Generalized linear fractional programming under interval

uncertainty

Milan Hladík

Department of Applied Mathematics, Faculty of Mathematics and Physics, Charles University Malostranské nám. 25, 118 00, Prague, Czech Republic, e-mail: milan.hladik@matfyz.cz.

Abstract

Data in many real-life problems suffer from inexactness. Herein we assume that we are given some intervals in which the data can simultaneously perturb. We consider a generalized linear fractional programming problem with interval data and present an efficient method for computing the range of optimal values. We consider also the inverse problem: How much can data of a real generalized linear fractional program vary such that the optimal values do not exceed some prescribed bounds. We illustrate the approach on a simple von Neumann economic growth model.

1 Introduction

Uncertainties in data measurement and observation is a common phenomenon in practice. Considering their interval envelopes is one way to tackle these uncertainties. Computing with interval values has many useful properties, e.g., it ensures that all possible instances of interval data are taken into account.

Mathematical programming problems with interval data have been investigated for several decades. Many papers studied the problem of computing the range of optimal values of linear programming problem with data varying inside intervals, see [5, 7, 10, 21] among others. Less people were involved nonlinear programming with data perturbing inside intervals. For instance, interval convex quadratic programming was studied in [9, 20], posynomial geometric programming in [9, 17, 18, 19], and a specific nonlinear programming problem with linear constraints in [29].

In this paper, we focus on a generalized linear fractional programming problem the data of which vary inside some given intervals. To the best of our knowledge, this problem itself has never been investigated. In the essence, it can be solved by the general method from [9], where a unified method for dealing with interval nonlinear programming problems was proposed. That approach was based on duality theory in nonlinear programming. For generalized linear fractional programming we have a developed duality [6, 15] to use. Nevertheless, stronger results are obtained by direct inspection, which is exactly what we do in Section 2.

We show that the exact range of optimal values can be calculated by solving up to four real-valued mathematical programs. Moreover, the method is easily adapted for solving the inverse problem: We are given real-valued a generalized linear fractional programming problem and some bounds on the optimal value function, and we calculate tolerances (intervals) for all required parameters such that the optimal values do not exceed the bounds while the parameters are perturbing inside thier intervals.

Many applications of the interval generalized linear fractional programming arise in the field of economics and optimization. For instance, von Neumann growth model of expanding economy [25], goal programming with rational criteria [3, 4], or Chebyshev discrete rational approximation. For another possible application, see e.g. [23, 24].

2 Range of optimal values

Consider a generalized linear fractional programming problem

f(A, B, C, c) := inf λ subject to Ax ≤ λBx, Cx ≤ c, x ≥ 0, (1)

where A, B ∈ R^{m×n}, C ∈ R^{l×n} and c ∈ R^l. Moreover, we assume that Bx ≥ 0 holds for all x satisfying Cx ≤ c, x ≥ 0. Such problems are solvable in polynomial time using an interior point method [8, 22].

Now suppose that the input data are not known exactly, and we are given only lower and upper bounds on their values. Formally, the matrix A varies in some interval matrix A := [A, A] = {A ∈ R^{m×n} | a_{ij} ≤ a_{ij} ≤ a_{ij} }, where A, A ∈ R^{m×n} are given matrices. In a similar way we consider interval matrices B and C and interval vector c in which B, C and c may perturb, respectively. Thus we have a family of problems (1) with A ∈ A, B ∈ B, C ∈ C and c ∈ c. Any problem belonging to this family is referred as an instance.

To ensure that each instance is a proper generalized linear fractional programming problem we have to assume:

(A1) For every B ∈ B, C ∈ C and c ∈ c any solution to Cx ≥ c, x ≥ 0 solves also Bx ≥ 0.

Proposition 1 shows that to verify this assumption; it suffices to verify only one instance with B = B, C = C and c = c.

Proposition 1. Assumption (A1) is true if and only if Bx ≥ 0 holds for all x satisfying Cx ≤ c, x ≥ 0.

Proof. One implication is easily seen as B = B, C = C and c = c is an instance of our family of problems.

