Loebl-Komlds-Sds Conjecture: dense case

Jan Hladky* Diana Piguet™

Abstract

‘We prove a version of the Loebl-Komlds-Sés Conjecture for dense graphs.
For any g > 0 there exists a number ny € N such that for any n > ng and k > gn
the following holds: if G be a graph of order n with at least n/2 vertices of
degree at least k, then any tree of order k+ 1 is a subgraph of G.
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1 Introduction

Embedding problems play central role in Graph Theory. A variety of graph em-
beddings (subgraphs, minors, subdivisions, immersions, etc) have been studied
extensively. A graph (finite, undirected, loopless, simple; here as well as in the
rest of the paper) H embeds in a graph G if there exists an injective mapping
@:V(H) — V(G) which preserves edges of H, i.e., @(x)@(y) € E(G) for every
edge xy € E(H). As a synonym we say that G contains H (as a subgraph) and
write H C G. Let JZ be a family of graphs. The graph G is J7-universal if it
contains every graph from .77°. This fact is denoted by 57 C G.

In this paper we investigate embeddings of trees. This topic has received con-
siderable attention during the last 40 years. The class .7} consists of all trees of
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order k. One can ask which properties force a graph H to be J;-universal. Loebl,
Komlés and Sés considered in [9] the median degree of H.

Conjecture 1.1 (LKS Conjecture). Let G be a graph of order n. If at least n/2
of the vertices of G have degree at least k, then J.11 C G.

The main result of this paper is to prove the LKS Conjecture for “k linear in
n”. For the exact statement see our main result, Theorem 1.4.

The bound on k of the minimal degree of high degree vertices cannot be de-
creased. Indeed, if G is a graph in which half of its vertices have degree exactly
k—1, then it does not contain a star Kj ;. On the other hand, it is suspected that
the number of vertices of degree at least k can be lowered a little bit. This was first
raised by Zhao [22]. Discussion on the lower bound will be given in [12].

There have been several partial results concerning the LKS Conjecture. In [4],
Bazgan Li and WoZniak proved the conjecture for paths. Piguet and Stein [17]
proved that the LKS Conjecture is true when restricted to the class of trees of di-
ameter at most 5, improving upon a result of Barr and Johansson [3] and Sun [20].
There are several results proving the LKS Conjecture under additional assumptions
on the hosting graph.

Soffer [19] showed that the conjecture is true if the hosting graph has girth
at least 7, Dobson [7] proved the conjecture when the complement of the hosting
graph does not contain K> 3.

A special case of the LKS Conjecture is when k = n/2. This is often re-
ferred to in the literature as the (n/2-n/2-n/2) Conjecture, or the Loebl Conjecture.
Zhao [22] proved the (n/2-n/2-n/2) Conjecture for large graphs.

Theorem 1.2. There exists a number ng such that if a graph G of order n > nq has
at least n/2 of the vertices of degrees at least n/2, then Tnj2)+1 € G.

An approximate version of the LKS Conjecture was proven by Piguet and
Stein [16].

Theorem 1.3. For any g > 0 there exists a number ny and a function f : N — R,
f € o(1) such that for any n > ng and k > gn the following holds. If G is a graph
of order n with at least (1/2+ f(n))n vertices of degree at least (1+ f(n))k, then
41 C€G.

In this paper we strengthen Theorem 1.3 by removing the o(1) term.

Theorem 1.4 (Main Theorem). For any g > 0 there exists a number ny = ny(q)
such that for any n > ng and k > gn the following holds: if G is a graph of order n
with at least n/2 vertices of degree at least k, then 1 C G.



In fact, the proof of Theorem 1.4 will yield that the requirement on the number
of vertices of large degree can be relaxed in the case when n/k is far from being
an integer.

Theorem 1.5. For any g2 > q1 > 0 such that the interval [1/qa,1/q1] does not
contain an integer, there exist numbers € = €(q1,q2) > 0 and ng such that for any
n > ng and k € (qin,qon) the following holds: if G is a graph of order n with at
least (1/2 — €)n vertices of degree at least k, then T+, C G.

We explicitly prove only Theorem 1.4 in the paper. In Section 2 we sketch how
the proof method can be revised to give Theorem 1.5. However, determining the
correct value of £(q1,¢») remains open. Note also that Theorem 1.4 has slightly
weaker assumptions on G than Theorem 1.2 when reduced to the case k = |n/2|—
when n is odd, the number of large vertices in Theorem 1.4 is smaller by one
compared to Theorem 1.2.

Recently, we learned that Oliver Cooley announced an independent proof of
Theorem 1.4.

The parameter which is considered in the LKS conjecture is the median degree.
If we replace it by the average degree, we obtain a famous conjecture of Erdés and
Sés, which dates back to 1963.

Conjecture 1.6 (ES Conjecture). Let G be a graph of order n with more than
(k—2)n/2 edges. Then J} C G.

If true, the conjecture is sharp. After several partial results on the problem, a
breakthrough was achieved by Ajtai, Komlds, Simonovits and Szemerédi [1], who
announced a proof of the Erd6s-S6s Conjecture for large k.

Theorem 1.7. There exists a number ko such that for any k > ko the following
holds: if a graph G of order n has more than (k—2)n/2 edges, then 7, C G.

The proof of Theorem 1.7 by Ajtai et al. has two parts. One part settles the
dense version of the problem; the statement is analogous to Theorem 1.4. The
other part deals with the case when k/n < go for some fixed value go. We have
indications that the same approach might work for the LKS Conjecture. Thus our
Theorem 1.4 may be one of two essential ingredients in a proof of the LKS Con-
jecture.

The current work utilizes techniques of Zhao [22] and of Piguet and Stein [16].
We postpone a detailed discussion of similarities between our approach and theirs,
and of our own contribution until Section 2.



1.1 Ramsey number of a tree

We show in this section the connection between the LKS Conjecture and the Ram-
sey number of trees. For two graphs F and H we write R(F,H) for the Ramsey
number of the graphs F', H. This is the smallest number m such that in any red/blue
edge-coloring of K, there is a red copy of F or a blue copy of H. For two fami-
lies of graphs .# and .77’ the Ramsey number R(.%,5¢) is the smallest number m
such that in any red/blue edge-coloring of K, the graph induced by the red edges
is .7 -universal, or the graph induced by the blue edges is 7#-universal. We shall
show how Theorem 1.4 implies an almost tight upper bound (up to an additive
error of one) on the Ramsey number of trees, partially answering a question of
Erdés, Fiiredi, Loebl and Sés [9].

For a fixed number p € (0,1/2) consider two numbers ¢; and ¢, such that
0/t € (p,1/p) and ¢1,£, > ngy, where ng = no(p/2) from Theorem 1.4. Consider
any red/blue edge-coloring of the graph Ky, ¢,. We say thata vertex v € V (Ky, 4¢,)
is red if it incident to at least ¢; red edges. Similarly, v € V(Ky,1,) is blue if it
incident to at least £, blue edges. Each vertex of Ky, ¢, is either red or blue. Thus
we have at least half of the vertices of Ky, that are red, or at least half of the
vertices that are blue. Theorem 1.4 can be applied to the graph induced by the
majority color. We conclude that R(7}, 11, 7,+1) < {1 +a.

For the lower bound, first consider the case when at least one of /1 and ¢, is
odd. Itis a well-known fact that there exists a red/blue edge-coloring of Ky, 1,1
such that the red degree of every vertex is 1 — 1. Neither a red copy of K; ¢, nor a
blue copy of K 4, is contained in Ky, ¢, with this coloring. Thus R(.7}, 41, -7¢,+1)
> {1+ €, — 1. A construction in a similar spirit shows that R(.7}, 11, 7,+1) >
01+ ¥y —2,if £1 and ¢, are even. We have

R(T, 41, T1,41) =1+ 14y, if £y isodd or /5 is odd, and (1.1)
Ui+l —1 <R(Tp41,T0,+1) S+ Lo, otherwise. (1.2)

Let us note that an easy consequence of the ES Conjecture would be that the lower
bound in (1.2) is attained.

Ramsey numbers of several other classes of trees have been investigated; the
reader is referred to a survey of Burr [5] and to newer results in [8, 10, 11].

2 Outline of the proof

Theorem 1.4 is proved by iterating the following procedure in steps i = 1,2,3,....
Ateach step 7, we find a set Q C V(G) \ U,<; V; such that at least about half of the
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vertices in Q are large (i. e., of degree at least k). Using the Regularity Lemma, we
try to embed a given tree T € .7, in Q. If we do not succeed, then we can extract
from Q a subset V;11 C Q of size approximately k, that is nearly isolated from the
rest of the of the graph, and for which at least half of the vertices are large. If we
cannot embed T € 7| in any of the iterating steps (i.e., V(G) \ U;Vi = 0), we
obtain a particular configuration of the graph G, called the Extremal Configuration.
In this case, we prove that T C G, without the use of the Regularity Lemma.

In the remainder of the overview, we explain in more detail the proof of the
part using the Regularity Lemma, as well as the part when G is in the Extremal
configuration.

The Regularity Lemma Part. Before applying the Regularity Lemma itself, we
first resolve two simple cases. The first one is when Q is close to a bipartite graph
with one of its color-classes being the large vertices (see Proposition 4.2). The
second case (see Proposition 4.3) is when the tree T is locally unbalanced (see
definition on page 12). In both cases an easy argument shows that 7 C G.

We apply the Regularity Lemma to the graph G and obtain a cluster graph
G. We apply a Tutte-type proposition (Proposition 6.4) to the subgraph induced
by clusters in Q, which guarantees the existence of one of two certain matching
structures in G. Both expose a matching M in the cluster graph, and two clusters
A and B that are adjacent in G and that have high average degree to the matching
M. These structures are called Case I and Case II. The principle of the embedding
is to use the edges of M to embed parts of the tree in them, and use the clusters A
and B to connect these parts.

The Extremal Case Configuration. In the Extremal case we are given disjoint
sets Vi,..., Vi CV(G) such that each of them has size approximately k, contains at
least nearly k/2 large vertices, and each set V; is almost isolated from the rest of
the graph.

If the sets V,...,V; exhaust the whole graph G, we are able to show 7' C G.
We find a set Vj; so that most of T’ can be mapped to V;,. We may need to use the
few edges that interconnect distinct sets V; to distribute parts of the tree T outside
Vi,- The way of finding these “bridges” depends on the structure of the tree 7.

If Vi,...,V; do not exhaust G, the method remains the same. However, it has
two possible outputs. Either we show that 7 C G or we are able to exhibit a set
Q CV\U,;V; allowing the next step of the iteration.



Strengthening of Theorem 1.4—Theorem 1.5. The only place where we use
the exact bound on the number of large vertices is the last step of the Extremal case.
That is, the whole vertex set V (G) is decomposed into sets V;, each of them almost
exactly of size k. But such a decomposition cannot exist when k € (qn,q,n),
[1/g2,1/q1) NN = 0. This suffices to prove Theorem 1.5.

Relation to previous work. The proof of Theorem 1.4 is inspired by techniques
used to prove Theorem 1.3 ([16]) and Theorem 1.2 ([22]). Both these papers build
on a seminal paper of Ajtai, Komlés and Szemerédi [2] where an approximate
version of the (n/2 —n/2 —n/2)-Conjecture is proven. In [2] the basic strategy is
outlined.

In [22] the aproach of Ajtai, Komlés and Szemerédi is combined with the Sta-
bility method of Simonovits [18]. One extremal case is identified, and solved
without the use of the Regularity Lemma.

The main contribution of [16] is a more general Tutte-type proposition, which
is applicable even when k/n < 1/2.

In this paper we further strengthen the Tutte-type proposition from [16]. The
Extremal case is an extensive generalization of the Extremal case from [22].

Algorithmic questions. Let us remark that our proof of Theorem 1.4 yields a
polynomial time algorithm for finding an embedding of any tree T € J;; in G,
given that k and G satisfy the conditions of Theorem 1.4. Indeed, it is easily
checked that all existential results we use (Regularity Lemma, and various match-
ing theorems) are known to have polynomial-time constructive algorithmic coun-
terparts. We omit details.

3 Notation and preliminaries

For n € N we write [n] = {1,2,...,n}. The symbol - means the symmetric differ-
ence of two sets. The function ci: R — Z is the closest integer function defined by
ci(x) = |x] if x — [x] < 0.5, and ci(x) = [x] otherwise.

We use standard graph-theory terminology and notation, following Diestel’s
book [6]. We define here only those symbols which are not used there. The order of
a graph H and the number of its edges are denoted by v(H ) and e(H ), respectively.
We write H[X,Y] for the bipartite graph induced by the disjoint vertex sets X and Y,
and E(X,Y) for the set of the edges with one end-vertex in X and the otherin Y. We
write e(X,Y) = |E(X,Y)|. For a vertex x and a vertex set X we define deg(x,X) =
degy(x) = e({x},X). For two sets X,Y C V(H) we define the average degree from



X toY by deg(X,Y) =e(X,Y)/|X|. We write dég(X) as a short for dég(X,V (H)).
We define two variants of the minimum degree of H. In the following, X and Y are
arbitrary vertex sets.

o0(X)= néi}rfldeg(v) , and
0(X,Y)= rvrél)rfldeg(v,Y) .

N(x) is the set of neighbors of the vertex x, Nx(x) is the neighborhood of x re-
stricted to a set X, i.e., Nx(x) = N(x) N X, and N(X) is the set of all vertices in H
which are adjacent to at least one vertex from X, i.e., N(X) = U, cx N(v).

Let P =vv;...v; be a path. For arbitrary sets of vertices X1, X»,...,X; we say
that Pis a X < Xp <> ... < Xy-path if v; € X; for every i € [¢]. An edge xy is an
X — Y edgeif x € X and y € Y and a matching M is a X < Y matching if its every
edgeis an X < Y edge.

The weighted graph is a pair (H,w), where H is a graph and w : E(H) —
(0,+00) is its weight function. For two sets X,Y C V(H) the weight of the edges
crossing from X toY is defined by eé”(X,Y) = ¥ ,ycp(x,y) W(xy). Denote by deg®
the weighted degree, d€g®(v) = Y yev (1), ek (#) W(vut). For a vertex v and a vertex
set X we define deg® (v, X) analogously to deg (v, X).

We omit rounding symbols when this does not effect the correctness of calcu-
lations.

3.1 Trees

Let F be a rooted tree with a root r € V(F). We define a partial order < on V(F)
by saying that a < b if and only if the vertex b lies on the path connecting a with
r. If a <X b we say that a is below b. A vertex a is a child of b if a < b and
ab € E(F). And, in the other way, the vertex b is a parent of a. Ch(b) denotes the
set of children of b. The parent of a vertex a is denoted Par(a) (note that Par(a) is
undefined if @ = r). We extend the definitions of Ch(-) and Par(-) to an arbitrary
set U CV(F) by Par(U) = U,y Par(u) and Ch(U) = U,y Ch(u). We say that a
tree F; C F is induced by a vertex x e V(F) if V(F) = {v € V(F) : v <x} and
we write F] = F(r,| x), or if the root is obvious from the context F; = F(/ x).
A subtree Fy of F is a full-subtree with the root y € V(F), if there exists a set
C C Ch(y), C # 0 such that Fy = F[{y} UUpec{v : v < b}]. We never refer to y as
to a leaf of the full subtree Fp, and of the tree F induced by y, even though it may
be a leaf of F and of F in the usual sense. A tree F> C F is an end subtree if there
exists a vertex w € V(F) such that F» = F(] w). If a subtree F3 C F is not an end
subtree, then we call it an interior subtree.



Fact 3.1. Let (F,r) be a rooted tree of order m with { leaves.

1. For any integer my, 0 < my < m, there exists a full-subtree Fy of F of order
m € [mg/2,my).

2. For any integer by, 0 < lo < {, there exists a full-subtree Fy of F with 7
leaves, where L € [y/2,4].

Proof. 1. We shall move sequentially the candidate ry for the root of Fyy down-
wards (in =), starting with ro = r. In the first step we have v(F (| rp)) =
m > mo/2. Ifv(F(] ¢)) < mp/2 for every ¢ € Ch(ry) then we can find a
set C C Ch(ry) of vertices such that the full-subtree Fy = F[{ro} UUqcc{V :
v =< c}] has order in the interval [mg/2,my]. Otherwise, there exists a vertex
¢ € Ch(rg) such that v(F (] ¢)) > my/2. We reset ry = c and continue.

2. This is analogous.
O

Fact 3.1 is sometimes used without the root of the tree being specified. Then,
any internal vertex of the tree can serve as a root.

For any tree F' we write F; and F, for the vertices of its two color classes with
F. being the larger one. We define the gap of the tree F' as gap(F) = |F¢| — |F,|. For
a tree F', a partition of its vertices into sets U; and U, is called semiindependent if
|U1| < |U,| and U, is an independent set. Furthermore, the discrepancy of (Uy,U,)
is disc(Uy,Us) = |Us| — |Uy]| and the discrepancy of F is

disc(F) = max{disc(U,,U,) : (U;,U,) is semiindependent} .
Clearly, gap(F) < disc(F).

Fact 3.2. Let (U,U,) be a semiindependent partition of a tree F, v(F) > 1. Then
U, contains at least |U,| — |Uy| + 1 leaves.

Proof. We root F at an arbitrary vertex x € U;. Let U] be the set of internal vertices
in U,. Since each vertex in Uj has at least one child in U; \ {x} and these children
are (for distinct vertices in U}) distinct, we obtain |U; \ {x}| > |U}|. Hence the
number of leaves in U, is at least |Up| — |Uy| + 1. O

Lemma 3.3. Let r be a vertex of a tree T, and let (Uy,U,) be any semiindependent
partition of T. Let  be a subset of the components of the forest T — {r}. Then

L |IV(A)NT) — V(AN To|| < dise(T) +1.



2. V(A)NUs| — |V(H) U | < dise(T) +1.

Proof. We prove only Part 1, Part 2 being analogue. The statement is obvious
when |V()NT,| — |V(#)NT,| =0. Suppose that |V (2)NT,|—|V(xZ)N
Ty| = £ > 0, where a,b € {e,0}, a # b is a choice of color-classes. It is enough
to exhibit a semiindependent partition (U;,U,) of the tree T with |Up| — |Uy| >
[|[V(Z)NT,| — V(£ )NT,|| — 1. Partition the components of the forest T — {r}
that are not included in ¢ into two families .7 and # so that ./ contains those
components K ¢ % for which |V(K)NT,| > |V(K)NT,|, and & contains those
components K ¢ . for which |V(K) N T,| < [V(K) N T,|. Obviously, the partition
below satisfies the requirements.

Uy ={rtu(V(A)NT,) U (V()NT,) U(V(B)NTa),
U = (V(H)NT)U(V()NT)U(V(B)NT) .
O

Fact3.4. Let F be a tree with { leaves. Then F has at most { — 2 vertices of degree
at least three.

Proof. We partition V (F) into the set of leaves V, the set V5 of vertices of degree
two, and the set V3 of vertices of degree at least three. The handshaking lemma
applied to F' yields that

20(F)—2= Zdeg(v) > |Vi|+2|Va| 4 3|Va| = 2v(F) — 0+ | V5] -
v
The statement readily follows. O

3.2 Greedy embeddings

Given a tree F' and a graph H there are several situations when one can embed
F in H greedily. For example, if 8(H) > v(F) — 1, then we embed the root of
F in an arbitrary vertex of H and extend the embedding levelwise. An analogous
procedure works if H is bipartite, H = (V,Va;E), and 8(V,,V2) > |Fe|, &(Va, V) >
|Fo|. The fact stated below generalizes the greedy procedure.

Fact 3.5. Let (U;,U,) be a semiindependent partition of a tree F. If there exist
two disjoint sets of vertices Vi and V, of a graph H such that

min{d(V,V2),0(V1,V1),0(Va, Vi) } > U]

and 8(Vy) > v(F)—1, then F C H.



