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Abstract

Abstraction from the condition defining Tp-spaces leads to the
following notion in an arbitrary frame L: a filter F' in L is called slic-
ing if it is prime and there exist a,b € L such that a ¢ F, b € F,
and a is covered by b. This paper deals with various aspects of these
slicing filters. As a first step, we present several results about the
original Tp condition. Next, concerning slicing filters, we show they
are completely prime and characterize them in various ways. In ad-
dition, we prove for the frames OX of open subsets of a space X
that every slicing filter is an open neighbourhood filter ¢(x) and X
is Tp iff every U(x) is slicing. Further, for Top, and Frmp the cat-
egories of Tp spaces and their continuous maps, and all frames and
those homomorphisms whose associated spectral maps preserve the
completely prime elements, respectively, we show that the usual con-
travariant functors between Top and Frm induce analogous functors
here, providing a dual equivalence between Top, and the subcate-
gory of Frmp given by the Tp-spatial frames (not coinciding with the
spatial ones). In addition, we show that Top, is mono-coreflective
in a suitable subcategory of Top. Finally, we provide a comparison
between Tp-separation and sobriety showing they may be viewed, in
some sense, as mirror images of each other.
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Introduction

This paper is motivated by the familiar topological separation axiom

Tp: Every point z has an open neighbourhood U such that U ~ {z} is
open,

originally introduced by Aull and Thron [1] as a condition notable because
it is strictly between Ty and 77. On the other hand, and perhaps more im-
portantly, there is the result that, for Tp-spaces X and Y, X =2 Y whenever
their lattices of open sets are isomorphic ([5, 11]). Here, this will be seen as
an immediate consequence of the contravariant adjointness we establish be-
tween the category of Tp-spaces and their continuous maps, and a suitable
subcategory of the category of all frames.

The tool for this is the following general concept, meaningfull in pointfree
topology, that is, for arbitrary frames L, abstracted from the condition
which Tp imposes on the open neighbourhood filters of the points: a filter
Fin L is called slicing if it is prime and there exist a,b € L such that a ¢ F,
b € F, and a is covered by b. The aim of this paper is to investigate the
properties of these slicing filters and their general role.

As a first step, we characterize the Tp-points of a space X, that is, the
x € X satisfying the condition which T requires of all points, in a variety
of ways (2.3.2). Next, turning to the slicing filters in an arbitrary frame, we
show they are completely prime (2.6.1) and then characterize them among
all completely prime filters in several ways (2.6.2). Further, for the frame
DX of open subsets of a space X, we show that every slicing filter is the
open neighbourhood filter U(z) of some Tp-point x € X (2.7.1) and X is
Tp iff every U(z) is slicing (2.7.2).

Next, we consider the category Top, of all Tp-spaces and their contin-
uous maps and the category Frmp of all frames and those homomorphisms
h: L — M for which the spectral map p — h.(p) takes any completely prime
p € M to a completely prime element in L (see 1.5, 3.1.1.2; the right adjoint
h. of a standard homomorphism h just takes primes to primes). We show
that there are contravariant functors Topp, — Frmp and Frmp — Topp,
adjoint on the right, restricting the usual functors between Top and Frm
(3.5.1) which induces a dual equivalence between Top , and the subcategory
of Frmp given by the Tp-spatial frames. In addition, we obtain that Topp,
is monocoreflective in the subcategory of Top given by the continuous maps
f: X =Y for which Of : OY — OX belongs to Frmp (3.7.2).



Finally, we compare Tp-separation with sobriety, based on the relation
R(X,Y) between spaces which says that “X is a proper subspace of Y such
that (U — UNY):OY — OX is an isomorphism”. We show that the two
properties may be regarded, in some sense, as mirror images of each other
((X is sober iff VY, -R(X,Y), Y is Tp iff VX, -R(X,Y), see 4.3).

1 Preliminaries

1.1. Frames and their homomorphisms. Recall that a frame is a
complete lattice L satisfying the distributivity law

an\/B=\/{arb|be B}

for alla € L and B C L. A frame homomorphism h : L — M preserves
arbitrary joins (including the bottom 0) and all finitary meets (including
the top 1). As usual, the resulting category will be denoted by

Frm.

If X is a topological space we have the frame DX of its open sets, and if
f: L — M is a continuous map then Of = (U — f~1[U]): OY — OX is
a frame homomorphism. Thus we have a contravariant functor

9 : Top — Frm.