Conversely, let B ∈ B, C ∈ C and c ∈ c and suppose that any x satisfying Cx ≤ c, x ≥ 0 is also a solution of Bx ≥ 0. Now, let x^∗ be any solution to Cx ≤ c, x ≥ 0. Then

Cx^∗ ≤ Cx^∗ ≤ c ≤ c.

Thus x^∗ is a solution to Cx ≤ c, and by our supposition x^∗ solves also Bx ≥ 0. Hence

Bx^∗ ≥ Bx^∗ ≥ 0.

Therefore x^∗ is a solution to Bx ≥ 0.

As data are perturbing in their intervals, the optimal value f(A, B, C, c) ranges in some interval as well. Our aim is to determine the exact lower and upper bound on the optimal value. They are respectively defined as

f := inf f(A, B, C, c) subject to A ∈ A, B ∈ B, C ∈ C, c ∈ c,

f := sup f(A, B, C, c) subject to A ∈ A, B ∈ B, C ∈ C, c ∈ c.

In the following theorem we say that each the bound can be calculated by solving 1 to 2 real-valued generalized linear fractional programming problems.

Theorem 1.

1. (Lower bound) Let f_1 := inf λ subject to Ax ≤ λBx, λ ≤ 0, Cx ≤ c, x ≥ 0. (2) If f_1 < 0 then f = f_1, otherwise f = f_2 with f_2 := inf λ subject to Ax ≤ λBx, λ ≥ 0, Cx ≤ c, x ≥ 0.

2. (Upper bound) Let f_3 := inf λ subject to Ax ≤ λBx, λ ≥ 0, Cx ≤ c, x ≥ 0. (3) If f_3 > 0 then f = f_3, otherwise f = f_4 with f_4 := inf λ subject to Ax ≤ λBx, λ ≤ 0, Cx ≤ c, x ≥ 0. (4) Proof. 1. (Lower bound) First we consider the case when f < 0. There is at least one instance of (1) with negative optimal value, so we can restrict our considerations to the family

inf λ subject to Ax ≤ λBx, λ ≤ 0, Cx ≤ c, x ≥ 0 (5) with A ∈ A, B ∈ B, C ∈ C, c ∈ c. For any instance and any feasible point λ, x we have Ax ≤ Ax ≤ λBx ≤ λBx, and Cx ≤ Cx ≤ c ≤ c.

It means that λ, x is also a feasible solution to the problem

inf λ subject to Ax ≤ λBx, λ ≤ 0, Cx ≤ c, x ≥ 0. (6) This problem belongs to the family of problems (5), since A ∈ A, B ∈ B, C ∈ C, c ∈ c. That is, the feasible set to (6) covers feasible sets of all instances of problems (5). Therefore the lower bound f will be achieved for this instance.

Suppose now that f ≥ 0. In this case, all instances of (1) have nonnegative optimal values, and all their feasible solutions λ, x have λ ≥ 0. That is why (2) is either infeasible or its optimal value is zero. So it remains to show that f ≥ 0 implies f = f_2. Herein, (1) takes the equivalent form inf λ subject to Ax ≤ λBx, λ ≥ 0, Cx ≤ c, x ≥ 0.

For any instance and every feasible solution λ, x we have Ax ≤ Ax ≤ λBx ≤ λBx, and Cx ≤ Cx ≤ c ≤ c.

It means, λ, x is also a feasible solution to the problem

inf λ subject to Ax ≤ λBx, λ ≥ 0, Cx ≤ c, x ≥ 0. (7) This problem belongs to the family of problems (1), since A ∈ A, B ∈ B, C ∈ C, c ∈ c. It means that the feasible set to (7) covers feasible sets of all instances of problems (1). Therefore the lower bound f will be achieved for this instance.

2. (Upper bound) We proceed in the similar manner as in the previous. First we assume that f > 0. Then there is at least one instance of (1) with positive optimal value, so we can restrict our considerations to the family inf λ subject to Ax ≤ λBx, λ ≥ 0, Cx ≤ c, x ≥ 0 (8) with A ∈ A, B ∈ B, C ∈ C, c ∈ c.

