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Abstract

Let A be an n-point set in the plane. A discrete X-ray of A in
direction u gives the number of points of A on each line parallel to
u. We define F'(k) as the maximum number n such that there exist
k directions w1, ..., u such that every set of at most n points in the
plane can be uniquely reconstructed from its discrete X-rays in these
directions. A simple “cube” construction shows F(k) < 271, We
establish the lower bound F(k) > 29*/1°8%) by reducing the problem
through linear algebra to a graph-theoretic question, for which we
then obtain an almost tight bound. As a part of the proof we establish
a result in extremal theory that allows one to conclude that, under
certain conditions, a graph has only at most a logarithmic density,
which may be of independent interest. We also improve the upper
bound to F(k) < O(1.81712%) (or O(1.79964%) if we allow A to be a
multiset).



Figure 1: Two 3-point sets with identical X-rays in 3 directions.

1 Introduction

Let A be a finite set of points in the plane. We consider A to be chosen by
an adversary and inaccessible by itself, and the information available to us
consists only of k discrete X-rays of A. The discrete X-ray of A in direction u
specifies the number of points of A on every line parallel to u (this convenient
terminology is borrowed from the field of geometric tomography). We say
that A is uniquely reconstructible for directions uy,us, ..., u if there is no
B # A such that for all i = 1,2,...,k, the X-rays of A and B in direction
u; are identical.

It is not hard to see that every set A of k — 1 or fewer points is uniquely
reconstructible for any k distinct directions. (To see this, we suppose that
some A # B have the same X-rays in directions u, ..., ux, we fix a point
a € A\ B, and we note that each line through a parallel to some u; has
to contain a point of B, forcing |B| > k.) This has been observed many
times; the earliest reference seems to be Rényi [Rén52]. If the directions
are chosen by an adversary, then we cannot do any better in general: Fig. 1
shows directions u1, u2, us and two distinct point sets A and B (the black
points and the white points) that cannot be distinguished. This can be
generalized to any number k of equally spaced directions, where A and B
are obtained by coloring the vertices of a regular 2k-gon alternately black
and white.

Intuition suggests that the equally spaced directions in this example are
“exceptionally bad”, and that other sets of directions should allow for unique

reconstruction of much larger sets. For given directions uy,ug, ..., ux let us
define
f(u1,...,ug) := max{n : every n-point set is uniq. reconstr. for uq, ..., ux}



Figure 2: A construction of two sets with identical X-rays in given directions.

and
F(k):= max f(ug,...,ug).
UL, UD .., Uk

We have just noted that f(ui,...,ur) > k — 1 for all k-tuples of distinct
ULy, U

The following simple construction (also rediscovered several times) shows
that, perhaps counterintuitively, F'(k) is finite for every k; see Fig. 2. Let
U1, Usg, ..., u be given distinct directions. For suitable nonzero scalars
ai, ..., we set v; ;= a;u; and we define

A:={v(I):IC[k],|I| even}, B:={v(I):IC]Ik],|I|odd}, (1)

where we use the notation [k] := {1,2,...,k} and v(I) := ), ; v;. First, it
is easy to see that almost all choices of the o; guarantee that all of the 2%
points v(I), I C [k], are distinct, and thus |A| = |B| = 2¥~1. Second, for
every i € [k], each point v(I) € A can be paired with the point v(IA{i}) =
v(I) £v; € B (where A\ denotes symmetric difference), and this shows that
A and B have identical X-rays in direction u;. Thus F(k) < 2F~1 — 1.

The only published lower bound on F'(k) we could find is roughly &k +
Q(Vk), due to Bianchi and Longinetti [BL90]. After we started working on
the problem, we learned from Attila Pér that Téth [T6t03] announced an
Q(k3/2) lower bound, which has remained unpublished.

We have the following lower bound:

Theorem 1.1 There are constants ¢ > 0 and ko such that
F(k‘) > 2ck/logk

for all k > ko. Moreover, for every k > ko there exists a finite set Py of
nonzero polynomials in 2k variables and with integer coefficients such that if



ur = (x1,Y1)5- - ., Uk = (x, yx) are directions with f(uq,...,ux) < ock/logk
then (x1,xa, ..., Tk, Y1,--.,Yx) is in the zero set of some polynomial in Py,.
Consequently, almost all (in the sense of measure) k-tuples of directions
Uy, ..., u satisfy the stated lower bound.

Thus, the true order of magnitude of F(k) is between 2¢%/1°8% and 2k—1,
We don’t have any good guess of what it might be, but at least we can
improve the upper bound from 2¢~! to C* for a suitable C' < 2.

To prove an upper bound we need to construct, for any k-tuple uq, . .., ug,
two sets A and B with identical X-rays in these directions. It seems techni-
cally much easier to construct examples if we allow for multisets A and B
(formally, an n-point multiset A can be regarded as an arbitrary mapping
[n] — R?, and in an X-ray of A, the points are counted with the appropri-
ate multiplicities). We thus define fiue(u1,...,ur) as the largest n such
that every m-point multiset is uniquely reconstructible for wq,...,ux, and
Fouis (k) = maxy, . u, foult(U1,...,ur). Let us remark that the proof of
the lower bound in Theorem 1.1 applies equally well to Fiyyt.

Theorem 1.2 We have
F(k) < O(C)

for C =63 ~ 1.81712 and
qult(k) < O(Cf)

for C1 = 198/ ~ 1.79964.

Higher dimensions. The reconstruction problem can naturally be gener-
alized to point sets in R%. There are actually several possible generalizations,
since we can X-ray the point set with lines as we did in the plane, but also
with k-flats for some k between 1 and d — 1. Here we comment only on the
case of line X-rays, for which some simple observations below show that it
is not too different from the planar case.

We thus say that A, B C R? have the same X-rays in direction u if
|AN¢| = |BnY for every line ¢ parallel to u, and we define the function
F4(k) analogous to F'(k).

The simple construction above for the upper bound on F(k) works in
any dimension, so Fj;(k) < 2¥~1 — 1 for all d > 2 and all k. By the method
explained in Section 4 below, it can be shown that for every fixed d there
exists dq > 0 with Fy(k) = O((2 — 64)%).



