D,θ� to a set V , Im�θ� b V b V �D�, is a σ-�ag F SV �

�D�V �, θ�.

A given type σ of order k 
an be regarded as a σ-�ag. In view of this, any

inje
tive map η � �k�� � �k� naturally de�nes a σSη-�ag of order k denoted

by �σ, η�.

We shall now enhan
e F

σ
with the stru
ture of an algebra. Given two

σ-�ags F � �D,θ� > Fσ
ℓ and F �

> F

σ
ℓ� , ℓ� B ℓ we de�ne the number p�F �;F �

by

p�F �;F � � P �F SIm�θ�8V �σ F �

� ,

i

Razborov [9℄ 
alls a theory vertex uniform if it has a unique model of order one.

Indeed, there is a single triangle-free digraph (up to isomorphism) of order one.

ii

Amalgamation property, as de�ned by Razborov [9℄, reads in the model of triangle-

free digraphs as that the disjoint union of two triangle-free digraphs is a triangle-free

digraph. Some properties listed in this se
tion require the underlying theory to be vertex

uniform with amalgamation property.
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where V is an �ℓ� � SσS�-element subset of V �D� � Im�θ� taken uniformly

at random. (Following [9℄ we use bold letters to denote random obje
ts.)

Likewise, for three �ags F1 > F
σ
ℓ1

, F2 > F
σ
ℓ2
, F > F

σ
ℓ , ℓ C ℓ1 � ℓ2 � SσS we de�ne

the quantity p�F1, F2;F � as

p�F1, F2;F � � P �F SIm�θ�8V1
�σ F1 and F SIm�θ�8V2

�σ F1� .

where �V1,V2� is a pair of disjoint subsets of V �D� � Im�θ� of 
ardinality

ℓ1 � SσS and ℓ2 � SσS respe
tively, drawn uniformly at random from the spa
e

of all su
h possible pairs.

For ea
h σ-�ag F we 
an group all the values p�F ; F̃ � (F̃ > F

σ
) by

de�ning pF
> �0,1�F

σ

as pF
�F̃ � � p�F ; F̃ �.

The following 
hain rule follows dire
tly from the de�nition (
f. [9,

Lemma 2.2℄).

Lemma 2.1. Let ℓ� B ℓ̃ B ℓ, F > F

σ
ℓ , F �

> F

σ
ℓ� be given. Then

p�F �;F � �

Q

F̃ >F

σ

ℓ̃

p�F �; F̃ �p�F̃ ;F � .

In the spa
e RF
σ
of �nite formal linear 
ombinations of σ-�ags 
onsider

the subspa
e K

σ
generated by all the elements of the form

F �

�

Q

F̃ >F

σ

ℓ̃

p�F �; F̃ �F̃ , (2.1)

where the σ-�ag F �

> F

σ
ℓ� is arbitrary, and ℓ� B ℓ̃.

We set A

σ
� RF

σ
~K

σ
. A

σ
shall be the desired algebra. The additive

stru
ture of A

σ
is inherited from RF

σ
. To de�ne the multipli
ative stru
-

ture, 
onsider the bilinear mapping � � F

σ
aF

σ
� A

σ
de�ned on the basis

as follows: for arbitrary F1 > F
σ
ℓ1
, F2 > F

σ
ℓ2

take ℓ C ℓ1 � ℓ2 � SσS and de�ne

F1 � F2 � Q

F >F

σ
ℓ

p�F1, F2;F �F .

It is shown in [9℄ that the expression on the right-hand side does not depend

on the 
hoi
e of ℓ (modulo K

σ
). Sin
e K

σ
is absorbing on both sides, this

de�nes a multipli
ation � � A

σ
aA

σ
� A

σ
. A

σ
is a 
ommutative algebra.

The unit element, denoted 1σ, is the only element of F

σ
SσS

.
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2.1 Convergen
e

We write Hom�A

σ,R� for the set of all algebra homomorphisms from A

σ

to R. The set Hom�

�A

σ,R� b Hom�A

σ,R� 
ontains those homomorphisms

ρ whi
h have the property that ρ�F � C 0 for every F > F

σ
. Note that

Hom�

�A

σ,R� b Hom�A

σ,R� 
an be viewed as a subset of �0,�ª�

F

σ

. In

fa
t, it is not di�
ult to show that Hom�

�A

σ,R� b �0,1�F
σ

.

A partial preorder Bσ on A

σ
is de�ned by a Bσ b, for a, b > A

σ
, if

ρ�a� B ρ�b� for every ρ > Hom�

�A

σ,R�. Observe that if f1, f2 > A

σ
are

su
h that f2 � f1 �

PF >F

σ cF F , where ea
h cF > R is nonnegative, then

f1 Bσ f2.

We say that a sequen
e of σ-�ags �Fn�
ª

n�1 
onverges to a point x >

�0,1�F
σ

if the sequen
e �pFn
�

ª

n�1 
onverges to x in the produ
t topology

on �0,1�F
σ

. This is denoted by writing limn Fn � x. It turns out that a

sequen
e of σ-�ags 
an 
onverge only to a point in Hom�

�A

σ,R� b �0,1�F
σ

.

On the other hand, every point of Hom�

�A

σ,R� is a limit of some sequen
e

of σ-�ags (
f. [7, Theorem 2.5℄, [9, Theorem 3.3℄).

Theorem 2.2. Suppose that �Dn�
ª

n�1 is a sequen
e of σ-�ags. Then there

exists a subsequen
e �Dni
�

ª

i�1 and a point ρ > Hom�

�A

σ,R� su
h that

�Dni
�

ª

i�1 
onverges to ρ.

Conversely, for any ρ > Hom�

�A

σ,R� there exists a sequen
e of growing

σ-�ags whi
h 
onverges to ρ.

