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Abstract

We consider a linear system Az = b, where A is varying in-
side a given interval matrix A and b is varying inside a given
interval vector b. The solution set of such a system is described
by famous Oettli-Prager Theorem. But if we are restricted only
on symmetric (or skew—symmetric) matrices A € A, the prob-
lem is much more complicated. So far, the symmetric/skew—
symmetric solution set description could be obtained only by a
lengthy Fourier—Motzkin elimination applied on each orthant.
We present a simple explicit description of the symmetric and
skew—symmetric solution set by means of nonlinear inequalities
the number of which is, however, still exponential.

Keywords: Linear interval systems, solution set, interval matriz, symmet-
ric matlriz.

1 Introduction

Real-life problems are often subjected to uncertainties in data measure-
ments. Such uncertainties can be dealt with by methods of interval analysis
[1]; instead of exact values we compute with compact real intervals. An
interval matrix is defined as

A=[AA={AcR™"[A<A<A}



where A < A are fixed matrices (n-dimensional interval vectors can be
regarded as interval matrices n-by-1). By

we denote the midpoint and radius of A, respectively. Let us consider a
linear interval system of equalities

Ax =b.
The solution set
Y={reR"|Az=0b, Ac A, beb}
is described by well-known Oettli-Prager condition [9]
reY o A%z +b> > |A% — b9

In interval analysis, we usually suppose, that values varies in given intervals
independently. But in some applications, dependencies can occur (cf. [5],
[8]). Especially, we will focus on some types of the matrix A. The symmetric
solution set

Yaym={rcR"|Az=b, A=A Ac A becb}
and the skew—symmetric solution set
Yehew={r €R" | Az =b, A=—-AT Ac A beb)

have been exhaustively studied in recent years [2]-[7]. Its description can be
obtained by a Fourier—Motzkin elimination applied on each of 2™ orthants.
In contrary to X, the symmetric solution set Esym is not polyhedral, its
shape is described by quadrics [3]-[6] and it is not generally convex even
if intersected with an orthant. All these properties simply follow from the
proposed Theorem 2 and Figures 1 to 2 (in Section 3).



Notation

IR™*™  the set of all m-by-n interval matrices

IR" the set of all n-dimensional interval vectors

<lex strict lexicographic ordering of vectors, i.e., p <jexq if
for some k we have p; = ¢;, i < k, and px, < qx

<lex lexicographic ordering of vectors, i.e., p <jex ¢ if P <iex ¢
orp=q

as interval hull of a set .S

A, the i-th row of a matrix A

A, the j-th column of a matrix A

pt positive part of a real number p; i.e., p* = max(0, p)

2 Linear interval equations with particular de-
pendences

This section aims to give a characterization of the linear interval system
equipped with a certain dependency (Theorem 1); the matrix A occurs
twice in the system — in (2) and transposed in (3). The description of the
symmetric/skew—symetric solution set will be a simple consequence of The-
orem 1. Another reason for dealing with such a dependency is that similar
relations (occurence of a matrix and its transposition in a system) can ap-
pear in some applications, e.g. optimality conditions in linear programming.

Lemma 1. Let a,b € R", C, D', D? ¢ R"*" and consider the function

fw) =a"w+ 0" |wl + Y eijldlw; + dw;l. (1)

ij=1
Checking whether f(w) > 0 Vw € R™ can be done by the following procedure.

(i) If n = 1, then f(w) = aw + (b1 + cu1|d}; + d3,|)|w| and relation
fw) > 0 is true for all w € R if and only if the inequality by +
ci1|dly + d3| > |a1| holds.

(ii) If n > 1, then we will proceed by recursion. S denotes the system of
inequalities. Put S = ().



(a) For each i =1 to n do the following:
Put w; = 0. Then f(w) is a function of n — 1 variables. Re-
cursively compute the corresponding inequalities and add them to
the system S.

(b) For eachi,j =1 ton do the following:
Put w; = dsz and w; = —d%jz. Then f(w,z) is again a func-
tion of n — 1 wvariables. Recursively compute the corresponding
inequalities and add them to the system S.

Now, f(w) > 0 is true for all w € R™ if and only if the system of
inequalities S is satisfied.