On the other hand, we have Fy(k) > F'(k) for all d,k, d > 2. Indeed,
let uy,...,uxr be directions in R? with f(u1,...,ux) = F(k). We identify
R? with a (2-dimensional) plane p in R%, so that we can consider the u; as
directions in R?. Now if A, B C R? are distinct sets with identical X-rays in
directions uq, . .., ug, then for every plane o parallel to p the sets ANo and
BnNo have identical X-rays in directions uq, ..., ux as well, and they have to
be distinct for at least one o. For such a o we get |[ANco| =|BNa| > F(k)
by the choice of uy, ..., ux, and this concludes the proof of Fy(k) > F (k).

Related work. Problems similar to those investigated in the present
paper have been studied in a lively area called geometric tomography; see,
e.g., the book by Gardner [Gar06]. The classical tomography problem deals
with reconstructing a set, or more generally a density function, from X-
rays in all directions. Discrete tomography investigates the reconstruction
problem for a finite (discrete) set of X-ray directions. Since reconstructing
an arbitrary set is generally impossible, most of the work deals with special
sets, say convex ones.

For reconstructing finite sets A, most of the results in the literature con-
cern the case where A is a lattice set, A C Z?, and the directions of the
X-rays are integer vectors. A seminal paper by Gardner and Gritzmann
[GGI7] thoroughly examines the case where A is guaranteed to be a convex
lattice set (that is, the intersection of Z? with a convex set). In this case,
they show that any 7 lattice directions suffice for unique reconstruction of
every convex lattice set, while 6 directions need not suffice. Dulio, Gardner,
and Peri [DGPO06] studied a variant of the problem (“point X-rays”): in-
stead of k directions, we have k points p1, ..., pr, and we obtain the number
of points of A on every line passing through one of the p;. They show, for
example, that the analogue of our function F(k) is unbounded in their set-
ting. Few other papers with somewhat related results are [Hep56], [Gar92],
[BDLNPO1].

Acknowledgements. We thank Stépan Holub for raising a problem that
brought us to the research reported here, Attila Pér for fruitful discussions
concerning the upper bounds, Géza Té6th for the idea of considering the
interchange graph, and Noga Alon for pointing out the reference [Alo95].



2 A reduction of the lower bound to a com-
binatorial problem

This section contains the first part of the proof of the lower bound for F(k).
Given two sets A and B with identical X-rays in given k directions, we
construct a graph with edges colored by k colors, and we show that for a
generic choice of the directions this colored graph satisfies a combinatorial
condition; namely, it doesn’t contain two color-disjoint spanning trees. The
subsequent section then deals with the resulting graph-theoretic problem.

The interchange graph. Let uq,...,u; be fixed direction vectors, and let
A C R? be a set with the minimum number of points n that is not uniquely
reconstructible for wq,...,u,. Thus there exists another set B C R? with
the same X-rays in these directions. We note that AN B = (if not, A\ B
and B\ A would be smaller indistinguishable sets).

For each i = 1,2,...,k, we construct a perfect matching E; between A
and B in such a way that for each edge {a,b} € E;, the points a € A and
b € B lie on the same line parallel to w;. Thus, if a line ¢ in direction u;
contains a single point of A, and hence also a single point of B, these two
points necessarily form an edge of E;. If £ contains several points of A,
these are matched arbitrarily, in a one-to-one fashion, to the points of /N B
(hence E; need not be determined uniquely, but if there are several choices,
we fix one once and for all). We note that E; N E; = 0 for ¢ # j.

We call the bipartite graph H with vertex set A U B and with edge set
E(H) = E1U---UEy an interchange graph for directions uy, ..., ug. It has
2n vertices and kn edges.

For our exposition it will be convenient to consider the edges of an
interchange graph to have colors: We say that an edge e € E; has color ¢
and we write c(e) = i.

2.1 An algebraic necessary condition for interchange
graphs
We begin by recalling several notions from algebraic graph theory. .
Let G = (V, E) be a directed graph. For an edge e = (u,v) € E, we
write u = tail(e) and v = head(e). The incidence matric D = Dy is an
V xE matrix, with rows indexed by vertices of G and columns indexed by



edges, given by
+1 if v = head(e),
dye:=4¢ —1 if v=rtail(e), and

0 otherwise.

A circulation in G is any vector in ker D, that is, a vector & € RF* with
D¢ = 0.

Further we recall that an orientation of an undirected graph G = (V, E)
is a directed graph (V, E) obtained by choosing, for every undirected edge
{u,v} € E, one of its vertices as head and one as tail (more formally, for
every {u,v} € E we have exactly one of the directed edges (u,v) and (v, u) in
E). For notational convenience we will use the same letter for an undirected
edge e = {u, v} and for a directed version (u,v) of it.

We begin with the following necessary condition for interchange graphs:

Lemma 2.1 Let H = (V, E) be a subgraph of an interchange graph for di-
rections uy,us, ..., U, and let H be an arbitrary orientation of H. Then
there exist reals a, e € E, all of them nonzero, such that for every circula-
tion & in H we have

Z aegex(uc(e)) =0,

eckE

and for every circulation v in H we have

Z aewey(uc(e)) =0.

ecE

Here c(e) denotes the color of the edge e (inherited from the interchange
graph), and x(u) and y(u) denote the x-coordinate and y-coordinate, re-
spectively, of a vector u € R2.

Proof. First we note that if G = (V, E) is a directed graph, £ is a
circulation in it, and z € RY is a vector indexed by the vertices of G, we
have

Z(zhead(e) - Ztail(e))ge =0. (2)

eeﬁ

This is immediate using D¢ = 0, because the sum equals z7 D¢, (Or, per-
haps more intuitively, the equality is obvious if £ is an elementary circulation



along a cycle, and the general case follows since every circulation is a linear
combination of elementary circulations.)

Next, let us consider H as in the lemma, and let £ be a circulation in
it. The vertices of H are points in the plane, and for every edge e € E we
have (head(e) — tail(e)) = (e for some a, # 0, since the segment with
endpoints head(e) and tail(e) is parallel to u.(). Then the first equality in
the claim of the lemma follows by applying (2) with z, := z(v) for all vertices
v, while the second equality is obtained similarly using the y-coordinates.