Proof. The statement is trivial when v(F) = 1. In the rest, assume that v(F) > 1.
The set U} denotes the leaves of Us. By Fact 3.2, |U, \ Ul| < |U;| — 1. We embed
greedily F — U% in H, mapping the vertices from U; to V; and the vertices from
U\ Ué to V5. We argue that the greedy procedure works. If we have just embedded
a vertex u € U then we can extend the embedding to all vertices N(u) N U, since
0(V1,V1) > |U;|. The embedding can be extended to all vertices from N(u) N (U, \
U}) since 8(V,V5) > |U, \ UL|. If we have just embedded a vertex w € U, \ U} then
we can extend the embedding to all vertices from N(w) since d(V2,V;) > |U;|. The
leaves U% are embedded last, using high degrees of the vertices in V. O

3.3 Matchings

Let us state a simple corollary of Hall’s Matching Theorem.

Proposition 3.6. Let K = (W;,W,;J) be a bipartite graph such that d(K) > |W;|/2
and |Wy| < |W,|. Then K contains a matching covering Wj.

3.4 A number-theoretic proposition

Proposition 3.7. Let I be a finite nonempty set, and let a,b,A > 0. Fori € I, let
a;, B € (0,4]. Suppose that

a <1.

ﬁ i Yiel Bi B
Then I can be partitioned into two sets 1, and I, so that y;c; 0; > a— A and
zielb Bi >D.
Proof. The reader may find a straightforward proof in [16]. (|

3.5 Specific notation

A graph H is said to have the LKS-property (with parameter k) if at least half of
its vertices have degrees at least k, i.e., we have |L¥ | > v(H) /2, where L' = {v €
V(H) : degy(v) > k}.

When we refer to g,ng,n,k or G in the rest of the paper, we always refer to
the objects from the statement of Theorem 1.4. The vertex set of G is denoted
by V. We partition V. = LUS, where L= {v €V : deg(v) >k} and S = {v €
V : deg(v) < k}. We call vertices from L large and vertices from S small. The
hypothesis of Theorem 1.4 implies that |L| > n/2. Finally T denotes a tree of
order k + 1 which we want to embed in G.
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Statements like “there exists a number ¥ > 0 such that a property &?(y) holds
for any graph G should read as “given g > 0, there exists a number ¥y > 0 such
that a property Z?(y) holds for any graph G of order at least ny(q)”.

4 Proof of the Main Theorem (Theorem 1.4)

We first need to state some auxiliary propositions. For the first proposition, we
need to introduce the notion of (3, 0)-Extremality. For two numbers 3,0 € (0,1),
a decomposition of the vertex set V =V, UV, U...UV, UV is (B, 0)-Extremal if

e A >1.

(1=B)k<|Vi| < (1+B)kforeachie[A].
V=0or|V|>o0ok.

e(V;,V\ Vi) < Bk? foreachi € [A],,and e(V,V\ V) < Bk>.

(1/2—=B)k<|ViNL|foreachiec [A].
VNnL < (1/2-0a)[V].

Proposition 4.1. There exists a constant cg > 0 such that the following holds. If
G admits a (B, 0)-Extremal partition Vy,...,Vy,V for B,0 < cg, B < 0, then
Tier1 € G, or there exists a set Q C V such that

o |0] >k/2.
e [ONL[>|0]/2.
e ¢(Q,V\Q) < ak*.

Proposition 4.1 will be proved in Section 8. The next proposition is referred to
as the Special Case.

Proposition 4.2. For all g,cg > 0, there exists a number cg > 0, cs < cg such
that if there exists a set V. C 'V with the following properties

o |V|> Yesk,
° e(V,V\V)<Csk2,
o (1/2—cg)|V|<|VNL

, and
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e ¢(G[VNL)) < csk?,
then 7,1 CG.

Proof of Proposition 4.2 is given in Section 5. The following proposition is will
allow us to reduce trees which are locally unbalanced from further considerations.
Let us introduce the notion (un)balanced forest now.

For a number ¢ € (0,1/2) we say that a family € of vertex disjoint subtrees
of a tree T € Jj41 is c-balanced if the forest formed by the trees 1 € € with
|to| > c-v(t) is of order at least ck, i.e.,

v(t) > ck.
tee
lto[>cv(r)

The family % is c-unbalanced if it is not c-balanced.

Proposition 4.3. Let cg be given by Proposition 4.2. Then there exists a constant
cu > 0 such that the following holds for any tree T € J., . If there exists a set
W CV(T), |W| < cuk such that the family € of all components of the forest T —W
is cy-unbalanced, then T C G.

Proposition 4.3 will be proved in Section 6.2. The last auxiliary proposition
(Proposition 4.4) will be proved in Section 7.

Proposition 4.4. Suppose that q,cs, cg and cy are fixed positive numbers. For any
0,w >0 with 0 < w < min{g,cs,cg,cy}, there exist B > 0 and ny = no(0, w)
such that for any graph G on n > nq vertices satisfying the LKS-property (with
k > gn) with a subset V. C V having the following properties

o |V|> Yesk,
e ¢(V,V\V) < Bk, and
o [LNV|>(1-0)|V]|/2,

there exists a subset V! C'V such that
o (1—wk< V< (1+w)k,
o |V'NL| > |V'|/2, and
o e(V,V\V') < wk?,

or J411 CG.
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Proof of Theorem 1.4. Let cg,cy, and cg be given by Propositions 4.3,4.2 and 4.1,
respectively. Set £ = [é], oy = min{q,cs,cu,cE}, and 0y < y. We find a se-
quence of parameters

I<Bi o< =h<kn<Kou=F< <o 1 =<oKL, (41)

obtained by the following iterative procedure. In step i = 1 start by setting [3; as the
number given by Proposition 4.4 for input parameters 0; and wy. Set wy_1 = B¢
and 0y_; < @y_;. In general, in step i we define B, |_; as the number given by
Proposition 4.4 for input parameters gy, ;_; and wy1_¢. Set wy_; = By+1_; and

Oy_; < wy_;. Repeat the procedure for ¢ steps. Set ng = ‘n}axﬁ{no(ai, w)}, where
no(0j, w;) is also from Proposition 4.4. .
Let G be a graph satisfying the conditions of Theorem 1.4 (i.e., g is fixed, n is

sufficiently large, and k > gn). We can make the following assumptions.

Assumption 4.5. |L| < |S|+ 1.

Proof. Suppose that [L| > |S|+2. If e(L,S) = 0, then any tree T € ;4| embeds
in G[L] greedily, and Theorem 1.4 is proven. Otherwise, there exists an edge
e € E(L,S). The graph G’ = G — e is of order n and has the LKS-property. Indeed,
at most one vertex of L has decreased its degree in G'. For a graph H, denote
by L the vertices of H with degrees at least k and S” the vertices of degree less
than k, i.e., L = LS. Then |LC| > [LC| — 1 >|SC|+2—1> |SO|. If Z,, C G,
then 71 C G. We can repeat this procedure until .7 ; C G or obtain a spanning
subgraph G* C G satisfying the LKS-property and such that LS| <SS |+1. O

Assumption 4.6. The set S is independent.

Proof. If Assumption 4.6 is not fulfilled, we erase in G all the edges induced by
S. Clearly, the modified graph G’ still has the LKS-property and fulfills Assump-
tion 4.6. This does not disturb Assumption 4.5. Any tree that is subgraph of G’ is
also a subgraph of G. O

Let 3 = ci(n/k). We iterate the following process for at most 3 steps. In step
i, i <39, we prove that 7,1 C G or we define a set V; C V'\ ;. V; such that the
following conditions are fulfilled for each j € [i].

(PL); (1=PB)k<|Vi| < (1+ Bk,
P2); |LﬂVj| > (1/2 — B,’)k, and
(P3); e(V;,V\V)) < Bik*.
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In the step i = 1, we apply Proposition 4.4 with parameters V =V, 0 = 0y, w=
i and obtain that 7| C G, or there exists a set V| satisfying (P1);, (P2);, and
(P3)1. Suppose that in step i we have sets Vq,...,V;_; that satisfy the conditions
(P1);—1, (P2);—1, and (P3);—;. Set V* =V \ U, V;.

First assume that |V*| > J/cgk. If [LNV*| > (1 — 0;_1)|V*|/2, the graph G
satisfies the conditions of the Proposition 4.4 (with V. =V*). If [LNV*| < (1 —
0;—1)|V*|/2, then the decomposition Vy,...,V;_1,V*is (B;—1, 0;—1 )-Extremal. We
first apply Proposition 4.1 and show that .7, C G, or there exists a set Q C V*
satisfying

° O] >k/2,
e |ONL|>1Q|/2,and
® E(QaV\Q)<O-i—lk2-

It is enough to assume the latter case. Again, the graph G satisfies the conditions
of Proposition 4.4 (with V = Q). Proposition 4.4 yields that .7, C G, or that
there exists a set V; C Q satisfying Properties (P1),—(P3);.

It remains to deal with the case |V*| < {/csk. Having found sets Vi,...,Vy sat-
isfying (P1)9—(P3)g, we redistribute the small amount of (at most {/cgk) vertices
of V equally between Vi,...,Vy. The thus defined partition is ({/cs, cg)-Extremal.
Proposition 4.1 yields that 7.1 C G (as no new set Q can be found). O

5 Special case (proof of Proposition 4.2)

Proof of Proposition 4.2. Fix aset L' C LNV of size |L'| = (1/2 —cgs)|V|. Define
L={uel :deg(u,V\L) > (1-2/cs)k}. It holds for any vertex x € L'\ L that
deg(x,L") +deg(x,V \ V) > 2,/cgk, otherwise it would be included in L. Since
e(G[L'))+e(L'\L,V\V) < 2csk* we get that |\ L| < 2, /csk (each vertex of L'\ L
is incident with at least 2, /cgk such edges). Consequently, |L| > (1/2—3,/cg)|V|.
Next we verify that the set S, defined as = {u € V\ L' : deg(u,L) > (1 —-9,/cs)k},
covers almost the whole set V \ L. Indeed, not more than cgk? edges of E[L,V \ L]
are incident to some vertex x € L, where L is the set of vertices of x € V' \ L with
deg(x,L) > k. Observe that L C L. Hence the number of edges in the bipartite
graph G[L,V \ (L' UL)] is at least

N 1. a 1, B}
IL|(1 —2+/cs)k — csk® > E|V|k—4\/c_s|V|k—csk2 > SIVIk—=6y/cs|V]k.
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Since no vertex from V' \ (L' UL) receives more than k edges from L, it holds that

e _
A @uyng) > LEOEVE_ L6 m).
Obviously, L C S and thus, |V \ (L' US)| < 7,/cs|V| (recall that L' and § are disjoint,
and |L'| = (1/2—cg)|V|). By the choice of L and S and the fact that |V \ (L' U
S)| < 7,/cs|V|, the minimum degree of vertices in L in the bipartite graph G| =
G[L,S] is at least k —9/cs|V|, and of those in § at least (1 —9,/cs)k. By choosing
sufficiently small ¢g (as a function of ¢; recall ¢ > k/n) we can guarantee that
0(Gy) > k/2.
Let T € ;41 be an arbitrary tree. We write 7" for the set of internal vertices of
T which are contained in T; and Tel for the set of leaves in 7.. By Fact 3.2 it holds
|| < |T,| < k/2. We embed the subtree T — 7! in Gy using the greedy algorithm
embedding the vertices from 7" in S. The last step is to embed the leaves .. This
can be done using the property of high degree of vertices in L (note that 7! may be
mapped outside G at this step). O

6 Tools for the proof of Proposition 4.4

6.1 Szemerédi Regularity Lemma

In this section we recall briefly the Szemerédi Regularity Lemma [21] and establish
related notation. The reader may find more on the Regularity Method in [14, 13].

Let H= (V(H);E(H)) be a graph of order m. For two nonempty disjoint sets
X,Y CV(H) we define density of the pair (X,Y) by

e(X,Y)

AOY) = Ty

For € > 0 we say that a pair of vertex sets (A, B) is &-regularif |d(A,B) —d(X,Y)| <
€ for every choice of X and Y, where X C A, Y C B, |X| > €|A|, |Y| > €|B|.
For an &-regular pair (A,B) a set X C A, and a set ¥ C B is called a signifi-
cant set if |X| > €|A|, and |Y| > €|B|, respectively. For an &-regular pair (A, B)
we say that a vertex v € X is typical with respect to a significant set W C Y if
deg(v,B) > (d(A,B) —2¢)|W]|.

Fact6.1. 1. Let (X,Y) be an &-regular pair and W C Y be a significant set.
Then all but at most €|X| vertices of X are typical w.r.t. W.

15



2. Let X, Y1,Y,....Yy be disjoint sets of vertices, such that (X,Y),...,(X,Y))
are g-regular pairs. Suppose that we are given sets W; C Y; which are sig-
nificant for each i € [(). Then there are at most \/€|X| vertices of X which
are not typical with respect to at least /€l sets W;.

Proof. 1. The proofis direct.

2. Foravertex v € X, let I, C [{] be the set of those indices i for which v is not
typical with respect to W;. For contradiction, suppose that [{v € X : || >

Vel > /€|X|. Then
> Hvex:ien} =3 [L|>elX]e.

i€[/] veX

By averaging, there exists an index iy € [¢] such that the set U = {v € X :
io € 1, } is significant. Then,

_ ZVEU deg(va ‘/Vlo)

d(UaWio)_ |U||W | <d(XaWio)_28§d(X7Yio)_g’
io

a contradiction to the regularity of the pair (X,Y;,).
O

A partition V), Vi, ..., Vi of the vertex set V (H ) of the graph H is called (¢,N)-
regular if

(] |V0| < &m,
e |Vi| =|Vj| forevery i, j € [N], and
e all but at most éN? pairs (V;,V;) (for i, j € [N]) are e-regular.

The sets Vi, ..., Vy are called clusters.

The Regularity Lemma we use deals with graphs with initial prepartitioning of
the vertex set. Its proof follows the same lines as the proof of Szemerédi’s original
result [21].

Theorem 6.2 (Regularity Lemma, with initial partition). For every € > 0 and
every mg,r € N, there exist numbers My, Ny € N such that every graph H of order
m > Ny whose vertex sets is partitioned into r sets O} UO, U ...U0, = V(H)
admits an (&;N)-regular partition Vo, Vy,...,Vy for some my < N < My such that
for every i € [N] we have V; C O for some j € [r].
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6.2 Cutting the trees, and the (un)balanced trees

Let T € J}.1 be a tree and ¢ € N,/ < k. The purpose of this section is to give
constructive definitions of an ¢-fine partition of 7', and a switched ¢-fine partition
of T. The tree T is rooted in a vertex R. This gives us order < on V(7).

For a tree F C T such that R ¢ V(F) we define the seed of F as the unique
vertex v € V(T)\ V(F) such that F C T(R,] v) and v is adjacent to a vertex from
F. We write Seed(F) = v.

Set To = T and i = 1. We repeatedly (in step i) choose a vertex x; € V(T;_1)
such that v(T;—1 (] x;)) > ¢ and such that x; is <-minimal among all such possible
choices. We set T; = T;—y — (V(T;i—1(] x;)) \ {xi}). If no such x; exists we have
v(Ti—1) < £. We then set x; = R and terminate. Since we deleted at least ¢ vertices
in each step, we have i < [(k+ 1)//] at the moment of terminating. Set

A"={x; : dist(x;,R) iseven} and B’ ={x;: dist(x;,R)is odd} .

Let ¢4 and 65 be those components 7 of the forest 7 — (A’ UB’) which have
Seed(r) € A’ and Seed(t) € B', respectively. For a component 7 we write

X(t)=V()NN(B') fort € €y, and
X(t)=V({)NN(A") fort € Cp.

Set Wy =A"UU,eq, X (1) and W = B' U4, X (¢). Observe that max{|Wy|,|Wp|}
< |A'|+|B'|. Let 4 and Pg be those components ¢ of the forest T — (W, UWp)
which have Seed(r) € Wy and Seed(t) € Wp, respectively. The (-fine partition of
T is the quaternary & = (Wy,Wg, Z4, Zp). The following properties of the ¢-fine
partition of 7" are obvious from the construction.

o RecWy.

e The distance from any vertex in Wy to any vertex in Wp is odd. The distance
between any pair of vertices in Wy or between any pair of vertices in Wp is
even.

e T is decomposed into vertices Wy, Wp, and into trees %4 and Zp.

e No tree from %4 is adjacent to any vertex in Wp. No tree from 3 is adjacent
to any vertex in Wy.

o max{|Wa|,|Wp|} < %-

e v(t) < {foranytreet € Yy U Zp.
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The partition & will be further refined to get a switched ¢-fine partition. Let &}
and Z5 denote the end-trees from %4 and %, respectively. In the following we
assume that 3¢ 5+ v(f) 2 ¥,y v(t). If this was not the case, we exchange the sets
Wa, Wg, and Z4, Zp. For any tree t € Pp\ I set Y (1) = V(1) "\N(Wp). Observe
that 3 9,0\ 2 Y ()| < 2[Wp|. Define Wi =W,yU Urezp\2; Y (t). The switched (-
fine partition of T is the quaternary 2 = (W;,Wg, 7}, %), where 2} and Py, are
the sets of components of 7 — (W, UWp) with the seed in W and Wj, respectively.
The switched /-fine partition of T satisfies the following properties.

° REWAUWB.

e The distance from any vertex in Wf( to any vertex in Wp is odd. The distance
between any pair of vertices in W or between any pair of vertices in W is
even.

e T is decomposed into vertices Wy, Wp, and into trees 7, and Zj,.

e No tree from 2} is adjacent to any vertex in W. No tree from %, is adjacent
to any vertex in Wj.

o max{|W]],[Wp|} < 12,
e v(r) < /{forany treer € I, U Z.
e 9} contains no internal tree.

e We have
v(t) > z (1) .
1€7) 1€y
t end tree

For an /(-fine partition (or a switched (-fine partition) ¥ = (W, Wg, P, Dp)
the trees t € Y4 U Dp are called shrublets.

The (-fine partition and the switched ¢-fine partition may not be unique, the
construction depended on the choice of the root R. However, this is not a problem
in the later setting; we only need that there exists at least one /-fine partition &
and one switched /-fine partition 2’ of T satisfying the above properties.

Proof of Proposition 4.3. Set cy = cs /4.
If the set L induces less then cgn” edges then we have T C G by Proposition 4.2.
In the rest we assume that G[L] contains at least cgn” edges. A well-known fact
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asserts that there exists a graph G’ C G[L] with minimum degree at least half of the
average degree of G[L], i.e., 8(G') > cgn > dey(k+1).

Let ¢’ C ¢ be those trees 1 € ¢ for which |t,| < cgv(¢). It holds that 5, v(7)
> (1 —4cy)k. We apply Fact 3.2 on each tree t € 4”. Summing the bound on the
number of leaves, given by Fact 3.2, we get that there are at least (1 —2cy)(k+1)
leaves in the trees of 4. A leaf of a tree t € ¢” is either a leaf of T or it is adjacent
to a vertex in W. Root T at an arbitrary vertex r. The vertex r determines a partial
order < with r being the maximal element. Let X be those vertices of 7" which
are a leaf of some tree t € 4" but not a leaf of T. Each vertex in X is either a
<-minimal or a <-maximal vertex of some tree r € €. Let Xy C X be the <-
minimal vertices and Xmax = X \ Xmin. (Note that Xi,x does not have to contain
exactly the <-maximum “fake” leaves of T'; the vertices which come out from
1-vertex trees of ¢’ are not included.) As each tree ¢ has a unique <-maximal
vertex we get [Xmax| < h, where £ is the number of trees ¢ in 4" which have order
more than 1. Observe, that each such tree ¢ has at least 1/cy vertices and thus
h < cy(k+1). For each v € Xpin we have [Ch(v) "W| > 1. Since for each u € W
it holds [Par(u) N Xpmin| < 1 we have |Xpin| < |W| < cyk. Summing the bounds we
get |X| < 2cy(k+1). Thus T has at least (1 —4cy)(k+ 1) leaves. Let 7" C T be
a subtree of T formed by its internal vertices. We have v(T’) < 4cy(k+1). We
embed T’ in G’ greedily. Then we extend the embedding also to the leaves of T,
using the high degree of the images of V (T”). O

6.3 A Tutte-type proposition

Graph H is called factor critical if for any its vertex v the graph H — v has a perfect
matching.

