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Abstract

This paper reflects the renascence of sensitivity and paramet-
ric analysis in linear programming and extends single-parametric
results to the case when there are multiple parameters in the
objective function and in the right-hand side of equations. Mul-
tiparametric approach enables us to study more complex pertur-
bation occurring in linear programs than the simpler sensitivity
analysis does. Interior point methods in linear optimization sup-
pressed the traditional parametric analysis based on preserving
optimal basis and gave rise to new ones. In this paper there
is presented a description of the set of admissible parameters
under so called support set invariancy and optimal partition in-
variancy and compared with the classical optimal basis concept.
Such a description can be used e.g. for tolerance analysis.
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1 Introduction

Sensitivity analysis and parametric programming are basic tools for study-
ing perturbations in optimization problems and they are still in focus of



research even for linear programming problems [2, 3, 4, 9, 10, 11, 16, 19].
Perturbations occur due to measuring errors or just to answer managerial
questions “What if ...”. The more number of parameters in the model the
more amount of perturbations we are able to deal with. In the past, only few
authors were concerned with multiparametric programming, among others
[2, 4, 6, 7, 13, 17]. So far, various kinds of invariancies [3, 8, 10, 11] were
used mainly in single-parametric analysis. Our aim is to extend them to
the multiparametric case.
Let us consider the linear program

min ¢’z subject to Az =b, x>0 (P)
and its dual in the form
max b7y subject to ATy <, (D)
where A € R™*" b e R™, c € R". By
P:={z| Az =b, = > 0},
D= {y| ATy <c}

we denote the feasible sets of the primal and dual problem, respectively,
and by P* and D* the corresponding optimal solution sets. The support
set of a nonnegative vector x is defined as

o(z) = {i|x; > 0}.
The index set {1,...,n} can be disjointly partitioned into two subsets

B:={i|x; >0 for some x € P*},
N = {i|c;— ATy > 0 for some y € D*},

which is known as optimal partition [1, 3, 8,9, 10, 11, 12] and is unique. A
primal feasible vector 20 and a dual feasible vector y° are called a pair of
strictly complementary solutions if they satisfy z° + ¢ — ATy° > 0. Such a
pair always exists; see [8, 11] and references there. Clearly, o(z°) = B.

Let p be a k-dimensional vector of parameters. We introduce the general
parametrization of the primal problem by

min c(u)?x subject to A(u)x = b(u), = >0, (PL)



that is, the matrix A(u) and vectors b(u), ¢(u) depend on the vector of
parameters p. Its dual is

min b(p)Ty subject to A(u)’y < c(u). (Dy)

Let u° be fixed and let #* and y* be optimal solutions of (P,0) and (Do),
respectively. The optimal partition corresponding to z* is denoted by (B,
N).
We follow Hadigheh et al. [3, 11] and categorize parametric analysis in
three types of invariancies:

e Optimal basis invariancy: Suppose that 2* is a basic optimal so-
lution with the basis B. We want to compute the set Y pg(z*) of
parameters p for which B remains the optimal basis.

e Support set invariancy: The aim is to compute the set of param-
eters p such that there is an optimal solution z% of (P,) for which

m
o(z},) = o(z*). Moreover, more general cases can be considered:
1 a(x::) = o(z*),
2. o(z},) 2 o(x"),
3. o(x},) Co(z").

The corresponding sets of parameters are denoted by Tq(z*), To(z™)
and Y3(x*), respectively. We refer to Hadigheh and Terlaky [11] for
the economic interpretation of these cases.

e Optimal partition invariancy: We want to compute the set T, of
parameters p for which the problem (P,) has the optimal partition

(B, N).

The sets Tp(z*), T1(z*), Yo(z*), Ts(z*), and T, are referred to as crit-
ical regions, corresponding to particular invariancies.