Let λ, x be any feasible solution of (3); if (3) is infeasible then f = f_3 = ∞ and we are finished. Then for any instance of (8) we have Ax ≤ Ax ≤ λBx ≤ λBx, and Cx ≤ Cx ≤ c ≤ c.

Thus λ, x is a feasible solution to any instance of (8). In other words, the feasible set to (3) is included in a feasible set of any instance of (8).

Therefore the highest optimal value will be achieved for A = A, B = B, C = C, c = c.

Suppose now that f ≤ 0. In this case, all instances of (1) have nonpositive optimal values, and all their feasible solutions λ, x have λ ≤ 0. That is why (3) is either infeasible or its optimal value is zero. It remains to show that f = f_4. We rewrite (1) in the equivalent form

inf λ subject to Ax ≤ λBx, λ ≤ 0, Cx ≤ c, x ≥ 0. (9)

Let λ, x be any feasible solution of (4); if (4) is infeasible then f = f_4 = ∞ contradicting our assumption. For any instance of (9) we have

Ax ≤ Ax ≤ λBx ≤ λBx, and Cx ≤ Cx ≤ c ≤ c.

Thus the feasible set to (4) is included in a feasible set of any instance of (9). Therefore the highest optimal value will be achieved in the setting A = A, B = B, C = C, c = c.

3 Tolerances of variations

In this section we consider the inverse problem to the previous one. We start with some real-valued problem and want to extend the reals to intervals such that the optimal value of all instances ranges in some prescribed bounds. Analogous problems were studied in linear programming [14], but—to the best of our knowledge—no one discussed any nonlinear case.

Similar kinds of problems are called tolerance analysis, and we usually study how much may certain parameters perturb while preserving some characteristics, e.g. optimality of some point or basis. They were dealt with mainly in linear programming [1, 2, 13, 26, 27, 28] concerning only selected parameters (in the objective function or in the right-hand side of constraints). Tolerance analysis for all objective function coefficients in multiobjective linear programming was done in [11, 12].

Consider a real-valued generalized linear fractional programming problem (1) with A := A^0, B := B^0, C := C^0, c := c^0, and let f^∗ be its optimal value. Next, f and f, f ≤ f^∗ ≤ f, is a given lower and upper bound on the optimal value function, respectively. Our aim is to extend the real data of (1) to tolerance intervals such that optimal values of all instances ranges in [f, f]. For that purpose we introduce so called tolerance rates: Let A^Δ, B^Δ ∈ R^{m×n} and C^Δ ∈ R^{l×n} be non-negative matrices and c^Δ ∈ R^l a non-negative vector. They scale different intervals not to have the same width and they are set usually in the following manner. Put a^Δ_{ij} := 0 if tolerance for a^0_{ij} is not in demand, put a^Δ_{ij} := 1 for the absolute tolerance, and put a^Δ_{ij} := |a^0_{ij} | for the relative (percentage) tolerance. Likewise for B^Δ, C^Δ and c^Δ.

Formally, our problem states as follows. Denote A_δ := [A^0 − δA^Δ, A^0 + δA^Δ], B_δ := [B^0 − δB^Δ, B^0 + δB^Δ], C_δ := [C^0 − δC^Δ, C^0 + δC^Δ], and c_δ := [c^0 − δc^Δ, c^0 + δc^Δ]. Find (possibly maximal) tolerance δ^∗ > 0 such that f(A, B, C, c) ∈ [f, f] for all A ∈ A_δ∗ , B ∈ B_δ∗ , C ∈ C_δ∗ and c ∈ c_δ∗ . Any δ^∗ > 0 with this property is called admissible tolerance.