The following statement is a fundamental result in the Matching theory. See [15],
for example.

Theorem 6.3 (Gallai-Edmonds Matching Theorem). Let H be a graph. Then
there exist a set Q C V(H) and a matching M of size |Q| in H such that every
component of H— Q is factor critical and the matching M matches every vertex in
Q to a different component of H — Q.

The set Q in Theorem 6.3 is called a separator.

Proposition 6.4. Let (H,w) be a weighted graph of order N, with w : E(H) —
(0,s]. Let 0,K be two positive numbers with 1/ (2N) < 0 < min{K/(32Ns),1/10}.
Let £ be an arbitrary set of vertices, such that

e V(H)\ Z is an independent set,
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|-Z| > N/2— 0N,

deg®(u) > K foreveryu e &,

the set £ induces at least one edge in H,

deg®(u) < (1+ 0)K for everyu e V(H)\ .Z.

Set * ={uecV(H) : deg®(u) > (1+0)K/2}.
Then there exist a matching M and two adjacent vertices A,B € V(H) such that
at least one of the following holds.

Case I For the vertex A it holds dég®(A,V(M)) > K and for each edge e € M we
have IN(A)Ne| < 1. For the vertex B it holds dég®(B,V (M) U.ZL*) > (1 +
0)K/2.

Case Il There exists a set 2~ C V(H), with deg®(x,V(M)) > deg®(x) — 20N for
all vertices x € 2”'. Furthermore, A\B € 2" N.YL, and |V(M')\ 27| <1,
where M' = {xy e M : x,y e N(Z")}.

Moreover observe that each edge e € M intersects the set £ .

. M Case II :
“‘,“' : — A M
A """" —
) ; —
_ B e — -
B H Rt :
"'.‘n

iy 3

V(HN\V (M)

~
LR TR TR TR LTI LA

[TLLLT
RYULITITT v

Figure 1: Two resulting matching structures from Proposition 6.4. Dashed lines
represent no connections (in Case I), or sparse connections (in Case II).

Proof. Among all matchings satisfying the conclusion of the Gallai-Edmonds Match-
ing Theorem, choose a matching M, that covers a maximum number of vertices
from V(H)\ £*. Let Q be the corresponding separator. Recall that M, is a
Q < (V(H)\ Q)-matching. Set Lo =.Z\ Qand .¥ =V(H)\ .Z.
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We distinguish three cases.

e There exists an Lo < Ly edge.
Set 2 = LoUN(Ly) \ Q and let A and B be vertices of any Ly < Ly edge. Then
A and B lie in the same component C of H — Q. If V(M) NV (C) # 0, then take
{x} =V (My) NV (C), and choose x arbitrarily in C, otherwise. Since C is factor
critical, there exists a perfect matching M; in C — x. It is straightforward to check
that the matching M = My U M satisfies conditions of Case II.

o [yh=0.
Set 2" =V (H) and M = M. Let A and B be end-vertices of an arbitrary . « &
edge. It is clear that V(M')\ 27 = 0. Since Q 2 %, |.¥| > N/2 — 0ON, and
|[V(M)| = 2|Q] it holds that all but at most 20N vertices of H are covered by M,
thus for any vertex x € 2", we have that dég®(x,V(M)) > deg®(x) — 20Ns.

e [ is an independent set and Ly # 0.
First we observe that each component C of H — Q is a singleton. Indeed, since .7
and L are independent all the edges in any matching in C are in the form .¥ < L.
Since C is factor critical, we have |V (C —u) NLy| = |V(C —u) N.#| for any vertex
u € V(C). Thus v(C) = 1. (Note that My is thus maximum.) Set M = M.

Define L = {u € N(Ly) : deg®(u) > K}. Observe that L C Q. We shall prove
that

L#0 6.1)

by contradiction. Assume that for every vertex u € N(Ly) it holds deg®(u) < K.
We get |Lo|K < &“(Lo,N(Lg)) < K|N(Lg)| implying |Loy| < |[N(Lo)|. From L = 0
it follows that N(Lg) N = 0 and thus every vertex in N(Ly) is matched by M to
a distinct vertex in Ly, a contradiction.

We show that the graph V (H) fulfills conditions of Case I. It suffices to find a
vertex B € N(Lo) such that deg®(B,V (M) U.Z*) > (1+ 0)K /2. The pair (A,B),
where A € N(B) N Ly, satisfies conditions of Case I.

Define X = V(H) \ (V(M)U.Z*). For contradiction, assume that for every
B € L we have

deg®(B,V(M)UZL") < (1+0)K/2, (6.2)
which yields

deg®(B,X) > (1—0)K/2. (6.3)
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This implies that M does not contain any edge with both end-vertices in .. In-
deed, suppose that such an edge xy € M exists. Then x € L and y € L. By (6.3),
deg®(y,X) > (1 — 0)K/2. In particular, there exists a vertex p € Nx(y). The
matching M| = {yp} UMy \ {xy} is a matching as in Gallai-Edmonds Matching
Theorem (with separator Q) which covers more vertices of V(H)\ .£* than M
does. This contradicts the choice of M. Observe that for any vertex u € X, we
have deg®(u,V (M)) = deg®(u) < (1+ 0)K /2 and thus deég®(u,L) < (1+ 0)K /2.
We bound ¢®(L, X) from both sides.

- K K
(1-0)lI)3 <e(L.X) < (1+0)X|5,
which yields
= _1+0
L <——X]. 6.4
L < 7= Ix] (64

We use (6.2) to obtain bounds on °(Q, Ly).
ILolK < 89(0.L0) = #°(LU(Q\ ). Lo)
<(1+0)5 (IL+1Q\ 2]
< (1+0)31E+KI0\ 2.,

which gives
2|Ly| < (1+0)|L| +2]0\ 2. (6.5)

Every vertex in Q \ .Z is matched to a vertex in Ly, and conversary, if a vertex
in Ly is matched, then it is matched to a vertex in Q \ .£. Therefore, |0\ .Z| =
|LoyNV(M)|. Combined with (6.5) we have that 2|\ V(M)| < (1+ 0)|L|. Plug-
ging (6.4) we obtain

2
2o\ V| < U9

—0

From || > |[V(H)\ .£| — 20N we get |Ly\ V(M)| > |X| — 20N (Recall that any
edge of M has one end-vertex in . and the other one in V(H) \ .£). Together
with (6.6) we obtain

X . (6.6)

1 2
UFO) %) > 2jx| 4o,
1—-0
yielding
40N
> |X].
1—30*||
A contradiction with (6.3), (6.1), and the bound on 0. O
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6.4 Embedding lemmas

In this section, we introduce some tools for embedding a forest in one regular
pair. Similar results are folklore, however we prove them tailed to our needs.
Lemma 6.5 describes sufficient conditions for embedding a rooted tree in a regular
pair.

Lemma 6.5. Let (1,r) be a rooted tree, and d > 2& > 0. Let (X,Y) be an &-regular
pair with |X| = |Y| = s and density d(X,Y) >d. Let P CPC X and Q' CQCY
be such that min{|P|,|Q|} > A and max{|P’|,|Q'|} > A, where A = g;f—;g) Then
there exists an embedding @ of t in PUQ such that the root r is mapped to P'UQ'.
The following two further requirements can be also fulfilled.

1. If |[P\P'| > A, we can ensure that @(V (t)\ {r}) NP =0, and similarly, if
|0\ Q| > A, we can ensure that (V (t) \{r})N Q' = 0.

2. If|P'| > A we can can prescribe the vertex r to be mapped to P'. If |Q'] > A
we can can prescribe the vertex r to be mapped to Q'

Proof. Without loss of generality assume that |P’| > A. Choose an auxiliary set
Sp C P with |Sp| = A subject to |Sp N P'| being minimal. In particular, we have
Sp C P\ P, if [P\ P'| > A. Similarly, choose a set Sgo C Q with |Sp| = A with
respect to [Sp N Q| being minimal. The sets Sp and Sy are significant. Choose
a vertex v € P/ which is typical w.r.t. Sp. There are at least |P'| — &s > 1 such
vertices. Set @(r) = v.

We inductively extend the embedding ¢, so that every vertex of  which was
mapped to P is typical w.r.t. Sp, and that every vertex which was mapped to Q
is typical w.r.t. Sp. We illustrate the inductive step by describing how to embed
the neighborhood of a vertex u which was already embedded in P. The case when
@(u) € Q is analogous. Let N C N(u) be the yet unembedded neighbors of u. The
vertex @(u) has at least (d —2&)A > s+ v(r) neighbors in Sp. At least |N| of them
are typical w.r.t. Sp and not yet used by ¢@. We then map N to these vertices.

Clearly, Part 1. was satisfied. In addition, Part 2. can also be fulfilled. Indeed,
we only need to observe that if |P'| > A, there is at least one vertex in P’ which is
typical w.r.t. Sp. This vertex will be used for embedding the root r. The second
condition of Part 2 is analogous. O

For the proof of Proposition 4.4 (which is the key tool for proving Theo-
rem 1.4), we need to embed the shrublets of the tree 7 in an efficient way. To
this end, we try to fill the clusters of the regular pair with the same speed. The
following definition of i-packness formalizes this.
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Leti € {1,2} and X,Y,Z C V(G) be three disjoint subsets. We say that U C
X UY is i-packed (with parameters A, T) with respect to the head set Z and with
respect to the embedding sets X and Y, if

min{|X NU|,[Y NU|} > min{iy,v} —A,

or
IXnU|-|ynu| <,

where
p = min{deg(Z,X),dég(Z,Y)}, and v =max{deg(Z,X),deg(Z,Y)}.

If U represents the vertices used by an embedding, then to keep U 1-packed
means that we have roughly the same amount of used vertices on both sides of
X and Y until we have embedded roughly 2 vertices. If we manage to keep U
2-packed, we have this “balance” for even longer.

The following embedding lemma allows us to “fill-up” a regular pair with a
rooted forest. The lemma is divided into three parts to satisfy different embed-
ding requirements of the proof of Proposition 4.4. The most important one is the
“saving” Part 3. Having a cluster Z and a regular pair (X,Y), Part 1 ensures the
embedding of a rooted forest (F,R) mapping R to Z and F — R to X UY, provided
that the order of F is slightly less than deg(Z,X UY). Part 3 allows us to embed
even a larger forest F', under certain additional conditions.

Lemma 6.6. Ler (F,R) be a rooted tree with root R such that each component of

F — R has order at most T. Let X, Y, Z be three disjoint vertex sets, with |X| =Y | =
s, forming three &-regular pairs. Assume that 6()5—2)/) >d>2eandd(Z,X),d(Z,Y) €

{0}U[d,1]. Set A= £4L. Let U C X UY. In the following we write F and F; for
the vertices of F — R with odd and even distance from R, respectively.

1. Ifv(F)+|U| < deg(Z,XUY) —A; — A—2¢&s, where Ay = A+ T+ 3¢s, U is
1-packed w. r. t. Z (with parameters A\ and T), and R is mapped to a vertex
r € Z that is typical w.r.t. X and w.r.t. Y, then the mapping of R can be
extended to an embedding ¢ of F such that

(cI) ¢(V(F—R)) S (XUY)\U,

(c2) each vertex of Fy is mapped to a vertex which has at least (d — 2€)|Z|
neighbors in Z, and

(c3) the set UU@(V(F —R)) is 1-packed (with parameters Ay and T) w. r. t.
the head set Z and the embedding sets X and Y.
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2. If max{|F\|,|F2|} +|XNU| < deg(Z,X) — Ay —A—€s, U is 1-packed (with
parameters A\ = A+ T+ 3&Es and T) w. . t. the head set Z and the embedding
sets X and Y, and R is mapped to a vertex r € Z that is typical w. r. t. X and
w. k. t. Y, then the mapping of R can be extended to an embedding ¢ of F
such that (cl), (¢2), and (¢3) hold.

3. Ifdeg(Z,X) € [ns, (1 —n)s|, where ns > 12, and Ay =20+ Tes+41, U
is 2-packed w. r. t. Z (with parameter A, and T), each component of F — R

has at least two vertices, R is mapped to a vertex r € Z that is typical w. r. t.
X\Uandw.r.t. Y\U, and

W(F) +|U| < deg(Z,X UY) + % , ©6.7)

then the mapping of R can be extended to an embedding ¢ of F such that
(cl), (c2), and

(d) UU@(V(F —R)) is 2-packed w. r. t. Z (with parameters A, and T)
hold.

Proof. Set y = min{deg(Z,X),deg(Z,Y)} and v = max{deg(Z,X),deg(Z,Y)}.
We split the embedding of the forest F — R into ¢ steps, where ¢ is the number
of components of F — R. In each step i, we embed a component #; of F — R in
(XUY)\ (UUU;), where U; = ¢(U;<;V(t;)) is the image of trees embedded in
previous steps. The component 7; is a tree, we write r; for its root, {r;} =V (5;) N
N(R). Moreover, we assume that the trees #; are ordered so that #1,...,t, are
trees of order at most two, 7, 41,. .., are stars of order at least three with their
centers in the roots of the components and 7,1, ... ,#, are trees which are not stars
centered in the roots ;. This ordering is unnecessarily in the proof of Parts 1, 2,
we only use it in the embedding described in Part 3. Observe that the assumptions
of Part 3 assert that all tree 7;, i € [¢;] have order exactly two. For step i, set
P,=X\(UUU;UB), and Q; =Y \ (UUU;UB), where B is the set of vertices in
X UY which are not typical w.r.t. the set Z. We have max{|X NB|,|Y NB|} < &s.
Define P/ = P;,NN(r) and Q) = Q;NN(r).

Part 1. In each step i, the embedding will satisfy conditions (c1);, (c2);, and
(c3);. These conditions are modified versions of (c1), (c2), and (c3), where we
consider U UU; instead of U and ¢ (7;) instead of ¢ (V (F — R)). Conditions (c1)o,
(c2)p, and (c3)q are clearly met. We shall verify (c1);, (c2);, and (c3); inductively
at the end of each step i. First we claim that max{|F/|,|Q}|} > A. This is implied
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by the following chain of inequalities.

|P/UQ!| =deg(r,PUQ;) >deg(Z,XUY)— |[UUU;| — |B| —4&s >
> A +A—3es>2A. (6.8)

Second, we claim that min{|P;|,|Q;|} > A. If this is not the case,
max{|XN(UUU)|,[YNUUL;)|} >s—D—es>v—-A—e¢s.
Now as U UU; is 1-packed,
min{| X N(UUU),|[YN(UUU)| > pu—Ap,

or
min{|XN(UUU),|¥N(UUU;)| >v—-A—es—T.

In both cases, we obtain that |U UU;| > dég(Z,X UY) — A — A— &s, a contradic-
tion. Thus by Lemma 6.5, we can embed the tree #;. If min{|F/|,|Q}|} > A, we
embed #; in P,UQ; using Lemma 6.5, Part 2, so that

XU UUL)| = YN (UUU)|| < max{[[X N (UUU)| = [Y N (U U], T}
(6.9)
Inequality (6.9) ensures that Property (c3); holds. There is nothing to prove if

min{|X N (UUUp1)|,|]Y N (UUU+1)|} > min{deg(Z,X),deg(Z,Y)} — A; .
(6.10)
So, suppose that (6.10) does not hold. We show that min{|P/|,|Q}|} > A. Then
by (6.9) and by the fact that U UU; is 1-packed, we obtain that || X N (U U Uy )| —
[Y N (UUUi11)|| < 1. Assume for contradiction and without loss of generality that
|P/| < A. Then

XN (UUU)| > deg(rX) —D—|BOX|> i — A +T.

As UUU; is 1-packed, we obtain (6.10), a contradiction to our assumption. Prop-
erties (c1); and (c2); follow from the fact that P; is disjoint from U U U; and B.
Part 2. The proof goes in a similar spirit as in Part 1. We embed sequentially
the components #; of F — R using Lemma 6.5. In each step, vertices of V (#;) N F}
are mapped to N(A) N (X UY)\ (UUU;) so that U UU; remains 1-balanced.
Part 3. In each step i of the embedding we require the following four invariants
to hold.

(P1) UUU;., is 2-packed (with parameters A, and T).
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(P2) If |P;\ P!/| > A, then the tree #; is embedded so that ¢ (V (1;) \ {ri}) "\N(r)N
X = 0. Similarly, if |Q;\ Q! > A, then ¢(V (1;)\ {r;}) "\N(r)NY = 0.

(P3) If min{|P/|,|Q}|} > A, then

(U UU1) "X = [(UUU1)NY || < max{, || (U UU)NX |~ | (U LU Y [}

(P4) If min{|(UUUi1)NX],|(UUU+1) NY |} <min{2H,v} — Ay, then
min{| P/ [,[Qi4 [} > A.

Properties (P1), (P2), (P3), and (P4) are clearly met at step i = 0. Assume that
(P1), (P2), (P3), and (P4) hold in the step i — 1. We first prove the following
auxiliary claims

() max{|P/],|Q}l} > A and
B) min{|P|, |0} = A,

We prove (@) by contradiction. Suppose that max{|P!|,|Q}|} < A. We claim that
min{|X \ (UUU;UN(r))|,|Y \ (UUU;UN(r))|} > A +es. (6.11)

Suppose that (6.11) does not hold. Assume without loss of generality that |X \
(UUU;UN(r))| < A+ €s. Recall that |P/| < A. Thus we have [ XN (UUU;)| > s —
2A—2e¢s. The fact that U UU; is 2-packed implies that [U UU;| > s+min{2,v} —
Ay —20—2¢es > deg(Z,X UY) + L*, a contradiction. Inequality (6.11) implies by
(P2) that only the roots of the trees #; (j < i) were embedded in N(r) and thus
|UiNN(r)| < |Ui|/2 < v(F)/2 (recall that v(¢;) > 2 for all j < i). We have thus
P/ +1Qil = d(Z, X)X \U|+d(Z,Y)|Y \U| - [U:NN(r)| — 6es
F

> deg(Z,XUY) — g —d(Z,X)|XNU|—d(Z,Y)|Yy NU| - 6€s

©7) s
> (d(Z,X) +d(Z,Y))§ +(1/2—-d(Z,X))|XNU|+
+(1/2—d(z,y))|YmU|—%. 6.12)

We write RHS to denote the right-hand side of (6.12). We bound RHS in two cases
separately, based on the value of d(Z,Y).
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o d(Z,Y)>1/2.

RHS > (d(Z.X) +d(Z,Y))s/2+ (1/2 — d(Z,X)) X "U| +
F(1/2—d(Z,Y))s— %
= (d(Z,X) —d(Z,Y))s/2+ (1/2 —d(Z,X))|X"U| +5/2 — %

= JAZ X)X \U|+ 31~ d(ZX)XNU|+ (1 -d(Z,V)s/2 - T

K
> 8
12
a contradiction.

e d(Z,Y)<1)2.
RHS 2 d(2,X)s/2+(1/2—d(Z X)X nv| - 2

= S dZ X)X U]+ 5z x) K\ U] - T

s
> 08
12
a contradiction.

