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Abstra
t

S
ale free graphs 
an be found very often as models of real net-

works and are 
hara
terized by a power law degree distribution, that

is, for a 
onstant γ ≥ 1 the number of verti
es of degree d is propor-

tional to d−γ
. Experimental studies show that the eigenvalue distri-

bution also follows a power law for the highest eigenvalues. Hen
e it

has been 
onje
tured that the power law of the degrees determines

the power law of the eigenvalues. In this paper we show that we 
an


onstru
t a s
ale free graph with non highest eigenvalue power law

distribution. For γ = 1 we 
an 
onstru
t a s
ale free graph with small

spe
trum and a regular graph with eigenvalue power law distribution.

1 Introdu
tion

In general the distribution of the eigenvalues of a graph has no relation with

the distribution of its degrees. We 
an �nd graphs with the same degree dis-

tribution and di�erent eigenvalues and 
ospe
tral graphs with di�erent de-

grees. However the re
ent dis
overy of power law distributions in real graphs

has stimulated a new interest about their relation. A graph with a power

law degree distribution is 
alled s
ale free, that is, for a 
onstant γ ≥ 1 the

number of verti
es of degree d is proportional to d−γ
. In 1999 Faloutsos et al.

made an experimental study of a part of the real Internet graph [4℄, �nding

a power law distribution for the degrees respe
t to their multipli
ities and

a power law distribution for the highest eigenvalues respe
t to their order.
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As a 
onsequen
e, they 
onje
tured a power law eigenvalue distribution for

s
ale free graphs. The spe
tra of some random and deterministi
 models

proposed for s
ale free graphs have been also studied, obtaining a power

law distribution for the highest eigenvalues too [1, 2, 5, 7, 8℄. Therefore,

there seems to exist a natural relation between both distributions for s
ale

free graphs.

However, in this paper we are going to see that this is not true for 
ertain


lasses of s
ale free graphs. In Se
tion 3 it is shown that the Cartesian

produ
t of a s
ale free graph with power law eigenvalue distribution with a

regular graph is a s
ale free graph without eigenvalue power law distribution.

Moreover, in Se
tion 4 we 
onstru
t a s
ale free graph with γ = 1 with

a small spe
trum (only three positive eigenvalues). In the last se
tion,

we 
onstru
t a regular graph with an eigenvalue power law distribution,

showing that the inverse of the 
onje
ture is also false.

2 Notation and �rst results

If G = (V, E) is a simple 
onne
ted graph, let A denote its adja
en
y ma-

trix. The spe
trum of the graph is the spe
trum of its adja
en
y matrix,

and we denote it by sp(G) = sp(A) = {λ[m1]
1 , . . . , λ

[md]
d }, where mi are the


orresponding multipli
ities of the eigenvalues λi, 1 ≤ i ≤ d. We are going

to introdu
e a similar notation for the degree distribution of a graph G,


onsidering the degrees in in
reasing order and together with their multi-

pli
ities:

DD(G) = {d[n1]
1 , . . . , d

[nk]
k }.

The following results and notation 
an be found in [3℄. The dire
t produ
t

G × H of the graphs G and H , is a graph with V (G × H) = V (G)×V (H),
and two verti
es (u, u′) and (v, v′) are adja
ent in G × H if and only if u′

is adja
ent to v′ and u is adja
ent to v. It is also 
alled tensor produ
t,


ategorial produ
t, 
ardinal produ
t or Krone
ker produ
t. The adja
en
y

matrix of the dire
t produ
t of two graphs is AG× H = AG ⊗AH , and if

sp(G) = {λ1, . . . , λr} and sp(H) = {µ1, . . . , µs}, then its spe
trum is

sp(G × H) = {λiµj , 1 ≤ i ≤ r, 1 ≤ i ≤ s }. (1)

The Cartesian produ
t G� H of the graphs G and H is the graph su
h that

V (G� H) = V (G) × V (H) and two verti
es (u, u′) and (v, v′) are adja
ent
in G� H if and only if either u = v and u′

is adja
ent to v′ , or u′ = v′ and
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u is adja
ent to v. The adja
en
y matrix of the Cartesian produ
t is the

sum of Krone
ker of their matri
es, AG � H = AH ⊗ Ir + Is ⊗AG, and so

if sp(G) = {λ1, . . . , λr} and sp(H) = {µ1, . . . , µs}, then

sp(G� H) = {λi + µj , 1 ≤ i ≤ r, 1 ≤ i ≤ s }. (2)

The degree distributions of the dire
t and Cartesian produ
ts of two graphs

are useful for 
onstru
ting our s
ale free graphs.