O

Let D be the incidence matrix of a directed graph. By D~ we denote D
with the last row deleted. We note that since every column of D has one +1
and one —1, the sum of all rows of D is the zero vector, and thus each row is
a linear combination of the others. Consequently, we have ker D™ = ker D,
and thus it suffices to “test” circulations using D~.

Let H = (V, E) be a graph with n vertices and m edges and with edges

colored by k colors. We define a polynomial matrix Py = Pg(z1,..., 2k,
Y1,- .-, Yk) with m + 2n — 2 rows and 2m columns, where the z; and the y;
are variables:
X Y
Py=\| D= 0 ,
0 D~

where X is an F' x E diagonal matrix with the entry (e, e) equal to z.(),
Y is defined analogously with y.(), and D is the incidence matrix of some
orientation of H (thus,Py is not defined uniquely, since it depends on the
orientation).

Here is an algebraic condition for certain subgraphs of interchange graphs:

Lemma 2.2 Let H = (V, E) be a subgraph of an interchange graph for
directions uy,...,ur. Let us assume that |E| = 2n — 2, where n = |V|.
Then Py is a square matriz and

det (PH(m(ul), v m(ug), y(ur), .. ,y(uk))) =0

(we substitute the coordinates of the directions uq,...,ug for the variables
in the matriz P ).

Proof. Let us write Py = Py (z(u1),...,z(us),y(u1),...,y(uy)). Sup-

posing for contradiction that det(Py) # 0, we get that the linear system



PHq = b has a (unique) solution ¢ for every right-hand side b € R?™. Let

w

us choose, in particular, b = ( o

), where w € R¥ is arbitrary (and 0 stands
for an m-component zero vector), and let us also write ¢ = (5)), with
¢,1 € RE. Using the definition of Py, we get that the system Pgq = b is
then equivalent to

D7¢=0, D ¢Y=0, x(uce))e+y(tce))tbe = w. forall e e E.

The first two equations say that £ and v are circulations.
Lemma 2.1 tells us that there exist nonzero a., e € FE, such that for
every two circulations &, we have

Z Qe (x(“c@))ﬁe + y(uc(e))%) —0.

eckE

However, in view of the previous paragraph, for every w € R¥ we can choose
circulations £, 1) with (ucee))e + Y(Ue(e))tbe = we for all e € E, and thus
we have ZeeE aewe = 0 for all w. This forces o, = 0 for all e, though—a
contradiction proving the lemma. O

In order that the last lemma provide a nontrivial condition for the direc-
tions u;, we need that the determinant of the matrix Py (%1, ..., %k, Y1, - -, Yk)
is not the zero polynomial. The following section provides a sufficient com-
binatorial condition for this.

2.2 A combinatorial necessary condition for interchange
graphs

Lemma 2.3 Let H = (V, E) be a subgraph of an interchange graph for
directions ui,...,ug, and suppose that H has two color-disjoint spanning
trees Ty and Ty (that is, c(e1) # c(ea) for alley € E(T1), ea € E(Tz)). Then
(x(ur), ..., x(ug),y(ur),...,y(uk)) is in the zero set of a nonzero polynomial
with integer coefficients (depending on H ).

Proof. Without loss of generality we may assume that £ = E(T1)UE(Ty).
Writing n = |V|, we have |E| = 2n — 2, and so Lemma 2.2 tells us that that
the vector of the coordinates of the u; is in the zero set of det(Pg). It
remains to check that det(Py) is not identically 0. To this end, we verify
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Figure 3: Terms in det(PH) contributing to the monomial p.

that the monomial

11 yc<e>>

e€E(T)

Hoi= < H xc(e)) <
e€E(T1)

appears in det(Py) with coefficient +1. Indeed, let us consider the expan-
sion of det(Pp) according to the definition of the determinant as a sum over
all permutations of products. Since 77 and T% are color-disjoint, if such a
product should be a nonzero multiple of the monomial p, it must use all the
entries x.(.) of the diagonal matrix X for e € E(71), and also all the entries
Ye(e) Of the diagonal matrix Y for e € E(T3); see Fig. 3. This uniquely
determines which entries are used from the top m rows of Py. In the next
n — 1 rows, the entries must be taken from the submatrix D; of D~ corre-
sponding to F(T»), and in the last n—1 rows the entries must be taken from
the submatrix D; of D~ corresponding to F(T1). Hence the coefficient of
w in det(Prr) equals det(D7 ) det(D; ). By a standard fact (a special case
of the matrix-tree theorem; see, e.g., Biggs [Big93]), the incidence matrix

10



of any directed tree has determinant £1, and the lemma follows. O

3 Existence of two color-disjoint spanning trees

The last building block in the proof of our lower bound for F(k) is a result
stating that every sufficiently dense graph has a subgraph with two color-
disjoint spanning trees.

The graphs we will deal with throughout the proof will be disjoint unions
of perfect matchings, so it is convenient to introduce the following terminol-
ogy. A DUPM-graph is a graph G = (V, E) together with a fixed partition
E = E1U- - -UE} of the edge set into perfect matchings on V' (we also keep re-
ferring to colors of edges as in the previous sections). In particular, we note
that each vertex is incident to edges of all colors in a DUPM-graph. For an
index set I C [k] and a subset W C V', we write G[I, W] for the subgraph in-
duced by W on edges with colors in I, that is, G[I, W] = (W, (VQV) NUser El)
(instead of G[I, V] we write just G[I]). This G[I, W] need not be a DUPM-
graph in general, but in our considerations we will choose I and W so that
we do get DUPM-graphs.

Before proving the result needed for the proof of Theorem 1.1, we first
establish a quantitatively weaker result with a simpler proof (Section 3.1),
which can serve as a gradual introduction to the subsequent more involved
proof of the stronger result.

3.1 A weaker bound

The weaker result with the simpler proof is the following:

Proposition 3.1 Let G = (V,E, U---U E}) be a DUPM-graph on n > 2
vertices. If k > 5loghn, then there exist disjoint index sets I, Iy C [k] and
a subset W C V., |W| > 2, such that the graphs G[I1, W] and G[I2, W] are
both connected.

The construction of the desired two subgraphs proceeds in two stages.
In the first stage, captured by the next lemma, we find a DUPM-subgraph
of G in which every edge cut has sufficiently many colors.