We now turn to proving (). If (8) does not hold, then max{|X N (U UU;)|,|Y N
(UUU)|} >s—DA—¢es. As UUU; is 2-packed min{|X N (UUU;)|,|Y N (U U
U)l} >s—A—es—1, ormin{|XN(UUU;)],|Y N(UUU;)|} > min{2u, v} —A,.
In both cases, we obtain

[UUU;| > s+min{2u,v} —A—es— A
>deg(Z,XUY)+ns—A—es— Ay,

a contradiction with the bound (6.7), as Ns —A—&s— Ay > %

Having proved that (a) and () hold, we may use Lemma 6.5 in order to embed
tiin PUQ;. If min{|(UUU;)NX|,|[(UUU;)NY|} > min{2u, v} — A, we use only
Part 1. If min{|(U UU;) NX|,|(UUU;)NY|} < min{2H4,V} — Ay, we use Parts 1
and 2. Property (P4) for i — 1 implies that we have the choice or mapping r;
to P/ or to Q). We choose the side so that ||[(UUUi1) NX|— [(UUUi ) NY || <
max{7,||[(UUU;)NX|—|(UUU;)NY||}, and if v(1;) = 2, we map r; to the opposite
cluster to the one where lies @ (r;_1).

The embedding of #; clearly satisfies (P1), (P2) and (P3). To prove that the
embedding of #; satisfies also (P4), we need the following auxiliary claim.
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Claim. [fmin{|(UUU;)NX|,|[(UUU;)NY|} < min{2U,V} — Ay, then
lo({r1,....ni) NX| < Ui NX[/2+T+1

and
|¢({r1,...,ri})ﬂY| < |U[+1ﬂY|/2+ T+1.

The proof of the claim is postponed to the end of the inductive step.

We prove Property (P4) by contradiction, so assume that min{|(U UU;_;) N
X[,[(UUU;—1)NY [} <min{24,V} — Az and that | P/, || < A(the case when | Q7 | <
A is proved analogously). We claim that

|P1 \ P | > A+ s —min{2,V} + 6€s+ 3T > A. (6.13)

Indeed, otherwise [X N (U UUit1)| > s — Pyt \ Pl | — A —&s > min{2u,v} —
A2 + T. Property (P1) implies that

min{|(UUU;i+1) NX|,|(UUUi1)NY |} > min{24,V} — Ay,

a contradiction with our assumption. This settles (6.13). The property (P2), to-
gether with Inequality (6.13) and Part 1 of Lemma 6.5, implies that only the roots
of the trees 7;, j <iwere mapped to X NN(r),i.e., U1 NXNN(r) = ¢ (N(R)) NX.
By the auxiliary claim, we obtain

Ui NXNANG@) | =9 ({r1,...,ri} ) NX| < U1 NX|/2+ T+ 1. (6.14)
On the other hand, using (6.13), we obtain

Ui 1 0X| < [X\U| = [Pyt \ Py
<min{2u,v}—|XNU|—A—6€s—3T
<2d(Z,X)|X\U|—A—6es—3T.

Together with the assumption |P/, | < A, this yields the following inequality.

Ui 1 NXON()| = N(P) N (X \U)| —A— &5
> d(Z,X)[X \U|—A—3es
> Uit NX]/2+T+1,

a contradiction to (6.14). Let us now prove the auxiliary claim.
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Proof of the auxiliary claim. We alternated the embedding of the roots rj, j <
min{i, ¢, } between X and Y. This ensures that for j < min{i,¢;} we have

|¢({r1,...,rj})ﬁX| < |Umin{i,£1}+lmX|/2+land
|¢({r1,...,rj})ﬂY| < |Umin{i,él}+1mY|/2+ 1, (6.15)

proving the claim for i < ¢;. Thus we assume that i > ¢;. Denote by I'; the
roots of the the trees ; for j € {¢;+1,...,min{i,¢,}}. Then set X; =X N¢(T;),
X =XN¢(Nr(T;))NV(T(L T;)), and similarly ¥; =Y N@([;) and Y, =Y N
¢(N7(F;))V(T (] T;)). Thus the sets X;,X>,Y;,Y; form a partition of Upingiey)+1 \
Uy, +1. As all trees under consideration have order at least 3, observe that 21X <
V2| and 2[Y1| < |Xa|. As U and Upinfie,)+1 are 2-packed and [Uy NX| = |U;, NY],
we know that ||X; UX,| — Y1 UY2|| < 2T. Then

Xi|+[Xo| +2T1 > 1| + V2| > V2] = 2[X].

This implies that |X| + 27 > |X;|. The same holds for ¥; and ¥,. Together
with (6.15), this leads to the desired inequalities, if i < ¢,. To see that the claim
also holds for i > ¢, it is enough to realize that for j > ¢,, when embedding the
root r; of the tree ¢; in a set C € {X,Y }, at least one vertex of #; — r; is also mapped
toC. [l

It remains to check whether the embedding ¢ of F — R satisfies (c1), (c2),
and (d). Each component was mapped to P; U Q;, which is disjoint with the set U
and contains only vertices typical w.r.t. Z. This ensures Properties (c1) and (c2).
Property (d) follows from the way we utilized property (P4) during embedding
via Lemma 6.5 Part 2.

O

7 Proof of Proposition 4.4

Proof. Setn sothat 0 < N < w, and f3,y,a so that

I<Bkyxaxkao.

Let ng (the minimal order of the graph) and 1} (the upper bound for the number
of clusters) be the numbers given by the Regularity Lemma 6.2 for input parame-
ters B (for precision), My = 2/ (for minimum number of clusters) and 4 (for the
number of pre-partition classes).
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Let G be a graph of order n > ng and the set V C V satisfying the assumptions
of Proposition 4.4.

Prepartition the vertex-set V into VN L,V NS,L\V, and S\ V. By the Reg-
ularity Lemma 6.2, there exists a partition V = Co UC; U --- U Cy satisfying the
following.

o [y <N Ty,

Cil =ICj| = . forany i, j & [V,

|Co| < Bn,

all but at most BN? pairs (C;,C;) are B-regular,

if C;NL #0, then C; C L, for any i € [N], and

if C;NV #£0, then C; C V, for any i € [N].

Let Gy denote the subgraph of G obtained from G by deleting the edges inci-
dent to Cy, contained in some C;, lying between V \ V and V, or between pairs
that are irregular or of density smaller than y?/2. Let (G,degg, (+,+)) denote
the weighted cluster graph induced by Gy, i.e., G has order N, with vertex-set
V(G)={Cy,...,Cyn} and edge-set

E(G) = {CD : (C,D) is an B-regular pair with density at least y*/2} ,

with the weight function deg : E(G) — R, defined by deg(CD) = degg, (C,D).
Denote by . the set of clusters contained in LNV which have large average degree
inV,

Z={CeV(G): CCLNV, degg, (C,V) > k—yn}.
We write N to denote the number of clusters in V. Observe that |.£| > (1 —

O)N/2—yN > N/2— 0N. Most of the clusters V(G) formed by vertices of LNV
are in .Z. From Assumption 4.6, there are at most

2yN (7.1)

clusters C € V(G) \ £ with C C V such that degg; (C,V(G) \ ) > yn. Let H be

the subgraph of G induced by clusters contained in V such that all edges induced
by the set {C € G : C CV \ Upe¢ D} are removed. The weights of the edges in
H are inherited from G.
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7.1 Matching structure in the cluster graph

If G satisfies the Special Case with parameter cg (considering the set V), then
Tk+1 € G by Proposition 4.2. In the rest of the proof, we thus assume that e(G[V N
L)) > cgn?, and thus e(GylVNL]) > %Snz, implying that . induces at least one
edge in G. This edge is an edge in H also. The weighted graph (H, de‘gGy) satisfies
all the conditions of Proposition 6.4 (with parameters 0 and K = k — yn). This
ensures that one of the two specific matching structures in H exists. Together
with (7.1), this yields the existence of one of the following two configurations in
the cluster graph G.

Case I: There are two adjacent clusters A, B and a matching M in G such that
° de—gGy(Aa V(M)) > k— yn,

e cach edge e € M intersects the neighbourhood of A in at most one cluster,
and

o degg, (B,V(M)U.ZL*) > (1+0/2)5, where £* = {C€ V(G) : degg, (C) >
(1+0/2)§}.

Case II: There exist a set of clusters 2" C V(G), two adjacent clusters A, B, and a
matching M in G such that

e ABe2'NY,
o [V(M)\ 27| <1, where M' = {CD €M : C,D € N(2")},

e all but at most 3yN clusters C € 2 satisfy degg, (C,V(M)) > degg, (C) —
30n,

e and each edge e € M intersects .Z.

In the rest of the paper the average degree dég will always be associated with the
underlying graph Gy, i.e., d€g is an abbraviation for de‘gGy.

Let M C M be the maximal submatching of M not covering A nor B. Let T €
Ti+1 be any tree with k edges. Trivially, |M| > |[M| —2. Choose a root R € V(T)
and cut the tree 7" as in Section 6.2 in order to obtain a switched T-fine partition
(WA,WB,.@A, .@3), with T = Bk/l'll.
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7.2 Casel

Denote by JF the components of 24 consisting of interior subtrees and by 7, the
ones consisting of end subtrees of Z4. Denote by Tr the forest induced by the
components in I, by Ty the forest induced by the components in .74 and by Tp
the forest induced by the components in Zp. Recall that Zp consists only of end
subtrees. If 24 U Zp is cy-unbalanced, then 7 C G, as shown by Proposition 4.3.
Thus we may assume that .7 U 74 U P is cy-balanced.

We partition each cluster C € V(M) U _£* so that the partition defines two
disjoint sets M* and M® of vertices of G, such that M ,ME C J{C € V(M)}.
The embedding ¢ : V(T') — V of the tree T is defined in three phases. In the first
phase, we embed the subtree T’ = T[Wx UWp UV (Tr UTH)], where TH C T will
be defined later. The forest 7 is embedded in M and the forest 73! in M. In the
second phase, we embed 7§ = Tp — V(T) in U{C € (£*\V(M)) UN(£*)}. In
the last phase we embed T in |J{C € V(M)}. Thus we complete the embedding
of T.

The difference between the presented proof of Theorem 1.4 and its approxi-
mate version Theorem 1.3 is that in the proof of Theorem 1.4 we have to fight to
gain back small loses caused by the use of the Regularity Lemma. However, this
is not necessary when we have the matching structure of Case I. Then, we are able
to reduce the situation to the “approximate version”, i.e., to the setting of similar
nature as in Theorem 1.3.

We partition each cluster C € V(M) U.Z* into C' and C® in an arbitrary way
so that |CF'| = (1 —)|C| and |CB| = y|C|, where

v(TyUT) 1 () 1
= : a> : a. 7.2
k 14—0/4+ -k 14—0/4+ (7.2)
Set
M= |J ¢, M= |J Cfand 2= |J CP.
CeVv (M) CeV (M) CeL*\V(M)

Observe that y € (ar,1 — a). Thus, for each C € V(M) U .Z*, the sets CB and C*
are significant. Observe also that the pairs (C*', D) and (CB, D?) are B/ a-regular

33



forevery C,D € V(M) U.Z*. Now,

deg(B,MBUZP) > y(1 + a/z)g —Bn—4s

(7>2) 1+0/2
~ 1+0/4

k
v(TB)+a§—Bn—4s

> v(Tp) + a§ . (7.3)

A similar calculation shows that for any cluster D € .£*, we have

deg(D,V \ (MF UAUB)) > v(TB)+a§. (7.4)

For cluster A, we obtain

deg(A,M") > (1 —y)(k—yn) — Bn—4s
(72)
> k—v(TyUT)/(1+0/4)—ak—yn—PBn—4s
>v(Tp) +v(TyUTp)o /8 —20n
> max{|V(Tr) NTo|,|V(Tr) N Te|} + Octk/32 —2an,  (7.5)

where the last inequality follows from the fact that % is cy/2-balanced, or J4 U
Dp is. Let %M C 9p be a maximal subset of Zp such that

S v(r) < deg(B,M”) — %k (7.6)
1egM

Let T} be the forest formed by the trees of 7V, let 7F = 75\ T} and Tf be the
forest formed by the trees in Z;F. Recall that 7/ = T[Wy UWp UV (Tr) UV (TH)].

Phase 1. In this phase, we embed the subtree 7. The embedding of 77 is devided
into w = |W4 UWp| steps. We label the vertices of Wy UWp as x1,...,x,, indexing
from the root R downwards, i.e., in such way that j; < j, whenever x;, = xj,.
In step i > 1, we shall take the vertex x; and define the embedding for x; and the
shrublets hanging from x;, i. e., we embed the tree 7;,

T =THx}u [ V(R)],

1€e;]
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where Py, ..., P, denotes the components P of Tr U T} such that Ch(x;) NV (P) #
0. The tree 7; is a union of trees t; = T'[{x;} UV (P)] (1 € [ci]). Set Vi =U;; V(T
and U; = ¢ (V).

If i > 1, let p; = Par(x;). During the embedding process we will keep the
following three invariants in every step i.

(I1) The U; N (CF UDT) is 1-packed with parameters

Bs'/a+T1

)\F = m +T+3BS//G and T y Where S/ = (1 —y)S,
with respect to the embedding sets Cf and D' and the head set A for each
edge CD € M,

(I2) The U; N (CBUDP) is 1-packed with parameters

" o T
Ag = % +1+3Bs"/a and T, where s” = ys ,
with respect to the embedding sets C® and D? and the head set B for each
edge CD € M, and

(I3) if i > 1, then the vertex p; was already embedded in some previous step
so that [N(¢(p;)) NA| > y2s/4 (if x; € Wy), or [N(¢(p;)) NB| > y>s/4 (if
X € WB).

Say that a vertex is A-typical, if it is typical w. 1. t. all but at most \/EN sets T,
C € V(M), w.r.t. all but at most /BN clusters C € V (M), and w.r.t. the cluster
B. All but at most 3\/[_3 |A| vertices of cluster A are A-typical. Say that a vertex
is B-typical, if is is typical w.r. t. all but at most \/EN sets CB, C e V(M), w.t.t.
B, and w.r.t. the cluster A. All but at most 3\/[_3 |B| vertices of cluster B are
B-typical. The embedding ¢ will be defined in such a way that ¢(W,) C A and
¢ (Wg) C B. From the property of the switched T-fine partition (Wy,Wg, P4, Zp)
we have max{|W|,|Ws|} < 12k/T < y?s/4. Thus if the predecessor of a vertex
x; € Wy has at least y*s/4 neighbours in A, then we have have enough candidates
to choose an unused A-typical vertex from as @ (x;).

To define the embedding of the tree 7; we first choose ¢ (x;). If i = 1 then
Xx; = R, and we map x; to an arbitrary A-typical vertex in A (if R € Wy), or on an
arbitrary B-typical vertex in B (if R € Wp). If i > 1 choose for ¢ (x;) any A-typical
vertex in ANN(@(p;)) (if x; € Wy), or any B-typical vertex in BOAN(¢(p;)) (if
x; € Wp). This is possible by (I3).
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Assume that x; € Wy. Then V(T;) C V(Tr). Set 6; = {C € V(M)NN(A) :
¢ (x;) is typical w.t. t. C'}. We deduce that

Y deg(A,C) — [Uin M| = deg(A,M") = /Bn— VinV (Tr)|
Cet;

S max{[V(Tr) NV (To) LIV (Tr) AV () [}~
- |V,ﬂV(TF)|+% (%J)Z-k—%m— V/Bn
> max{|V(T) \V(T)|, V(T) N V(T)]} + ak. (1.7)

We consider an auxiliary mapping { : [¢;] — M which has the property that for any
XY € M, X € %, it holds

v(P) +|UiN (XFUYF)| < deg(A,XFUYF)—Ap.  (7.8)
1€~ 1(xy)
From (7.7) such mapping { exists.

We embed the trees ti’, I =1,...,c; using Lemma 6.6 Part 2. The setting for
applying Lemma 6.6 is the following. The root of ¢! is the vertex x;. The head set
is the cluster A and the embedding sets are the sets X/, Y¥', where XY = {(1). The
set of “forbidden vertices” is U, = (U; Uy, ¢ (t/) N (XF UYF). The set U;, is
1-packed with parameters A and T, by induction. Now, Lemma 6.6 Part 1 allows
us to embed the tree ¢/ so that

o (1) S (XTUY)\ Ui,

e each vertex in V(¢! ) with odd distance from x; has at least y*s/4 neighbors
inA,

o the set (UiUUy<, ¢(¢/)) N (XF UYF) is 1-packed with parameters A and T.

Observe that the last property is sufficient for our inductive assumption on the sets
Ui, and also to prove invariant (I1). The second property ensures invariant (I3) to
hold. Property (I2) is preserved.

In the case that x; € Wp, set

M; = {C®D® : CD € M, ¢(x;) is typical w.r.t. both C® and DP}.
Similar calculations as above give

deg(B, (CBUDP)\ U;)) > v(T;) + ak/16.
CBDBEM,'

We embed the trees #/, | = 1,...,¢; using Lemma 6.6 Part 1 in the sets C® U D?
(CD € M;) so that invariants (I1), (I1), and (I3) hold.
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Phase 2. In this phase, we embed the yet unembedded shrublets adjacent to Wp
(.e. TBI.‘). We label the shrublets of ﬂBL asty,...,1 gi). In step i > 1, we define the

embedding for shrublet#; in a suitable edge CD € E(G). Set U; = ¢ (V(Tr UTY ) U
U;<iV(t;)). Let x; € Wp be the parent of the root of the shrublet #;. The vertex
¢ (x;) is typical w.r.t. ZZ and hence by (7.3) and (7.6),
deg(¢ (x)),£") > deg(B,£") — 2Bn
= deg(B,M? U £ — deg(B,M®) —2n
> v(Tp) + ak/4 —v(Ty') — ak/8 —2Bn
> v(TE) + ak/16.

Thus there is a cluster D € .£* \ V(M) containing a large unused neighbourhood
of ¢ (x;). That is

k Bs+T1

o

From (7.4) we obtain that

deg(D,V \ U;) > deg(D,V \ (MF UAUB)) — ¢ (V(Tp)) NU;| > v(t;) + ak/4 .

Thus there is a cluster C € N(D) with |C\ U;| > yzl;;g 5 Use Lemma 6.5 to embed
t; in (CUD)\ U; so that the root r; of the shrublet #; is mapped to N(¢ (x;)) "D\ U;.

Phase 3. In this phase, we finish the embedding of the tree by embedding the
end shrublets adjacent to Wy (i.e. T4). We label the shrublets of 74 as 1, ... NPAL

First assume that 9 U 9 is cy/2-balanced. The embedding will be defined
for steps i € [|Za]]. In step i for a cluster X € V(M) denote by Xy, the set of
vertices in X used by the embedding of 7 UTp and of {J;;#;. We find a suitable
edge CD € M in which we embed the tree #;. Let x; € Wy be the parent of the root
of t;. By Lemma 6.5, the shrublet #; can be embedded in unused vertices of an edge
CD € M, C € N(A) in such a way that the root of #; is mapped to a neighbor of
¢ (x;), whenever CD satisfies

Y’éD =min{|N(¢ (x;)) NC\ Cy,|,|D\ Dy,|} > v(t;) +as. (7.9)

Thus we are able to finish the embedding of 7 if we can find an every step i an
edge CD € M satisfying (7.9). Suppose that at some step i > 1 there are no edges
in M with this property. Denote by M; C M the submatching of M induced by the
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clusters {X € V(M) : ¢(x;) is typical w.r.t. X}. Then Yi,, < v(#;) + as for any
CD € M;. The non-existence of a suitable matching edge implies that

> Yoy < > (t+as) < lN(r+as)<om.