We divide this problem onto two smaller sub-problems: Find tolerances δ_1, δ_2 > 0 such that f(A, B, C, c) ≥ f for all A ∈ A_{δ1} , B ∈ B_{δ1} , C ∈ C_{δ1} and c ∈ c_{δ1} , and f(A, B, C, c) ≤ f for all A ∈ A_{δ2} , B ∈ B_{δ2} , C ∈ C_{δ2} and c ∈ c_{δ2} . The overall tolerance then simply equals δ^∗ = min(δ_1, δ_2). We call δ_1 a lower tolerance and δ_2 an upper tolerance.

First, we verify that under some assumptions the maximal admissible tolerance is well defined.

Lemma 1. Let δ^∗_1 := sup δ subject to

f ≤ f(A, B, C, c) ∀A ∈ A_δ, B ∈ B_δ, C ∈ C_δ, c ∈ c_δ,

and δ^∗_2 := sup δ subject to

f ≥ f(A, B, C, c) ∀A ∈ A_δ , B ∈ B_δ , C ∈ C_δ , c ∈ c_δ,

and denote δ^∗ = min(δ^∗_1 , δ^∗_2 ). Assume that

(A2) (B^0 − δ^∗B^Δ)x > 0 for all solutions of (C^0 − δ^∗C^Δ)x ≤ c + δ^∗c^Δ, x ≥ 0.

(A3) (C^0 + δ^∗C^Δ)x ≤ c − δ^∗c^Δ, x ≥ 0, x ≥ 0 is solvable.

Then δ^∗ is the maximal admissible tolerance.

Proof. 1. (Lower tolerance) We prove that δ^∗_1 is an admissible tolerance for the lower bound. For contradiction suppose that δ^∗_1 is not an admissible tolerance, i.e.,

f > inf f(A, B, C, c), A ∈ A_δ∗_1 , B ∈ B_δ∗_1 , C ∈ C_δ∗_1 , c ∈ c_δ∗_1 .

Thus there is some λ^′, x^′, A ∈ A_δ∗_1 , B ∈ B_δ∗_1 , C ∈ C_δ∗_1 and c ∈ c_δ∗_1 such that

f > λ^′, Ax^′ ≤ λ^′Bx^′, Cx^′ ≤ c, x^′ ≥ 0.

Without loss of generality suppose that λ^′ ≥ 0; the converse situation is dealt analogously. In this case, λ^′, x^′ solves also the system

f > λ, (A^0 − δ^∗_1 A^Δ)x ≤ λ(B^0 + δ^∗_1 B^Δ)x, (C^0 − δ^∗_1 C^Δ)x ≤ c^0 + δ^∗_1 c^Δ, x ≥ 0.

Let η > 0 be arbitrarily small, and let x^0 be a point in the relative interior of polyhedra described by C^0x ≤ c^0. Define x^η := ηx^0 + (1 − η)x^′. This point lies in the relative interior of (C^0 − δ^∗_1 C^Δ)x ≤ c^0 + δ^∗_1 c^Δ, so for sufficiently small ε > 0 there is η = η(ε) such that x^{η(ε)} lies also in the relative interior of (C^0 − δ^εC^Δ)x ≤ c^0 + δ^εc^Δ with δ^ε := δ^∗_1 − ε.

Define λ^ε in this way:

λ^ε := max

i=1,...,m ( (A^0_{i,}. − δ^εA^Δ_{i,}.)x^{η(ε)} (B^0_{i,}. + δ^εB^Δ_{i,}.)x^{η(ε)} ) , where M_{i,}. denotes the i-th row of a matrix M. The value λ^ε is well defined as the denominators are positive due to assumption (A2). This λ^ε goes to λ^′ as ε goes to zero. Hence f > λ^ε when ε > 0 is small enough. It means that δ^ε (and any larger value) is not admissible tolerance, which contradicts the definition of δ^∗_1 .

2. (Upper tolerance) By contradiction suppose that

f < sup f(A, B, C, c) A ∈ A_δ∗_2 , B ∈ B_δ∗_2 , C ∈ C_δ∗_2 , c ∈ c_δ∗_2 .