Lemma 2.1. Let G1, G2 be two graphs with DD(G1) = {d[n1]
1 , . . . , d

[nk]
k },

DD(G2) = {δ[m1]
1 , . . . , δ

[ml]
l } respe
tively, then the graph G1×G2 has degree

distribution

DD(G1 × G2) = {(diδj)
[nimj ], 1 ≤ i ≤ k, 1 ≤ j ≤ l}. (3)

And for the Cartesian produ
t the resulting degree distribution is:

Lemma 2.2. Let G1, G2 be two graphs with DD(G1) = {d[n1]
1 , . . . , d

[nk]
k },

DD(G2) = {δ[m1]
1 , . . . , δ

[mk]
k } respe
tively, then the graph G1 � G2 has degree

distribution

DD(G1 � G2) = {(di + δj)
[nimj ], 1 ≤ i ≤ k, 1 ≤ j ≤ l}. (4)

These lemmas 
an be easily veri�ed by summing the rows or the 
olumns

of the 
orresponding adja
en
y matri
es.

3 S
ale free graphs and Cartesian produ
ts

If we 
onsider a s
ale free graph G with eigenvalue power law distribution

sp(G) = {λi = K ′i−γ′

, 1 ≤ i ≤ n}, and we take the Cartesian produ
t of

G with a regular graph H , the following proposition tell us that in some


ases the power law distribution of the degrees is preserved in the resulting

graph.

Proposition 3.1. Let G be a s
ale free graph of order n and let H be a

δ-regular graph of order m, then if δ is small enough the graph G� H is

also s
ale free.

Proof. If DD(G) = {d[ndi
]

i : ndi
= Kd−γ

i , 1 ≤ i ≤ k} and DD(H) =
{δ[m]}, we 
an apply Lemma 2.2 to show that the degree distribution of the

resulting graph is

DD(G� H) = {(d1 + δ)[mnd1
], . . . , (dk + δ)[mndk

] : ndi
= Kd−γ

i , 1 ≤ i ≤ k}
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Suppose that DD(G� H) has a power law degree distribution. The multi-

pli
ities ndi+δ = K ′(di + δ)−γ′

, 1 ≤ i ≤ k for suitable 
onstants K ′
and γ′

.

As ndi+δ = mndi
= mKd−γ

i , we see that K ′ = mK
(
1 + δ/di

)γ
and γ = γ′

.

Therefore, if δ is small with respe
t to the largest degrees, the graph is s
ale

free. ✷

On the other hand, the power law distribution of the highest eigenvalues

is not always preserved by the Cartesian produ
t. If the distribution of

eigenvalues of the regular graph is sp(H) = {µ1, . . . , µs}, then applying (2)

yields

sp(G�H) = {K ′i−γ′

+ µj , 1 ≤ i ≤ r, 1 ≤ j ≤ s }.
The distribution of the Cartesian produ
t depends on the distan
e between

the eigenvalues of the regular graph, and thus the highest eigenvalues of the

resulting graph might not to follow a power law. For instan
e, we 
onsider a

s
ale free graph G with n = 10000 verti
es, power law eigenvalue distribu-

tion with γ′ = 2.3/2 = 1.15 (whi
h might happens in real s
ale free network)

and K ′ = 3000, and we take the Cartesian produ
t of G with a 
omplete

graph K30 (with sp(K30) = {29[1],−1[29]}). The resulting graph has 300000
verti
es. The power law distribution of the degrees has not 
hange very

mu
h, so it is still a s
ale free graph. But in Figure 3 we 
an observe that

the distribution of the highest eigenvalues does not follow a power law.