2.2 Frequently used symbols

Let us now introdu
e notation for the most frequently used �ags. The

symbols ̺, α and β stand for the unlabelled dire
ted edge, the 1-labelled

dire
ted edge with the label on the tail of the edge and the 2-labelled dire
ted

edge with the label 1 on the tail of the edge, respe
tively. The symbol γ

denotes the 1-labelled non-edge. A fork κ 
onsists of three verti
es a, b, c

and two edges ab, ac. We say that the vertex a is the 
enter of κ, and

the 1-labelled fork with the 
enter being its labelled vertex is denoted by a

symbol χ.

The symbol 1 denotes (besides the usual meaning), the unique type of

order one, i.e., the labelled vertex.
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Figure 1: Frequently used types and �ags.

2.3 Averaging

Suppose that a type σ of order k and its restri
tion σ0 � σSη of order k�

are given. We de�ne the unlabelling of a �ag F � �D,θ� > F

σ
as a �ag

F Sη � �D,θη� > Fσ0
. Let θ

�

� �k� � V �D� be an inje
tive extension of the

map θη � �k��� V �D� taken uniformly at random from the spa
e of all su
h

maps. The normalizing fa
tor qσ,η�F � is the probability that �D,θ�� and F

are isomorphi
 σ-�ags. The averaging operator BGσ,η � A

σ
� A

σ0
is linear,

and de�ned on the basis by

BF Gσ,η � qσ,η�F �F Sη .

When k� � 0 we write BGσ instead of BGσ,η for brevity.

2.4 Random homomorphisms

The 
ru
ial notion in the theory of �ag algebras is that of random extensions

of homomorphisms (also 
alled random rooted homomorphisms). Suppose

that σ is a type of order k, let σ0 � σSη be its restri
tion. Fix a homomor-

phism ρ > Hom�

�A

σ0 ,R� with ρ��σ, η�� A 0. Then we say that a probability

measure P
σ,η

de�ned on the Borel sets of Hom�

�A

σ,R� extends ρ if

S

Hom�

�A

σ,R�

ρ�f�Pσ,η
�dρ� �

ρ�BfGσ,η�

ρ�B1σGσ,η�
,

for any f > A

σ
.

Theorem 2.3. Let σ be a type of order k, and let σ0 � σSη be its restri
tion.

Fix a homomorphism ρ > Hom�

�A

σ0 ,R� with ρ��σ, η�� A 0. Then there

exists a probability measure P
σ,η

de�ned on the Borel sets of Hom�

�A

σ,R�

whi
h extends ρ.

The random homomorphism rooted at ρ is a random homomorphism

given by the distribution P
σ,η

and is denoted by ρσ,η
. For su
h a random

6



homomorphism ρσ,η
it holds that

E�ρσ,η
�f�� �

ρ�BfGσ,η�

ρ�B1σGσ,η�
, (2.2)

for any f > A

σ
.

2.5 Minimum outdegree and outdegree distribution

Random homomorphisms allow us to de�ne minimum outdegree δα�ρ� of a

homomorphism ρ > Hom�

�A

0,R�. This is de�ned by

δα�ρ� � max�a � P�ρ1
�α� � a� � 0� .

It is not true that if a sequen
e �Dn�
ª

n�1 of digraphs 
onverges to φ then

limn�ª δ��Dn�~SV �Dn�S � δα�φ�. Indeed, let us try to add to every digraph

Dn an isolated vertex to get a modi�ed digraph D�

n. Then δ��D�

n� � 0,

but the obje
t φ is a limit of the sequen
e �D�

n�
ª

n�1 as well. However, the


onverse is true: if all digraphs Dn have large minimum outdegree, then

δα�φ� is large as well ([9℄).

Theorem 2.4. Suppose that �Dn�
ª

n�1 is a sequen
e whi
h 
onverges to φ.

Then

δα�φ� C lim inf
n�ª

δ��Dn�

SV �Dn�S
.

As dis
ussed above, the dual statement to Theorem 2.4 does not hold in

general. However, a weaker statement is true. For ea
h φ > Hom�

�A

σ,R�

there exists a sequen
e �Dn�
ª

n�1 of digraphs whi
h 
onverges to φ, su
h that

limn δ��Dn�~SV �Dn�S � δα�φ�.

Theorem 2.5. Suppose that φ > Hom�

�A

σ,R� is given. Then there exists

a sequen
e �Dn�
ª

n�1 of triangle-free digraphs whi
h 
onverges to φ, and su
h

that

lim
n�ª

δ��Dn�

SV �Dn�S
� δα�φ� .

To prove Theorem 2.5 it is enough to 
onsider digraphs Dn generated at

random a

ording to a distribution given by φ; the way how to generate the

digraphsDn is des
ribed in [7, Se
tion 2.6℄. It 
an be 
he
ked that limn Dn �

φ and limn δ��Dn�~SV �Dn�S � δα�φ� almost surely. The 
al
ulations needed

to this end are very similar to those 
arried in [7℄ and we omit them.
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Suppose that a sequen
e of triangle-free digraphs �Dn�
ª

n�1 
onverges to

φ. We shall need to relate the outdegree distributions in the graphs Dn to

the distribution of φ1
�α�. For a triangle-free digraph F of order n and for

a number c > �0,1� we write

S�F, c� ��
S�v > V �F � � deg��v� B cn�S

n
.

As a 
onsequen
e of [9, Theorem 3.12℄ we get the following.

Lemma 2.6. Let �Dn�
ª

n�1 be an arbitrary sequen
e of triangle-free graphs

su
h that limDn � φ. Then

P�φ1
�α� B c� C lim inf

n�ª
S�F, c� .