Proof. If f(w) > 0 for all w € R™, then the system S is obviously satisfied.
For the proof of the converse implication let us consider a point w® € R™ for
which f(w") < 0 holds. If any absolute value from (1) is zero, then we can
restrict our considerations to the less dimension. If no absolute value from
(1) is zero, then the function f(w) is linear on the neighbourhood N (w®) of
w®. Hence f(w) = rTw Vw € N(w°) for some nonzero r € R™. The half-
space described by 77w < 0 contains at least one axis, therefore there exists
wt € R™ for which f(w!) < 0 and some absolute value from (1) is zero. We
proved the statement by induction, the case n = 1 holds simply. O

Theorem 1. Let A € IR™™", b ¢ IR", d € IR" Then for certain A € A,
beb, ded vectors z,y € R" form a solution of the system

Az =0, (2)

ATy =d (3)

if and only if they satisfy the following system of inequalities

ABfa] + 0% > '], (4)
ARyl +d> > |7, (5)

n

Z(Tilyipi - Tizxiq’i)

i=1

Vp,q € {0,1}"\ {0"}, (6)

n

> aglyiw; (i — gl + D62 lyipil + d |ziq]) >

ij=1 i=1

where 7' = — A%z +b¢, r2 = —(A°)Ty + d°.



Proof. Let z,y € R™. Then z,y satisfy (2)-(3) iff for a certain o €
[—1,1]™*™ relations

A o+ aigapy € b — 020+ b2, Vi=1,...,n,
k=1

(& T . C C -
(AS,) v+ onjanyy € [d§ —d®,d§ +d®), Vj=1,...,n
k=1

hold. Equivalently, iff the following problem

max 0.«

subject to

n
_Zaikaﬁ;xk < —Til—i—bA, Vi=1,...,n
n
> aiapry <l 408, Vi=1,....n
n
A 2, A
_Zakjakjyk <-—rj+d=, Vji=1,...,n,

n
Zakja,ijkgr?—de, Vi=1,...,n,
aijgl, Vi,jzl,...ﬂL
—Oéijgl, Vi,j:l,...,n

has an optimal solution. From duality theory in linear programming this
problem has an optimal solution iff the problem

min (—r! + bA)Twl + (7"1 + bA)TIUQ + (=2 + dA)Tw3+
(7’ +dA 44 Z w —|—w
4,j=1

subject to

A 2 A 3 A 4 5 6 _ S
—ay mjw —|—a TjW; — QYW + Q5 YW; —l—wij—wij—(), Vi,j=1,...,n,

ij
wh, w?, w?, wt, w®, w® >0



has an optimal solution. After substitution u = w? — w', v = w* — w? we

can this problem rewrite as

min (7t 4+ 5%)Tu +2(6%)Tw! + (12 + d®)Tv + 2(d%)Tw? + Z (w); +w;

,j=1
subject to
aiAjmjui + &iAij]‘ + w?j - w?j =0, Vi,j=1,...,n
wt > —u, w? > -0, wl,w3,w5,w6 > 0.
For optunalw w?, w®, wb we have w; +wf; = |afzju; +ay;v;| (since one

6

of wf;,wf; is equal to zero), w' = (— )Jr, w3 (—v)*. Hence the problem

can be reformulated as an unconstrained optimization problem
min (rt + b0 Tu + 2003 T (=)™ + (2 4+ d®) T+

2(d®) T (—v)T + Z ag|zju; + yivs).
ij=1

The positive part of real number p is equal to p* = (p + |p|) and the
problem comes in the form

n

. INT AT NNT AT A A

Join (r) w4 (%) ful + (r7) v+ (d7) |v|+§_ 1|a¢jmjuz'+a¢jyivjl-
i,j=

This problem has an optimal solution iff the function

n

Flu,v) = () ut Ol + (7)o + (@) ol + Y aglajui + yioj]
i.5=1
(7)

is nonnegative pro all u,v € R".

We claim that it happens iff the conditions (4)-(6) are satisfied. If
f(u,v) >0 Vu,v € R", then put u; =1, u; = 0Vj # ¢, and v = 0 to obtain
the i-th inequality in (4) and similarly for inequalities in (5). Inequalities in
(6) follows from putting u; = y;p;, v; = —x;q; and from putting u; = —y;p;,
Uy = Tiq;-