CDeM CDeM 2

On the other hand,

> Yep= Y (IN(#())NCl—max{|Cy],|Dy[})

CDeM CDeM;
CeN(A) CeN(A)

>k—yn—/Bn— (vW(Tr UTg) — cik/4) — v(Ty)
>an

)

a contradiction.
If 9% U g is cy/2-unbalanced, then .7 is cy/2-balanced implying that

max{|V(TyNT.)|,|V(TaNTy)|} < v(Tx) — (cu/2)%k
Similarly as above, we find a suitable edge CD € M, C € N(A) with
Yep = min{[N(¢ (x1)) NC\ Cy,|,|D\ Dy, [} = max{|V (1) N To|, |V (1) N Te [} + as .

The calculations that such an edge exists are left to the reader. We use Propo-
sition 6.5 to embed #; in (C\ Cy;) U (D \ Dy,) with the root of #; mapped to CN
N(¢(x1)).

7.3 Casell

This case follows the lines of part of the proof from [22]. For completeness, and
to adjust the setting, we prove this part in all detail.

Denote by Ty the forest induced by the components in %4 and by Ty the forest
induced by the components in Z. Observe that v(7g) < v(Ty). If Z4 U Zp is cy-
unbalanced, then T C G, as shown by Proposition 4.3. Thus we may assume that
P4 U D is cy-balanced. In the first part of this section, after auxiliary Lemmas 7.1
and 7.2, we show in Lemma 7.3 that T C G or the clusters A and B are very
densely connected to their respective neighbourhood. In the second part, we prove
in Lemma 7.7 that if V’, the neighbourhood of the cluster A, is well connected
to V\ V', then T C G. If V' is poorly connected to V \ V', then we show that V'
satisfies the properties required by the statements of Proposition 4.4.
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Let M be the maximum submatching of M not containing the clusters A and B.
With a slight abuse of notation, we can write M = M \ {ea,ep}, where e, and ep
are the matching edges containing A, and B respectively (the edges e4, ep may be
not defined, though). Observe that

min{deg(A,V(M)),deg(B,V(M))} > k—4on. (7.10)

PART I: Defining V'.

Lemma 7.1. Suppose that v(Tg) > /Ok. Then Y ) |deg(A,e) — deg(B,e)| <
90k, or T C G.

Proof. Assume thatv(Tp) > v/Ok and 5 ), |deg(A, e) —dég(B,e)| > 9+v/0k. Then
S ocip|deg(A, ) — deg(B,e)| > 8y/0k. We show that then T C G. Set M! = {e €
M : deg(A,e) > deg(B,e)} and M? = M\ M'. Without loss of generality, we may
assume that

deg(A,V(M')) — deg(B,V(M")) > 43/0k . (7.11)

Label the edges of M as {ey, ... sepyz/} so that for any i < j, it holds that

de—gei (B) B de—gej (B) ’

with the convention that §j = -0, for any x > 0. As v(T3) > \/Ok, there exists an
index ¢ such that

(7.10) -
v(Ty) + ak < 5 deg, (A) < v(Ta)+ak+2s < deg(A,V(M)).  (7.12)

<
Set My = {ey,...,e;} and Mg = M \ M. We claim that
deg(B,V(Mg)) > v(T) + ak. (7.13)
We prove (7.13) by case analysis. If dég(B,V (My)) < k/4, then

deg(B,V(Mp)) deg(B,V(M)) — deg(B,V(My))

> k—4on—k/4>k/2+ak
> v(Tp)+ak.

(7.10)
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If deg(A,V (My)) — deg(B,V (My)) > Y2 then
deg(B,V (Mg)) deg(B,V (M)) — deg(B,V (Ma))
k—4on—deg(A,V(My)) ++/0k/4

k—v(Tx) + /Ok/4 —40n— ak—4s
v(Tp) + ak.

—~
~
=

=

—~
~

Y \\/§ Ve ll

Hence, we may assume in the rest of the proof of (7.13), that

deg(B,V(My)) > k/4 , and (7.14)

dez(A,V(My)) — deg(B,V(My)) < @ . (7.15)

First, we consider the case when e, € M?. We deduce from (7.11) and (7.15) that
deg(B,V(Ma\M")) —deg(A, V(M \M")) > (4/0 — /O /4)k > 23/Ogn .
Hence there is at least one matching edge e, € My \ M' for which
deg(B,e,) — deg(A, e,) > 2v/0qn/|Ma \ M"'| > 4/aqn/N .
Therefore, for the number p, = deg(B, e;)/deg(A, e/) it holds,

deég(B,e,) _ 4v/0gn 4
> > 1>2v/0 1 7.16
Z deu(Aen) — 2N 7 Vog+l, (7.16)

and thus

deg(B,V (Mp))

ZeEMB,de’g(A,e):O de—g(Ba €)+
deg(B,
+ ZeEMB,de’g(A,e)#O % deg(Aa e)

pr - dee(A,V (Mp))
Pr - (deg(A,V (1)) — deg(A,V (My)))

pe- (v(Tg) —50n)

v

(7.10)&(7.12)
>

=)

(7.16)

1
> 2yoq(yok—50n)+v(Tp) —50n
> v(Tp)+ ak.
Now, assume that e¢; € M. From
deg(A,V(My)) (115 ok (7.14)
€g(A,V(My)) Vo "2 Joit.

deg(B,V (My)) 4-deg(B,V(My))
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we deduce that there exists an edge e, € My such that deg(A,e;,) < (VO +1)-
deg(B, ;). For any j > /it holds

de—g(A7 ej) de—g(Av Eh)
< 1. 7.17
dce(Boe)) = deaBoey) < VO 717

If deg(B,V (M)) < 3k, then

(7.11)

40k < Y ,cpn(deg(A,e) —deg(B,e)))
= Yi<r(deg(A,e;) —deg(B,e;)) + 3 >t (deg(A,e;) —deg(B,e;))
(7.17) <M
< deg(A,V(My)) —deg(B,V (M) ++/0 - deg(B,V (M \ My))
T2 Jok/4+ T3k
< 4ok,

a contradiction. It remains to consider the case when deg(B,V(M)) > 3k. As
er € M', we obtain

deg(B,V (Mp)) = deg(B,V (M)) — deg(B,V (My))
> 3 dea(A,V(My))
> k—v(Ty)+2k — ak—2s
> V(TB) +ak.

We have thus proved that Inequality (7.13) holds in all cases.

We say that a vertex is A-typical if it is typical w.r. t. cluster B and typical w.r. t.
all but at most /BN clusters of V(M,). We say that a vertex is B-typical if it is
typical w.r.t. cluster A and typical w.r. t. all but at most \/[_BN clusters of V(Mp).

Label the vertices of Wy as ay,...,a)y,| so that i < j whenever a; > a;. Sim-
ilarly, label the vertices of Wp as by,... ,b‘WB‘ in a non-=<g-increasing way. We
embed the tree 7T in the graph G using the standard embedding procedure. We start
the embedding process with the root R and proceed downwards in the <g order.
We embed the vertices of Wy in A-typical vertices of the cluster A and the vertices
of B in B-typical vertices of the cluster B. The shrublets of &4 are embedded in
edges of M4 and the shrublets of g are embedded in edges of Mp. Adjacencies
between the vertices of Wy and Wp, and between the shrublets &, U g and the
seeds Wy UWjp are preserved during the embedding. We use Lemma 6.6 Part 1 in
order to embed the shrublets. It remains to set up enviroment for Lemma 6.6. In
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the first step we embed the root R in an A-typical vertex in A (if R € Wy) orin a
B-typical vertex in B (if R € Wp). Suppose that vertex a; € Wy was embedded in
a A-typical vertex in A and we want to extend the embedding to the unembedded
neighbors of a;. Let @/ga’j C 94 be the set of shrublets below a; which neighbor
ai. Set Wi = W \N(a;) N T (| a;) and W = N(V(UZ\))) N T(| ). The
shrublets of Z\“ and the vertices W.\“) UW\“) will be embedded in this step. Let
MIE‘“") contain those edges e of M4 such that the image of a; is typical with respect
to both end-clusters of e. Define an auxiliary mapping { () : _@Xm — 1&”"> in such
a way that

deg(A,e) > > v(t) + U N Je| +20+ T+ 5Bs, foreacheer(‘“"),
(@)

where U (@) is the set of vertices of G used by the embedding in the previous steps,
and A = (Bs+1)/(y?/2 —2B). It follows from(7.12) and from the A-typicality
of the image of the vertex a; that such an mapping %) exists. Lemma 6.6 Part
1 ensures that we can embed each each shrublet ¢ € @/ga” in the edge ¢(%)(r).

Moreover, the embedding of @Xzi) is such, that all the vertices of nga") can be

mapped to A-typical vertices in A. It is easy to embed the vertices of Wé”i) in
B-typical vertices of B. This finishes the inductive step for a; € W4. The case of
extending the neighborhood of the vertex b; € Wp is analogous. O

Lemma 7.2. Let M* C M be a matching such that NN < |M*| < gN/8, let {U, } ,ew,
be a system of sets of vertices of G such that for every r € Wy it holds U, CJV (M),
and let ¢ : Wy — A be a mapping that maps every vertex r € Wy to a vertex which
is typical w. . t. all but at most /BN sets of {C\U, : C €V (M*)}. Let 7* C D
be such that ns

WT") 2 deg(A, V(M) + T jor’

where T* is the forest induced by the trees in J*.

If the mapping can be extended to an embedding of the subforest T[W4 UV (T*)]
so that ¢(V(T*)) CUV(M*), then T C G.

Moreover, the same holds if we interchange the roles of Wx with Wg, and 9D
with Dp.

Proof. Label the edges of M\ M* as {ey,...,e,}, where m = |M \ M*|, so that, if
i < j, then

deg(B, e;) < deg(B,ej)

deg(A,e;) — deg(A,e;j)
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Fix ¢ € [m] so that the matching Mp = {ey,...,e;} C M\ M* satisfies
v(Tp) + ak < deég(B,V(Mg)) < v(Tg) + ak +2s. (7.18)

The choice of £ is possible from the bound |[M*| < gN /8. Set My = M\ (MpUM*).
We claim that
deg(A,V(My)) > |V(Ty — T*)| + ak. (7.19)

To prove (7.19), first assume that v(75) > /Ok. From Lemma 7.1, we may assume
that

|de—g(A7V(MB)) - de—g(va(MB)” < |de—g(A7e) - de—g(BveN < 9\4/Ek )

ec
since otherwise 7' C G. This implies that
dee(AV(My) > deg(A V(M) - deg(B,V (Mg)) — 94/Gk—
—deg(A, V(M)
k—4on—v(Tg) — ak —2s — 930k —v(T*)+
+35|M"]
> v(TA—T*)+ak.

(7.10)&(7.18)
>

Now, we consider the case when v(Tp) < v/0k. If 2 > deg(A, e;) /deg(B, e;), then

deg(A,V (M) deg(A,V(M)) — deg(A,V(M")) — deg(A,V (Mp))

(7.10) i 2, des(BY(Mg))-dez(A,V (M
> k—420n—V(T )+ g — ey
n ) _ (v(T)+ak+2s)-deg(A.ef)
> k+?()”—40n—v(T )— = de’g(B,Seg)eg =
> k—|—'72—0" —4on—v(T*) —v(Tg) — /ok —2ak —4s
> W(Ih—T")+ak.

On the other hand, if deg(A, e¢) /d€g(B, e;) > 2, then

deg(A,V(Ma)) 2-deg(B,V(My))

2
> 2-(deg(B,V(M)) —25|M*| — deg(B,V (M5)))

(7.10)
2(k—40n—sqN /4 — Ok — ak —2s)
V(TA — T*) +ak.

IV IV

ForasetU C Ucey(u+)C, say thata vertex is (A,U)-typical if it is typical w.r. t.
the cluster B, typical w.r. t. all but at most \/EN clusters of V (M, ), and typical to
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all but at most /BN sets C\ U, C € V(M*). Say that a vertex is B-typical, if it is
typical w.r.t. cluster A and typical w.r. t. all but at most \/[_BN cluster of V(Mp).

We embed the tree T, starting with the root R and progressing downwards in the
<g-order. We embed the vertices r € Wy in (A, U, )-typical vertices of the cluster
A, and embed the vertices of Wy in B-typical vertices of the cluster B. According
to the hypothesis of lemma, the shrublets of Z* are embedded in the edges of M*.
Then the shrublets of Z, \ 2* are embedded in My, and the ones of 5\ Z* in
Mgp. The embeddings of 4 \ 2 and of P are ensured by Lemma 6.6 Part 1, in a
standard way. It remains to check whether the conditions of the Lemma 6.6 Part 1
are matched. If we denote by M’ the submatching of My such that v; € ¢ (Wy) is
typical to all its clusters, then deg(A,V (M")) > deg(A,V (My)) —2/Bn > v(Ty —
T*)+ ak —2,/Bn. We can thus partition the set Z \ Z* = Unicowy) Ueersi Z,
in a suitable way so that each partition class &, embeds in the edges e of M " using
Lemma 6.6 Part 1. Similar calculations hold for Mp.

We briefly sketch the “moreover” part of the statement, with the roles of Wy
with Wp, and &4 with Zp interchanged. Consider the subforest 7* of Tz composed
by components of Zp with

W(T) 2 de(A,V (M) + T

Observe that we need to check only the case when v(Tp) > /0Ok. Similarly as
before, we can find a submatching Mg C M \ M* so that

v(Tp —T%) + ak < deg(A,V (Mp)) <v(Tg —T*)+ ak+2s.

Set My = M\ (Mg UM*). From Lemma 7.1, we obtain that T C G, or we deduce
that

deg(B,V(My)) > v(Ty) + 0k .
We use Lemma 6.6 to map the vertices r € Wp to vertices in A that are typical
w.r.t. B, typical w.r. t. all but al most \/[_BN clusters of V(Mp), and typical w.r.t.
all but al most /BN sets C\ U,,C € V(M*); we map W, to vertices in B that are

typical w.r.t. A, and typical w.r. t. all but at most \/EN clusters of V(M ). Embed
T*in M*, Tg — T* in Mg, and Ty in My,. O
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We consider the following submatchings of M. For a cluster X € V(G), set

M¥ ={CD € M : dég(X,C) < ns and deg(X,D) > (1 —n)s},

MY ={CD €M : dég(X,C) € [ns,(1 —n)s] or deg(X,D) € [ns, (1 —n)s]} ,
M ={CD e M : dég(X,CUD) < 2ns} , and

M~ (X) =M uMS UM .

Lemma 7.3. It holds max{|M{|,|MB|,|M2|,|M2|} < 2nN, or T CG.

Proof. We prove only that if max{|M{|,|M2|} > 2NN, then T C G. The case
when max{|M5|,|M2|} > 2nN is analogous. Assume that |M{'| > 2NN (resp.
|M2'| > 2nN). Choose a submatching M* C M (resp. M* C M) of size 2NN. We
know that 94 U P is cy-balanced. Hence %y is cy/2-balanced or Zp is cy/2-
balanced. Suppose first that &, is cy/2-balanced. Consider a minimal subset
P* C Py such that it induces a forest of order at least deg(A,V (M*)) +n°n/10,
and such that if 7 € 2%, then min{|V(t) N T5|,|[V(t) N Te|} > cy/2-v(t). Let T*
be the forest induced by the components of 2*. We use Lemma 7.2 to show that
T C G. To this end, it is enough to extend a mapping ¢ : Wy — A satisfying the
conditions of Lemma 7.2 to an embedding of 7*. We label the vertices of Wy as
1,72, T, SO thatif r; <grjtheni> j. Set 77 = {t € ¥* : V(t)NCh(r;) # 0}.
Ateach step i > 1 set U; = ¢(U;;V(Z})) C V(M) for the set of used vertices
used for the embedding in previous steps. Observe that U; N (CUD) = 0 for all
CD € M* and thus it is 1-packed (resp. 2-packed) with any parameter and with
respect to the embedding sets C, D, and the head set A. Set

M*(r;) ={CD € M" : r;is typical w.r.t. both C\ U, and D\ U}, } ,

where U,, =0if M* C M, /i, and U, = U; it M* C Mi (we define U,, inductively, as
the embedding of 7 is always defined step by step in the < order). The embedding
is extended separately for M* C M} and M* C M3. Set A= VZ%—:B

First consider the case when M* C Mf‘. We shall use Lemma 6.6 Part 2. For
i > 1, the set U; is 1-packed (with parameter A| and T) by induction for any pair of
embedding sets (C,D), where CD € M*. Set A} = A+ T+ 38s. By the choice of
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2*, we know that

max{|V(Z)NT,|,|\V(Z])NT|} + z |DNU;|

CDeM*
deg(A.D)=(1-n)s

Uvz))

J<i

ryy 4 o
< (1 2 ) <deg(A V(M*))+ 0 +T>
< Y dee(A,D)+2y/Bn+Tn’n—cynn
CDEM*(V,')
de—z‘%(A7D)Z(1—’7)S
< z deg(A,D) — |M* (r)|(T+ A1+ A+ Bs) .
CDEM*(V,')
de—z‘%(A7D)2(1—’7)S

1__

Thus we can partition the set ;" in sets &/, for each edge e € M*(r;) satisfying
the conditions of Lemma 6.6 Part 2 (for Z=A, U = U; and for e = CD, we have
X = D, where deg(A,D) > (1 —n)s and Y = C). We thus embed the forest Z;", in
the edge e € M*(r;). '

Now consider the case when M* C Mi. We shall use Lemma 6.6 Part 3. The
set Uy, N (CUD), is 2-packed (with parameters A, and T) by induction, for all
CD € M*. Set Ay =2A+7Bs+4T1. Observe that each tree of 2* has at least two
vertices.

Uv(7))

j<i

10

< (de-g(A,V(M*)) Ly r)

n2n
< z deg(A,CUD) +\/_n+—+T

CDEN (ry) 10
< Y de(A,CUD)+N(E 7).
CDEN (ry) 4

Thus we can partition the set " in sets 7, e € M*(r;) satisfying the conditions
of the Lemma 6.6 Part 3, for Z=A, U = U, and for e = CD we have X = C and

Y = D. We thus embed each forest 7/, in the edge e.

If 9 is cy/2-balanced, we interchange the role of %4 and %, and of W, and
Wg in the above.
O
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The pair of clusters (A, B) was characterized by the following properties:
e AB€ E(G),
e ABc2Z'NZ.

Thus, any pair of clusters (X,Y), such that XY € E(G), and X,Y € 2" NYZ
can play the same role as the clusters A and B, in particular Lemmas 7.1, 7.2,
and 7.3 can be applied to any such pair of clusters (X,Y) to obtain T C G, or
max{|M{|, MY |,|M5|,|MY |} < 2nN. Thus in the following it is enough to con-
sider the latter case. Then, for any C € 27 N.ZNN(2Z"'N.Z) we have

deg(C,V(M~(C))) < 10nn . (7.20)

Choose M*(A) € M\ M~ (A) maximal such that for V' = Ucpep(a) CUD we
have |V'| < k+2s. We claim that

|ILNV'| >|V’'|/2, and (7.21)

[V'| > deg(A,V') > k—10.5nn. (7.22)

For property (7.21) it is enough to observe that at least half of the vertices in any

edge CD € M*(A) are large. Property (7.22) is proved by analysing two cases. If
M*(A) =M\ M~ (A), then

~ (7.10)&(7.20)
deg(A,V') > deg(A,V(M)) —deg(A, V(M (A))) >  k—4on—10nn>

>k—10.50n.