2.6 Cau
hy-S
hwarz Inequality

One of the most frequently used tools in extremal 
ombinatori
s is the

Cau
hy-S
hwarz Inequality. Re
ently, Lovász and Szegedy [8℄ made some

progress on formalizing its importan
e in the 
ontext of extremal graph the-

ory. They have shown that every linear inequality between subgraph densi-

ties that holds asymptoti
ally for all graphs 
an be approximated (with ar-

bitrary pre
ision) with an inequality whi
h 
an be proven using only �nitely

many appli
ations of the Cau
hy-S
hwarz Inequality. However, their result

does not apply to problems whi
h involve the minimum degree 
ondition.

In the language of �ag algebras the Cau
hy-S
hwarz Inequality reads as

follows (
f. [9, Theorem 3.14℄).

Theorem 2.7. Suppose that σ is a type and σ0 � σSη its restri
tion. Then

for arbitrary f > A

σ
and for arbitrary ρ > Hom�

�A

σ0 ,R� it holds

ρ �Bf2
Gσ,η� C 0 .

2.7 Indu
tive arguments

Another tool 
ommonly used in the area of extremal 
ombinatori
s is mathe-

mati
al indu
tion. To formalize su
h arguments in �ag algebras framework,

Razborov [9℄ introdu
es the notion of an upward operator. We will only use

two spe
ial instan
es of this operator de�ned below.
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Let σ be a type of order k, and η � �k�� � �k� an inje
tive mapping. For

a σ-�ag F � �D,θ� let F �η be a σSη-�ag de�ned by

F �η �� F Sη � θ��k� � Im�η�� .

Let πσ,η
� A

σSη
� A

σ
be de�ned by its a
tion on F

σSη
as follows

πσ,η
�F � �

Q

F̂ >F σ

F̂ �η�F

F̂ ,

for F > F

σSη
.

We will use the following properties of πσ,η
established in [9, Theo-

rem 3.18, Corollary 3.19℄.

Theorem 2.8. Let σ0 be a type, φ > Hom�A

σ0 ,R�, and k1 B k2 be two

nonnegative integers. Let �σ1, η1� and �σ2, η2� be two extensions of σ0 of

orders k1 and k2, respe
tively, su
h that φ��σi, ηi�� A 0 �i � 1,2�, and η �

�k1�� �k2� an inje
tive mapping su
h that σ2Sη � σ1 and η2 � η X η1.

a) For every f > A

σ0
we have

P�φσ1, η1
�πσ1,η1

�f�� � φ�f�� � 1 .

b) For any f > A

σ1
we have

P�φσ1, η1
�f� � 0� � 1 � P�φσ2, η2

�πσ2,η
�f�� � 0� � 1 .

2.8 A produ
t operation

Let σ be a type of order k and let η � �k � 1�� �k� be an inje
tive mapping.

For a σ�-�ag F with Sσ�S � k�, we now de�ne type σ� ��σ, η� and a (σ� ��σ, η�)-

�ag F � �σ, η�. In fa
t, we de�ne only F � �σ, η� as this gives a 
omplete

des
ription of σ� � �σ, η�. The fun
tion addk�1 � Z � Z maps x to x � k � 1.

F ��σ, η� denotes the unique �ag F̂ � �D,θ� su
h that θ � �k�1�k�� � V �D�

is inje
tive, �DSθ��k�1��8�v�, θ��k�1��� � �σ, η� for every v > V �D��θ��k�1��,

and �D�θ��k�1��, θXaddk�1� � F . For F > F

σ�

we have F ��σ, η� > Fσ�

��σ,η�
.

The 
onstru
tion is illustrated on Figure 2. Let π
��σ,η�

σ�

� RF
σ�

� RF
σ�

��σ,η�

be the linear extension of the map F ( F � �σ, η�. Note that K

σ�

does not

ne
essarily lie in the kernel of π
��σ,η�

σ�

.

9



Figure 2: The operation F � �σ, η�.

Let φ > Hom�A

σSη ,R�. If φ��σ, η�� x 0 we de�ne

φ��σ,η�
�F � �� φ�π��σ,η�

�F ��~�φ��σ, η���l�k�1
for a �ag F > F

0
of order l. If

φ��σ, η�� � 0 we de�ne φ��σ,η�
�f� �� 0 for every f > F

0
instead. By [9,

Theorems 2.6 and 4.1℄, we have the following.

Theorem 2.9. Let σ be a type of order k and let η � �k � 1� � �k� be an

inje
tive map.

a) For every φ > Hom�A

σSη ,R� we have

φ��σ,η�
> Hom�A

0,R� .

b) For every φ > Hom�A

σSη ,R� and type σ� and f > A

σ�

we have

P �φσ�

��σ,η�, η
�π

��σ,η�

σ�

�f�Ǳ C 0� � 1 � P ��φ��σ,η�

�

σ�

�f� C 0� � 1 .

3 The stru
ture of triangle-free digraphs

We �rst make several observations whi
h will later allow us to restri
t our

attention only to spe
ial 
lasses of digraphs.

10



Observation 3.1. Let D be a triangle-free digraph with δ��D� C k. Then

there exists a triangle-free digraph D�

on the same vertex set with outdegree

of every vertex equal to k.

Indeed, to obtain the digraph D�

it su�
es to remove for every vertex v

arbitrary deg��v� � k edges leaving v.

Suppose that D is an n-vertex digraph. We repla
e every vertex v >

V �D� by a 
opy Dv of the digraph D and every dire
ted edge by uv of the

original digraph D by a 
omplete dire
ted bipartite graph from Du to Dv.

This 
onstru
tion yields a digraph D�2�
on n2

verti
es. It is easy to 
he
k

that δ��D�2�
� � δ��D�n. Moreover if D is triangle-free, then so is D�2�

.

Using this pro
edure repeatedly we get the following.

Observation 3.2. Suppose that there exists a triangle-free n-vertex digraph

D with minimum outdegree at least cn. Then for any m0 there exists a

triangle-free digraph D�

of order m A m0 with minimum outdegree at least

cm.