Figure 1: The highest eigenvalues of the Cartesian produ
t of a s
ale free

graph of n = 10000 verti
es with a K30 have not power law distribution.
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4 S
ale free graphs with small spe
trum

The 
onstru
tion of a s
ale free graph with parameter γ = 1 and small

spe
trum is based on the des
ription of its adja
en
y matrix. First 
onsider

a graph SPn by making the Cartesian produ
t of star graphs S2, . . . , Sn,

whose degree distribution follows exa
tly a power law. The adja
en
y ma-

trix of this graph is SP n = Sn ⊗ . . . ⊗ S2. The degree distribution follows

a perfe
t power law with γ = 1.

Proposition 4.1. The degree distribution of SPn+1 is

DD(SPn+1) = {d[ndβ
]

β : d = 1β12β2 · · ·nβn , β = (β1, . . . , βn), βi ∈ {0, 1},
ndβ

= (2n!)/dβ}. (5)

Proof. The degree distribution of a star graph is DD(Sn+1) = {1[n], n[1]}.
Thus applying Lemma 2.1 we obtain

DD(SP3) = DD(S3 � S2) = {1[2·2], 2[1·2]}.
Observe that ea
h element d[nd]

of DD(SPn) gives rise to two elements

n ·d[nd]
and d[n·nd]

in DD(SPn+1). Therefore, as DD(Sn) = {1[n], n[1]}, the
produ
t of ea
h degree by its multipli
ity is 
onstant. Moreover, as there

are 2n! leaves in SPn+1, this produ
t is 2n!. Hen
e we get the result. Note
that the distribution follows a power law with γ = 1. ✷

The spe
trum of SPn is easy to 
ompute as it is the produ
t of all the

eigenvalues of the stars (Equation (1)), hen
e we get

sp(SPn) = {
√

n!
[2n]

,−
√

n!
[2n]

, 0[n!−2n+1]}.
The degree distribution of this graph follows a perfe
t power law, but the

problem is that this graph is not 
onne
ted. To solve this problem, we


onne
t the �rst n!− 1 verti
es of the graph to the �rst one, forming a star.

We obtain a 
onne
ted graph SFn+1 whith adja
en
y matrix

(
Sn! B

B⊤ O

)

, B =

n
︷ ︸︸ ︷

(SP n | . . . |SP n) .

When we 
al
ulate the degree distribution of the new graph to see if it

preserves the power law, we get

DD(SFn+1) =

{
(3n! − 1)[1] if βi = 1 ∀ i,

(2β2 · · ·nβn)[n
′

d], n′

d = 2n!
d

+ βn otherwise.
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Observe that the distribution of the new graph is very similar to the previous

one, and for large values of n the multipli
ities n′

d ≈ nd. Therefore we 
an

assure that SFn+1 is a s
ale free graph.

The spe
trum of SFn+1 is 
hara
terized in the following theorem.

Theorem 4.2. The 
hara
teristi
 polynomial of the graph SFn+1 is

ΦSFn+1
(λ) = λn!−2n

[λ2−n·n!]2
n
−4[λ2+

√
n! − 1λ−n·n!][λ2−

√
n! − 1λ−n·n!].

Proof. After n+1 steps of the indu
tive 
onstru
tion the adja
en
y matrix

of the graph has order (n + 1)!× (n + 1)!, and the 
hara
teristi
al system is

Ax =

(
Sn! B

B⊤ O

)

x = λx, (6)

where B = (SP n, . . . ,SP n) and x = (x1, . . . ,xn+1).
First of all we are going to prove that Ker(SP n) ⊂ Ker(Sn!). The spe
trum

of a star graph on a verti
es is sp(Sa) = {√a
[1]

,−√
a
[1]

, 0[a−2]}, and the

kernel is formed by ve
tors 
hara
terized by having the �rst 
oordinate and

the sum of the others equal to 0. A base of the kernel 
ould be

Ker(Sa) = {φa
i = [0, 1, 0, . . . ,

i
︷︸︸︷

−1 , . . . , 0], 3 ≤ i ≤ a}.