The reverse implication will follow from Lemma 1 applied on the function
(7). In each step of the presented procedure one absolute value is put to
zero. Let us consider one branch of this procedure, i.e. the sequence of steps
resulting in a one-variable function and one inequality (case (7)). Let I, be
the set of all indices ¢ € {1,...,n} such that in some step of the procedure
there is put to zero the binomial (case (i¢)-(b)) containing the variable u;,
but the new variable z will never be put to zero in this branch of procedure.
In the similar way define the index set I, for variables v;. If I, = @, then
the resulting inequality is a convex combination of inequalities from (4). If
I, = ), then the resulting inequality is a convex combination of inequalities
from (5). Otherwise, z; # 0 holds for all i € I, and y; # 0 holds for all
1 € I, (from definition of I,,, I,). Then

u; = y;2, 1 € I, and v; = —x;2, i € I, (8)

which can be easily proven by induction: Putting an absolute value |z;ju; +
¥;vj| to zero means making a substitution u; = y;2, v; = —z;2. In the next
steps of the procedure we can put an absolute value |z;uy — yrpz;2| to zero
by substitution uy = yxz, 2 = z. Likewise for |zry;z + y;vg]-

From (8) it follows that the resulting inequality is contained in the sys-
tem (6) forp, = 1,1 € I,, p;, =0,i &€ I, and ¢ = 1,4 € I,, ¢ = 0,
i1 & 1,. O

3 Symmetric solution set

In this section, let us suppose without loss of generality that A = AT ie.
matrices A°, A® are symmetric. Otherwise we restrict our considerations
on the interval matrix (a;; Naj); ;-

Simple corollary of Theorem 1 enables us to obtain explicit description of
the symmetric solution set Esym. Nevertheless, the number of inequalities
in the description is still exponential. Therefore when checking = € Esym
for only one vector z, it is better, from the theoretical viewpoint, to use
the linear programming problem (from the proof of Theorem 1), which is
polynomially solvable. The question whether Esym can be described by

polynomial number of inequalities is still open.

Theorem 2. The symmetric solution set Zsym is described by the following



system of inequalities

ABa] + b2 > Ir], 9)

n
Z TiZ; (pz' - Qi)
i=1

Vp, q 6{05 1}77. \ {077.7 1n}ap <lex q, (10)

n

n
> aglmiai(pi — )l + Db wipi + a)| >
=1

ij=1

where r = —A°x + b°.
Proof. Ysym can be equivalently described as the set of all z € R™ satisfying

Az =1, (11)
ATz = b? (12)

for some A € A, b',b? € b (since $(A + AT) € A is symmetric matrix and
(bt +v?) € b). Put y =z, d = b and apply Theorem 1 on the system
(11)-(12). We obtain that Xy, is described by (9)-(10). To reduce the
number of inequalities in (10), it is sufficient due to symmetry to consider
only vectors p,q € {0,1}"\ {0”,1™} for which p <jex ¢. O

The number of inequalities in (10) is exponential, namely (2" —2)(2" —
3) = O(4™), but not as tremendous as by using Fourier-Motzkin elimination.
For n = 2 we have only one additional inequality, for n = 3 the number rise
up to 15 (cf. [3], [4], [6], Fourier-Motzkin elimination leads to 44 inequalities
for only one orthant).

Example 1. For two dimensional case, the system (10) comes into only
one inequality

afy ol + agyal + b e | + 05 |wa| > [rimy — rawsl,

or, equivalently

atyot +agyad + bf w1 | + b3 |w2| > | = afyad + a5pad + by — Diaal.
In the list bellow we mention some particular examples. Figures 1 to 2
illustrate solution set (light grey color) and symmetric solution set (grey
color):



1. (Figure 1) A = Gé’ﬂ K&ﬂ), b= (3), here interval hull (0 can
be arbitrarily larger than DESW, depending on the real parameter
a > 0.

2. (Figure 2) A = <[__515] [_51’ 5]>, b= <[113]>; here > = R? is

unbounded, but X, is bounded.

3. For A = [0.1] - 1,2 ), b= G:i’ﬂ) we have 2 = X, and

[152] [_150] [ ) ]
both are bounded.
—-1,1 0,2 0,1
4 For A — [[0’2]] [[_1’]1])7 b = GO, 1D we have 2 = Esym and

both are unbounded.

T2

Figure 1: Solution set arbitrarily larger than symmetric solution set, a = 4.



Figure 2: Unbounded solution set and bounded symmetric solution set.