Moreover, if D was outregular, then so is D�

.

3.1 Triangle-free and a
y
li
 digraphs

A re
ent result of Chudnovsky, Seymour and Sullivan [3℄ asserts that one


an delete k edges from a triangle-free digraph D with at most k non-edges

to make it a
y
li
. Hamburger, Haxell and Kosto
hka [5℄ used this result

to re�ne a proof of Shen [12℄, and 
onsequently to obtain the previously

best-known bound on the Ca

etta-Häggkvist 
onje
ture. They used the

following 
orollary of the Chudnovsky-Seymour-Sullivan Theorem.

Lemma 3.3. Suppose D is a triangle-free digraph with k non-edges. Then

there is a vertex v > V �D� with deg��v� �
º

2k.

We refer the reader to [5℄ for a proof. The above lemma 
an be stated

in the language of �ag algebras and homomorphisms as follows.

Lemma 3.4. For every φ > Hom�

�A

0,R� we have for every ǫ0 A 0 that

P �φ1
�α� �

»

1 � φ�̺� � ǫ0� A 0 .

Proof. By Theorem 2.2 there exists a sequen
e �Dn�
ª

n�1 of triangle-free

graphs su
h that limDn � φ. By the de�nition of 
onvergen
e, for every

ǫ A 0, there exists a number n0 su
h that for every digraph Dn (n A n0)
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ontains at most �1�φ�̺��ǫ�SV �Dn�S
2
~2 non-edges. A repeated appli
ation

of Lemma 3.3 gives that there exists a set Sn b V �Dn�, SSnS C ǫSV �Dn�S su
h

that deg
�

�v� B �

»

1 � φ�̺� � ǫ � ǫǱ SV �Dn�S for every v > Sn. By Lemma 2.6,

we 
on
lude that

P �φ1
�α� B �

»

1 � φ�̺� � ǫ � ǫǱ� C ǫ .

3.2 Ca

etta-Häggkvist Conje
ture in the language of

�ag algebras

Theorem 3.5 below is the main te
hni
al result of the paper. It translates

Theorem 1.2 into the limit setting.

Theorem 3.5. It holds in T that

max
ρ>Hom�

�A

0,R�

δα�ρ� � 0.3465 .

Theorem 3.5 is proven in Se
tion 4. We now demonstrate that it implies

Theorem 1.2.

Proof of Theorem 1.2. Suppose for 
ontradi
tion that there exist a triangle-

free n-vertex digraph D with δ��D� � cn, c C 0.3465. By Observation 3.1

there exists an in�nite sequen
e D1,D2, . . . of triangle-free digraphs with

in
reasing orders su
h that the digraph Di of order ni has minimum outde-

gree at least cni. By Theorem 2.2, this sequen
e 
ontains a subsequen
e

Dk1
,Dk2

, . . . with limi�ª Dki
� ρ > Hom�

�A

0,R�. Sin
e the minimum

outdegree ratio translates to the limit obje
t ρ by Theorem 2.4, we have

δα�ρ� C 0.3465 whi
h violates Theorem 3.5.

4 Proof of theorem 3.5

Let ρ > Hom�

�A

0,R� be su
h that the maximum value of δα�ρ� is attained.

Su
h ρ exists by [9, Theorem 3.15℄. We set c �� δα�ρ�. By 
onsidering a

sequen
e of graphs 
onverging to ρ and using Theorems 2.2 and 2.5, and

Observation 3.1, we assume without loss of generality that

P�ρ1
�α� � c� � 1 . (4.1)
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We pro
eed by deriving a series of inequalities on the values of ρ in Se
-

tions 4.2�4.5. We will 
on
entrate our attention on inequalities whi
h 
an

be expressed in terms of values of ρ on the elements of F

0

4
. To be able to

write down these inequalities we will need to enumerate elements of F

0

4 , and

also the elements of F

β
3
and F

1

3 , whi
h is done in the following subse
tion.

4.1 Notation

The elements of F

β
3
are denoted by K0, . . . ,K7. The vertex set of ea
h of

these graphs is �1,2, a�, where 1 and 2 are labelled verti
es, indu
ing β.

and the edge set of ea
h of these graphs is listed in the table below.

K0 �12�

K1 �12,2a�

K2 �12, a2�

K3 �12,1a�

K4 �12,1a,2a�

K5 �12,1a, a2�

K6 �12, a1�

K7 �12, a1, a2�

The symbols L0, . . . L13 denote the elements of F

1

3
, 
onsidered as graphs

on the vertex set �1, a, b�, where 1 is the labelled vertex. The edge sets are

given below.

L0 ��

L1 �ab�

L2 �1b�

L3 �1b, ab�

L4 �1b, ba�

L5 �b1�

L6 �b1, ab�

L7 �b1, ba�

L8 �1a,1b�

L9 �1a,1b, ab�

L10 �1a, b1�

L11 �1a, b1, ba�

L12 �a1, b1�

L13 �a1, b1, ab�

Finally, we enumerate the elements of F

0

4
, i.e., all isomorphism types of

triangle-free digraphs on the vertex set �a, b, c, d�. The table below gives

edge sets of ea
h of these thirty-two digraphs H0, . . . ,H31.
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H0 ��

H1 �cd�

H2 �bd, cd�

H3 �bd, dc�

H4 �db, dc�

H5 �ad, bd, cd�

H6 �ad, bd, dc�

H7 �ad, db, dc�

H8 �da, db, dc�

H9 �bc, bd, cd�

H10 �ad, bc�

H11 �ad, bc, cd�

H12 �ad, bc, bd�

H13 �ad, bc, bd, cd�

H14 �ad, bc, bd, dc�

H15 �ad, bc, db�

H16 �ad, bc, db, dc�

H17 �da, bc, bd�

H18 �da, bc, bd, cd�

H19 �da, bc, bd, dc�

H20 �da, bc, db, dc�

H21 �ac, ad, bc, bd�

H22 �ac, ad, bc, bd, cd�

H23 �ac, ad, bc, db�

H24 �ac, ad, bc, db, dc�

H25 �ac, da, bc, db�

H26 �ac, da, bc, db, dc�

H27 �ac, ad, cb, db, cd�

H28 �ac, da, cb, bd�

H29 �ac, da, cb, db, dc�

H30 �ca, da, cb, db, cd�

H31 �ab, ac, ad, bc, bd, cd�

For brevity, ρ�Hi� denotes ρi for i � 0,1, . . . ,31, and ρ̄ � �ρ0, ρ1, . . . , ρ31�.