Lemma 3.2 Let G and k be as in Proposition 3.1. Then there exist nonempty
JCIk] and W CV, |W| > 2, such that H := G[J,W] is a« DUPM-graph

11



in which every edge cut has edges of at least r := 5loggn colors. That
is, for every partition of W into nonempty sets A and B, the edges in
E(H;A,B) :={e € E(H) : eN A # 0 # enN B} have at least r distinct

colors.

The proof proceeds by a recursive partitioning: As long as we can find
an edge cut F' with fewer than r colors in the current graph, we discard
the larger of the two pieces defined by F', together with all edges that do
not have both endpoints in the new vertex set or whose color appears in F'.
We repeat this step as long as we can. Since the size of the vertex set is
halved (at least) in each iteration, the number of iterations is at most log, n.
The key observation is that since we started with 5log3 n colors and we lose
fewer than r colors in every iteration, we must finish with a nontrivial graph
satisfying the required condition. A more formal proof follows.

Proof. We start with J; = [k], V1 =V, and G; = G, and for j = 1,2,...
we repeat the following step:

(Step j) We have a current DUPM-graph G; on vertex set
V; with edge colors in J;. If there is a partition V; = AU B
such that the edges in E(G;; A, B) have fewer than r colors, we
construct Jjt1, Vi1, Gjy1 as follows:

o V1 is the smaller of the sets A and B (a possible tie broken
arbitrarily);

e J;1 is J; minus all colors appearing on edges in E(Gj; A, B);
o Gj1 = Gj[Vigr, ]
Otherwise, if E(G;; A, B) has at least r colors for every partition
V; = AU B, then we set W =V}, J = J; and finish.

It is clear that the resulting H = G[J, W] is a DUPM-graph, and actually
that every vertex of H is incident to |J| edges, and also that every edge cut
has at least r colors. It remains to check that J # (). As we have observed,
the algorithm must finish in at most log, n steps since |Vj 41| < [$]V;]] for
all j. In each step the number of colors in J; decreases by less than r, and
hence |J| > k — rlogyn > 0. The lemma is proved. O

In the second stage of the proof of Proposition 3.1, having a subgraph
where every edge cut has at least r colors, we exhibit two color-disjoint
connected subgraphs. To build the first connected subgraph, we start with
an empty edge set and add the edge sets F; one by one, always taking one

12



that decreases the current number of components the most. Since every edge
cut contains at least about 1/ logn fraction of all colors, it can be shown that
adding a random color decreases the current number of component by factor
at least roughly (1 —1/logn). Consequently, after adding s = O(log?n)
colors we obtain a connected graph. Setting the constants so that s < r,
the remaining colors form a graph where every edge cut still has at least
one color, and hence the graph is connected. As was pointed to us by Noga
Alon, this stage of our proof resembles his proof in [Alo95].
The next lemma formalizes this second stage.

Lemma 3.3 Let H be a DUPM-graph on m < n vertices and with k <
Gloggn colors in which every edge cut has edges of at least r = 510g§n
colors. Then there exists a set I of at most s := 410g§n colors such that
H([I] is connected.

Proof. Weset Iy =0, and for j =0,1,2,..., we do the following: If H|[[}]
is connected, we set I := I; and finish. Otherwise, we let i; be a color %
maximizing cc(H[I;]) — cc(H[I; U{i}]), where cc(G) denotes the number of
connected components of a graph G. Then we set I 1 := I; U{i;}, and we
continue with the next step.

We need to show that we obtain a connected graph before exhausting
more than the claimed number of colors.

Let mj = cc(H|[I;]). We have m; = m < n, and we claim that

T

whenever m; > 2. To see this, let K1, Ka, ..., Ky, be the connected com-
ponents of H[I;]. Let us say that K, gets connected by color i if there
is an edge of color i connecting K, to the rest of H. Since the edge cut
E(H;V(K;), W\V(K;)) contains at least r colors (none of them in I}, since
K is a connected component of H[I;]), the probability that any particular
K gets connected by a randomly chosen color i is at least r/k. Hence in ex-
pectation at least g := m;r/k components get connected, and thus there is
a particular color ¢ by which at least ¢ components get connected. It is not
difficult to check that by adding such a color 4 to I; the number of compo-
nents decreases by at least ¢/2, and thus m;1 < mj; —q/2 =m;(1—r/2k)
as claimed.

Applying this inequality inductively gives m; < n(1—r/2k)? < ne
This is at most 1 for j = 2k(Inn)/r < 2-6logs n-log, e- (logy n)/(5logs n) <
s=4 logg n, and the lemma is proved. O

—jr/2k

13



Proof of Proposition 3.1. Given a DUPM-graph G = (V, E; U---U E})
as in the proposition, we first discard colors if needed so that the remaining
number of colors is between 510g§ n and GIOgS n (we'd actually like to say
that we may assume that there are exactly 5log3 n colors, but that need not
be an integer). Then we use Lemma 3.2 and obtain a DUPM-graph H =
G[J, W] where every edge cut contains at least r colors (and of course, H has
at most n vertices and at most 6 logg n colors). We apply Lemma 3.3 and we
obtain a set I of at most s = 4logsn < 7 colors with H[I;] connected. In
the DUPM-graph induced in H by colors not belonging to I, every edge cut
still has at least one color (since we have removed fewer than r colors), and
hence this DUPM-graph is connected as well. We can thus set Iy := J \ I7.
This proves the proposition. O

3.2 An improved bound

Here we improve the bound of log® n from Proposition 3.1 to lognloglogn.
The improvement is based on two observations, which are more or less
independent (applying each of them alone would save a factor of roughly
logn).

The first observation is that in the first stage, i.e., in the proof of
Lemma 3.2, we can force unbalanced cuts (with A much smaller than B) to
have considerably more colors than balanced ones (with A and B of roughly
equal size). Indeed, if we encounter highly unbalanced cuts in most steps of
the algorithm, then the algorithm has to finish considerably sooner than af-
ter logy n steps, and as a result, fewer colors get discarded. This is expressed
quantitatively in Lemma 3.6 below.