1.2. Primes and complete primes. An element p # 1 of a frame L
is said to be prime (alternatively, also called meet-irreducible) if

p=aAb = p=a or p=b>
(equivalently, p>aAb = p>a or p>0b),

and completely prime if
p= /\ S = pes
for any subset S C L.

1.3. Right adjoints to frame homomorphism. Since a frame ho-
momorphism h : L — M preserves all suprema it has a right adjoint

he : M — L



(satistying h(a) < b iff a < h,(b)). The following is a well-known

Fact. If p is prime in M then h.(p) is prime in L.
(Indeed, if a A b < h.(p) then h(a) A h(b) < p and hence, say, h(a) < p
and a < h.(p).)

1.4. Spectrum. Among the various ways of defining the spectrum XL
of a frame we have the following

YL=({pe€L| P prime},{¥, |a€L})

where X, = {p | a £ p}: further, for a frame homomorphism h : L — M
we have and the map Xh = (p — h.(p)) : ¥M — XL. The functor

Y : Frm — Top
thus obtained and the O from 1.1 are adjoint on the right.

1.5. Prime and completely prime filters. A filter F' in a frame L
is prime if it is proper and

aVbeF = a€F or beF,

and completely prime if for any subset S C L,

\/SeF = SnF#0.

1.5.1. For any completely prime filter F' we have a prime element

a:\/{a:|x¢F}. (*)

It will be called the associated prime of F'. Note that, on the other hand, if
a is a prime element then

F={z|z£a} (%)
is a completely prime filter and

the formulas (x) and (xx) constitute a one-one correspondence between
the prime elements and the completely prime filters in a frame L.



1.5.2. The fixed filters. We will use the notation
Ux)={U e DX |z €U}

for the fized filters in OX. Note that each U(x) is completely prime, the
associated prime element of U(x) being X ~\ {z}.

1.6. Special topological spaces. Since the restriction to Ty-spaces
has no impact on the point-free aspects of spaces, that is, their frames of
open sets, we assume throughout that all spaces are Tj.

Recall that a space X is sober if the open sets X ~\ m are precisely the
prime elements of OX. Equivalently,

X is sober iff each completely prime filter in OX is fized
(see [6, 5, 7]). A space X is Tp if
Vo € X Jopen U > x such that U \ {z} is open.

This notion was introduced independently in [1] and [5] (see also [11]).

1.7. Tp-spatial frames. Recall that a frame is spatial if it is isomorphic
with some O X. If there is a Tp-space X with this property we call L Tp-
spatial.

For more about frames see [7] or [9].
For the basic categorical facts used here see the standard texts, e.g., [8].

2 Tp-points and slicing filters
2.1. An element a in a poset is said to be covered by b, notation
a<b,

if a <band a <z <bimplies a =z or x = b. We say that a is covered if
it is covered by some b.

2.1.1. Lemma. 1. In a semilattice, if a prime element a is covered by
b then for each x > a one has x > b.



2. In a complete lattice, if a is completely prime then it is covered;
further, if a is prime and covered then it is completely prime.

Proof. 1. We have a < b A x < b; by the primeness, a # b A z, hence
bAx =0, that is, b < z.

2. a<b=NAN{c]a<c} (a=0is excluded by complete primeness).
Thus, if a < ¢ < b then b < ¢ < b, showing a < b.

If a = A\ S and if it is prime and covered by b then b < s for any s € S
that is not a, and hence some of the s € S is equal to a. (I

2.1.2. Lemma. 1. In the frame OX we have U <V iff U =V ~\ {z}
for some x € X. L

2. If X N {z} <V then V = (X ~\ {z}) U {z}.

Proof. 1. Suppose z,y € V N\ U, & # y. Choose an open set W such
that, say ¢ W > y. Then

UCUUWNV)CV

(since z ¢ UU (W NV) 3 y), a contradiction.

2. By 1, V = (X ~{z})U{y} with y ¢ X ~ {z}, that is, y € {z}. Thus,

x € V and hence (X \ {z}) U{z} C V so that

(X~ A{zp Ufa}) N {y} = X~z

showing z = y, and the statement follows. O

2.2. A point z € X is said to be a Tp-point if there is an open U >
such that U ~ {z} is open. In particular, then, X is a Tp-space iff all its
points are Tp.