4.2 Cau
hy-S
hwarz inequalities

Let ā > R
8
be a (row) ve
tor and let K̄ � �K0, . . . ,K7�. Dire
t 
omputation

shows that 24ρ�B�āK̄�

�

2
Gβ� � ā�CS�ρ̄��ā�, where CS�ρ̄� is the matrix given

in Table 1; the entry CS�ρ̄�ij is ρ�24BKi � KjGβ� 
omputed by expanding

BKi �KjGβ > RF
0

4
as a sum of elements of F

0

4
.

>From Theorem 2.7 we dedu
e the following 
orollary.

Corollary 4.1. For every ā > R
8
we have

ā�CS�ρ̄��ā� C 0. (4.2)
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4.3 Out-Regularity

Lemma 4.2. For every f > A

1
we have ρ�Bf � �α � c�G1� � 0.

Proof. As ρ1
�f ��α�c�� � ρ1

�f�ρ1
�α�c� and ρ1

�α�c� � 0 with probability

one, by (4.1) we have

E�ρ1
�f � �α � c��� � 0, (4.3)

The lemma follows from (2.2) and (4.3).

Let b̄ > R
14

be a ve
tor, let L̄ � �L0, . . . ,L13�. We have 24ρ�Bb̄L̄�

� �α �

c�G1� � b̄�BReg � cAReg�ρ̄
�

, where the matri
es AReg and BReg are given in

Tables 2 and 3. Thus Lemma 4.2 implies the following.

Corollary 4.3. For every b̄ > R
14

we have

b̄�BReg � cAReg�ρ̄
�

C 0 . (4.4)

4.4 Indu
tion

In this se
tion we formalize the indu
tive argument of Shen [12℄ in the

language of �ag algebras and generalize it. Let F � �D,θ� be a σ-�ag. We

say that F is a σ-sour
e if no edge of D has a tail in V �D� � Im�θ� and

a head in Im�θ�. The set of all σ-sour
es of order k is denoted by F

σ,�

k
.

Re
all that c � δα�ρ�.

Lemma 4.4. Let σ be a type of order k su
h that 1 has indegree k � 1 in

σ. Let F0 � �D,θ� be a σ-�ag with SV �D�S � k � 1 su
h that every vertex

of Im�θ� is 
onne
ted to the unique vertex in V �D�� Im�θ� by an outgoing

edge. Let

f�σ� �� �c �
Q

�F � F > F

σ,�
k�1

, F ~� F0�� cF0 . (4.5)

Then ρ�Bf�σ�Gσ� C 0.

Proof. We 
onsider two 
ases. The 
ase when ρ��σ,0�� � 0 is trivial, as then

ρ�Bf�σ�Gσ� � 0. Therefore, it su�
es to 
onsider the 
ase ρ��σ,0�� A 0.

Let us �rst prove that

P�ρσ
�f�σ�� C 0� � 1 . (4.6)

For i > �k � 1� we write ξi � �1� � �k � 1� for the map 1 ( i. If φ >

Hom�

�A

σ,R� is su
h that φ�F0� � 0, then

φ�πσ,ξ1
�α�� B φ �

Q

�F � F > F

σ,�

k�1
, F ~� F0�� , (4.7)
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<

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

>

2ρ1 � 4ρ10 ρ3 � ρ11 � ρ15 2ρ2 � ρ11 � ρ12 2ρ4 � ρ12 � ρ17

ρ3 � ρ11 � ρ15 2ρ7 � 2ρ16 2ρ6 � ρ14 ρ17 � ρ23 � 2ρ25

2ρ2 � ρ11 � ρ12 2ρ6 � ρ14 6ρ5 � 2ρ13 ρ12 � 4ρ21 � ρ23

2ρ4 � ρ12 � ρ17 ρ17 � ρ23 � 2ρ25 ρ12 � 4ρ21 � ρ23 6ρ8 � 2ρ20

ρ9 � ρ13 � ρ18 ρ19 � ρ24 � ρ27 ρ14 � 2ρ22 ρ20 � 2ρ26 � ρ29

ρ9 � ρ14 � ρ19 ρ18 � ρ27 ρ13 � 2ρ22 � ρ24 ρ20 � ρ29 � 2ρ30

ρ3 � ρ15 � ρ17 ρ15 � ρ23 � 4ρ28 ρ11 � ρ23 � 2ρ25 2ρ7 � ρ19

ρ9 � ρ16 � ρ20 ρ18 � ρ29 ρ13 � ρ24 � 2ρ26 ρ19 � 2ρ30

ρ9 � ρ13 � ρ18 ρ9 � ρ14 � ρ19 ρ3 � ρ15 � ρ17 ρ9 � ρ16 � ρ20

ρ19 � ρ24 � ρ27 ρ18 � ρ27 ρ15 � ρ23 � 4ρ28 ρ18 � ρ29

ρ14 � 2ρ22 ρ13 � 2ρ22 � ρ24 ρ11 � ρ23 � 2ρ25 ρ13 � ρ24 � 2ρ26

ρ20 � 2ρ26 � ρ29 ρ20 � ρ29 � 2ρ30 2ρ7 � ρ19 ρ19 � 2ρ30

2ρ30 � 2ρ31 ρ29 � ρ31 ρ16 � ρ24 ρ27 � ρ31

ρ29 � ρ31 2ρ26 � 2ρ31 ρ16 � ρ27 ρ24 � ρ31

ρ16 � ρ24 ρ16 � ρ27 2ρ6 � 2ρ18 ρ14 � ρ27 � ρ29

ρ27 � ρ31 ρ24 � ρ31 ρ14 � ρ27 � ρ29 2ρ22 � 2ρ31

=

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

?