Optimal basis invariancy [5, 6, 7, 17] is used when solving linear programs
by the simplex method. But interior point methods (solving linear programs
in polynomial time) yield generally nonbasic solutions and new kinds of
invariancies had to be developed. These include optimal partition invariancy
[1, 2, 8,9, 11, 12] and recently appeared support set invariancy [3, 10, 11].
Both of them overcome the main drawback of optimal basis invariancy—
possible degeneracy of the optimal solution.



We focus on two leading types of parametrization: vector of parameters
in the objective function and in the right-hand side of equations. For both
types we propose a description for all mentioned types of invariancies and
show relationships between them.

Notation
A;. the i-th row of a matrix A
A, the j-th column of a matrix A
usSw at once u <wv and u # v
Ap submatrix of A consisting of the columns indexed by P
AL transposition of Ap, i.e. (Ap)T

conv M convex hull of a set M
cd M closure of a set M
relint M relative interior of a set M

L+ orthogonal complement of a linear space £

2 Objective function perturbation

Let us consider the special case of parametrization, when parameters are
situated in the objective function, i.e.

min Az subject to Az =b, x>0, (Py)
where A is the n-dimensional vector of parameters. The dual problem is
max bTy subject to ATy < \. (D)

Let A € R™ be fixed and z* be an optimal solution of (Pyo). In the
following, we give a description for all proposed kinds of invariancies with
the starting point A°.

2.1 Optimal basis invariancy

Suppose that z* is an optimal basic solution and let B be the corresponding
optimal basis (which is not unique in general). Denote by N = {1,...,n}\B
the set of nonbasic indices.



It is well known [5, 7, 12, 17] that the critical region of optimal basis
invariancy has the description

Tp(z®) = {AeR" | Ny - AL Ay > 0} (1)

The optimal value function is ATz* on T p(z*).

2.2 Support set invariancy

Recall that =* is any optimal solution of (Pyo). Let P := o(z*) and Z :=
{1,...,n}\ P. Firstly we consider the first case of support set invariancy
and derive a description of the set YT (x*).

Theorem 1. Let h;, i € I, be a basis of the lineality space Lz = {x |
Az = 0,2z = 0} and let g;, j € J, be all extremal directions of the convex
polyhedral cone {x | Ax = 0,27 >0} N LL. Then

Ti(a*)={ANeR" B[ A=0Viel, g/ A>0Vj€ ]} (2)

Proof. The tangent cone to the primal feasible set P = {z | Az = b,z > 0}
at the point z* is 7 (z*) = {z | Az = 0,2z > 0}. Moreover, for each primal
feasible point z satisfying o(z) = o(z*) the corresponding tangent cone is
equal to 7 (z*). According to the theory of normal (polar) cones [13, 14, 15]
the vector (—\) is included in the normal cone to 7 (z*) at the point z*,
from which the description (2) of the region Y1 (z*) follows. O

Notice that if * is nondegenerate optimal basic solution, then Y g(z*) =
T, (z*). Without the condition of nondegeneracy, we have only the inclusion

A basis of the lineality space £z can be found efficiently. But compu-
tation of all extremal directions of the convex polyhedral cone is a hard
(exponential) problem; the methods which are used includes simplex algo-
rithm and Nozicka method [13] (via constructing a convex basis of a cone).
Let us note that T;(z*) has an alternative description by means of genera-
tors (instead of inequalities) as the convex hull by

T1(z") = conv {£A;. Vi, e; Vi€ Z},

where e; stands for the i-th unit vector. Although this characterization of
T, (z*) does not require any additional computations, the formula (2) is
much more useful from the practical viewpoint.



Theorem 2. We have To(x*) = T1(z*).

Proof. The inclusion Yo(z*) 2 Y1 (z*) holds trivially from the definition.
Let A € R™ and let x be an optimal solution of (Py) such that o(z) 2
o(x*). Then there exists an optimal solution y of (D)) and the comple-
mentary slackness condition 27 (A — ATy) = 0 holds. Clearly, the equation
z*T (X — ATy) = 0 holds as well and hence z* is also optimal solution of
(Py). This proves To(z*) C Tq(z*). O

The optimal value function is AT2* on T1(2*) = Ta(2*) and the optimal
solution is x*.