2.2.1. Proposition. © € X is s Tp-point iff the set (X ~ {x}) U {z} is
open.

Proof. If (X ~ {z}) U {z} = U is open take V = X ~ {z} = U ~ {z}.
On the other hand, let  be a Tp-point, with U 3 z, U open and U \ {z}
open. Then U \ {z} = U ~ {z}. Now (X \ {z}) U {z} is a neighbourhood
of all the y € X ~\ {z}. But it is a neighbourhood of x as well: we have
xeU=U~{z})U{z} C (X~ {z})u{z}. O

2.2.2. Corollary. 1. Ifx € X is a Tp-point then it is a Tp-point in
every subspace Y C X such that x € Y.
2. Consequently the subspace

{reX |z isalp-pointin X} CX



is a Tp-space.

2.3.1. Observation. In any space X, X ~\ m is a prime in OX.

2.3.2. Proposition. Let x be a point in a space X. Then the following
statements are equivalent.

(1) x is a Tp-point.
(2) X ~ {x} is completely prime in OX.
(3) X ~ {z} is covered in OX.

Proof. (1)=(2). Let X ~ {z} = \S and let z be a Tp-point. Since
X ~ {z} is prime then by 2.1.1 and 2.1.2, each U € § is either X \ {z} or
(X ~{z}) U {x}. But it cannot always be the latter.

(2)=(3) by 2.2.1, 2.

(3)=(1) by 2.2.2. O

2.4. Lemma. Let a <b in a distributive lattice and let aV ¢ < bV c.
Then aVe<bVec.

Proof. Let aVe<z <bVec Thena=aAxz <bAz <band hence
either a = b A z and then

aVe=bAx)Ve=bVe)A(zVe)>(bVe) Ax =z,
orb=">bAx, that is, b < x, and since ¢ < x we have

bve<zxr<bVe OJ

2.5. For an ideal A and a filter B in a distributive lattice L define the
filter
ATB={z|3JacAIe B, aVa<b}

and extend the definition for arbitrary subsets A, B by considering AT B =
IdIATFItB. In particular

atb={a}1{b}={z | aVa>b}
This operation is due to Ball, [2] (see also [3]).

2.5.1. Observations. 1. a1b is always non-empty, and it is proper iff

a?b.



2. atb=al(aVd).
Consequently, since we will be interested in proper filters we will always
assume that a # b and in view of 2 we will typically work with a < b.

2.5.2. Lemma. Let F be a completely prime filter in a frame and p its
associated prime. Assume F'=alb so that

r<p iff ava>b.

Then
aTb=pT(bVp)
and
p<bVp.
Proof. As is familiar, p # 1 and aVa = aV 0 £ b, and hence a ¢ F, and
a<p. (%)
Since p < p we have
p=aVp#b. (%)
By Observation 2.5.1, for the first statement it suffices to prove that
aTb=pTh.

IfaVae>bthenpVa >bby (x);ifaVe 2bthenz <pandpVa=p#*b
by ().

Further, let p <2 <bVp. If p< z we have z £ p and hence pV z > b,
and finally x =pVa >bVp. O

2.6. A slicing filter on a frame L is a prime filter F' for which there exist
a < b such that
a¢ F>0.

2.6.1. Lemma. Any slicing filter is completely prime.
Proof. Let a ¢ F 5 b for some a <b. \/ S € F implies that

a\/(b/\\/S):\/{a\/(b/\s) | se S} elF.

For any s € S we have
a<aV(bAs)<b

and hence



(i) either a=aV (bAs), that is, bA s < q,
(ii) oraV (bAs) =b.

If all the s followed (i) we had bA\ S < a contradicting a ¢ F. Thus, there
exists an s € S such that b = a VvV (b A s) € F, and since F is prime and
a¢ F,s>bAs€eF. O

2.6.2. Proposition. Let F be a prime filter in a frame. Then the
following statements are equivalent.

(1) F is a slicing filter.
(2) F is a completely prime filter and the associated prime is covered.

(3) F is a completely prime filter and the associated prime is completely
prime.

(4) F is a completely prime filter of the form a7b.

Proof. (1)=-(2): By 2.6.1, F is completely prime. Let a <b, a ¢ F 3 b,
and let p be the element associated with F'. Then p < pV b since b < p
contradicts p ¢ F. On the other hand, a < p since a ¢ F, and we have
p=aVp<bVp,and p<bV p by lemma 2.4.