In the second stage we build a connected graph by iteratively merging
components. Here we note that at the beginning, when the components
are small, the property “cuts having sufficiently many colors” is applied
with very much unbalanced cuts. Only as the typical size of the current
components grows, we have to deal with more balanced cuts. As a result,
if we know that unbalanced cuts are richer in colors than balanced ones,
the merging procedure progresses faster at the beginning than towards the
end. Technically, we are going to divide the merging procedure into roughly
loglogn phases. In each phase, the number of components is typically
reduced to approximately its square root (except for the last phase, where
the number of components is reduced to 1).

This first improvement alone would bring the original log® n factor down
to log2 nloglogn, where the loglogn factors arises because the contribution

14



of each of the loglogn phases turns out to be roughly the same.

We now turn to the second improvement. The procedure for selecting
colors and merging components in the proof of Lemma 3.3 can conceptually
be regarded as a randomized algorithm that selects colors one by one at
random. (We phrased it deterministically, saying that we always pick a color
that reduces the number of components as much as possible, but the reason
why this worked was that the expected number of components merged by
adding a random color is sufficiently large.) Instead of picking the colors
one by one, we can think of this as selecting a random subset of s colors,
with a suitable s. If we can show that such a random set of colors induces
a connected subgraph with probability strictly greater than %, we can use
the following simple observation to assert the existence of two disjoint sets
of s colors, each inducing a connected subgraph.

Observation 3.4 Let s,n be natural numbers, 1 < s < n/2, and let P be
a property of s-element subsets of [n]. If a random s-element subset of [n]
(where all s-element subsets are chosen with equal probability) has property
P with probability p > %, then there exist two disjoint s-element subsets of
[n] with property P.

This observation, as well as the following neat proof, may very well be
folklore.

Proof. Let us choose a random permutation of [n]. Let S; consist of the
first s elements in this permutation, and let S5 consist of the next s elements.
We have S1 N Sy = @ and both S; and Sy can be regarded as random s-
element subsets of [n] (not independent, of course). The probability that
either of S, S fails to have P is, by the union bound, at most 2(1 —p) < 1.

O

Using this observation appropriately will allow us to save another logn
factor in the number of colors.
Here is a formal statement of the improved version of Proposition 3.1.

Proposition 3.5 There exists a constant C' such that the following holds.
Let G = (V,E; U---UE}) be a DUPM-graph on n > 4 vertices.! If k >
|C'logy nlog, logy n], then there exist disjoint index sets I, Iy C [k] and a
subset W C V, |W| > 2, such that the graphs G[I1, W] and G[Iz, W] are
both connected.

L We assume n > 4 so that log, logy n > 1 and the C'log, nlog, logy n term can absorb
additive constants, for example, if C' is chosen sufficiently large.
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We begin with the first stage of the proof—a refined version of Lemma 3.2.
For a partition of a vertex set into two nonempty subsets A and B, we define
the imbalance of (A, B) as

. |A| + |B|
imb(A,B) == ——————,
min(|A[, | B)
and we set
v(n,k, A, B) := oy - log, imb(A4, B);

this is going to be the lower bound on the number of colors in every edge
cut E(H; A, B).

Lemma 3.6 Let G = (V, E1U---UEy) be a DUPM-graph onn > 2 vertices.
Then there exist J C [k], |J| > k/2, and W C V, |W| > 2, such that
H = G[J,W] is a DUPM-graph in which every edge cut E(H; A, B) has
edges of at least v(n,k, A, B) colors (note that n is the number of vertices
of G, not of H).

Proof. The proof is a simple modification of that for Lemma 3.2 so we
proceed quickly. Assuming k > 0, we start with J; = [k], V1 = V, and
G1 = G. If a current DUPM-graph G on vertex set V; with edge colors
in J; has already been constructed and if there is a partition V; = AU B
where E(G;; A, B) has fewer than v(n, k, A, B) colors, we let Vj11 be the
smaller of the sets A and B, we let J;41 be J; minus all colors appearing in
E(Gj; A, B), and we set G 11 = G;[Vj41, Jj+1]. If there is no such partition,
we set W =V}, J=J;,t=j and finish.

The only condition whose checking needs some work is |J| > k/2. In the
jth step the number of colors in J; decreases by less than

\4

V(na kv‘/j-‘rl?‘/j \ ‘/j+1) = 210g2n 089 |V'+1|’
J

and hence
t—1

k
I 2 k=) g (logs [Vj] — logy [Via])
j=1

k
= k- I Vil —1
210g2n(0g2| 1] 0g2|‘/¥|)

k k
> k——1 =_.
- 2logy n 0821 = 9
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The lemma is proved. O

Next, we state a counterpart of Lemma 3.3.

Lemma 3.7 Let H be a DUPM-graph on m < n vertices and with k colors,
where ko/2 < k < ko for ko := |Clog, nlog,logsn]. Let us suppose that
every edge cut E(H; A, B) has at least v(n, ko, A, B) colors. Then a set I
of s := | +ko] colors chosen uniformly at random from [k] guarantees H|[I|
to be connected with probability at least %,

Assuming this lemma, the proof of Proposition 3.5 is routine:

Proof of Proposition 3.5. Given a DUPM-graph as in the proposition,
we may assume (after deleting colors) that the number of colors is exactly
ko. Lemma 3.6 yields a DUPM-subgraph H with at most n vertices, num-
ber of colors between kq/2 and kg, and every edge cut E(H; A, B) having
at least y(n, ko, A, B) colors. Lemma 3.7 shows that a random subset of
s colors induces a connected subgraph in H with probability at least %,
and Observation 3.4 thus yields the existence of two disjoint sets of colors
inducing connected subgraphs. O

Now we start working towards the proof of Lemma 3.7. Instead of choos-
ing the random set I of colors all at once, we think of picking the colors
one by one. So we set [y = @), and for j = 1,2,3,..., we choose a color
ij € [k]\ I;—1 uniformly at random and we set I := I;_; U {i;}.

Moreover, for the purposes of the analysis, we conceptually divide the
choice of I into phases. We set b := [64log,n], and for i = 0,1,2,..., we
let the sets Ijp, Iip1,- - -, I(i41)p—1 belong to the ith phase.