We characterized two cases of support set invariancy. The remaining is
the most complex one. Let A € R™ and let 2 be an optimal solution of (Py)
such that o(xz) C o(z*). Then there also exists a basic optimal solution
2% of (P)) with property o(z") C o(2*). The point z° is situated in the
convex polyhedral set My := {z | Az = b,xz = 0,zp > 0}. Conversely,
any optimal solution x of (Py) such that x € My satisfies o(z) C o(z*).
Therefore, it is sufficient to compute all vertices of Mz and Y3(z*) is formed
by the union of the corresponding critical regions. More formally, let
i € V, be all vertices of Mz. Then Yi(z) are the corresponding critical
regions of the first case support set invariancy. Therefore,

Ta(x*) = [ Ta(a?).

eV

In particular, if 2* is a basic solution, then Ys5(z*) = T1(z*). Nevertheless,
the set Y3(z*) is nonconvex in general (see Example 1 below) and the op-
timal value function is not linear (even for single-parametric programming;
cf. [1, 3, 10, 11]).

Summing up the previous theorems and remarks, we conclude:

2.3 Optimal partition invariancy

Let (B,N) be the optimal partition of (Pyo) and suppose that z* and y*
is a pair of strictly complementary solutions. Then P = B and the critical
region Y, can be easily computed from the equation (3).



Theorem 3. We have
T, =relintT(z") (3)
={AeR"|RfAX=0Viel, g/A>0Vje J},
where h;, i € I, and gj, j € J, are defined like in Theorem 1.

Proof. We want to identify the set of A\, for which (B,N) is the optimal
partition. Looking on the dual problem, the vector y* is a solution of the
system

ALy = s, Ay < . (4)

Conversely, every solution y of this system provides a pair of strictly com-
plementary solutions * and y. The system (4) is solvable for a fixed A € R™
if and only if the linear problem

max 07y subject to ALy = Ag, A}Qy <Ay —¢

has an optimal solution for a sufficiently small vector € > 0. From duality
theory in linear programming it is equivalent to the optimality of the dual
problem

min Ajzg + (A — &) ap subject to Az = 0,25 > 0.

Proceeding like in the proof of Theorem 1, we obtain that A\ fulfills the
system

Mhy —el (b =0Viel,
Mg —e"(gj)n=0Vje

Since €T (h;)pyr = 0 for all i € I and €7 (g;)pr > 0 for all j € J, we have
equivalently

RIN=0Viel,
giA>0Vje

O

Let us remark that the knowledge of z* is not necessary for computing
T,, the only what we need is the optimal partition (8, N).



For A € T, the optimal value of (P) is equal to ATz* and hence is linear
on Y,. However, T} is not generally the maximal subset of R", where the
objective function is linear; for a single-parametric case see e.g. [1, 3, 10, 11].
This happens especially if the solution z* is nonbasic, and then the region
T, is not fully dimensional. One may wish to enlarge T, to the larger (n-
dimensional) set. One possible way is to find a basic optimal solution x°
and replace 2* by it. Then ¢l Y, ; T1(2°) and we obtain a larger region.

All vertices of

{x|Apxp=b, zp >0, mZ:O} (5)

are basic optimal solutions. We are seeking for only one of them, so we can
use some linear programming solver of polynomial complexity (e.g. one of
interior point methods) on the problem

min 7’z subject to (5),

where r is a random vector. The resulting solution is almost surely ba-
sic. Another polynomial procedure to find a vertex of (5) is the following
algorithm.

Algorithm 1. (Finding a basic solution)

1. Check whether x* is a basic solution: If the columns of Ap are linearly
independent, then stop; z* is a basic solution. Otherwise go to step 2.