(2)<(3) by lemma 2.1.1.

(2)=(4): Take an F = {z | £ p} with p<b. If x € T (that is, £ p)
then p vV z and b are in F' and hence (p V ) A b = b (the meet is not < p)
sothat pVz > b, and z € p1b.

On the other hand, if z € aTb (= p1b, recall 1.2.3) then zVa >be F,
and as F' is prime, x € F.

(4)=-(1) immediately follows from 2.2.2. O
2.6.3. Notes. 1. The statement (4) is a reformulation of a property

used in characterizing Tp spaces in [10].
2. The statement (3) restricts the correspondence from 1.5.1:

the formulas (x) and (xx) constitute a one-one correspondence between
the completely prime elements and the slicing filters in a frame L.

2.7.1. Proposition. In an arbitrary (Ty) space,
1. every slicing filter in O X is fized, and



2. the fized filter U(x) is slicing iff there is a U € U(x) such that U~ {z}
1S open.

Proof. 1. Let W be the prime open set associated with a slicing filter
F. Let W <V and let € X be the point for which W =V ~ {z} (recall
2.1.2,2.6.2(2)). We have W = V ~ {2} and hence W = V N (X ~ {z}) and
as it is prime, W = X ~ {z}. Now

F={UeOX|UZX~{z}}={U|UNn{z} #0} =Ux).

2. U(z) is a slicing filter iff there are V' ¢ U(x) > U such that V < U.
By 2.1.2 this amounts to V =U ~ {z}. O

2.7.2. Corollary. A space X is Tp iff each fixed filter U(x) in OX is
slicing.

3 Tp-spectrum and Tp-coreflection

3.1. The category of all Tp-spaces and continuous maps will be denoted by
Topp,.

Further, a frame homomorphism h : L — M will be called a D-homomorphism
if for each completely prime p in M, the right adjoint image h.(p) is com-
pletely prime in L. The category of all frames and D-homomorphisms will
be denoted by

FI‘I’IID.

3.1.1. Remarks. 1. Note that Topp, is obtained from Top, the cate-
gory of all topological spaces, by reducing the class of objects and keeping
the specification of morphisms intact while in Frmp we keep all the objects
and reduce the class of morphisms.

2. Asis familiar, for each frame homomorphism h the h, preserves prime
elements. This is because h preserves meets, see 1.3; for the same reason, if h
is a complete homomorphism then h, preserves completely prime elements.
This may create the impression that being D-homomorphism is a strong
requirement akin to completeness, but this is not the case: consider the
following examples.

(a) The condition is, of course, satisfied trivially if there are no com-
pletely prime elements in M. This is trivial.
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(b) A more interesting case is that of regular frames (coresponding to
regular spaces: they are characterized by the property that each element x
is the join \/{y | y < =} where y < = means that y* V x for the pseudocom-
plement y* of y) for which we have the following familiar

Fact. In a regular frame each prime element is mazximal, thus covered
by 1, and hence completely prime.

(Indeed, let a be prime and let a < b = \/{z | = < b} by regularity.
Then there is an = ﬁ a such that x* Vb =1. Now x A x* = 0 < a, hence by
primeness, z* < a,and b=aVb>z*Vb=1.)

Thus,

each frame homomorphism h : L — M with regular L
is a D-homomorphism.

(c) Another case will be presented right away in 3.2.

3.2. Consider the standard functor © : Top — Frm. For a continuous

map f: X —Y we have (Of).(U) =Y ~ f[X \ U] and hence

(OF)(X N {z}) =Y N {f(2)}.

By 2.3.2, the completely prime elements in DX for a Tp space X are pre-
cisely the X \ {z}. Consequently, we can view the restriction of O to
Tp-spaces as a functor

9 : Topp — Frmp.
In the sequel the symbol 9 will be used in this sense.