Let X; := cc(H[I;]) be the number of connected components of the
graph HI,;]; this is a random variable. The next lemma wants to claim that
each phase is reasonably likely to reduce the current number of connected
components to no more than its square root. However, if the number of
components is already rather small, concretely, below 2%, we require the
phase to finish with a connected graph. So let us call the ith phase successful
if either Xy > 2* and X(;11), < v Xip, or 2 < Xip, < 2% and X1y = 1.
Lemma 3.8 For every i we can estimate the conditional probability of the
ith phase being successful, conditioned on X;;, > 2, as follows:

1

Prob|ith phase is successful | X > 2] > 3
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Proof. Let us assume that the set I;; is fixed in such a way that x := X;;, >
2. Let p* = p*(I;) be the probability that the ith phase is unsuccessful,
conditioned on I, fixed as above.? It suffices to prove that p* < % for every
Iib with Xib Z 2.

For contradiction, let us assume p* > % We will show that this implies
E[logy X (i+1)s | Iis] < 0, which is a contradiction, since obviously X; 11y, > 1
always. To this end, we define D; :=log,(X;/X;4+1), and we establish the
following:

Claim. For all j =ib,ib+1,...,(i +1)b— 1 we have
1 logy

E[D; | I; .
[D;| b]>64log2n

First, assuming this claim, we can finish the proof of the lemma quickly.
We calculate

Efllogy X(iv1yp | Lis] = logsx — Ellogy(Xin/ X (ix1y) | Lin]
(i+1)b—1
= logyz— Y E[D;|I)]
j=ib
(i+1)b—1 1 log,
] _ -+ 108
< oed J:Zzb 64 logy

< (1 1-——— <0

- (ngx)< 6410g2n> -

since b = [641ogy n]. We have shown E[logy X(;11) | Iip] < 0, which is the
contradiction announced above.

Proof of the claim. Let us define y as the desired target value of X(; 41y,

making the phase successful; that is, y := y/z for x > 2% and y := 1 for
2 <z < 2% We have

E[Dj |Izb] = E[Dj | Iib and Xj > y] . PI‘Ob[Xj >y | Izb]
+E[D;| I and X; <y]- (1 —Prob[X; > y| L))
> E[D;|Ii and X; > y]-p, (3)

2More precisely, we should say that we first fix an ib-element set J C [k] with
cc(H[J]) > 2, we set z := cc(H[J]), and then condition on I;;, = J. However, we
allow ourselves the luxury of the more concise notation.
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since E[D; | Iy and X; < y]- (1 — Prob[X; > y|I;]) > 0 and Prob[X; >
y | 1) > Prob[Xit1y >yl L] =

We now want to bound below E[D; | I;; and X; > y]. Let W denote the
vertex set of H and let us recall that m = |W/|. Let us fix I; such that
X; >y, and for every color ¢ € [k]\ I;, let ay := X; —cc(H[I; U{l}]) be the
decrease in the number of connected components caused by adding color £.

For each component A of H|[I}], the number of colors in the complement
of I; that connect A to the rest of the graph is at least

7(”7 kOa Aa w \ A) =

ko )
I b(A, W\ A
2logyn ogz fmb (4, WA 4),

and hence

Zlog2 imb(A, W\ A), (4)

l\JI»—A

I

et 210g n

where the sum is over all components A of H[I}].
Now for the case 2 < x < 24, we simply use imb(A, W\ A) > 2 for every

A, and (4) yields
1., k
ooz X —— (5)
telk]\I; 2

To derive a similar inequality for > 2% as well, we note that the number
of components of H[I;] of size exceeding some threshold ¢ is at most m/t,
and setting ¢ = 2m/\/z, we find that if X; > \/z, then at least X of
the components have size at most ¢. For each such component A, we have
imb(A, W\ A) > m/t = 1/z, and so

ko logy

>z X log(VE/D) 2 )

1
—X; ,
e, go M 2 32 log, n

where we have used log,(y/Z/2) > 1 log, z, which is valid for all z > 24,
In the case 2 < z < 2%, we have log, z < 4, and so (5) shows that (6)
holds in this case too.
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Now we can calculate

E[D; ;] = Eflogy(X;/Xj11) 1]

_ Z 1 log X

— log, ——
i I T X
1 1

> — Y logy———
ko ETINe 1-— ag/Xj
1 ay

> -t

> > X

Le[k\I;

where we have used the inequality In(1 + 2z) < z with z = —ay/X;. Using

(6), we arrive at E[D;|I;] > £1%2% and averaging over all choices of

32 logy n?
I; D I and plugging into (3) finally leads to the inequality in the claim.
This also concludes the proof of the lemma. O

Proof of Lemma 3.7.  Let us put ¢ := [log,logon| + 1. First we
note that there cannot be more than ¢ successful phases in the algorithm.
Indeed, each successful phase starting with at least 2 components reduces
the current number of components to at most its square root, so there can’t
be more than log, log, n such phases, and after the number of components
drops below 2%, there can be at most one additional successful phase.

Let Y; be the indicator variable of the event that the ith phase is suc-
cessful, and let p; := Prob[X;; > 2]. We have

1
E[Y;] = Prob[Y; = 1| X3 > 2] p; > SPi

by Lemma 3.8.

Let us consider the first 8¢ phases, and let p := pg,. For proving the
lemma it suffices to show that p < i. Indeed, then after 8¢ phases we have
Xgq = 1 with probability at least 2.

For contradiction we thus assume p > %. Since p; > p > % for all i < 8¢,
we have E[Yy + Y7 + -+ Ygq-1] > 8¢~ % = ¢. But this contradicts the fact
noted above, namely, that at most ¢ of the Y; can be 1. This finishes the
proof. O
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3.3 Proof of Theorem 1.1

Theorem 1.1 is now a simple consequence of Lemma 2.3 and of Proposi-

tion 3.5. Given directions uq, ..., ug, we let n:= 2f(u1,...,ux). Assuming
k > |Clogynlog,log,n|, where C is as in Proposition 3.5, we consider
an interchange graph G on n vertices for uq,...,u;. By Proposition 3.5 it

has a subgraph H possessing two color-disjoint connected subgraphs, and
hence two color-disjoint spanning trees. Then by Lemma 2.3 the vector of
the coordinates of the u; has to be in the zero set of a nonzero polynomial
(depending on H). O

3.4 A limitation of the proof method

Our strategy for finding the two color-disjoint spanning trees was to reduce
the graph as long as possible by partitioning along “few-colored” cuts, and
then to choose two random disjoint sets of colors. Here we present an
example showing that our version of the second part of this strategy, namely,
Lemma 3.7, is not far from optimal.