2. By a simple Gauss elimination to a reduced row echelon form of Ap find
two disjoint index sets P, P~ C P (at least one nonempty) and a vector
z > 0 such that

Ap+ Zp+ — AP— Zp- = 0. (6)

Without loss of generality assume that Pt # ) (otherwise take into
account P~). Define

*

k := argmin =
jep+ Zj
and set new values of components of z* by
xf ig PTuP,

K3

* * xr .
xi =g - 2y i€ P
* xy . _

x; +ZZl i€ P,

Set P := o(z*) and go to step 1.



The algorithm finishes after at most |P| — 1 iterations, since in each
iteration at least the index k is extracted from P. Denote P, := P+ \ {k}
and PY := P\ (PTUP™). From (6) it follows that

1
A.k = _Z(APQ—ZP;— - AP—ZP—).

If we substitute A.x to (5), we obtain
1 * * * *
—Z—k(AP;zP]:, — Ap_zp_)xk —l—AP;mP; +Ap-ap_ + Apoxpo =0,

or

* *
T T
A +(x*+——k2 +)+Ap_(x*,+—kzP—)+A 0Zpo = b.
AN S P . poZp

Therefore in each step the new version of z* satisfies (5) and due to the
definition of k is also nonnegative.

2.4 Illustrative example
Example 1. Consider the problem
min Mz subject to 6x1 + 322 + 223 =6, z1,x3,x3 > 0.

and the initial value \° = (3,2,1)7. The optimal solution set is a segment
with endpoints 2! = (1,0,0)” and 2% = (0,0, 3)7; see Figure 1.

1. (Basis invariancy) For the basic solution z', the formula (1) yields the
critical region

Tp(@') ={AeR® | —=A\; +2X3 >0, —\; +3X3 >0}

and the optimal value function is AT2' = A;. For the basic solution 22

we obtain
Tp(z?) = {A€R® | A1 —3X3 >0, 2y — 3)3 > 0},
the optimal value function is AT2% = 3)3.

2. (Support set invariancy) For any optimal basic solution, the critical re-
gion does not differ from the previous one, since each basic solution is
nondegenerate.



T3

Figure 1: (Example 1) the feasible set (gray color) and the optimal set (bold
line).

Choose a nonbasic solution, for instance x* = (%, 0, %)T Thus P = (1, 3),
Z = (2) and we compute Yi(z*) by the virtue of Theorem 1. The
lineality space

EZ:{$|6$1+3CC2+2$3=0, !EQZO}

represents a line the direction of which is hy = (1,0,—3)T. The convex
polyhedral cone

{$|A$=O,x220}ﬂ£l:
{z | 621 + 322 + 223 =0, z1 — 323 =0, 25 > 0}

represents a ray in the direction g; = (—9,20, —3)7. Hence

Ti(x*) ={NER3 | A\ —3X3 =0, —9\; +20\5 — 3A\3 > 0}.

Now we turn our attention to Ys(z*). First we compute all vertices of
the convex polyhedral set

Mz ={x| Az =b,zz =0,2zp > 0}
={z|6x1 +3x3 + 223 =0, 22 =0, 1,23 > 0}.
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These vertices are ' and 22, and therefore

Ts(z*) = TB(xl) U TB(xQ)
= {/\ | A1 42X >0, =1 +3)3 > O}U
(A A =30 >0, 200 — 3\3 > 0}
:{)\|—)\1+2)\220}U{)\|2)\2—3)\3 20}
Note that for the basic solution 2! we get T3(z') = Tp(2!) and likewise
for 2.
3. (Optimal partition invariancy) Optimal partition is B = (1,3), N/ = (2),

and hence T), = rel int T1(x*) = {A | A1 —3X3 =0, —9A1 +20A3 —3A3 >

0}. The optimal value function is ATz* = %)\1 + %)\3.

3 Right-hand side perturbation

In this section we consider another special case of parametrization, when
parameters are situated in the right-hand side of equations, i.e.

min ¢’z subject to Az =4, x>0, (Ps)
where § is the m-dimensional vector of parameters. Its dual is
max 67y subject to ATy <ec. (Ds)

Let 6° € R™ be arbitrarily chosen and fixed. Let 2* be an optimal solution
of (Pgo) and let y* be an optimal solution of the dual problem (Dgso). We
discuss all kinds of invariancies with the starting point §°.