That is,

f^ε < sup f(A, B, C, c)

for some ε > 0, f^ε := f + ε, and for some A ∈ A_δ∗_2 , B ∈ B_δ∗_2 , C ∈ C_δ∗_2 , and c ∈ c_δ∗_2 . Thus f^ε < λ for any λ and x being a solution to Ax ≤ λBx, Cx ≤ c, x ≥ 0. That is why the system

f^ε ≥ λ, Ax ≤ λBx, Cx ≤ c, x ≥ 0 is not solvable. Without loss of generality assume that λ ≥ 0. Then also the system

f^ε ≥ λ, (A^0 + δ^∗_2 A^Δ)x ≤ λ(B^0 − δ^∗_2 B^Δ)x,

(C^0 + δ^∗_2 C^Δ)x ≤ c − δ^∗_2 c^Δ, x ≥ 0

has no solution. By assumptions (A2) and (A3), the sub-system

(A^0 + δ^∗_2 A^Δ)x ≤ λ(B^0 − δ^∗_2 B^Δ)x, (C^0 + δ^∗_2 C^Δ)x ≤ c − δ^∗_2 c^Δ, x ≥ 0

is solvable; we just find a solution to the second and third inequality and then put λ large enough. Therefore

f < f^ε ≤ inf λ subject to (A^0 + δ^∗_2 A^Δ)x ≤ λ(B^0 − δ^∗_2 B^Δ)x,

(C^0 + δ^∗_2 C^Δ)x ≤ c − δ^∗_2 c^Δ, x ≥ 0.

For similar reasons as in the part 1. a sufficiently small decrease of δ^∗_2 implies that the above optimization problem still has optimal value greater that f. This contradicts the definition of f.

Note that assumption (A2) in Lemma 1 is an analogy of assumption (A1) in Section 2. The strict inequality is necessary. For example, consider the problem

inf λ subject to x ≤ λx, x ≥ 1,

i.e., A = 1, B = 1, C = −1, c = −1. Put tolerance rates A^Δ = 1, B^Δ = 1, C^Δ = 0, c^Δ = 0. For δ ∈ (0, 1) the optimal value ranges in [^{1−δ}_{1+δ} ,^{1−δ}_{1+δ} ], but for δ = 1 the optimal value can achieve −∞.

Also assumption (A3) is necessary. Consider the example

inf λ subject to x_1 + x_2 ≤ λ(x_1 + x_2), x_2 = 1, x_1 + x_2 ≥ 2,

i.e., A = ( 1 1 ) , B = ( 1 1 ) , C = 0 1 0 −1 −1 −1

, c = (1, −1, −2)^T .

Put tolerance rates as follows

A^Δ = ( 0 0 ) , B^Δ = ( 0 0 ) , C^Δ = 0 0 0 0 1 0 , c^Δ = (0, 0, 0)^T .

For δ ∈ (0, 1) the optimal value is constantly one, but for δ = 1 the optimal value for any instance is either one or ∞.

Theorem 2. Under assumption (A2) and (A3) the following procedure computes an admissible lower and upper tolerance:

1. (Lower tolerance) If f ≥ 0 then

δ_1 := inf δ subject to (A^0 − fB^0)x ≤ δ(A^Δ + fB^Δ)x, C^0x − c^0 ≤ δ(C^Δx + c^Δ), x ≥ 0, otherwise δ_1 := inf δ subject to (A^0 − fB^0)x ≤ δ(A^Δ − fB^Δ)x, C^0x − c^0 ≤ δ(C^Δx + c^Δ), x ≥ 0.

2. (Upper tolerance) If f ≥ 0 then

δ_2 := sup δ subject to (−A^0 + fB^0)x ≥ δ(A^Δ + fB^Δ)x, − C^0x + c^0 ≥ δ(C^Δx + c^Δ), x ≥ 0, otherwise δ_2 := sup δ subject to (−A^0 + fB^0)x ≥ δ(A^Δ − fB^Δ)x, − C^0x + c^0 ≥ δ(C^Δx + c^Δ), x ≥ 0.