If M*(A) # M\ M~ (A), then deg(A,V') > (1 —n)k > k—10.5nNn.
Observe that for any X € 27/ N.ZNN(2Z7N.Z), similarly as above, we obtain

5 (7.10)&(7.20)
deg(C.V(M\M (C))) =  k—105nn. (7.23)

If e, (V',V\V') < wn?/2, then eg(V',V\ V') < wn?, as by cleaning the clus-
ter graph G we deleted at most 2yn® edges, and eg(V,V \ V) < Bn? (recall that
B < y < w). The set V' satisfies the requirements of the Proposition 4.4.
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PART II: Escaping from V’. In the rest of the proof, we assume that
ec,(V,V\V') > wn?/2. (7.24)

Under this assumption, we show that T C G. We use the edges between V' and
V\ V' in order to “escape” from V’. More precisely, we save space in the neigh-
bourhood of A by embedding part of the forest T in V \ V',

Set 723 ={t€c Py : [V(t)\N(W,)| >2}and 73 ={t € D4\ T3 1 v(t) >
3}. Fori=1,2set 7' ={t € D : v(t) = i}, and by T' the forest induced by 7" .
Observe that 723, .7.23, 72, and .7 partition 2. Since the distance between
any two vertices in Wy is even, for each tree r € .7 Ty 72, only the root of ¢ is
adjacent to Wjy.

Lemma 7.4. |V(U{t € 723})| <36nn,orT CG.

Proof. Suppose that |V (U{t € 723})| > 36nn. We show that T C G. Choose
a maximal forest 7, of order at most 36 (1 —2n)n formed by components of
723, Then v(T;) >36n(1—2n)n— 1. This forest contains relatively few vertices
adjacent to Wy, more precisely

INWA)NV(TH)| < 12(1 =2n)nn+ Wyl . (7.25)

As e, (V/,V\ V') > wn?/2, for at least wN/4 clusters C € V(G), C C V',
it holds deg(C,V \ V') > wn/4. All but at most 3yN of these clusters have the
property that deg(C,V (M)) > deg(C) — 30n — 4s > deég(C) — 40n (from the as-
sumptions of Case II). Thus

dex(C, V(M \M*(A))) > % _4on. (7.26)

Let % be a set of 12N such clusters. We shall use the clusters in € as bridges to
embed part of 7 outside of V'. In ¢, we shall embed the vertices of 7 that are
adjacent to Wy, and the rest V (7};') will be mapped to V \ V/. We cannot then use the
clusters that are matched with ¢ anymore, however this loss is overcompensated
by the amount of vertices of 7" that we are able to embed in V' \ V.

Set M* = {CD € M*(A) : {C,D}N€ # 0}. Then,

max{deg(A,V(M")),deg(B,V(M*))} <24nn (7.27)
and thus
(7.22)
deg(A,V(M*(A)\M")) > deég(A,V') —24nn > k—35n0n
>v(T)—v(T))+nn/2. (7.28)
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We claim that there are disjoint submatchings M4 and Mp of M \ M* such that

deg(A,V(My)) > v(Ty) —v(T{)+nn/8, and (7.29)
deg(B,V(Mp)) > v(Tp) +nn/8. (7.30)

To prove the existence of My and M satisfying (7.29) and (7.30), we consider two
cases based on the order of 7p.
(1) First assume that v(7p) > +/0k. Lemma 7.1 implies that that

(7.22)
deg(B,V') > deg(A,V') —9vak > k—11nn.

Similarly as in (7.28), we obtain dég(B,V (M*(A) \M*)) > v(T) —v(I}) +nn/2.
Requirements (7.29) and (7.30) follow by application of Proposition 3.7. Indeed,
setting A= 2s,a =v(Ty) —v(T)+nn/8,b=v(Tg)+nNn/8,1 =M*(A)\ (A) \M*
and for e € [ setting a, = deg(A, e) and 3, = dég(B, e), we infer that the matching
M\ M* can be partitioned into two submatchings M, and Mjp satisfying (7.29)
and (7.30).

(%2) Now assume that v(Tp) < /0k. Then

(7.23)&(7.27)
>

deg(B,V(M\ (M~ (B)UM*))) k—10.5nn—24nn

> v(Tg)+nn/8.

Let Mg C M\ (M~ (B)UM*) be such that v(Tg) +nn/8 < dég(B,V (Mg)) <v(Tp)+
nn/8+ 2s. Equation (7.30) holds. Recall that B is densely connected to M\
M~ (B), thus
25+ |Mp| < (v(Ts) +nn/8+2s)/(1-n)
<2y0k+ (nn/8+n*n/4)+4s

<nn/4. (7.31)
Set My = M*(A)\ (M* UMg). Then,
de(A V(M) > dem(A,V(M(A)\ M) — 25 M)
(7.28)&(7.31)
2 v(T) =v(Ty) +nn/2—nn/4
> v(Ta) —v(T3) +nn/8,

implying (7.29).
In both cases, observe that for each cluster C € ¢ we obtain

(7.31)

> wn/8.
(7.32)

5 (7.26)
deg(C,V(M\ (MgUM*(A)) > wn/4—10nn—4s—2s|Mg\M*(A)]
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Say that a vertex is A-typical if it is typical w.r.t. cluster B, typical w.r.t. €,
typical w.r. t. all but at most \/EN clusters of V(My). Say that a vertex is B-typical
if it is typical w.r.t. cluster A, and typical w.r. t. all but at most \/EN clusters of
V(Mp).

We embed the tree T in the graph G starting with the root R and progressing
downwards in the <g-order. We embed the vertices of Wy in A-typical vertices of
the cluster A, and embed the vertices of Wp in B-typical vertices of the cluster B.
The forest Ty — 7 is embedded in My and the forest Tz in Mp. The set N(W4) N
V(T;) is mapped to vertices in € that are typical w.r.t. all but at most \/EN
clusters of V(M \ (M*(A) UMj)), and the forest T; — N(W,) is embedded in M \
(M*(A)UM3p). Adjacencies are preserved. To embed Ty — T}, T and T, —N(Wy),
we shall use Lemma 6.6 Part 1.

Let v be any vertex in ¢ (W), and let the set M) consist of the edges XY € My
such that v is typical to both X and Y. Similarly define M}, for a vertex v € ¢ (Wp)
and (M \ (M*(A) UM3g))" for a vertex v € ¢ (N(W4) NV (T)). Then,

deg(A, V(M) > [V(Ta) \V(T3)| + nk/4 = 2¢/BNs > |V (Tx) \V(T;)| + ak .
For v € ¢(Wy) by (7.25) it holds
deg(v,€) > déa(A, %) — Bs||
> (1=n—p)12nn
> IN(Wy) V(T3] + ak.
Similarly, we obtain dég(B,V (M})) > v(Ip) + ak for v € ¢ (Wg), and
deg(C, (M \ (M*(A) UMp))*) > wn/8 —2+/Bn > v(T;) + ak,

forve ¢(N(Wa) NV (Iy)). For each r € Wy, we extend its mapping to an embed-
ding of the components of T4 — T, with root in Ch(r). This is done by filling up

the clusters C and D, for every CD € M/‘fm. Lemma 6.6 Part 1 ensures that we can

embed in CD € Mf(r) components of total order of at least dég(A,CUD) — ak/2
(the set U denotes the set of used vertices; it is 1-packed by induction). The em-
bedding of T and of T, — N(W,) are treated similarly. O

Now we have the tools to prove Lemma 7.5. It considers the situation when a
substantial portion of the edges between vV’ and V' \ V’ does not emanate from ..
Set /' ={C:CDeM*(A),C¢ ZL}and S = ,C.

Lemma 7.5. It holds e, (S,V\V') <32nn®, or T CG.
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Proof. Assume that eGV(S‘,V \ V') > 32nn?. We show that T C G. For this, we
consider three cases. The first case (C1) deals with the case when there are many
leaves of T adjacent to vertices of Wy. As such leaves can be embedded at the end
in a greedy way, it is enough to embed a significantly smaller tree. The second
possibility (C2) deals with the case when the set &4 contains many ‘large’ com-
ponents. This case was treated in the Lemma 7.4. In the last part of the proof we
consider the remaining case (C3), when most of the trees in &, are paths of length
2.

(C1) If |U,c 51 V(#)| > 2nn, then consider the subgraph 7/ =T — V(T!) ob-
tained from T after deleting all leaves adjacent to Wy. Observe that T” is a tree.

v(T")+nn < k—nn < min{deg(A,V(M)),deg(B,V(M))} .

By Proposition 3.7, there exists a partition M = M, UMp such that deg(A,V (My)) >
[V(T))\V(T")|+ nn/4 and deg(B,V (Mg)) > v(T) + nn/4. We then define the
embedding of 7’ in a standard way. The trees of 7! are leaves whose parent
vertices are mapped to L, and can be embedded greedily. This implies that 7 C G.

(C2) By Lemma 7.4, if |J,c 7>3 V(r)| > 36nn, then T C G.

(C3) If |U;ez23 V(1)] < 36nn and |U,c 51 V()| < 2nn, then the trees from
Ia\(TZ3U.71U.7?) consist only of trees of order at least 3 that contain only
one vertex not adjacent to Wjy.

Uvo

te7?

=v(T)~-| J vOl-vThH-| U V)

e 723 t€<7*23
>k/2— Wy UWpg| —36nn—2nn—3|Wy|
>26Nn .

Let 7; be a maximal forest of order at most 26nn formed by trees from 72
Observe that 26nn — T < v(T;) < 26nn.

There are at least 161N clusters C € . for which deg(C,M \ M*(A)) > 16nn.
Let € be a set of size 7NN formed by such clusters contained in different edges of
M. Set

M ={CDeM*(A) : {C,D}NE #£0}.

From deg(A,V(M™*)) < 14nn we deduce that

deg(A,V(M*(A)\M")) > k—11nn—14nn>k—25nn
>v(T)=v(Ty) +nn.
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We claim that there exist disjoint submatchings M4 and Mp of M\ M* such that
deg(A,V(My)) > v(Tx) —v(T) +nn/8 and deg(B,V (Mg)) > v(Tz) +nn/8. We
consider two cases, depending on v(7g).

(#1) First assume that v(7g) > +/0k. Then, similarly as above and by Lemma 7.1,
we have that T C G, or

deg(B,V(M*(A)\M")) 2 v(T) — (Ty)+nn.

Using Proposition 3.7, we partition M*(A)\ M* in two submatchings M4 and Mp so
thatdeg(A,V(My)) = [V(Tx)\V(T;)|+nn/8 and deg(B,V (Mp)) = v(Tp)+ nn/8.
(#2) If v(Tp) < Ok, then choose a submatching Mg C M\ (M~ (B) UM*) so
that
v(Tg) +nn/8 < deg(B,V(Mp)) <v(Tg)+nNn/8+2s.

It follows that 2s - |Mg| < (v(Tg)+nNn/8+2s)/(1—n) < nn/4. Set My = M*(A)\
(M*UMp). Then,

deg(A,V(My)) > v(T) —v(T;) +nn—2s - |Mg| > v(Ty — T;) +nn/8 .

Say that a vertex is A-typical if it is typical w.r.t. cluster B, typical w.r.t. €,
typical w.r.t. V(M*)\ €, typical w.r.t. all but at most /BN clusters of V (Mp,).
A vertex is B-typical if it is typical w.r.t. cluster A, typical w.r.t. all but at most
\/[_BN clusters of Mp.

We embed T progressing downwards in the <g-order. We embed the vertices
of Wy in A-typical vertices of the cluster A, and embed the vertices of Wp in B-
typical vertices of the cluster B. The forest Ty — T, is embedded in My, and the
forest Tp in Mp. The roots of half of the forest 7} are mapped to vertices in ¢
that are typical w.r.t. V(M \ (M*(A) UMp)), and the neighbours of such roots
are mapped to the set V \ V'. The left-over roots of 7, are mapped to vertices
of V(M*)\ ¢, and their respective neighbours are embedded greedily. This is
possible, as vertices in V(M*) \ € are large vertices. We use Lemma 6.6 Part 1 in
a standard way in order to embed the components of the forest in the respective
matching edges. Adjacencies are preserved. Details are left to the reader. (|

Set My ={CD e M*(A) : {C,D} C .Z}. In the same spirit as above, we prove
the following auxiliary lemma.

Lemma 7.6. Ir holds |M;| <TnNN, orT CG.

Proof. The proof is analogue to the one of Lemma 7.5 and thus we provide only a
short sketch of it. Assume that |M| > 7nN. We choose M* C My, of order 7nN.
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We partition M \ M* = M4 UMp as before. The set W4 is mapped to vertices that
are typical w.r. t. cluster B, typical w.r.t. V(M*) and typical w.r. t. all but at most
\/[_BN clusters of V(My). The set Wp, the forest Ty \ Ty, and the forest Tp are
embedded as above; the roots of T, are mapped to vertices in |JV (M*) C L; the
left-over leaves are embedded greedily. O

Lemma 7.7. Under the above assumptions, it holds T C G .

Proof. Assume that e, (V' \ 8,V \ V') > wn?/4 and that [M;| < 7nN. We show
that then eg, (S,V \ V') > 32nn? and by Lemma 7.5, this implies that 7 C G.

For at least wN /4 clusters C of V(M*(A))\ .7 it holds that deg(C,V \ V') >
wn/4. As such clusters are in N(A) N.Z, at least WN /4 — 1 > wN /8 of them are
in 27 N.Z (see Proposition 6.4). Denote this set by 4. By (7.20), we obtain for
C € ¢ that deg(C,V (Mc)) > wn/4 — 11nn, where Mc = M\ (M~ (C) UM*(A)).
At least nearly half of the weight from C to M¢ goes to clusters that are in %, as all
matching edges are incident to . and the degrees to both end-clusters cannot differ
too much. Also all but at most one cluster of V(M¢)N.Z are in 2. Therefore
deg(C,V(Mc)NZ'NZL) > wn/10.

Set 7 =Ucey VIMc)N 27" NZ. Then | 2| > wN/10. We deduce that

eGV(U%,U@) > (s-wN/8) - wn/10 = w’n?/80.

From (7.20), we infer that each D € 2’ sends at most 11nns edges in M~ (D).
So deg(D, € \V(M~(D))) > w?n/80 — 11nn > w?n/100. The cluster D has also
large degree to the clusters which are matched to €\ V(M~ (D)) by M*(A). As
|My| < 7NN, nearly all those clusters are in .&”. We deduce that deg(D,S) > (1 —
n)w?n/100 —7nn > w?n/200 and thus

WNs w*n

22 = S 32002
10 200 2

eq, (V\V'.3) > eq, (UD€ 71.5) >
what we wanted to show. O

This finishes the proof of the Proposition 4.4.
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8 Extremal case (proof of Proposition 4.1)

Let y be such that 3 < y < 0 < 1. Throughout this section we write 3 = ci(n/k).
Itholds A < &. The sets V;, i € [A] are called clusters'.

Suppose that G admits a (3, 0)-Extremal partition Vi,...,V,, V. In any cluster
Vi most of the vertices of V; N L are adjacent to almost all vertices of the cluster.
Likewise, almost every vertex in V; NS is adjacent to almost all large vertices of
the cluster. We make these statements precise in the following claim, however
throughout the rest of the section we just refer to (3, 0)-Extremality to use similar
properties.

Claim (Properties of a cluster in a (38, 0)-Extremal partition). For any i € [A]
and any ¢ > 0 the following holds.

1. For all but at most \/Bk/c vertices v € V; L it holds that deg(v,V;) > k —
c/Bk.

2. For all but at most 2+/Bk/c vertices v € V;NS it holds that deg(v,V;NL) >
[V:NL| —cy/Bk.

Proof. 1. LetU = {v € ViNL : deg(v,V;) < k—cy/Bk}. Since every vertex
v € U sends at least ¢\/Bk edges outside V;, we deduce from e(V;,V \ V;) <
BK? that [U| < \/Bk/c.

2. LetW = {v€V;NS : deg(v,V;NL) < |V;NL| — c\/Bk}. From
e(V,iNL,V;NS) > |ViNL[k— |ViNL|> = Bk* > |V;NL||ViNS| —2Bk* , and
e(ViNL,ViNS) =e(ViNL,W)+e(ViNL,ViNS\W)

< (VinL| = e/BRIW |+ [ViNLI(ViN S| = [W])
= VinL|[VinS| —cv/BkW|

we infer that |[W| < 2./Bk/c.
O

(Using the above claim with ¢ = 1 will be sufficient for our purposes.)
Foreachi € [A] weset L' = {u € L : deg(u,V;) > (1 — y/2)k}. Observe that
IL'| > (1—y/2)%, and that 5(G[L,A]) > |A| — vk for every A C V.

The notion of “cluster” in Section 8 is very different from the one used in other sections of the
paper. There, a cluster is a vertex set obtained by the Regularity Lemma.
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The (B, 0)-Extremal partition has two subcases. It is abundant if there exists
i € [A] with |L| > (k+1)/2, and it is deficient if |L!| < (k+1)/2 for all i € [A].

For each i € [A] we set S{ = {v € SNV, : deg(v,L') > |L'| — yk/2}. Observe
that the sets S’ are pairwise disjoint, and that |L' US.| > (1 — y/2)k.

The goal of this section is to prove Proposition 4.1. That is, given a (f3,0)-
Extremal decomposition V,...,V,,V of V (with B < &) we have to show that
41 C G, or there exists a set Q C V such that

e |0 >k/2.
e [ONL[>]0]/2.
e ¢(Q,V\Q) < gk’

The proof of Proposition 4.1 is decomposed into two separate statements, Proposi-
tion 8.1 and Proposition 8.2, according the number of leaves of the tree T € J1
considered.

Proposition 8.1. Let T € J}.y be a tree that has at most 60yk leaves. Fur-
thermore, suppose that G admits a (B, 0)-Extremal partition Vy,...,Vy,V. Then
T C G, or there exists a set Q C V such that

o |0 >k/2.
e [ONL[>|0]/2.
e ¢(Q,V\0Q) < gk’

Proposition 8.2. Let T € J;| be a tree that has more than 60yk leaves. Fur-
thermore, suppose that G admits a (3,0)-Extremal partition Vi, ...,Vy,V. Then
TCG.

The proofs of Propositions 8.1, 8.2 occupy Sections 8.1, and 8.2, respectively.

Let us first rule out some easy configuration from further considerations.

Lemma 8.3. Suppose that G admits a (B, 0)-Extremal partition Vy,...,Vy,V. Any
tree T € Jy. 1 with discrepancy at least 2k is a subgraph of G.

Proof. Choose L* C L' with |L*| = (1—y/2)%, and set $* = (L'US!) \ L*. Observe
that [S*| > (1—y/2)4, and thus

min{d(G[L",S"]),d(G[S*,L*]),0(G[L*,L*])} > (1—y/2)k/2—yk/2 > (1-3y/2)k/2.
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Take the semiindependent partition (U;,U,) of T witnessing that disc(7T") > 2yk.
Denote by W the set of leaves of 7. Since by Fact 3.2

U \W| < |Ui| < (k+1—(2yk))/2 < (1-3y/2)k/2,
we may apply Fact 3.5 to embed 7 in G using the sets L* and S*. O
Lemma 8.4.  ]. The sets {Li}ie[)\] are mutually disjoint, or J;11 C G.
2. Suppose that V = 0. If there exists a vertex u € L\ (J; L"), then Z,1 C G.

Proof. For eachi € [A] fix A; C L a set of size (1/2 — y/4)k, and set B; = (L' U
S5)\Ai.

1. Suppose that there exist distinct indices i, j € [A] and a vertex u € L'NL/.
Let T € ;4 be arbitrary. By Lemma 8.3 we can assume in the following
that disc(T) < 2yk. Since e(V;,V;) < Bk?, it holds that L' N L/| < yk. By
Fact 3.1 there exists a full-subtree T C T rooted at a vertex r such that v(T') €
[k/6,k/3]. We map r to u, and the tree T to G[A;, B;] greedily (this is possible
since max{|T. "V (T)|,|To NV (T)|} <v(T)/2 + 2yk, by Lemma 3.3). By
Lemma 3.3 it holds min{|T. NV (T — T)|,|To N"V(T —T)}| >v(T - T)/2 -
2yk, and we infer that max{|7. NV (T —T)|,|T, NV (T —T)|} < 5k/12+2yk,
we can embed 7 — 7T in G[A;,B,] greedily (avoiding the previously used
vertices of L' N L7).