3.3. The space ®L. For any frame L define ®L as the subspace of
YL (recall 1.4) of all completely prime elements, with &, = ¥, N ®L =
{p completely prime | a £ p} as the open sets. In particular then

Pg=0, &1 =PL, o =P, NP, and Py g = U{‘I’a |ae S} (%)

3.3.1. Lemma. For eachp € ®L, ®L \ @ =o,.

Proof. ®L~A{p} = U{®q | p ¢ ®a} = U{®a | a < p} = &, by (+) in 3.3.
O

3.3.2. Proposition. ®L is a Tp-space.
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Proof. Recall 2.2.1. We have to prove that each {p} U (®L ~ {p}) (=
{p}U®, by 3.3.1) is open; that is, it (also) is a neighbourhood of p. Let p<a.
Then p € ®,. We will show that &, C {p} U ®,. Indeed, if ¢ ¢ {p} U P,
then p < ¢, hence by 2.1.1, a < ¢, and hence ¢ ¢ D,. O

3.3.3. Furthermore, the correspondence L — ®L extends to a functor
® : Frmp — Topp

amounting to the restriction of the spectrum functor . That is, ®h(p) =
h.«(p) and one has
(@)~ [@a] = Dpa)

so that ®h is continuous.
3.4. For any frame L, define a mapping (as in the case of the standard

spectrum)
or : L — OOL

by setting dz.(a) = ®,. By () in 3.3, 1, is a frame homomorphism.

3.4.1. Lemma. For each completely prime p € L we have

(0r)«(®p) = p.

Proof. We have ®, C @, iff a < p: a < p implies &, C @, and if a £ p
then p € ®, \ @, and hence ¢, ¢ D,,.

Now a < (61)«(®p) iff &, C ®,. Hence for any a, a < (01)«(®,) iff
a < p, and the statement follows. O

3.4.2. Lemma. The §; constitute a natural transformation 6 : Id —
DP.

Proof. By 3.3.1 and 3.4.1 each ¢, is a D-homomorphism. As in the
case of the usual spectrum we have O®(h)(0.(a)) = (hy) HPo] = Ppe) =
on(h(a)). O

3.5. For a Tp-space X (where the X \ {z} are completely prime) define

mx : X — POX, xHX\m.

Proposition. The mappings wx constitute a natural equivalence 7 :
Id — ©9.
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Proof. First, mx is onto and one-one since for a Tp-space, X \ m are
precisely the completely primes, and if z # y then {x} # {y} (our spaces
are Tp). L

Next, 3! [®y] = {2 | U € X ~ {2}} = {z | 2 € U} = U, proving that
mx is a homeomorphism.

Finally, if f : X — Y is a continuous map we have

O f(mx(2)) = (D) (X ~A{z}) =Y ~ {[ (@)} = 7y (f()),

that is, 7 is natural. O

3.5.1. Proposition. The contravariant functors ® : Frmp — Topp
and O : Topp — Frmp are adjoint on the right with the adjunction maps
0 : L — OPL and mx : X — ®POX where the latter is a homeomorphism
for each X.

Proof. As in the case of the standard spectrum, consider the composition

Ox 22X, 9pox 2T, ox.
We have
Onx(0ox(U) =5 (®p) = {2z | X ~{z} e oy} =
={2|U¢X~{a}}={z|2zcU}=U.
Similarly for
L T, $OPL —2E . PL.
We have
®(6r) (a1 (p) = (3)«(®L ~ {p}) = (62)+(Dy) = p

by 3.3.1 and 3.4.1. O

3.5.2. In particular, since 7 is a natural equivalence,

® and O induce a dual equivalence between Top and the subcategory
of Frmp given by the Tp-spatial frames (recall 1.7).

3.5.3. The following fact is related to a result from Bruns, [5].

Proposition. A frame L is Tp-spatial if and only if any proper interval
{z | a <z <b} in L contains a covered pair.

13



x e VU, (V~{z})U{x} is open since (X \ {z}) U {z} is open by 2.2.1;

further, U C X ~\ {z} as « ¢ U and hence

Proof. Let L = DX for some Tp-space X and U C Y in OX. Then, for

Uevnx~{a) =V Gh<V{hulz}cV,

exhibiting a covered pair between U and V.

Conversely, given the condition in question, we have to show that §r, is
an isomorphism, and for this it is enough to prove ®, £ ®, whenever a < b.
Now, by our hypothesis, we have u,v € L such that a < u < v < b, hence
the homomorphism

h:L—{u,v}>=2, s~ (sVu)Awv,
and therefore the completely prime filter
F={seL|h(s)=v}={seL|sVu>v}=ulw

(recall 2.5). Finally, F is a slicing filter by 2.6.2, and since a ¢ F and b € F
this shows for the (completely!) prime p associated with F' that p ¢ ®, and
p e Dy O

3.6. Consider the inverse jx : POX — X to the adjunction homeomor-
phism 7x, given by the formula

ix(X ~{z}) = .