Proof. 1. (Lower tolerance) Due to Lemma 1 the maximal lower tolerance is computed by δ^∗_1 = sup δ subj. to f ≤ f(A, B, C, c) ∀A ∈ A_δ, B ∈ B_δ , C ∈ C_δ, c ∈ c_δ. (10) Its optimal value is greater of equal to

inf δ subject to f ≥ f(A, B, C, c), A ∈ A_δ , B ∈ B_δ, C ∈ C_δ, c ∈ c_δ , (11) or inf δ subject to f ≥ λ, Ax ≤ λBx, Cx ≤ c, x ≥ 0, A ∈ A_δ, B ∈ B_δ, C ∈ C_δ, c ∈ c_δ.

Due to our assumption, Bx ≥ 0 for any feasible solution x. Thus the optimal solution will be achieved for λ = f. It this setting the problem draws

inf δ subject to Ax ≤ fBx, Cx ≤ c, x ≥ 0, A ∈ A_δ , B ∈ B_δ, C ∈ C_δ , c ∈ c_δ .

Similarly, the can put A := A^0 − δA^Δ, C := C^0 − δC^Δ, c := c^0 + δc^Δ and B := B^0 − δB^Δ if f < 0 and B := B^0 + δB^Δ if f ≥ 0. Therefore we conclude: If f ≥ 0 then

δ^∗_1 ≥ δ_1 = inf δ subject to (A^0 − δA^Δ)x ≤ f(B^0 + δB^Δ)x, (C^0 − δC^Δ)x ≤ c^0 + δc^Δ, x ≥ 0, = inf δ subject to (A^0 − fB^0)x ≤ δ(A^Δ + fB^Δ)x, C^0x − c^0 ≤ δ(C^Δx + c^Δ), x ≥ 0.

If f < 0 then

δ^∗_1 ≥ δ_1 = inf δ subject to (A^0 − δA^Δ)x ≤ f(B^0 − δB^Δ)x, (C^0 − δC^Δ)x ≤ c^0 + δc^Δ, x ≥ 0, = inf δ subject to (A^0 − fB^0)x ≤ δ(A^Δ − fB^Δ)x, C^0x − c^0 ≤ δ(C^Δx + c^Δ), x ≥ 0.

2. (Upper tolerance) Due to Lemma 1, δ^∗_2 = sup δ subject to f ≥ f(A, B, C, c) ∀A ∈ A_δ , B ∈ B_δ, C ∈ C_δ , c ∈ c_δ , ≥ sup δ subject to ∀A ∈ A_δ , B ∈ B_δ, C ∈ C_δ , c ∈ c_δ ∃λ, x; f ≥ λ, Ax ≤ λBx, Cx ≤ c, x ≥ 0.

Again, we put λ := f yielding

δ^∗_2 ≥ sup δ subject to ∀A ∈ A_δ , B ∈ B_δ, C ∈ C_δ , c ∈ c_δ ∃x; Ax ≤ fBx, Cx ≤ c, x ≥ 0.

For the same reasons as in the proof of Theorem 2 it suffices to consider A := A^0 + δA^Δ, C := C^0 + δC^Δ, c := c^0 − δc^Δ, and B := B^0 − δB^Δ if f ≥ 0 and B := B^0 + δB^Δ if f < 0. Therefore, if f ≥ 0 then

δ^∗_2 ≥ δ_2 = sup δ subject to (A^0 + δA^Δ)x ≤ f(B^0 − δB^Δ)x,

(C^0 + δC^Δ)x ≤ c^0 − δc^Δ, x ≥ 0,

= sup δ subject to (−A^0 + fB^0)x ≥ δ(A^Δ + fB^Δ)x,

− C^0x + c^0 ≥ δ(C^Δx + c^Δ), x ≥ 0.

If f < 0 then

δ_2 = sup δ subject to (A^0 + δA^Δ)x ≤ f(B^0 + δB^Δ)x,

(C^0 + δC^Δ)x ≤ c^0 − δc^Δ, x ≥ 0,

= sup δ subject to (−A^0 + fB^0)x ≥ δ(A^Δ − fB^Δ)x,

− C^0x + c^0 ≥ δ(C^Δx + c^Δ), x ≥ 0.