2. Suppose that there exists a vertex u € L\ |J; L. By Part 1 of the lemma, we
may assume that the sets L' are pairwise disjoint.

We saw in the proof of Part 1 of the lemma that the graphs G[A;, B;] are
suitable for embedding a tree whose both color-classes have sizes at most
(1/2 —2y)k, and of a tree with substantial discrepancy. We shall consider
sets X; C A; and Y; C B; which have even better embedding properties. De-
fine

Xi={u€A;:deg(v,Vi) > (1—y/(139))k}, and
Y ={ucB;: deg(v,L') > |Xi| — yk/(139)} .

It holds that
Vi\ (X;UY;)| < vk/(397). (8.1)

As X; C L' and ¥; C Si, all the sets X; and Y; are pairwise disjoint. Let
T € J}4 1 be arbitrary. Analogously as in the proof of Lemma 8.3 it holds
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T C Gifdisc(T) > yk/(69). Therefore we assume that disc(T") < yk/(63).
By Fact 3.1 there exists a full-subtree T C T rooted in a vertex r such that
v(T) € [0.3k,0.6k]. We will embed the whole tree T in G, mapping r to u.
Let D be the set of leaves of T in N7 (u). We first embed the tree T — D.
The embedding is then extended to an embedding of 7 using the property of
high degree of u.

A 27 -component is a component of the forest 7 — r of order at least two.
Let % be the family of all 2" -components. For any subfamily %” it holds by
Lemma 3.3 and the assumption disc(7') < yk/(63) that

max{V(¢")NT,,V(¢)NT.} <|V(€')|/2+yk/(128)+1.  (8.2)

By (8.1) at most yk/(33) vertices of the graph G are not contained in | J,(X; U
Y;). Thus, deg(u,U;(X; UY;)) > (1 —y/(38))k. We shall assign each 27-
component C € ¢ an index ic € [§]. The idea is that each 2*-component
will be mapped to the cluster V;.. Thus the following requirement on the
assignment for each j € [J] is natural:

deg(u,X;UY;) > {C €% |ic=j}|,and (8.3)
T v(C) < (1-2y/3)k. (8.4)
CeT
ic=]

We argue that such an assignment exists. We order the 2*-components in an
arbitrary way as Ci,...,Cjg|. Without loss of generality, we assume that
deg(u, X UYy) < ... <deg(u,Xg UYy). For j=1,2,...,9 we sequen-
tially assign the yet unassigned 2" -components C the index j (i.e., we set
ic = j) as long as (8.3) and (8.4) hold. If one of the conditions is to be
violated (for step j) we proceed with assigning the components the index
j—+ 1. It remains to check that there are no unassigned 2" -components left
when we finish the step j = 9. Indeed, if all steps were terminated be-
cause of condition (8.3) then we are done. Otherwise, suppose that we as-
signed 2" -components Cy,...,Cx_; the indices 1,...,j— 1 in such a way
that the terminating rule performed was (8.3), and then the 2" -components
Cy,Ck+1,---,Cxs+w—1 wWere assigned the index j, and we were not able to
assign component Cy,, the index j even though deg(u,X;UY;) < w. Then
S22y v(Cr) > (1—2y/3)k. Since deg(u,X;UY;) < (1 —2y/3)k we have that

K—1 6]
deg (u, U(X[UY[)) > ; v(Cp)+ z v(Cy) .
=i

(#£] (=K-+w
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Thus the remaining 2*-components can be assigned an index, not violat-
ing (8.3) Observe, that (8.4) is not be violated in any future step, since the
2" -components of total order at least k/6 — 2yk/3 were embedded in X; UY;
(no 2" -component is larger than 5k/6 by the way the root r was found).

We embed the tree 7 as follows. The vertex r is mapped to u. For each
component C € € we embed its root rc € V(C) NNr(r) in one vertex from
(Xi. UY;.) "Ng(u) (so that distinct roots are mapped to distinct vertices).
We denote the image of the root rc by ¢(r¢). Then the embedding of
the roots is extended to an embedding of all 2*-components. This can be
done greedily since each of the graphs G[X;, ¥;] has minimum degree at least
(1/2—y/(128))k+ 1, and by (8.2) it holds by a double application of (8.2)
that

VEONT+ S IVONT <
Cce? Ce?
d(rc)eX; d(rc)ey;
< (1=2y/3)k/2+2(yk/(128)+ 1) < 6(G[X;,Yi]) , and
S VO Y IVONT <

Ce? Ccev
o (rc)eX; o (rc)eY;

< (1—2y/3)k/2+2(yk/(128) + 1) < 3(G[X;, Y]) .

O

The next three statements (Lemma 8.5, Lemma 8.6, and Proposition 8.7) deal
with the Deficient case. In this case, it may happen that none of the clusters are
suitable for embedding of the tree T € .7}, ;. For this reason, we must find con-
necting structures that allow us to distribute parts of the tree to different clusters.
Each of the following three statements is used for a different type of trees.

If the configuration of the graph is Deficient, we show that V = 0. First we
bound the sizes of the sets L and S: |L| < A(1+y)k/2+ (1—0)|V|, [S| > A(1—
y)k/2+ (1+0)|V|. Since |L| > |S|, we infer, that |V'| < gk/2. This in turn implies
that V = 0. Thus, A = 9. Observe also that

S(k+1)>n. (8.5)

Lemma 8.5. Suppose that G admits a (8, 0)-Extremal Deficient partition Vi, ..., Vg,
V, (V =0), such that {L'}?_, is a partition of L. For i € [8] define Sé ={ues:

deg(u,L’) > (1/2—y)k}.
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Then there exist distinct indices iy ,iy € [8] such that there exists an L' « Li2-
edge, or a L'" « S;z-edge, or there exists a vertex xy € S such that deg(xo,L) >
(1/2 — y)k, min{deg(xo, L' ),deg(xo,L?)} > 1.

Xo
rL,-‘er, ) rL, NL Y r/ {I‘
- - B
\ Lxl le
5
\ S \\ S o S \\ S

Figure 2: Three possible connecting structures guaranteed by Lemma 8.5.

Proof. We may assume that the sets S Q are mutually disjoint, otherwise there exists
alll Séz-edge (i1 # ip). Also, we are done if there exists an L't < L2-edge, or

there exists an L' « Séz-edge (i1 # i). We suppose that this is not the case in the
following.
We write Y = S\ J; S;. For any i € [#] and any vertex u € L' there are at least

max{k+1—|L'| —|S;|,0} edges emanating from u to Y. Thus,
e(L,Y) >y L max{k+1—|L| ~|Si|,0}
>y (1/2 = y)k(k+1—|L - |S]))
7
= (1/2=Y)k(I (k+1) = |L| = |S[+[¥])
= a/2- ]
By averaging, there is a vertex xo € ¥ such that deg(xo,L) > (1/2 — y)k. From the

definition of ¥, deg(xo,L') < (1/2 — y)k, for any i € [3]. Hence, xo is adjacent to
at least two sets from {L/}, as required. O

Lemma 8.6. Suppose that G admits a (B, 0)-Extremal Deficient partition Vi ...,
Vg,V (V =0), suchthat {L'}?_| is a partition of L. There exist i € [9] and a vertex
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v € L0 such that deg(v,L’) + deg(v,U 4, (L' US7)) > k/2, where S/ = {v € S :
deg( L) > k/(39)}.

T YWD ()

- \\\
A NN\
\ AN

Sj

Figure 3: Connecting structure guaranteed by Lemma 8.6.

Proof. Partition |J; S/ into sets §/, j € [9] such that §/ C S/. As |L| > |§]|, there
exists an index i € [3] such that |S7| < |Lf| < k/2. Without loss of generality,
assume that k/2 — |S!| is the maximum value among all values k/2 — || (i € [9]).
Then k/2 — |S'| is non-negative.

Suppose that Lemma 8.6 is not true. Then for all vertices v € L! it holds

deg(v,S\ |J &) > deg(v,S\ | §/) > k/2.
j#1 J#1

Thus deg(v,S7) > k/2 —|S'|, where S~ = {u € S : deg(u,L’) < k/(39),Vi =
1,...,8}. A double counting argument on the edges between L' and S~ gives

1k 1o (k@
s |3§>e<L,s>>|L|(2 |S|),

implying that

3L (k4
1S7| > L|<5—|51|>. (8.6)

On the other hand, as

S I =1L > |s|= 3 3]+ 57,
J J
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there exists an i € [§] such that |Lf| > |S'|+|S~|/9. From the maximality of
k/2 —|S'| and from (8.6) we deduce that

ko s k& w87 OBILY (k4
R > |SH > L =18 > ——~ > 1 = —
S8 = 5181 = I - 18 = St > = (52181,

implying k > 3|L'|, a contradiction. O

Proposition 8.7. Suppose that G admits a (3,0)-Extremal Deficient partition
Vi,...,Vg,V (V = 0). Furthermore, suppose that the sets {Li}ie[g] partition the
set L. Then there exists an index iy € [8] and matchings £, and ¢ such that
the following hold.

o &0 jsa Lo « (L\L")-matching, 7" isa L0 < S-matching.

e Eachedgexy € Z;,, x € L0,y € S has the property that deg(y, L) > k/(59)
for some j # .

o V(&) NV ( Fio) =0.

o |LP]+]60] 4| 70| > k5L,

Eho

v
_—

Figure 4: Connecting structure guaranteed by Proposition 8.7.
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Proof. Foreachi€ [8]letSh, ={u€cS: deg(u,L’) >k/(59)}. Itholds by (B,0)-
Extremality that |S5,| > (1/2 — y)k. We first find for each i € [9] two vertex-
disjoint matchings E’ and D', such that E' is a L' +» (L L')-matching, D' is a
L’ — (S\ St,)-matching, and such that the matchings {D'} (9 are pairwise vertex-
disjoint.

For each i take E' to be a maximum L’ < (L\ L) matching, and if [L|+ |S5,| +
|E'| > k+ 1, truncate E' so that |L| +[S&,| 4 |[E'| = max{k+ 1,|L!| +|S,|}. In the
following we assume that

LY+ ISY+E| = L]+ [SH]+ |B? = ... > L0 |+ |SE | + B (87)

Start with i = 1, and increase the index i gradually. Take D' to be a maximum (Li \
V(E")) < (S\ (Sy UU;<;V(D’))) matching and truncate it so that [L'| 4 |St,)[ +
|E'| 4+ |D'| = max{k + 1,|L'| + |St,| + |E'|}. We show that such a matching D'
exists. If [L'|+ |S5 |+ |E’| > k+ 1, then set D' = 0. Otherwise, we want to find D’ of
size d; = k+ 1 — |L'| — |S5| — |E'|. By (8.7) it holds for the set B; = SN, ; V(D)
that |B;| < 8d;. Each vertex u € L' has at least d; neighbors outside L' U S, UV (E").
Color arbitrary d; edges emanating from each vertex u € L outside L' USL, UV (EY)
by black, and the remaining edges incident to u by grey. Easy calculation gives

evlack(L'\ V(E"),S\ (S5 UB;)) > di(1/2 —3y)k — f}d,»i > dik

5> 68

Since the maximum degree in the graph Gypack[L\ V(E'), S\ (S5, U B;)] is upper-
bounded by max{k/(53),d;} = k/(53), we see that there is no vertex cover of
Golack[L'\V(E'), S\ (S, UB;)] of size less than

dik/5 _
k/(59) =7

Hence, by Konig’s Matching Theorem, there exists a matching D' of size d; with
the desired properties. We set X; = V(D) \ L".

Let us summarize the properties of the obtained structure. For any i € [J] it
holds

L'+ [S5| + [E"| + |Xi| > k+1, and (8.9)
XinJX;=0 and S,NX;=0. (8.10)
J#i
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The aim of the following several lines is to prove that there must be an index
i € [9] such that sufficiently many vertices from S, UX' are contained in J;; S,
thus providing with the desired bridges from the cluster V;. It holds

(8.10) .
> Y Ishl+ Y-y

n—|L| > (s5ux)NlJss

J#

U, ux)

1

(8.9)
> 9k+1) - |-y

1

(shux)nlJss
i

S IE]

1

which yields

> <|L"|+|E"|+

1

(Soux) N st
J#

) > |L|+z9(k+l)—n219(k+l)—g

(8.5)
83 d(k+1) .
- 2
By averaging, there exists an index iy € [9] such that

i ; i ; k+1
L]+ |E°| + (S UXiy) N U S| > - (8.11)

J#io

Set & = E™. The matching _# consists of two vertex disjoint matchings _#
and _#,. The matching ¢ is defined by #, = {e € D : enU;, S, # 0}.
We take 7> any matching in G[Ség NUjzi, S{?,Li0 \V(&0U _#,)] that covers Q =
S&NU;zi, Sb- Since |Q < yk, such a matching can be found greedily. O

8.1 Proof of Proposition 8.1

Suppose the tree 7' and the graph G satisfying the hypothesis of Proposition 8.1
are given. Throughout the proof we write a = 60y.
For each i € [A] we define X' = {v € V; : deg(v,L') > k/(59)}. Vertices in

yrovyx

€A i€[A]

are substantial, vertices in

o=v\|vulJLulJx
i€[A] i€[A]
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are negligible. Observe that there are at most 2ryk negligible vertices. The sub-
stantial vertices are suitable for embedding: suppose we have a forest F' of or-
der at most k/(53) consisting of rooted components (r;,Cy),...,(ry,Cp). Let
vi € Vij,...,vp €V, be arbitrary distinct substantial vertices. Then F can be
embedded in G so that every component C, is embedded in V; , with its root ry,
mapped to the vertex v,. If G is Abundant, we set A C [A] to be the set of indices
ip such that |[L0| > (k+1)/2, and set &0 = ¢ = . If G is Deficient, we apply
Proposition 8.7 to obtain an index ip and two matchings & and 4 0 such that
|L0| 4 |&0|+| #Z0| > (k+1)/2. We then set A = {ip}.

For each iy € A\, we shall try to embed the tree 7' so that most of the vertices
of T are embedded in Vj,. We shall show that if all the attempts fail, then there
exists a set Q satisfying the hypothesis of Proposition 8.1. The embedding plan is
as follows. We try to embed most of T, in (a subset of) L0 and the internal vertices
of T, into vertices which are well-connected to L (the leaves of 7, being treated in
the last stage). The set L0 may be not large enough to absorb all the vertices from
To, since we only know that |L| > (1/2 — y)k+ 1 and T, may be as large as k/2.
We use the edges of the matchings & and _# 0 in order to distribute the excess
parts of 7" outside V;,. We want then to show that the set of vertices well-connected
to L™ is large enough to absorb the internal vertices of T.. However, this need not
to be the case; but then we are able to exhibit the desired set Q.

The following statement provides an embedding of the tree, given a suitable
embedding structure. We defer its proof to the end of the section.

Proposition 8.8. For any tree T € ;.1 with { < ak leaves the following holds.
Let H and Hg, K € I (the index set I is arbitrary) be vertex disjoint subgraphs of
G. The graph H is bipartite, H = (A, B;E). Suppose that the graphs H, and Hy
(K € 1) have the following properties.

e O(Hy) > 25ak for each K € I.
° 5(A) > k.

o There exists A < (U, (V(Hk)))-matching &, and a family 4 of vertex dis-
joint A — (V\V(H)) < (UxV(Hk)) paths. Moreover, V(&) NV (A4) = 0.

|&|+ || < ak.

Al +[€] = [T

Bl +[&]+ || > |Te| = 1.

5(A,B) > |B| - ak.
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o The set B has a decomposition B= B, UBy, |B4| < 0k, d(Ba,A) > |A| — Ok,
and there exists a family 2 = {P,...,P.} of r = |Bq| vertex-disjoint A
Bq < A paths. Moreover, V(2)N(V(&)UV(A)) = 0.

Then there exists an embedding of T in G.

For each ip € /A we try to find a structure suitable for applying Proposition 8.8.
We do the following for each ip € A.

We write e = 6| and b = |_#™|. Fix a set L. C L0 of size |T,| —b—e
which contains F = (V(&0)UV(_gZi0))NL0. Set W, = (L \ L,) US?. Note
that [W,| > |T.| — yk. Take a maximum family &2 = {Py,...,P,} of vertex-disjoint
(L \F) < (V\ (L. UW,)) < (L. \ F)-paths, and let Wy be their middle vertices.

Assume that |[W, |+ |Wg| +|&| > |T.| — 1. Consider a family of paths &' C &2
by truncating & so that |#?’| = min{|.%?|,ak}, and denote W} the set of middle
vertices of &?’. We apply Proposition 8.8, setting the parameters of the proposition
as follows: A = L,,By = Wy, Bq =W}, 2=P'.&=&0U _go, .4 =0,1=[A]\
{io}, and Hx = G[L¥ US¥] (for each K € I). Proposition 8.8 will be used several
other times. When using it later, we shall explicitly mention only those parameters
of the proposition which differ from the ones above.

Now, assume that |W,| + [Wy| + |60| < |T.| — 1. Then |£?| < yk. From each
vertex u € L, \ (FUV (2)) at least two edges e* = ux, and e}, = uy, are emanating
into V\ (L.UW,UWgU&™). Set Riy = Uyer\ (ruv(2)){%u> yu }- By the maximality
of & all the vertices x,,yy, (u € L.\ (FUV(Z?))) are distinct. At most 23 yk of
these are negligible vertices. Denote the set of substantial vertices of R;, by M;,,
and call the set ¥;, = R;, NV the shadow of L.. If |M;,| > 2yk then one can find
a matching A C Uyer.\ (ruv(#)) {€u €a} of size Yk, and Proposition 8.8 can be
applied (with& =& U, Bg =Wy, and 2 = ) to show that T C G. Otherwise,
Yi,| > 2|L.| —|&| —|M;,| > 2|L.| — & yk. The choice of L, C L' was arbitrary, with
the only restriction F' C L,. Thus the above procedure can be applied for another
choice of L.. Denote by ¥, the union of shadows corresponding to all possible
choices of L, (for a fixed vertex u € L0\ (F UV (£?)), the choice of x, and y, does
not depend on the choice of L.). Thus we get that T C G by Proposition 8.8, or
[Fiy| > 2|Lo| 38 yk.

Suppose that we were not able to use Proposition 8.8 so far for any iy € A. If
there exists ip € A such that |¥;, N Uien fio} Yi| > 4yk, then T C G. Indeed, one
can find a family .45 of at least yk vertex disjoint L0 « (¥, N Uien\ {io}f/j) >

(Uie A\fio} Li) -paths and apply Proposition 8.8 with .#Z = _#;. We assume in the
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rest that such iy does not exist. Since |Ujen Vil > Sien (Vi = [¥: VU jen fi} Vi),
we have that

Ur

ieN

222\|Li|—4192yk. (8.12)
i€

Set Y = UIE/\ Yj.
We distinguish three cases:

(1) It holds |[LNY| < k/8 and e(Y,V\Y) < Ok
Solution of (#1): The idea is to show that the set Q = V \ Y satisfies the
requirements of Proposition 8.1. To this end, it is enough to show that

1
oLl >3l (8.13)

By the hypothesis of (1), not many vertices in ¥ are large. Thus the ratio of
the large vertices in the graph G| ViUY ] is substantially smaller than one
half. Then there must be substantially more than half of the large vertices in
the complementary set Q, and (8.13) follows. We make the idea rigorous by
the following calculations. For any i € A set [; = |L|.

| ) |
3" SIS A= INDR/2+ 5 bt LY +ILNQIHIL\ (TU U 1)
ic JER]

< (A =|ADk/2+ Z\l,- +k/8+|LNQ|+yn.
ic
Thus,

1
LNQ| > =n— (A —|A|)k/2— Z\li—k/fﬁ— yn

2 ic
1( -

> — (|V| -2 Z l;) +|A|k/2—k/8 —2yn
2 ien

8.12) 1 1

> 5O +IAK/2=k/T> S0l

which was to be shown.