Proposition 3.9 For infinitely many values of n, there exists a DUPM-
graph H on n vertices and with k colors, where k > % lognloglogn/ log(B) n
(with 1og® n = logloglogn), such that every edge cut E(H; A, B) has at
least y(n,k, A, B) colors and the probability that H[I] is connected, where
I C [k] is a random subset of colors obtained by picking each color of [k]
independently with probability %, tends to 0 as n — oo. (There is nothing
special about probability %; a similar construction with parameters slightly
adjusted works for any constant probability p < 1.)

Let us remark that the graph H we construct in the proof of this propo-
sition does have two color-disjoint spanning trees. Hence the proposition
shows only that in a setting as in Lemma 3.7 but with considerably fewer
than log nloglogn colors, we cannot get the desired trees by a purely ran-
dom choice of colors—it might still be that they could be obtained by some
more clever strategy.

One might also wonder whether the initial reduction, partitioning the
graph along few-colored cuts, couldn’t be improved. We believe that an
improvement cannot be achieved in this way either, but we prefer not to for-
malize our heuristic reasoning here, since it doesn’t seem to bring anything
useful towards resolving the problem (while the example in Proposition 3.9
might give some inspiration for future research).
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Sketch of proof of Proposition 3.9.  We recall that the Cartesian
product (or graph product) G10Gy of two graphs has vertex set V(G1) X
V(G2) and two vertices (v1,v2) and (v}, v5) in this product are connected by
an edge if v1 = v} and {ve,v4} € E(G2) or if vo = v} and {v1,v]} € E(Gy).
(So the d-dimensional cube is the dth Cartesian power of an edge.)

We assume n to be sufficiently large and we set (ignoring integrality
issues) b := %log log n, assuming b even, and d := logn/logb. We let H be
the d-fold Cartesian product H1OH>0O - - - OH4, where each H; is a complete
DUPM graph on b vertices such that the sets of colors for H; and H; are
disjoint for i # j. Then H is a DUPM-graph on b% = 2¢1°8% — n vertices
with k = d(b— 1) € [1lognloglogn/ log® n, log nloglog n/ log® n] colors
(each edge in the product “comes from” a particular edge of a particular H;
and it inherits the color of that edge).

If I C [k] is a random set of colors as in the proposition, then with
probability larger than 27°, the set I contains no color among those used
on H;, and these events for i = 1,2,...,d are independent.®> Hence H|I]
is connected with probability at most (1 —27°)? < exp(—27%d) = o(1) as
n — oo.

It remains to verify that all cuts in H have sufficiently many colors.
To this end, we show that any subgraph of H on a set A C V(H) of m
vertices has average degree at most ((b — 1)/logb)logm, generalizing the
well-known isoperimetric inequality for the cube corresponding to the case
b = 2 (then the average number of edges going from a vertex of A to the
complement of A, |A| < 1|V(H)|, is at least d(b—1)—((b—1)/ log b) log |A| =
((b—1)/logb)log(n/|A|) > v(n,k, A, V(H) \ A)). This can be proved by
induction; namely, by induction on 7 we prove that any subgraph on at most
m vertices of H;0O---0H; has average degree at most ((b —1)/logb) logm.
For ¢ = 1 this holds because the average degree is at most m — 1 and for
1 <m <bwehave (m—1)/logm < (b—1)/logb. For i > 1 we consider the
partition A = A;U---UA, of a set A C V(H,O---0H;) according to the
projection on the last coordinate, we estimate the number of edges on each
A; by induction and we add the edges among distinct A;, whose number is
at most »_, _,; min(|Aj [,[A4),]). Elementary calculations, which we omit,
finish the inductive step. O

3Here the model of picking the colors independently is convenient; if we fixed the
number of colors picked, we would not get independence and the calculations would
become more complicated.
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V2 U3

U1
Figure 4: A construction for k = 3, using v1 + vy = vs.

4 The upper bound

Here we are going to prove Theorem 1.2. In order to prove an upper bound
for F(k), we need to construct, for any given k-tuple of distinct directions
U1, Ug, . .., Uk, two point sets A and B with identical X-rays in all of these
directions.

The basic approach. All of the constructions are modification of the ba-
sic example mentioned in the introduction, which provides the upper bound
F(k) < 2F='. Given ui,us,...,ur, we choose suitable nonzero scalars
a1, 09, ...,a; and we define the multisets A’, B’ as follows:

A= {U(I) LI C[K], || even}, B = {U(I) I C [k, || odd},

where v(I) = ;. ; v; and v; = a;u;. For easier exposition we will call the
points of A’ black and the points of B’ white. We have |A'| = |B'| = $2*
(where each point is counted with multiplicity), and as was discussed in the
introduction, A’ and B’ have identical X-rays in each of the directions u;.

In order to improve the upper bound of 2¥~!, we try to choose the o; so
that A’ and B’ have many points in common. After removing the common
points the resulting multisets still have identical X-rays but they are smaller.
More precisely, when a black point coincides with a white point, they cancel
each other out (so we have to respect multiplicities; if, say, five black points
and three white points all occupy the same location, after cancellation we
obtain two black points at that location). The resulting multisets after the
cancellation will be denoted by A and B.

An example for kK = 3. The simplest nontrivial example, with k = 3,
is depicted in Fig. 4, and it shows that F'(3) < 3 (the circled point in the
middle is in both A’ and B’ and thus it cancels out).
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To make this construction work, we need to choose nonzero aq, as, ag
so that v; + v2 = v3, and we should check that this is possible for any triple
of distinct directions wi,ug,us. This is easy: since the vectors u; and us
define distinct directions, they are linearly independent, and each vector
in the plane is a linear combination of them. In particular, we can write
u3z = aiu1 + asus, and neither of aq, as can be 0, for otherwise, uz would
define the same direction as us or uj.

We should also note that A’ and B’ are always sets (no multiple points) in
this particular construction, and hence the upper bound holds for F'(3) and
not only for Fuit(3). Indeed, if two black points were equal or two white
points were equal, then there would be two distinct sets I,J C [3] with
[I] = |J| (mod2) and with v(I) = v(J). This yields a linear combination
of the u; equal to 0 and supported on the symmetric difference IAJ. But
we necessarily have [IAJ| = 2, which would mean that one of the u; is a
multiple of another, which is excluded.