Note that for calculating the admissible tolerance along Theorem 2 we have to solve only two ordinary generalized linear fractional programming problems. The resulting tolerances δ_1 and δ_2 are maximal in the most of cases. It needn’d be maximal as (10) and (11) may differ. This happens rarely and arbitrarily small perturbation of f or f usually causes maximality of δ_1 and δ_2.

The next remark concerns assumptions (A2) and (A3). It is uncomfortable to check their validity as the maximal tolerance δ^∗ is unknown. However, an insight into proof of Theorem 2 reveals that—from the practical standpoint—it suffices to determine admissible tolerances δ_1 and δ_2 along the statement, and afterwards to check validity of assumptions (A2)–(A3) with δ^∗ = min(δ_1, δ_2).

Note that our results are easily extendable to the non-symmetric case where interval matrices are defined as A_δ := [A^0 − δA^Δ_1 , A^0 + δA^Δ_2 ] and A^Δ_1 , A^Δ_2 are non-negative matrices. This case is more general, but for the sake of simplicity we don’t discuss it here in detail.

Example 1. We illustrate our approach on a von Neumann economic growth model. Such a model reads

max λ subject to λAx ≤ Bx, x ≥ 1, where variables x_i, i = 1, . . . , n denote activity of sector i. Matrix A ∈ R^{m×n} consists of input coefficients and matrix B ∈ R^{m×n} consists of output coefficients. This model corresponds to generalized linear fractional programming, and it is easily transformed into the standard form (1).

For concreteness, consider an example adapted from Li [16]:

A = 0.28 0.50 0.53 0 0 0 0.84 0 0 0 0 0.77 0 0.49 0.45 0.50 0.48 0 0 0 0 0.51 0.57 0.29 ,

B = 1 0 0 0 0 0 0 1 0 0 1 0 0 0.25 1 1 0.25 0 0 0 0 0 0 1 .

The optimal value is λ^∗ = 1.049, that is, the economy is slightly expanding. We compute tolerances for all coefficients of matrix A and B such that the growth rates for all admissible perturbations lie within the interval [f, f] := [1, 1.2]. We consider percentage tolerance, i.e., we put tolerance rates as A^Δ := |A| and B^Δ := |B|. Calling Theorem 2 we obtain an admissible lower tolerance δ^1 = 0.024 and upper tolerance δ^2 = 0.067. Assumptions (A2) and (A3) are satisfied. We conclude that all entries of A and B may vary simultaneously and independently within 2.4% tolerance of their nominal value while the economy is guaranteed to be expanding in the growth rate [1, 1.2].

Naturally, larger tolerances can be obtained when we consider less parameters for perturbing. For instance, we are interested in tolerances for entries of B only. In this case, we put A^Δ := 0 and B^Δ := |B| and call Theorem 2 again. We get an admissible lower tolerance δ^1 = 0.046 and upper tolerance δ^2 = 0.143 and the corresponding assumptions (A2)–(A3) are satisfied, too. Now, the resulting percentage tolerance is 4.6%.

References

[1] H. Arsham. Construction of the largest sensitivity region for general linear programs. Appl. Math. Comput., 189(2):1435–1447, 2007.

[2] H. Arsham and M. Oblak. Perturbation analysis of general LP models:

A unified approach to sensitivity, parametric, tolerance, and more-for-less analysis. Math. Comput. Modelling, 13(8):79–102, 1990.

[3] R. Caballero and M. Hernández. Restoration of efficiency in a goal programming problem with linear fractional criteria. Eur. J. Oper. Res., 172(1):31–39, 2006.

[4] C. Castrodeza, P. Lara, and T. Peña. Multicriteria fractional model for feed formulation: economic, nutritional and environmental criteria. Agricultural Systems, 86(1):76 – 96, 2005.

[5] J. W. Chinneck and K. Ramadan. Linear programming with interval coefficients. J. Oper. Res. Soc., 51(2):209–220, 2000.