(&2) It holds |LNY| > k/8 and e(Y,V\Y) < Ok>.
Solution of (%2): We show that T C G. Since the average degree in the
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graph G[Y] is at least gk/20, there exists a subgraph H, C G[Y] with 0(H,.) >
gk/40. By averaging, there exists iy € /\ such that

Yi, NV (H.)| > qk/(408) . (8.14)

Fix such an index iy. By (8.14) there exists a L0 < V(H,)-matching & of
size ak/2. By Proposition 8.8 (with I = {*}) it holds T C G.

(%3) It holds e(Y,V\Y) > ok>.
Solution of (#3): We show that T C G. The average degree of the bipartite
graph G[Y,V \ Y] is at least gok. Thus there exists a graph H. C G[Y,V \
Y] with 0(H.) > qok/2. There must be an index iy € A such that |¥;; N
V(H.)| > agk/(29). Fix such an index iy and find matching & as in (&2).
By Proposition 8.8 (with I = {x}) it holds T C G.

Proof of Proposition 8.8. Root T at an arbitrary vertex v € T,. An c-induced path
ai...ac+1 € T is a path whose internal vertices have degree two in 7. Take
a maximum family .% of vertex disjoint 6-induced paths in 7. We show that
V(F)| = k—19¢.

Let D3 ={ucV(T) : degy(u) >3} and D; = {u € V(T) : degy(u) = i} for
i = 1,2. By Fact 3.4, we have |D3| < ¢ (and |D;| > k — 2¢). From

2k = z deg(u) = |D1|+2|D2| + deg(u) > 2k—30+ deg(u) ,
ueV(T) uebDs uehs

we deduce that there are at most 3¢+ 1 maximal (w. r. t. inclusion) paths formed by
vertices of degree 2 or 1 not containing the root v. On each such maximal path, at
most 5 vertices are not covered by .%. Thus the total number of vertices uncovered
by % is at most 5(3¢+ 1) + |D3| + |{v}| < 19¢. The order =<, naturally extends
to an order of the paths of .%. For a family .7’ C .% we write T'(| .Z') to denote
all the vertices of V(.%#"), and all vertices which are below some vertex of V (.#'),

i.e.,
T(l7)= U V(T(lu).

ucV(F'")

One can find a family # C .% satisfying the three properties below.
P |Z| < |&|+ ||
P2) |T(l Z)| <250k, and 3(|&| + |#|) <min{|T.NT (| Z#)|,|ToNT (] Z)|}.

(P3) Z is a <,-antichain.

67



We describe a procedure how to obtain such a family &%. By an inductive con-
struction, we first find an auxiliary family %, starting with %2’ = 0. While |Z’| <
|&| + |4 | we take a <,-minimal path in .% which is not included in %’ and add it
to %Z'. By the bound |V (T)\ V(%)| < 19¢, in each step it holds that |T (| Z')| <
6|%'| + 190k, and obviously 3|Z'| < min{|T.NT (| Z")|,|ToNT (| Z')|}.

Let Z be the <,-maximal elements of %’. The properties (P1), (P2), and (P3)
are satisfied.

Set d = 5ak. Take a family 2" = {Xj,...,X,} of d 5-induced vertex-disjoint
T. < T, < T, < T, < T paths, such that no path intersects {v} UT(| %'). For
any path R € #Z we write ag to denote its <,-maximum vertex in 7, and set bg =
Ch(ag), ck = Ch(bg), and dg = Ch(cg). We set U =AN(V(E)UV(A)) and
0=ANV(2).

We now describe the embedding ( of 7. First note that we do not have to
embed those leaves, whose parents are embedded in A. Indeed, having such a
partial embedding, it easily extends to an embedding of T using high degrees of
vertices in A. Hence we shall not embed them until the very last step. We embed
the root v in an arbitrary vertex in A\ (U U Q). We continue embedding T greedily,
mapping vertices from 7, to A \ (U UQ) and internal vertices of 7, to B,. However,
there are two exceptions in the greedy procedure.

(S1) If we are about to embed a vertex bg (for some R € %), then we do not
embed it, neither the part of the tree T'(| bg).

(S2) If we are about to embed a vertex x, which was part of some path x;xyx3x4x5 €
2 we skip its embedding, as well as the embedding of the vertices x3 and
x4. We continue with mapping x5 to B,.

Observe that we are able to finish the greedy part of the embedding since the two
“skipping rules” guarantee that both in A and in B at least d > ak vertices of T
remain unembedded.

In the next step, we build missing connections in the graph H caused by the
skipping rules.

We construct an auxiliary bipartite graph K| = (O,, Op; E1). We arbitrarily pair
up 2(d —r) vertices of A\ (U UQ) unused by { into pairs iy = {al,a}}, ...,y =
{al ,a% }. The remaining r pairs are formed by endvertices of the paths in 2,

Hiva—r=AN V(Pt) .
Vertices of the color class Oy, are formed by the pairs (; (i € [d]). Vertices of

the color class O, are formed by the paths in Z". A path xjxx3x4x5 € 2 is
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adjacent in K to a pair ; if and only if there exists a perfect matching in the graph
H[{W(x1),W(xs)}, Ki]. Since |0y = |Op| and (K ) > |Oa| — 20k > |04 /2, there
exists, by Proposition 3.6, a perfect matching M in K;. The matching M; gives
us instructions where to embed the vertices x, and x4 of any path xjx;x3x4x5 €
2. We extend (J accordingly on the vertices Uy, v xyxyxsc2-1%2,%4}. If a path
X1x0X3x4%5 € 2 was matched with [, 4, (for some i € [r]) in K| then we embed
x3 in the middle vertex of the path P,. We write 2/ for those paths x| xx3x4x5 € 2~
whose vertex x3 was not yet embedded. It holds | 2”'| > 4ak.

Let X : % — U be an arbitrary injective mapping. We construct another bipar-
tite graph K = (J,,Jp; E2). Vertices of the color class J, are elements of ZU 2/
(Joa = ZU 2" and vertices of the color class Jy, are vertices of B, unused by
Y (Jy € By). A path R € # is adjacent in K; with an b € J, if and only if
by(ag) € E(H) and bX(R) € E(H). A path xjxpx3x4x5 € 2 is adjacent to a
vertex b € Jy, if and only if b((y,) € E(H) and b(y4) € E(H). There exists a
matching M, in K, covering J;. The existence of the matching M, in K, covering
J, is a direct consequence of Proposition 3.6. Indeed, (K ) > |Ja| —2yk > |/a|/2,
and |J,| < |Jp|. Such a matching gives us instructions where to embed unembedded
vertices x3 (in the case of a path x;x,x3x4x5 € 2" and vertices bg (in the case of a
path R € #). For a path R € &% we finish embedding the part of the tree T(] cg),
extending the mapping . If Y(cg) € V(&) we just use the corresponding con-
necting edge of & to embed dg in Hy (for some K € I) and continue embedding
T (] dg) greedily in Hy. If ((cg) € V(.#) we embed dp in the middle vertex of
the corresponding connecting path .# and embed the rest of T'(| dg) greedily in
Hy (for some Kk € 1). (I

8.2 Proof of Proposition 8.2
In order to prove Proposition 8.2 we need the following two auxiliary lemmas.

Lemma 8.9. Let G be in a (3, 0)-Extremal, Deficient configuration. Let T € J4
be a tree with a vertex r € V(T ') such that the forest T — r contains a component C
of order v(C) € [k/(38),k — 4yk]. Then T C G.

Proof. By Lemmas 8.3 and 3.3 we can assume that max{|7. \V(C)|,|T,\V(O)|} <
(k+1—v(C))/24+ 2yk+1)/2 < k/2 — 2yk, otherwise T C G.

Fori ¢ [§] define S} = {u € S : deg(u,L') > (1/2—y)k}. By (B, 0)-Extremality
it holds that |Sé| > (1/2 — y)k. By Lemma 8.5 there is at least one of the follow-
ing three connecting structures in G. We show that 7 C G in each of the cases
separately.
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A1) There exists an edge xy, x € L'l | y € L2, i} # iy.
g
(A2) There exists an edge xy, x € L', y € Séz, i # i.

(A3) There exists a vertex xo € S such that deg(xo,L) > (1/2 — y)k, and xo is
adjacent to vertices of at least two different clusters L'',L"2, i.e.,

min{deg(xo, L"), deg(xo, L2} > 1.

To solve the cases (A1) and (A2) it is enough to map r to x, and use the edge
xy to greedily embed C in G[Liz,Séz]. The part T — (V(C)U{r}) can be greedily
embedded in G[L'!, S7'].

It remains to solve the case (A3). Let | be such an index i for which the
value deg(xp, L") is minimal positive. We embed r in xo, C in G[L',S!]. The forest
F =T —(V(C)U{r}) can be greedily embedded in the clusters {V;}; (preserving
adjacencies of r to the components of F'). This is standard. (|

Lemma 8.10. Ler F be a rooted forest with partition V(F) = O1 U Oy, such that
O, is independent. Let W be the set of leaves of F and set P={u € O, : [WN
Ch(u)| = 1}. Let H be a graph and let A,B C V(H) be two disjoint sets such that
A > 01], min{8(4,4), 8(BA)} > 01] — £, 5(A,B) > B~ £, |B] > |02\ W],
and 0(A) > v(F)— 1. If|P| > 2f, then there exists an embedding ¢ of F in H such
that §(0;) C A.

Proof. Choose a subset P’ C P of size |P'| =2f. Consider the subtree F/ = F — W',
where W' =W N (0, UN(P')). We embed greedily the tree F' in AU B, so that
V(F’)N Oy maps to A and V(F') N O, maps to B. Denote this embedding by ¢’.
Next we want to embed the leaves W/ N Oy in A. Denote by A’ the set of vertices
in A that are not used by ¢’, i.e., A’ =A\ ¢(V(F')). We want to find a matching
M in H[A’, @' (P')] that covers ¢'(P'). By Proposition 3.6, such a matching exists
since [A'| > 2f = |¢'(P')], and

O(¢(P).A") > f=IP'|/2, &(A"¢(P))>f=|P|/2. (8.15)

We extend ¢’ to an embedding ¢ of F, by embedding W' N O, according to the
matching M, and by embedding W N O, greedily (this is guaranteed by the minimal
degree condition of the set A). O

A semiindependent partition (U;,U,) of a tree F is {-ideal if each of the vertex
sets Uy and U, contains at least ¢ leaves of F.
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If disc(T') > 2yk, then Lemma 8.3 ensures that 7 C G. We shall further assume
only the case disc(T) < 2yk.

We prove Proposition 8.2 in two steps. In the first step we show that 7" has an
8Vk-ideal semiindependent partition, or 7 C G. In the second step, we prove that
if T has an 8yk-ideal semiindependent partition, then 7 C G.

First step. Denote by W, and W, the leaves in T and in T, respectively. Let
W = W, UW, be the set of all leaves of T. Set we = |We| and w, = |W,|. Remark
that we +w, > 60yk. We distinguish three cases based on the values of we and we.

1. If we > 8yk and w, > 8Vk, then (75, T¢) is an 8yk-ideal semiindependent
partition.

2. If we < 8Vk then it holds w, > 52yk. We distinguish two subcases.

o If |Par(W,)| < 16yk we consider sets Uy = T, + (W, UPar(W,)) and
Us =T, +~ (W, UPar(W,)). The partition (U;,U,) is semiindependent
with |Up | —|U;| > 72yk, a contradiction with the assumption disc(7') <
2yk.

e If |Par(W,)| > 16yk then we choose an arbitrary subset P’ C Par(W,)
with |P'| = 8yk and set W, = N(P') NW,. The partition (U, ,U,) defined
by Uy =T, + (W,UP'),U; = T. =+ (W, UP') is an 8yk-ideal semiinde-
pendent partition.

3. If wy < 8yk we use Fact 3.1 (Part 2) to find a full-subtree T C T rooted in
a vertex r with ¢ leaves, where ¢ € [20yk,40yk]. The choice of T has the
property that

min{|We NV (T)|, [We NV(T)\V(T)|} > 12yk (8.16)
Setd = |V(T)NT.| — |V(T)NT,|. We distinguish six subcases.

(C1)reT.andd < gap(T)/2, (C2)reT,and d > gap(T)/2,
(C3)reT.andd > gap(T)/2+1, (C4reT,andd < gap(T)/2—1,
(C5)reT.andd = (gap(T)+1)/2, (C6)re T, andd = (gap(T)—1)/2.

In cases (C1)-(C4) we obtain an 8 yk-ideal semiindependent partition by flip-
ping either V(T') (in cases (C1) and (C2)) or V(T)\ {r} (in cases (C3) and
(C4)) from the original partition (T, T¢ ). Details are omitted.

In the rest, we consider only the case (CS5), case (C6) being analogous. We
find an 8yk-ideal semiindependent partition, or embed 7" in G. First observe
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that k is even. Consider the partition V(7) = O UO,, where Oy = T, =+ V(T)
and O, = T, + V(T). It holds |Oy| = (k+2)/2, |O2| = k/2, and min{|O; N
W|,|0:NW|} > 12yk.

(%1) Suppose first that Wy NV (T —T) NN(r) # 0. Then take an arbitrary
vertex u € Wy NV (T — T) NN(r) and consider the partition (Uy,Us), Uy =
O +{u}, Uy = Oy + {u}. By (8.16), this is an 8yk-ideal semiindependent
partition. Therefore we restrict ourselves to the case when W, NV (T —T)N
N(r) = 0.

(&2) We claim that if there exist two distinct leaves z1,zp € O with a
common neighbor {x} = Par({zj,z2}), then there exists an 8yk-ideal semi-
independent partition (U;,U,). By the assumption above we know that
X € 0. Set Uy = 01 +{x,21,22} and U, = O, + {x,21,22}. Then |Uj| =
01| —1= k/2 and |Uj| =|02|+1=k/24 1, and U NW| =|0; NW| -2,
and |[U, "W| = |0, NW|+2. From (8.16), the partition (Uy,U,) is 8yk-
ideal semiindependent. Therefore, we may assume that leaves in O have
pairwise distinct parents.

(%3) We claim that there exists a vertex y € Par(O;) "W such that deg(y) =
2. Suppose for contradiction that every vertex in Par(O;) NW has degree at
least three. We have already observed that every vertex in Par(O;) "W has
exactly one leaf-child in O;. Set W, = O, NV (T)NW and T, = T[V(T) \
W,]. Observe that the leaves of T, lying in O; coincide with the leaves
of T lying in O,. We show that T, contains at least 8yk leaves from T,
contradicting the assumption w, < 8yk. By Fact 3.2 it is enough to show
that |V (7,.) NT,| > |V(T.) NTe| + 8yk.

V(T)NT| = V(L) N 0o = [V(T) N T

()

> |V(T)NTe| —2yk—2

= V(L) NTe| + [Wi| —2yk -2
> |V(T.) N Te| + 8k,

where (x) follows from Lemma 3.3. Let z € O "W be a leaf of 7 with
parent y, deg(y) = 2. We show that 7 C G in two cases (1) and ({2) sep-
arately, based on whether G is in the Abundant or Deficient configuration.

1D If G admits an Abundant partition, then there exists an index i € [)\]
such that |L'| > (k4 1)/2. As kis even, |L'| > (k+2)/2. Choose L, C L
such that |L.| = (k+2)/2. Define W* = {u € WNO, : Par(u) € O,}, and
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let W' C W* be the set of leaves in W* with no brother/sister in W*. We
claim that
[(WNO1) \W*| < yk, and [W*\ W'| < yk. (8.17)

Assuming (8.17), we can use Lemma 8.10 with A = L,, B = S, U (L \ L),
f = Vk, and the partition (O1,0,) of the tree T to get T C G.

It remains to prove (8.17). If (W N O;) \ W*| > yk, then consider the par-
tition (Uy,Us) with Uy = 01\ (WNO)\W*) and U, = O, U(WNOy)\
W*. If |W* \ W’/| > yk, then consider the partition (U;,U,) obtained from
(01,0,) by flipping (W*\ W) UPar(W* \ W’). In both cases |Us| — |U;| >
2yk, a contradiction to our assumption that disc(7") < 2yk.

($2) If G is in a Deficient configuration, then by Lemma 8.6 there exists
an index i € [9] and a vertex v € L' such that deg(v,L’) + deg(v,U (L' U
$7)) > k/2, where 87 = {u € S : deg(u,L’) > k/(39)}. Set Yy = deg(v,L)
and ¢ = deg(v,U;4 (L’ US’)). All components of T — {r} have size at
most k/(68), or by Lemma 8.9 the tree T embeds in G (the components
cannot be larger than k — 18yk by the choice of 7). Denote by % the set
of components of 7' — {r} of order at least 2. Since O, is an independent
set, any component from % has non-empty intersection with O;. Choose
JH C ¥ with amaximum number of vertices in O satisfying the following.

o || < .
* Skew V(K) <k/(39).
Set # = &\ 5. Map r to v and embed the components of %, greedily

in |J #i(Lj U SY) in such a way that the roots of the components are mapped
to neighbors of v.

If [V ()| < k—6yk — 1, then from Lemma 3.3 we deduce that max{|7, N
V()] |[Te NV (1) |} < k/2 — 2yk and thus the components of %] can be
embedded in L' U S!, greedily.

Hence, we suppose that |V (#7)| > k— 6yk — 1. The maximality of .%%; im-
plies that |#| = . Set Uy = O; NV (#]) and U, = O, NV (#7). Observe
that U, is independent. We show that |U;| < ;. If r € Oy, then

k+2
Ul <101 =18l = {r}| = = o= 1 < W

It remains to analyze the case r € O,. Let K € J# be the component con-
taining the vertex z. Then, by the choice of .3, there exists a component
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K' € Jc such that |O;NV(K')| > 2. Again we conclude |U;| < |O;] —
(I22]+1) < ¢

Observe that min{|U; NW|,|[U;NW|} > 9yk — 6yk — 1 > 2yk, and by pre-
vious assumptions, any two leaves in U; have distinct parents that are in U,
(the only leaves in O; with parents in O; are children of r and thus are not
contained in %").

We embed the trees from ] in L' U S.. We distinguish two cases.

o rcToorreT,and N(r)NUz| < (1/2-=2y)k.
We apply Lemma 8.10 with A = L' \N(v), B = S. NN(v), the partition
of the forest V(%1 ) being (Uy,U,), and P = Par(U ) (recall that leaves
in U; have pairwise distinct parents in U>).

o reTyand [N(r)NUy| > (1/2 =2y)k.
Set % ={K c.# :v(K)=2,N(r)NV(K) CU,}. Thenv(# \ %) <
2yk. Consider the partition (U;, U ) obtained from (U;,U,) by flipping
1. Then |U;| < (. Construct an embedding @ of the forest induced
by 1\ /1 such that (V (1 \ 43) 1) C L, @V (43 \ ) "D5) ©
S, and @(V (4 \ 1) NN(r)) C N(v).

The embedding of {r} UV (.#") can be extended to the whole tree 7T, as r is
mapped to L.

Second step. We assume that 7' has an 8yk-ideal semi-independent partition
(U1,U,). The proof goes very similarly as in ({1), for the Abundant case, and
as in ({>2) for the Deficient case. Details are omitted.
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