The matrix S2
a has the same eigenve
tors as Sa, and the eigenvalues of S2

a

are the square of the eigenvalues of Sa. Therefore the kernels are equal, and

S2
a has only one non-zero eigenvalue a of multipli
ity 2. On the other hand,

the eigenvalues of a Krone
ker produ
t of n matri
es SP 2
n = S2

n ⊗ · · · ⊗S2
2

are all the possible produ
ts of the eigenvalues of the stars, and thus

sp(SP n) = {n![2
n], 0[n!−2n]}.

The 
orresponding eigenve
tors are also the Krone
ker produ
t of the 
or-

responding eigenve
tors, so that

Ker(SP 2
n) = {ψn

j = φ
n
i ⊗ · · · ⊗ φ2

i , 3 ≤ i ≤ n, 2n ≤ j ≤ n! − 2n}.

ψn
j = φn

in
⊗ψn−1

j = [O(n−1)!,ψ
n−1
j ,O(n−1)!, . . . ,

in
︷ ︸︸ ︷

−ψn−1
j , . . . ,O(n−1)!].

Observe that the �rst 
oordinate of ψn
j is zero and the sum of the orders

too, therefore ψn
j ∈ Ker(Sn!). So if x ∈ Ker(SP n) = Ker(SP 2

n), then x is

a linear 
ombination of ψn
j . Therefore x ∈ Ker(Sn!).
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Using this result is easy to verify that x ∈ Ker(A) ⇔ x1 ∈ Ker(SP n). Now

onsider the general equation (6) in the form

Sn!x1 + SP n

( n+1∑

i=2

xi

)

= λx1 (7)

SP nx1 = λxi, 2 ≤ i ≤ n + 1. (8)

If x ∈ Ker(A), both equations [7℄ and [8℄ are zero, and from the se
ond we

get that x1 ∈ Ker(SP n). If x1 ∈ Ker(SP n) ⊂ Ker(Sn!), then

SP n

( n+1∑

i=2

xi

)

= λx1 (9)

0 = λxi, 2 ≤ i ≤ n + 1. (10)

Assuming that λ 6= 0, we 
an multiply the Equation (9) for λ, and use

the se
ond equation to get 0 = λ2x1. Hen
e λ must be zero, and therefore

x ∈ Ker(A). Note also that dim(Ker(A)) = dim(Ker(SP n)) = n! − 2n
.

If x /∈ Ker(SP n), x must be an eigenve
tor asso
iated to the eigenvalue n!
and from Equation (8) we 
an isolate ea
h xi and substitute it in Equation

(7) to get

λSn!x1 + n · n!x1 = λ2x1. (11)

Now we 
onsider two 
ases. First suppose that x1 /∈ Ker(Sn!), then x1

must be an eigenve
tor asso
iated to either of the eigenvalues ±
√

n! − 1,
and thus (11) 
an be arranged as

λ2 ±
√

n! − 1λ − n · n! = 0.

Note that from this equation we get four di�erent eigenvalues. Se
ond,

suppose that x1 ∈ Ker(Sn!) the equation to solve is n ·n!x1 = λ2x1, whi
h

leads to the two last equations

λ ±
√

n · n! = 0.

The multipli
ity of ea
h of these eigenvalues is 2n−1 − 2. ✷

5 Regular graphs with eigenvalues power law

distribution

As we have seen in the previous se
tion, the power law distribution of the

degrees does not determine the power law distribution of the highest eigen-
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values of the graph. As we will see now, the 
onverse is also not true. To this

end, we 
onstru
t a regular graph with an eigenvalue power law distribution.

The 
onstru
tion of this graph is very simple. We just 
onsider dire
t prod-

u
ts of 
omplete graphs Kn. The degree distribution of a 
omplete graph

is DD(Kn) = {(n − 1)[n]}, and the spe
trum is

sp(Kn) = {(n − 1)[1],−1[n−1]}.

Proposition 5.1. The graph Bn+1 = Kn+1 × · · ·×K2 is n!-regular and its

spe
trum follows a power law with γ = 1. (n ≥ 2)

We omit this proof, as it is is very similar to the one of Lemma 4.1.
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