3.1 Optimal basis invariancy

Suppose that z* is an optimal basic solution and let B be a corresponding
optimal basis. Denote by N = {1,...,n} \ B the set of nonbasic indices. It
is well known [5, 12, 17] that the optimal basis B remains optimal on the
set

Tp(z*) = {6 € R" | A5'§ > 0}. (7)

The optimal value of (Ps) is c5 A6 and the optimal solution is the vector
z(8) for which z(8)p = Az"8, #(6)n = 0 holds.

11



3.2 Support set invariancy

Let P = o(z*) and Z = {1,...,n} \ P. First we give a description of the
critical region Y3(z*).
Theorem 4. Let h;, i € I, be a basis of the lineality space Lp = {y | ALy =

0} and let gj, j € J, be all extremal directions of the convex polyhedral cone
{y| ATy <0} N LS. Then

Ts(a*)={0€R™[h]6=0Vicl, gj6<0VjeJ}

Proof. First we show that it is necessary and sufficient to consider only such
vectors § € R™ for which the system

Apxp:(s, $p20 (8)

is solvable. If § € Ts(z*), then there is an optimal solution x of (Pj)
such that o(z) C o(x*). Hence xp fulfills (8). On the other hand, if some
zp fulfills (8), then the vector T defined as Tp = zp, Tz = 0 forms an
optimal solution of (Ps), because of the complementary slackness condition
'y — ATy) = 0.

The system (8) is solvable if and only if the linear program

min 07zp subject to Apzp =26, zp >0

has an optimal solution. According to duality theorems in linear program-
ming it is equivalent to the optimality of the dual problem

max 67y subject to ALy <O0.

This problem has an optimal solution if and only if the vector ¢ lies in the
normal cone to the feasible set {y | ALy < 0} at the point 0. According to
the theory of normal cones [13, 14, 15] the description of Y3(xz*) follows. O

When z* is a nondegenerate optimal basis solution, then YTp(z*) =
T3(z*). Without the condition of nondegeneracy, we have only T pg(z*) D
Tg (JZ*)

Like in Section 2.2 we note that Y3(z*) has an alternative description
by means of the convex hull generators as follows

Ts(z") = conv {A.; Vi € P},

The following theorem characterizes the critical region Y1 (x*).

12



Theorem 5. We have
Ti(z*) =relint Ts(z*) 9)
={0eR™|h[6=0Viel, g 6<0VjeJ}
where h;, i € I, and g, j € J, are defined like in Theorem 4.

Proof. For similar reasons like in the proof of Theorem 4 it is necessary and
sufficient to consider only such vectors 6 € R™ for which the system

Apxp =46, xp >0
is solvable. This system is solvable if and only if the linear problem
min 07zp subject to Apxp =9, xp > ¢

has an optimal solution for a sufficiently small € > 0. From duality theorems
in linear programming it is equivalent to the optimality of the dual problem

max 67y + Tz subject to ALy +2<0, z>0.

The term 7z is maximal for = = —AZLy (which is nonnegative) and hence

the dual problem can be rewritten as
max (67 —eT AL)y subject to ALy < 0.

Again, we use theory of normal cones, from which it follows that Yy (z*) is
described by the system

Y5 — Ape) =0Viel,

g; (6 — Ape) <0Vj € J,

Since hIAp = 0 for all i € I and 0 # g;‘-FAp < 0 for all j € J, we have
equivalently

rfs=0Vviel,
gro<0vjeJ,

which proves the equation (9). O

The last case characterization follows from Theorem 6. For this purpose
assume that the rows of the matrix A are linearly independent.
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Theorem 6. Let 37, j € V, be all vertices of the convexr polyhedral set
Fp = {y | Agy = ¢p, Agy < ¢z}. By h?, k € Hj, denote vectors in
directions of all edges of the dual feasible set D coming from y’ and satisfying
Aghf =0. Similquy by g;-“, k € Gj, denote vectors in directions of all edges
D coming from y’ and satisfying A}gg}“ S 0. Then
Yo(z*)= | {seR™|6"hE <0Vke H;, 6"gf <OVEe G} (10)
jev