Table 1: The matrix CS�ρ̄�.
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AReg �

<

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

>

12 6 3 3 3 3 3 3 3 0 0 0 0 0 0 0

0 2 2 2 2 0 0 0 0 3 4 2 2 1 1 2

0 2 2 2 2 0 0 0 0 3 4 2 2 1 1 2

0 0 2 0 0 6 2 0 0 0 0 2 2 4 2 0

0 0 0 1 0 0 2 2 0 0 0 1 0 0 1 2

0 2 2 2 2 0 0 0 0 3 4 2 2 1 1 2

0 0 0 1 0 0 2 2 0 0 0 1 0 0 1 2

0 0 0 0 2 0 0 2 6 0 0 0 2 0 0 0

0 0 0 0 1 0 0 1 3 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 2 2 0 0 0 1 0 0 1 2

0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0

0 0 1 0 0 3 1 0 0 0 0 1 1 2 1 0

0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0

1 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 4 4 2 2 2 2 0 0 0 0 0

2 1 2 1 0 0 0 2 1 2 0 2 4 1 0 0

1 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0

2 1 2 1 0 0 0 2 1 2 0 2 4 1 0 0

0 2 0 2 4 4 0 2 0 2 2 0 0 2 4 0

0 1 0 1 2 2 0 1 0 1 1 0 0 1 2 0

1 0 1 1 1 0 2 0 2 0 2 2 0 2 2 4

2 1 2 1 0 0 0 2 1 2 0 2 4 1 0 0

1 0 1 1 1 0 2 0 2 0 2 2 0 2 2 4

0 0 0 0 0 2 2 1 1 1 1 0 0 0 0 0

1 0 1 1 1 0 2 0 2 0 2 2 0 2 2 4

=

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

?

Table 2: The matri
e AReg .
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BReg �

<

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

>

0 1 2 1 0 3 2 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 2 2 1 1 1 1

0 0 0 0 2 0 0 0 0 2 0 0 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 4 4 1 1 0 0 0 0 0 0 0

0 1 1 1 0 0 0 1 1 2 0 2 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 1 1 0 0 0 4 0 0 0

0 1 0 0 1 0 0 1 0 2 2 0 0 1 0 0

0 0 0 0 2 0 0 0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 0 0 0 0 2 0 0 2 2 3

2 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0

0 0 0 1 0 0 0 0 1 0 0 1 0 0 2 2

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 1

=

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

?

Table 3: The matri
e BReg.
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using triangle-freeness. It follows from (4.1), (4.5), and (4.7) that

P�ρσ
�f�σ�� � 0 & ρσ

�F0� � 0� � 0. It therefore su�
es to show that

P�ρσ
�f�σ�� � 0 & ρσ

�F0� A 0� � 0 . (4.8)

We restri
t our attention to the 
ase P�ρσ
�F0� A 0� A 0, as otherwise is (4.8)

trivial. Let σ� be a type of order k�1 su
h that �σ�, η�� � F0 and Im�η�� � �k�.

By Theorem 2.8 b) and (4.1) we have

P�ρσ�

�πσ�,ξk�1
�α � c�� � 0� � 1 .

It follows that,

P
σ
�P

σ�,η�

��ρσ
�

σ�,η�

�πσ�,ξk�1
�α � c�� � 0�� � 1 .

Thus (4.8) is established by the following 
laim.

Claim 4.4.1. For every φ > Hom�

�A

σ,R� su
h that φ�F0� A 0 and

P�φσ�,η�

�πσ�,ξk�1
�α � c�� � 0� � 1 (4.9)

we have

φ�f�σ�� C 0 .

Proof of Claim 4.4.1. Note that πσ�,η�

�cF0� � π
��σ�,η�

�

1
�c�. Then

πσ
�

,η
�

�f�σ�� � πσ
�

,η
�

�

Q

�F � F > F

σ,�
k�1

, F ~� F0� � cF0 � c�

Cσ� πσ�,ξk�1
�α � c� � π

��σ�,η�

�

1
�α � c� , (4.10)

using triangle-freeness. It follows that for every φ > Hom�

�A

σ,R� it holds

P �φσ
�

,η
�

�πσ
�

,η
�

�f�σ��Ǳ C φσ
�

,η
�

�πσ
�

,ξk�1
�α � c� � π

��σ�,η�

�

1
�α � c�Ǳ� � 1 .

(4.11)

Using (4.9), the identity (4.11) 
an be rewritten as

P �φσ�,η�

�πσ�,η�

�f�σ��Ǳ C φσ�,η�

�π
��σ

�

,η
�

�

1
�c � α�Ǳ� � 1 . (4.12)

Note that 1 � �σ�, η�� � σ�. Further, it is easy to 
he
k that

π
��σ

�

,η
�

�

1
�α� Bσ� πσ�,ξk�1

�α� , and (4.13)

π
��σ�,η�

�

1
�c� � πσ�,ξk�1

�c� . (4.14)

19



Plugging (4.13) and (4.14) into (4.9), we get P�φσ�,η�

�π
��σ�,η�

�

1
�c�α�� C 0� �

1. This allows us to 
on
lude from (4.12) that P�φσ�,η�

�πσ�,η�

�f�σ��Ǳ C

0� � 1. Now, Theorem 2.8 a) asserts that φ�f�σ�� C 0.