4 Skew—-symmetric solution set

In this section, let us suppose without loss of generality that A = —AT
and the diagonal of A is zero. Therefore A€ is skew—symmetric and A% is
a symmetric matrix. The description of the skew—symmetric solution set
Yskew follows from Theorem 1. The resulting number of inequalities in the
description is again exponential. But in comparison with the upper bound

k41
8 (%)2 , k= %n(n + 1), for the final number of inequalities obtained by

Fourier—Motzkin elimination (see [4]), the improvement is significant.

Theorem 3. The skew-symmetric solution set Yigpew 15 described by the

10



following system of inequalities

ABa] + 6% = Ir], (13)

> agleiwi(pi — ap)| + Y b ei(pi + a:)| =

ij=1 i=1

n
Z rizi(pi + ¢;)

i=1
vpvqe{oal}n\{on}vpjlex(Ia (14)

where r = —Ax + b°.
Proof. Yisrew can be equivalently described as the set of all 2 € R™ satisfying
Az = b, (15)
AT (—z) = b? (16)

for some A € A, b',b* € b (since 3(A — AT) € A is a skew-symmetric
matrix and 1 (b* 4+ b%) € b). Put y = —z, d = b. Then

rt= A% + ¢ = — (=A%) (—z) +b° = —(A) Ty +d° =r? =71

Apply Theorem 1 on the system (15)—(16). We obtain that >gge,, is de-
scribed by (13)—(14). To reduce the number of inequalities in (14), it is
sufficient due to symmetry to consider only vectors p,q € {0,1}™\ {0"} for
which p <jex q. O

Remark 1. The number of inequalities in (14) is 2"71(2" — 1) and can
be furthermore decreased to the number 2" —n — 1. We claim that it is
sufficient to consider only such inequalities for which p = ¢ holds. For given
vectors p,q define I, = {i | p; = 1}, I; = {i | ¢ = 1} and denote the
inequality (14) corresponding to p, ¢ by Ineq(I,,I;). Let p,q be fixed and
define I = I,N 1, J = I, UIl,. We prove that Ineq(l,, I;) is a consequence
of

%(Ineq([,f)—i—fnequv J))- (17)

The right-hand side of Ineq(1p, I;) is ‘Zielp Ti%i + D e, Tixi‘ =

|>icrmimi + >, riwi|, which is not greater than |3, o, riws |+ |3 ,c; riws |,
the right-hand side of (17). The second sum in Ineq(I,,I,) is equal to
Zielp biA|xi| + Zielq biA|xi|7 which is equal to Zie[ bzA|xl| + ZieJ biA|xi|a
the second sum in (17). To prove the remaining relations, it is sufficient to
consider any indices i1 # i2 and the only four cases:

11



1. Case il € I\ 1,12 g I, U1,. The corresponding terms in Ineq(Ip, I5)
are af;, |lem“| + a2 |lex12| while the corresponding term in (17)
is only a2

1192

1112 |x11m12|

2. Case i1,12 € I, \I The correbponding terms in Ineq(Ip,I,;) are

ml|lex“| + 2alm|m“ml2| + a8, |zi,xi,|, while the corresponding
term in (17) is empty.

Q202

3. Case il €I, \1y,io 6 I, \ I,. The corresponding terms in Ineq(Ip, I,)
are a2, |zi, xi,| + afy, |2, xl2| while the corresponding term in (17)

is empty.

1212

4. Case iy € IyN 1y, 2 6 I,\ I,. The corresponding terms in Ineq(Ip, I;)
are azm|leml2| + a2 |xz2 Zi, |, while the corresponding term in (17)
is only a2

1272

1112 |x11m12|

Hence the system of inequalities (14) is equivalent to the system

Zalj|m1$1 —Dpj |+Zb |$1p1| > Zrzmipi

i<j

» Vp € {0, 13"\ {0"}.

(18)

The last reduction follows from the fact that for each unit vector p = ¢;
the corresponding inequality in (18) represents a |x;|-multiple of the i-th
Oettli-Prager inequality (13).

Example 2. For n = 2, the system (18) is composed of only one inequality
b || + b3 |wa| > [r1an + rowal,

or, equivalently
bR x| + b |2a| > b5z + bSaal.

In this two dimensional case the set 2 4pew represents a polyhedral set which
is convex in each orthant (cf. [4]). Some particular examples:

_ 0 [1,2] _( [0,2] _
1. For A = 2,1 0 ), b= <[_2’2] we have X = Y pe and
both are bounded.
_( 0 [-1,]] _( [0,2] _
2. For A = <[_1’ 1 0 ), b= <[_2’2] we have X = Y ey and

both are unbounded.
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