Proof. We are seeking for all 6 € R™ such that there is an optimal partition
(B, N) of the problems (Ps), (Ds) with the property B2 P and N C Z. In
other words, the dual problem (Ds) has optimal solutions only in the face
of D specified by the system

Agy =cp, Agy <cz. (11)

If the dual problem has an optimal solution, then at least one of them is
a vertex of D (due to the condition on linear independency of row of the
matrix A). Let y/, 7 € V be any vertex of Fp. Then 3’ remains optimal
for all ¢ satisfying

§Th <0Vk € Hj, 6"gf <0VkeGj,
but only for all § satisfying
§ThE <0Vk e Hj, 67gf <0Vk € Gj,

the set of optimal solutions lies in the face (11) of the dual feasible set
D. O

The optimal value function on regions Y1(z*) and Y3(z*) is §7y*. The
critical region Yo(x*) is not convex in general. However, each part of the
union (10) is convex polyhedral set and the optimal value on it is 67 y7.

In summary, we have: cl Tq1(z*) = T3(z*), and Tq1(z*) C Yo(z*). The
former equation was already addressed in Borrelli et al. [2], and thre latter
one follows simply from the definition.

The regions Ya(z*) and Y3(z*) are generally incomparable—no one is
larger than the other; see Example 2 below. We state only that T3 C ¢l T».
It is true, since ¢l Yo is the set of all ¢ for which (Ds) has an optimal solution
in the face Fp, and Y3 contains § for which the whole face Fp is optimal.

14



3.3 Optimal partition invariancy

Let (B,N) be the optimal partition of (Ps) and suppose that =* and y*
is a pair of strictly complementary solutions. Then P = B and the critical
region T, can be easily computed from Theorem 7.

Theorem 7. We have Tp = T1(x*).

Proof. The inclusion T, C T1(z*) holds trivially.

Let 6 € T1(z*). Then there is an optimal solution x of (Ps) with o(x) =
B. Due to the complementary slackness condition 27 (¢’ — ATy*) = 0,
the pair x and y* forms a pair of strictly complementary solutions. Hence
(B,N) is the optimal partition of (Ps) and the inclusion T, O Ty (z*) is
proven. O

For every § € Y, the optimal value of (Ps) is equal to 67 y* and hence
is linear on Y.

If 2* represents a basic nondegenerate solution, then clY, = Tpg(z*).
If 2* is a nonbasic solution, the set of optimal solutions (see the proof of
Theorem 4)

Apxp:(so, xpzo, xZ:O (12)

contains at least one vertex. The closure ¢l T, comprises all critical regions
Y p(z) for all vertices = of (12) and corresponding optimal bases B C P.
Therefore critical regions of this kind of invariancy and the support set one
are quite large, which is their major advantage in contrary to optimal basis
invariancy.

3.4 Remark and example

Remark 1. In real-life situations, parameters § comes from some admissible
set A instead the whole space R™. The resulting critical region then simply
equals ANY, where T is the appropriate critical region for the unconstrained
0 € R™.
Next, the right-hand side function sometimes depends on parameters as
follows [2, 4, 5, 6, 13]
b(v) = + By,

where b° € R™, B € R™*! are known and v is the [-dimensional vector
of parameters. If the critical region Y for the unconstrained ¢ is described

15



as D§ < d, then the resulting critical region is obtained by substitution
d = b 4+ Br and has a simple description

D(° + Bv) < d,

or
DBv < d — Di°.

Example 2. Consider the problem

min 2z, — 3x3
subject to 3z + x2 = 01, 3x1 — 2 + 3x3 = d2, x1,x2,x3 > 0.
and the initial value 6° = (3,3)7. The feasible set equals the optimal

solution set and is represented by a segment with endpoints z* = (1,0, 0)7
and 22 = (0, 3,2)7; see Figure 2.