The inequality ρ�Bf�σ�Gσ� C 0 follows from (4.6) by (2.2).

Let T and V denote the types of order 3 su
h that E�T � � �23,21,31�

and E�V � � �21,31�. Note that T and V are the only types of order 3

satisfying the 
onditions of Lemma 4.4. We have

ρ�Bf�T �GT� ��1 � c�ρ9 � cρ13 � cρ14 � cρ16 � �1 � c�ρ18 � �1 � c�ρ19

� �1 � c�ρ20 � 2cρ22 � 2cρ24 � 2cρ26 � �1 � 2c�ρ27

� �1 � 2c�ρ29 � �2 � 2c�ρ30 � 3cρ31, (4.15)

and

ρ�Bf�V �GV � ��1 � c�ρ2 � 3cρ5 � �1 � c�ρ6 � cρ11 � �1 � c�ρ12 � 2cρ13

� �1 � c�ρ14 � �2 � 2c�ρ21 � cρ22 � cρ23 � cρ24 � cρ25 � cρ26 .

(4.16)

Denote the right sides of the identities (4.15) and (4.16), 
onsidered as

fun
tions of ρ̄, by IndT �ρ̄� and IndV �ρ̄�, respe
tively. By Lemma 4.4 we

have the following.

Corollary 4.5. IndT �ρ̄� C 0 and IndV �ρ̄� C 0.

4.5 Density of Forks

We use Lemma 3.4 to obtain a lower bound on ρ�κ�.

Lemma 4.6. If c C 1~3 then ρ�κ� C 3�3c � 1�2 .

Proof. We begin with an auxiliary 
laim.

Claim 4.6.1. Let φ > Hom�

�A

1,R� be su
h that φ��β,1�� A 0, and

P�φβ,1
�πβ,2

�α�� � c� � 1 . (4.17)

Then

φ�γ� C c �
»

φ�χ� .
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Proof of Claim 4.6.1. By Lemma 3.4 applied to φ��β,1�
we have for every

ǫ A 0 that

P��φ��β,1�
�

1
�α� �

¼

1 � φ��β,1�
�̺� � ǫ� A 0 .

By the 
ounterpositive of Theorem 2.9 b) and the de�nition of φ��β,1�
it

follows that for every ǫ A 0 we have

P�φβ,1
�π

��β,1�
1

�α�� �

¼

φ�π��β,1�
�1 � ̺�� � ǫ� A 0 . (4.18)

Note that π��β,1�
�1 � ̺� � χ. It follows from (4.17) and (4.18) that

P�φβ,1
�πβ,2

�α� � π��β,1�
�α�� A c �

»

φ�χ� � ǫ� A 0 , (4.19)

for any ǫ A 0. We have πβ,2
�α� � π��β,1�

�α� Bβ πβ,1
�γ�. Thus,

P�φβ,1
�πβ,1

�γ�� A c �
»

φ�χ� � ǫ� A 0 , (4.20)

for any ǫ A 0.

We 
laim that φ�γ� C c�
»

φ�χ�. Indeed, suppose for 
ontradi
tion that

φ�γ� � c �
»

φ�χ� � ǫ� for some ǫ� A 0. By Theorem 2.8 a) we 
on
lude that

P �φβ,1
�πβ,1

�γ� � c �
»

φ�χ� � ǫ�Ǳ � 0� � 1 ,

a 
ontradi
tion to (4.20).

Note that homomorphisms in �ρ1
� satisfy ρ1

��β,1�� A 0 and (4.17)

almost surely. Therefore, by Claim 4.6.1, P�ρ1
�γ� �

»

ρ1
�χ� C c� � 1. It

follows that E�

»

ρ1
�χ�� C 3c � 1, and the lemma is implied by Jensen's

inequality, as ρ�κ� � 3E�ρ1
�χ��.

Expanding J � 3�3c � 1�2 in the basis F

0

4 we get

4ρ�J � 3�3c � 1�2� �ρ4 � ρ7 � 3ρ8 � ρ12 � ρ17 � ρ19 � 2ρ20 � 2ρ21

� ρ23 � ρ25 � ρ26 � ρ29 � 2ρ30 � 12�3c � 1�2
31

Q

i�0

ρi .

Denote the right side of the above identity by Fork�ρ̄�. The next statement

follows dire
tly from Lemma 4.6.

Corollary 4.7. If c C 1~3 then Fork�ρ̄� C 0.

21



4.6 Combining the ingredients

Let R�c� denote the set of ve
tors r̄ > R
32

su
h that

(P1) r̄ C 0̄,

(P2) Yr̄Y1 � 1,

(P3) ā�CS�r̄��ā� C 0 for every ā > R
8
,

(P4) b̄�BReg � cAReg�r̄
�

C 0 for every b̄ > R
14
,

(P5) IndT �r̄� C 0 and IndV �r̄� C 0, and

(P6) Fork�r̄� C 0.

Corollaries 4.1, 4.3, 4.5 and 4.7 imply that ρ̄ > R�c� for c C 1~3. Therefore

the following proposition implies Theorem 3.5.

Proposition 4.8. R�c� � g for c C 0.3465.