Now let us extend this definition to a general space X (recall that our spaces
are Ty and hence jx is well-defined).
For an open set U in X we have

iX'W={X~{o} e U ={X {a} [UZ X~ {a}} =y
so that the jy'[U] are precisely the open subsets of ®OX. Thus

Jjx ta a homeomorphic embedding of (the Tp-space) ®POX onto the
subspace of X constituted by all the Tp-points.

This suggests something like a Tp-coreflection. But Top p, is not coreflective
in Top: it is not closed under quotients, not even if we restrict ourselves to
the Ty-case, as is seen in the following

14



3.6.1. Example. Let N be the set of natural numbers, w ¢ N. Consider
X =(Nx{0,1}) U{w}
endowed by the following topology:

(3n, (n,1,) €eU) = welU, and

U C X is open if
welU = Fk(n>k = (n,0)el).

Thus in particular Nx {0}, (Nx{0})U{w} and each (Nx {0})U{w}U{(n,1)}
are open, and we see that X is Tp.

Now define ¢ : X — Y = N x {w} by setting ¢(n,7) = n and ¢(w) = w.
In the corresponding quotient topology on Y, U is open iff either it is () or
contains w and all n > k for some k. Thus, Y is still Ty, but it is not Tp:
w is not a Tp-point.

3.7. Let A be a general category and let C be a full subcategory of A.
Let us have to each object A € A assigned an A° € C and a monomorphism

1a:A°— A
such that
for C € C, C° =C and ¢ = id¢g, in particular A°° = A°.
Define a subcategory A° of A as follows.

e the class of objects of A° is the same as that of A, and

e f: A — B from A is a morphism in A° iff there exists an f°: A — B
such that the diagram
f

A —— B

] LB

fo

A° ——— B°
comimutes.

We have the immediate

Observation. 1. The correspondence f — f° constitutes a functor
A° — A, and v = (ta)a is a natural transformation.
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2. C is a full subcategory of A°.
3. C is a mono-coreflective subcategory of A° with coreflection maps
1a:A°— A

3.7.1. This applies to the situation in 3.6. Let us specify more concretely
the subcategory of Top appearing as the A° above.

Lemma. There exists a continuous f° : POX — ®OY such that

X #Y

jXT ij
o0x —I . ooV

commutes iff O f is a D-homomorphism.

Proof. (Df)«(X ~{z}) =Y ~{f(z)}. Thus, by 2.3.2, the completely
prime elements are sent by (O f). to completely prime ones iff the image of
a Tp-point is a Tp-point, that is, iff f can be restricted to the subspaces of
Tp points. O

3.7.2. Conclusion. Define
p'Top

as the category of all (Tp) spaces and the continuous maps f such that O f
is a D-homomorphism. Then

Top, is a (mono-)coreflective subcategory of pTop.

4 Tp versus sobriety

4.1. Lemma. Let j be the identical embedding X \ {x} — X. Then Oj is
an isomorphism iff © is not a Tp-point.

Proof. We have O5(U) = U~ {z}. Oj is trivially onto, and it is one-one
if and only if U \ {x} is never open unless = ¢ U. O

4.2. Observation. For ZCY C X letk:Z —-Y andj:Y — X be

the identical embedding and putl = j-k. If Ol is an isomorphism then both
97 and Ok are isomorphisms.
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(D7 - Ok is one-one, hence Ok is, which makes it an isomorphism; then

Oj = OI(Ok)~1)

4.3. For any spaces X and Y consider the relation

R(X,Y) : X is a proper subspace of Y such that the identical
embedding X — Y induces an isomorphism QY — OX.

Then, sobriety and Tp have the following parallel characterizations.
. . [ sober| . R(X,Y)
Proposition. X is { T } if -(3Y) {R(Y,X)}'
Proof. (1) If X is not sober then R(X,Y") for the sobrification ¥ 2 X.
Conversely, givenY such that R(X,Y), take any y € Y . X and let

F={UnX|yeUeODY}.

Then F is a completely prime filter in OX, given R(X,Y’), which is not
fixed in X (since all our spaces are Tp), showing X is not sober.

(2) If X is not Tp then there exists a non-Tp-point € X, and by 4.1
we have R(X,Y) for Y = X \ {z}. Conversely, given Y such that R(X,Y),
take any x € X \Y and consider the identical embeddings

Y - X~ {z} - X.