T3

Figure 2: (Example 2) the bold segment illustrate the feasible set, which
identical to the optimal set.

1. (Basis invariancy) To the optimal (degenerate) basic solution z' there
correspond two optimal bases: B! = (1,2) and B? = (1,3). The former
basis yields (according to (7)) the critical region

TB1(;U1):{5€R2|51+52 >0, 51—5220},

16



and the latter basis yields
TBz(SEl) = {5 e R? | 01 >0, =61+ 62 > 0}
The optimal value function is §; — d2, the same for both critical regions.

. (Support set invariancy) For the solution 2! we have P = (1), Z = (2,3)
and we compute Y3(x!') according to Theorem 4. The lineality space
Lp = {y | 3y1 + 3y2 = 0} represents a line in direction hy; = (1,—1)T.
The convex polyhedral cone

{y| Aby <0yNLp={y|y1+y2 <0, yr —y2 =0}
represents a ray in the direction g; = (-1, —1)7. Hence
Ti(x') = {6 € R? | 6; — b =0, —0; — da < 0}.
Using Theorem 5, we obtain
Ti(z')= {6 €R?|6; — 6 =0, —0; — da < 0}.

To give the description of Ta(x!) by Theorem 6 we need to compute all
vertices of

Fp=Ay|3y1+3y2=0, y1 —y2 <2, 3y < -3}

There is only one such a vertex y' = (1, 1), and there are two edges
of D coming from y': one in direction of gi = (—1,0)7 and the second
one in direction of g? = (—1,—1)T. Hence

To(z!) = {6 € R? | =6, < 0, —0; — da < 0}.

Now consider some nonbasic solution, for instance z* = (3, 3,1)”. Then

P =(1,2,3), Z = 0. The lineality space Lp = {y | 3y1 + 3y2 = 0,91 —
y2 = 0,3y2 = 0} = {(0,0)} has empty basis. The convex polyhedral cone

{y| ALy <0}ncp =
{y|3y1 +3y2 <0, y1 —y2 <0, 3y, <0}

has two edges g1 = (—1,0)” and go = (—1,—1)7. Hence

Ts3(z*) = {6 € R*| =6, <0, —8; — d5 < 0}.

17



By the way, this critical region consists of the union Y g1 (1) UY g2 (z1).
The region Y (z*) is characterized as follows

Tl(x*) = {5 S R2 | —01 < 0, —01 — g < 0}
It remains to compute the region To(2*). The convex polyhedral set
Fr={y|3y1+3y2=0, y1 —y2 =2, 3y = —3}.

has only one vertex y!' = (1,—1)7. In D, two edges in directions of
g1 = (=1,0)T and ¢? = (—1,—1)T come from y'. Hence

Yo(z*) = {0 € R? | =6, <0, =1 — 63 < 0}.

The optimal value function is §; — §2 and is the same for all mentioned
regions.

3. (Optimal partition invariancy) Optimal partition is B = (1,2, 3), N/ = 0,
and hence Y, = T1(2*) = {§ € R? | =§; < 0, —d; — 62 < 0}. The pair
of strictly complementary solutions consists of x* for the primal problem
andy* = (1,—1) for the dual problem. The optimal value function is
again 67y* = 0, — ,.

4 Concluding remarks

We studied parametric analysis under support set and optimal partition in-
variancy and compared it with the classical optimal basis invariancy. The
resulting critical regions are always characterized by means of linear equa-
tions and inequalities (and unions of these systems) and hence represent
polyhedral set, in most cases convex.

Perturbing objective function ceofficients, the new types of invariancies
yield the same or better (larger) critical regions as long as the optimal
solution is unique. Otherwise, the critical region is usually degenerate (has
no full dimension). On the contrary, perturbing the right-hand side, the
new types of invariancies usually yield better critical regions if the optimal
solution is not unique and yield worse ones if the optimal (basic) solution
is degenerate.