[6] J.-P. Crouzeix, J. A. Ferland, and S. Schaible. Duality in generalized linear fractional programming. Math. Program., 27:342–354, 1983.

[7] M. Fiedler, J. Nedoma, J. Ramík, J. Rohn, and K. Zimmermann. Linear optimization problems with inexact data. Springer, New York, 2006.

[8] R. W. Freund and F. Jarre. An interior-point method for multifractional programs with convex constraints. J. Optimization Theory Appl., 85(1):125–161, 1995.

[9] M. Hladík. Optimal value bounds in nonlinear programming with interval data. TOP: An Official Journal of the Spanish Society of Statistics and Operations Research. submitted.

[10] M. Hladík. Optimal value range in interval linear programming. technical report KAM-DIMATIA Series (2007-824), Department of Applied Mathematics, Prague, 2007.

[11] M. Hladík. Additive and multiplicative tolerance in multiobjective linear programming. Oper. Res. Lett., 36(3):393–396, 2008.

[12] M. Hladík. Computing the tolerances in multiobjective linear programming. Optim. Methods Softw., 23(5):731–739, 2008.

[13] M. Hladík. Tolerance analysis in linear programming. technical report KAM-DIMATIA Series (2008-901), Department of Applied Mathematics, Prague, 2008.

[14] M. Hladík. Tolerances in portfolio selection via interval linear programming. In CD-ROM Proceedings 26-th Int. Conf. Mathematical Methods in Economics MME08, Liberec, Czech Republic, pages 185– 191, September 2008.

[15] R. Jagannathan and S. Schaible. Duality in generalized fractional programming via Farkas’ lemma. J. Optimization Theory Appl., 41:417– 424, 1983.

[16] W. Li. A multi-agent growth model based on the von Neumann-Leontief framework. MPRA Paper No. 11302, online at http://mpra.ub.unimuenchen.de/11302/, 2008.

[17] S.-T. Liu. Posynomial geometric programming with parametric uncertainty. Eur. J. Oper. Res., 168(2):345–353, 2006.

[18] S.-T. Liu. Posynomial geometric programming with interval exponents and coefficients. Eur. J. Oper. Res., 186(1):17–27, 2008.

[19] S.-T. Liu. Using geometric programming to profit maximization with interval coefficients and quantity discount. Appl. Math. Comput., 209(2):259 – 265, 2009.

[20] S.-T. Liu and R.-T. Wang. A numerical solution method to interval quadratic programming. Appl. Math. Comput., 189(2):1274–1281, 2007.

[21] F. Mráz. Calculating the exact bounds of optimal values in LP with interval coefficients. Ann. Oper. Res., 81:51–62, 1998.

[22] Y. E. Nesterov and A. S. Nemirovskij. An interior-point method for generalized linear-fractional programming. Math. Program., 69(1B):177–204, 1995.

[23] S. Schaible. Fractional programming: Applications and algorithms.

Eur. J. Oper. Res., 7:111–120, 1981.

[24] S. Schaible and T. Ibaraki. Fractional programming. Eur. J. Oper.

Res., 12:325–338, 1983.

[25] J. von Neumann. A model of general economic equilibrium. Rev.

Econom. Studies, 13:1–9, 1945.

[26] J. E. Ward and R. E. Wendell. Approaches to sensitivity analysis in linear programming. Ann. Oper. Res., 27:3–38, 1990.

[27] R. E. Wendell. Linear programming. III: The tolerance approach. In Gal, Tomas et al., editor, Advances in sensitivity analysis and parametric programming, chapter 5, pages 1–21. Kluwer Academic Publishers, Dordrecht, 1997.

[28] F. R. Wondolowski. A generalization of Wendell’s tolerance approach to sensitivity analysis in linear programming. Decis. Sci., 22(4):792– 811, 1991.

[29] X. Y. Wu, G. H. Huang, L. Liu, and J. B. Li. An interval nonlinear program for the planning of waste management systems with economies-of-scale effects – a case study for the region of Hamilton, Ontario, Canada. Eur. J. Oper. Res., 171(2):349–372, 2006.