Then R(Y, X) implies R(X ~\{z}, X) by 4.2, and by 4.1 z is not a Tp-point,

showing X is not Tp. O
4.4.1. Corollary. If X C Y and Ojxy is an isomorphism then X is

not sober and'Y is not Tp.

In particular we obtain the well known fact that

a non-trivial sobrification is never Tp.

4.5. In [4], Berger proved (a.0.) that hereditarily sober spaces are Tp.
In fact we have more.

Corollary. If for each x € X the space X ~{z} is sober then X is Tp.

(Indeed, for any a non-Tp-point € X we have R(X ~\ {z}, X), contra-
dicting the sobriety of X \ {z} by 4.3.)

4.6. The non-fixed completely prime filters are (up to isomorphism)

precisely the individual points y that one can add and keep the O(X U {y})
isomorphic with DX
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The non-Tp-points are precisely the individual points x that one can
subtract and keep the O(X \ {z}) isomorphic with DX

The symmetry between sobriety and the Tp property (which has been
expressed already in 4.3) cannot be stretched much further, though: while
we can add all the completely non-fixed prime filters to X to obtain the
mazimal Y with R(X,Y), namely the sobrification, we do not generally
have a minimal X CY with R(X,Y). We would have to remove, first, all
the non-Tp-points, which could result in the void subspace.

4.6.3. Example. Let X be any order-dense subset of the set R of reals,
endowed with the topology consisting of () and all

>z ={ul|z <y}

In X, obviously, none of the points is Tp (removing any point from > x
destroys the openness).

Since Tp-spatiality implies the existence of covered elements (recall
3.5.3) our O X is also an example of a spatial frame that is not Tp-spatial.

4.7. In point-free topology one uses the concept of subfitness (if a < b
then aVe < 1 = bV for some ¢) as a weaker counterpart of 7. The question
naturally arises whether there is some relation between the subfitness of OX
and the Tp-property of X. There is not. We have

Proposition. For Ty-spaces X, OX subfit neither implies nor is implied
by X being Tp.

Proof. (#) Let Y be any Ti-space and X D Y its sobrification. Then
DX = OY, and since DY is trivially subfit the same holds for DX . Suppose
now that X is Tp. Then every neighbourhood filter U(z), z € X, is a slicing
filter of DX, and by the relation between X and Y it follows that every
completely prime filter of OY is slicing. That, however, implies that every
completely prime filter of OY is fixed (2.6.1), saying Y is sober — which is
known not to hold for every Y.

(«¢) Let X be the unit interval [0, 1] with the usual downsets as open
sets. Then X is Tp but it is not subfit since for any 0 < § < pu < 1
and for any downset U C [0,1] such that (] x) UU = [0,1] we also have
(lo)uU =o,1].

(]

18



References

[1] C.E. Aull and W.J. Thron, Separation azioms between Ty and T1, Indag.
Math. 24 (1962), 26-37.

[2] R.N. Ball, Distributive Cauchy lattices, Algebra Universalis 18 (1984),
134-174.

[3] R.N. Ball, Convergence and Cauchy structures in lattice ordered groups,
Trans.Amer.Math.Soc. 259 (1980), 357-392.

[4] S.F. Berger, Hereditary sobriety and the cardinality of Ty topologies on
countable sets, Quaestiones Mathematicae 20 (1997), 109-126.

[5] G.Bruns, Darstellungen und Erweiterungen geordneter Mengen II, Jour-
nal fiir Mathematik 210 (1962), 1-23.

[6] A. Grothendieck and J. Dieudonné, Eléments de géométrie algebrique,
tome I: le langage des schémas, 1.H.E.S. Publ.Math., no.4.

[7] P.T. Johnstone, Stone spaces, Cambridge studies in advanced math. No
3, Cambridge University Press, Cambridge, 1983.

[8] S. Mac Lane, Categories for the Working Mathematician, Springer-
Verlag, New York 1971.

[9] A. Pultr, Frames, Chapter in: Handbook of Algebra, Vol.3, (Ed. by M.
Hazewinkel), Elsevier 2003, 791-858.

[10] A. Pultr and A. Tozzi, A note on reconstruction of spaces and maps
from lattice data, Quaestiones Mathematicae 24 (2001), 55-63.

[11] W.J. Thron, Lattice-equivalence of topological spaces, Duke Math. J.
29 (1962), 671-679.

19