The proposed general form of parametrization can be used for special
kinds of multiparametric programming (see Remark 1) and for the tolerance
analysis developed by Wendell et al. [17, 18, 19].

18



References

1]

Berkelaar, A. B.; Roos, K.; Terlaky, T.: The optimal set and optimal
partition approach to linear and quadratic programming, in: Gal, T.
(ed.) et al., Advances in sensitivity analysis and parametric program-
ming, Kluwer Academic Publishers, Boston, 1997, chapter 6, pp. 1-44.

Borrelli, F.; Bemporad, A.; Morari, M.: Geometric algorithm for mul-
tiparametric linear programming, J. Optimization Theory Appl. 118,
No. 3 (2003), pp. 515-540.

Dehghan, M.; Hadigheh, A. G.; Mirnia, K.: Support set invariancy
sensitivity analysis in bi-parametric linear optimization, Adv. Model.
Optim. 9, No. 1 (2007), pp. 81-89.

Filippi, C.: An algorithm for approximate multiparametric linear pro-
gramming, J. Optimization Theory Appl. 120, No. 1 (2004), pp. 73-95.

Gal, T.; Nedoma, J.: Multiparametric linear programming, Manage.
Sci., Theory Series 18, No. 7 (1972), pp. 406-422.

Gal, T.: Postoptimal analyses, parametric programming, and related
topics, McGraw-Hill, New York, 1979.

Gal, T.; Greenberg, H. J. (eds.): Advances in sensitivity analysis and
parametric programming, Kluwer Academic Publishers, Boston, 1997.

Greenberg, H. J.: The use of the optimal partition in a linear pro-
gramming solution for postoptimal analysis, Oper. Res. Lett. 15, No.
4 (1994), pp. 179-185.

Greenberg, H. J.: Simultaneous primal-dual right-hand-side sensitivity
analysis from a strictly complementary solution of a linear program,
SIAM J. Optim. 10, No. 2 (2000), pp. 427-442.

Hadigheh, A. G.; Terlaky, T.: Generalized support set invariancy sen-
sitivity analysis in linear optimization, Journal of Industrial and Man-
agement Optimization 2, No. 1 (2006), pp. 1-18.

Hadigheh, A. G.; Terlaky, T.: Sensitivity analysis in linear optimiza-
tion: invariant support set intervals, Fur. J. Oper. Res. 169, No. 3
(2006), pp. 1158-1175.

Jansen, B.; de Jong, J. J.; Roos, C.; Terlaky, T.: Sensitivity analysis
in linear programming: Just be careful!, Fur. J. Oper. Res. 101, No.
1 (1997), pp. 15-28.

19



[13]
[14]
[15]

[16]

[17]

[18]

Nozi¢ka, F.; Guddat, J.; Hollatz, H.; Bank, B.: Theorie der linearen
parametrischen Optimierung, Akademie — Verlag, Berlin, 1974.

Nozic¢ka, F.; Grygarova, L.; Lommatzsch, K.: Geometrie konvexer
Mengen und konvexe Analysis, Akademie — Verlag, Berlin, 1988.

Rockafellar, R. T.; Wets, R. J.-B.: Variational analysis, corr. 2nd print.,
Springer, Berlin, 2004.

Stallaert, J.: Post-optimality analysis of the optimal solution of a de-
generate linear program using a pivoting algorithm, Comput. Oper.
Res. 34, No. 7 (2007), pp. 1871-1884.

Ward, J. E.; Wendell, R. E.: Approaches to sensitivity analysis in linear
programming, Ann. Oper. Res. 27 (1990), pp. 3-38.

Wendell, R. E.: Linear programming 3: The tolerance approach, in:
Gal, T. (ed.) et al., Advances in sensitivity analysis and parametric
programming, Kluwer Academic Publishers, Boston, 1997, chapter 5,
pp. 1-21.

Wendell, R. E.: Tolerance sensitivity and optimality bounds in linear
programming, Manage. Sci. 50, No. 6 (2004), pp. 797-803.

20