Proof. Let

ā1 � � �69.83, �27.04, 3.45, �53.59,

1.74, 28.78, �9.28, 59.66 � ,

ā2 � � �44.57, �25.93, �24.40, �30.16,

2.40, 5.40, 15.67, 37.27 � ,

ā3 � � 86.95, 58.70, 35.15, 52.46,

�18.52, 3.32, �52.56, �57.83 � ,

ā4 � � �1.29, 0.17, 57.48, �26.29,

10.28, 26.90, �27.33, �9.15 � ,

b̄ ��0,0,�17448,�16496,26501,�24163,�8929,

� 54193,�30136,7267,�24582,�42769,22644,0� ,

cT � 39648 ,

cV � 19877 , and

d � 2078 .
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Further, let

F �c, r̄� ���
4

Q

i�1

āi�CS�r̄��āi
�

� � b̄�BReg � cAReg�r̄
�

� cT IndT �r̄� � cV IndV �r̄� � d � Fork�r̄� .

By de�nition of R�c�, we have F �c, r̄� C 0 for every r̄ > R�c�. Moreover, it

is not hard to dire
tly verify that for �xed r̄ C 0̄ and c C 1~3 the fun
tion

F �c, r̄� is a non-in
reasing fun
tion of c. (See Maple worksheet [6℄.) On the

other hand 
omputing F �0.3465, r̄� we get

� 38.906394 r̄0 � 25.96859 r̄1 � 4156.34069 r̄2

� 16.447994 r̄3 � 1172.27439 r̄4 � 577.3814 r̄5

� 4.57689 r̄6 � 10.55419 r̄7 � 4042.1489 r̄8

� 10.328894 r̄9 � 13.03079 r̄10 � 1327.03609 r̄11

� 2658.54869 r̄12 � 9.71489 r̄13 � 14574.68439 r̄14

� 7.032994 r̄15 � 6.85949 r̄16 � 11279.04479 r̄17

� 7.458494 r̄18 � 15538.64129 r̄19 � 19.61149 r̄20

� 15.87099 r̄21 � 12.39949 r̄22 � 9949.057894 r̄23

� 9.5492 r̄24 � 12.55709400 r̄25 � 17.24429 r̄26

� 9.535194 r̄27 � 1.24639 r̄28 � 3070.47399 r̄29

� 17.36519 r̄30 � 13.03819 r̄31 .

(4.21)

Note that the 
oe�
ients in (4.21) are exa
t (see [6℄ for 
al
ulations). The

expression (4.21) is bounded from above by F �0.3465, r̄� B �1.24639Yr̄Y1 � 0.

Proposition 4.8 follows.

5 Con
luding remarks

5.1 The algorithm

We now sket
h how we used a 
omputer to aid us with our sear
h for the

right system of arguments. For a �xed value of c, the 
onditions (P1),

(P2) and (P4)�(P6) in the de�nition of R�c� give a polytope in R
32
, whi
h

is denoted by R�

�c�. It is de�ned by 68 linear identities and inequalities.

Therefore, it is not hard to 
he
k whether R�

�c� is empty, while it is mu
h

harder to verify if R�

�c� 
ontains a point, satisfying 
ondition (P3) for every

ā > R
8
. On the other hand 
he
king, whether a parti
ular point r̄ > R

32

satis�es (P3) for all 
hoi
es ā amounts to 
he
king whether CS�r̄� is positive
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semi-de�nite. If CS�r̄� is not positive semi-de�nite then any eigenve
tor of

CS�r̄� 
orresponding to a negative eigenvalue serves as a 
erti�
ate that

r̄ ~> R�c�.

The algorithm whi
h we use to �nd ve
tors ā1, . . . , ā4, given in the proof

of Proposition 4.8, exploits the above observation, and pro
eeds as follows.

Suppose that ve
tors ā1, ā2, . . . , āk have been de�ned. Let Rk�c� be the

polytope in R
32

de�ned by 
onditions (P1), (P2) and (P4)�(P6), and 
on-

dition (P3), restri
ted to ve
tors ā1, ā2, . . . , āk. Using binary sear
h we �nd

ck, an approximation of max�c S Rk�c� x g�. We pro
eed to �nd an arbi-

trary point r̄k > Rk�ck� and de�ne āk�1 to be an eigenve
tor 
orresponding

to some negative eigenvalue of CS�r̄k�. We repeat the pro
ess until ck�ck�1

falls below a prespe
i�ed threshold.

5.2 Improving the bound

It is possible to improve the bound we establish in Theorem 1.2 slightly at

the expense of a more involved proof. As the improvements we were able

to produ
e were not signi�
ant and relied on te
hni
al and 
omputational

tweaks, rather than new ideas, we have 
hosen to avoid over
ompli
ating

the argument. Let us, however, point out a few ways in whi
h one 
an

attempt to improve Theorem 1.2.

1. Instead of 
on
entrating on the values ρ takes on elements of F

0

4
,

one 
an examine F

0

5 , instead. This leads to signi�
ant in
rease of matri
es

CS,AReg and BReg in size, and makes it harder to guarantee the absen
e

of rounding errors.

2. One 
an attempt to generalize Lemma 4.4. We initially 
onsidered

a mu
h more general 
lass of indu
tion hypotheses and performed sear
h

over the 
orresponding parameters in a similar manner to the sear
h over

parameters in Cau
hy-S
hwarz inequalities des
ribed in Se
tion 5.1. This

did not, however, lead to any improvements of the bound.

3. Chudnovsky, Seymour and Sullivan [3℄ 
onje
ture that one 
an delete

k~2 edges from a triangle-free digraph D with at most k non-edges to make

it a
y
li
. This 
onje
ture implies improvements of Lemmas 3.3 and 3.4.

Dunkum, Hamburger and Pór [4℄ have re
ently shown that deleting 0.88k

edges su�
es, and Shen [13℄ further improved this bound to 0.865k. These

results allow us to improve Lemma 3.4, but su
h an improvement in turn

only produ
es a tiny de
rease in the bound Theorem 1.2. However, the

proofs in [3, 4℄ 
an both be re
ast in the language of �ag algebras. It might

be interesting see if one 
an obtain a generalization of Lemma 3.3 in this
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manner and use it to improve Theorem 1.2.
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