A product argument. Before considering more involved constructions
of the just described type, we present a general “product” trick.

Lemma 4.1 Let us set G(k) := 2(F(k) +1). Then we have G(k + ¢) <
G(k)G(l) for any k,¢ > 1, and in particular, F(mk) < (2F (k) +2)™ — 1.
An analogous statement holds for Fyui-

Proof. Let uq,...,u; and wy,...,w, be directions, all of them distinct.
Let A, and B, be sets of F(k) + 1 points each, A, N B, = 0, that have
identical X-rays in each of the directions u;, and similarly, A,, and B,, are
disjoint (F(¢) + 1)-point sets with identical X-rays in each of the directions
U}j.

We choose a sufficiently large real number ¢ and set

A= (A, +tAL)U(By +1By), B := (A, +tBy)JU(By +tAy),

where “4” represents the Minkowski addition, i.e., X +Y ={x 4+ y:z €
X,y € Y} (and X + Y is understood as a multiset). We have |A|,|B| =
2(F(k)+ 1)(F(¢) 4+ 1), and it is easy to check that A and B have identical
X-rays in each of the directions u; and w;. Indeed, for the direction w;, for
example, let ¢ : A, — B, be a bijection assigning to each point of A, a
point of B, lying on the same line parallel to u;. Each point ¢ € A can be
written as a, + taw, Gy € Ay, ayw € Ay, or as by, + thy, by, € By, by € By,.
Then we define a bijection ¥ : A — B by ¥(ay, + tayw) = p(ay) + taw,
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P (by + thy) == @ 1(by) + thy, and it is immediate that a and 1 (a) lie on
the same line parallel to u;.

It remains to verify that, with appropriate choice of ¢, A and B are sets
and AN B = (. We choose t so large that the diameter of A, U B, is
smaller than the distance of any two points in t(A, U B,). Then if two
points a,a’ € A U B coincide, we can write a = z + ty, a’ = 2’ + ty/,
z,2' € Ay, UBy, y,y € A, U By, and by the choice of t we obtain y = v/
and z = 2. O

Proof of Theorem 1.2 for sets. By combining Lemma 4.1 with the
example above showing F(3) < 2, we have F(3m) < 16™ — 1, and by
monotonicity of F we then obtain F (k) = O((6'/%)F) for all k. This proves
the claim in Theorem 1.2 concerning sets.

A better construction for multisets. @ Here we return to the basic
construction, depending on a good choice of the a;. We consider the case
k=9. We set ag = 1, say, and we choose nonzero a3 and ag so that
vg = v3 + vg (by the same argument as in the example for k = 3). Then we
set the remaining «; so that vy + vo = vs, v4 + v5 = vg, and v7 4+ vg = vg.

As we have verified by a computer, in this way 157 pairs of points always
cancel out and we are left with |A| = | B| < 99 (see Fig. 5). Hence Fiut(9) <
99, and by Lemma 4.1 we then have Fyu:(k) = O((1981/2)F), which verifies
the part of Theorem 1.2 concerning Fiyit.

An example where the construction gives multisets. It can easily
be shown that for a generic choice of u1, ..., ug, the construction just given
produces sets A’ and B’ (no two black points and no two white points coin-
cide). However, it turns out that if we insist on the particular dependences
among the v; used in the construction, i.e. on the relations vg = vs + vg,
v3 = v1 + V2, V4 + U5 = vg, and vy + vg = vg, then for some choices of the
u; multiple points in A or B cannot be avoided. Indeed, let us consider the
following 9 distinct directions:

(=1,5), us=(2,1),
(2,13).

) Uy

Uy = (—1,4), U = (2,3), ug = (1,7)
( ( 12), Uug

- 176)5 ur = 171)5 U’8:(17

Up to scaling, the only choice of the «; providing the desired relations among
the v; is iy = ag = --- = a9 = 1. But then we also have u; +us = (0,13) =
U4 + ug, i.e., two points in A’ coincide. We have also checked that these
two black points don’t cancel out with any white points, and so A also has
multiple points
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Figure 5: Sets A, B with the same X-rays in 9 directions, with |A| = |B| =
99. Dotted circles denote points that have been cancelled out.
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It seems that for the choices of u; that lead to multiple points in this
particular construction, we can use alternative constructions, obtained from
the present construction by a suitable renumbering of the u;. But so far we
have no systematic approach to such problems.

Concluding remarks. It is clear that the upper bound for Fp,, can
be improved further, by using a larger number of directions in the basic
construction. For example, we can take k = 27, divide the 27 vectors u;
into 3 groups by 9, apply the choice of the «; as in the construction for
k = 9 for each of these groups separately, and then force the additional
relation vo7 = vg + v18, say. We can then continue and get better and better
constructions for k’s of the form 3™.

But analyzing these constructions seems demanding; already the case
k = 27 looks challenging even with the help of a computer. Moreover, it
appears that the improvements get very small as m grows. There might
be a nice theory hiding behind such constructions, but since this is only
one particular class of examples, it is not clear whether understanding them
better would be of much help for estimating the functions F' and Fiy,
which was our main objective in this paper.

5 Open problems

Our work was motivated by a question of Holub [Hol03], which in our lan-
guage can be re-formulated as estimating f(u1,...,ux) for u; = (1,4) (i.e.,
u; is the direction with slope 7). The problem emerged in study of cer-
tain systems of equations over free semigroups; originally it deals with a set

F={z— ax+b;:i=1,2,...,n} of n linear functions, and it asks for
what k we can be sure that every F' is uniquely determined by the multiset
of its values for x = 1,2,..., k. An almost identical question appeared few

years later as a problem by Hillar and Levine in the American Mathemati-
cal Monthly [HLO06]. In our geometric context, these special directions (1,1%)
do not seem to have any special significance; yet, even disregarding the al-
gebraic motivation, it would be interesting to have a simple explicit set of
directions that allows unique reconstruction of large sets.* Unfortunately,
our current methods are unlikely to yield any nontrivial lower bound in this
case.

4We can get an “explicit” set of directions from Theorem 1.1, namely, k directions
whose coordinates are algebraically independent real numbers, but this is perhaps not
what one might call “simple”.
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