
Large Monochromatic Components

in Two-colored Grids
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Abstract

Let Dd
n denote the d-dimensional grid with diagonals, that is, the

graph with vertex set {1, 2, . . . , n}d and with edges connecting ev-
ery two vertices that differ by at most 1 in every coordinate. We
prove that for an arbitrary coloring of the vertices of Dd

n by two col-
ors there exists a monochromatic connected subgraph with at least
nd−1 − d2nd−2 vertices, and thus the “horizontal layer” coloring (by
the parity of the first coordinate) is almost optimal.

We also consider a d-dimensional triangulated grid ; this is the
graph of a triangulation of the solid cube [1, n]d that refines the sub-
division of [1, n]d into the grid of unit cubes. Here every 2-coloring
has a monochromatic connected subgraph with Ω(nd−1/

√
d) vertices.

These results are proved by combining combinatorial and topo-
logical arguments with suitable isoperimetric inequalities, and they
can be viewed as d-dimensional generalizations of the planar HEX
lemma.

∗The second author’s research is supported by grant from Czech Science Foundation
GD201/05/H014.
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Figure 1: A triangulated square grid.

1 Introduction

The HEX lemma. Let T 2
n be the graph of an n× n triangulated square

grid in the plane as in Fig. 1. Here n counts the number of rows and columns
of vertices; so the picture has n = 6. The well-known planar HEX lemma
asserts that if the vertices of T 2

n are colored red and blue in an arbitrary
way, then there exists a path in T 2

n connecting the top and bottom sides
and having all vertices red, or a path connecting the left and right sides
and having all vertices blue. In particular, under any two-coloring of the
vertices of T 2

n there is a monochromatic connected subgraph with at least
n vertices.

Triangulated grids. Our results can be regarded as d-dimensional gen-
eralizations of the HEX lemma. First we consider a d-dimensional trian-
gulated grid T d

n , which is defined geometrically as follows. We begin with
the d-dimensional solid cube [1, n]d and we subdivide it into the grid of unit
cubes; each unit cube is of the form [i1, i1 +1]× [i2, i2 +1]×· · ·× [id, id +1],
1 ≤ i1, i2, . . . , id ≤ n − 1. Then we triangulate each of the unit cubes in
such a way that the simplices of all of these triangulations taken together
form a triangulation of [1, n]d (here a triangulation is a simplicial complex
in the sense of algebraic topology; see Section 2). Then T d

n is the graph
of such a triangulation; that is, the vertex set is [n]d (where we use the
shorthand [n] for the set {1, 2, . . . , n}), and the edges of T d

n are the edges of
the triangulation. Thus, for given n and d, T d

n is not defined uniquely, but
rather it stands for an arbitrary graph from a (finite) family.

We consider an arbitrary coloring of [n]d by two colors and we ask, what
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can be said about the number of vertices of the largest monochromatic
connected subgraph of T d

n? The obvious “horizontal layer” coloring, by
the parity of the first coordinate, shows an upper bound of nd−1 for this
quantity in the worst case, and one might suspect this coloring to be optimal.
However, it turns out that for d ≥ 3, there are better colorings at least
for some of the possible triangulated grids. Namely, let us define the ith
diagonal layer Ld

n(i) by Ld
n(i) = {x ∈ [n]d :

∑d
j=1 xj = i}, and the diagonal-

layer coloring by coloring all Ld
n(i) with even i red and all Ld

n(i) with odd
i blue. As we will verify in Section 6, there are triangulated grids T d

n with
no edges connecting Ld

n(i) and Ld
n(i′) with |i − i′| ≥ 2, and for these, the

largest monochromatic connected component is the largest diagonal layer.
For d = 3, for example, maxi |Ld

n(i)| is approximately 3
4n2.

We prove that the diagonal-layer coloring is not far from optimal in the
worst case. To state the result precisely, let us define, for α ∈ [0, 1] and
given n and d,

iα = min

{

i :
∑

j≤i

|Ld
n(j)| > αnd

}

.

It can be checked that i1/2 =
⌈

(n+1)d
2

⌉

and that Ld
n(i1/2) is either the single

largest diagonal layer or one of the two largest diagonal layers. We prove
the following.

Theorem 1.1 For an arbitrary 2-coloring of the vertices of a d-dimensional
triangulated grid T d

n , n ≥ 3, there exists a monochromatic connected sub-
graph with at least |Ld

n(i2/3)| − |Ld−1
n (i1/2)| vertices. The last quantity is of

order nd−1

√
d

.

We conjecture that the right answer is |Ld
n(i1/2)| instead of |Ld

n(i2/3)| −
|Ld−1

n (i1/2)|; that is, the diagonal-layer coloring is optimal in the worst
case. This would follow from a natural and very plausible-looking conjecture
stated in Section 7. The numerical values of |Ld

n(i1/2)| and |Ld
n(i2/3)| −

|Ld−1
n (i1/2)| are not too far from each other, as is illustrated by the following

table (showing approximate values for small fixed d and n → ∞):

|Ld
n(i1/2)| |Ld

n(i2/3)| − |Ld−1
n (i1/2)|

d = 3 0.750n2 0.698n2

d = 4 0.667n3 0.609n3

d = 5 0.599n4 0.549n4
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Let us remark that the proof of Theorem 1.1 works for graphs G some-
what more general than T d

n . However, since we don’t see any good use of
such greater generality at the moment, we stick to the concrete geomet-
ric formulation as above. If needed, the properties of the graph actually
required can be reconstructed from the proof.

Grid with all diagonals. Next, we consider the d-dimensional grid with
all diagonals of the unit cubes added. That is, we define the graph Dd

n, the
d-dimensional grid with diagonals, as the graph with vertex set [n]d and edge
set {{u, v} : u, v ∈ [n]d, ‖u− v‖∞ ≤ 1}, where ‖u− v‖∞ = maxi |ui − vi|. In
this case we show that the horizontal-layer coloring is almost optimal (the
remaining lower-order term is probably an artifact of the proof method):

Theorem 1.2 For an arbitrary 2-coloring of the vertices of the grid with
diagonals Dd

n, there exists a monochromatic connected subgraph with at least
nd−1 − d2nd−2 vertices.

Related work. There is a different and well-known d-dimensional gener-
alization of the planar HEX lemma appearing e.g. in Gale [G79] (also see
Linial and Saks [LS93] for a different proof and an application in computer
science). It asserts that if the vertices of T d

n are colored by d colors, then
there is a monochromatic path connecting two opposite facets of the cube
[1, n]d. In particular, there is a monochromatic connected component with
at least n vertices.

The problem considered in this paper fits in the following general con-
text. For an arbitrary graph G and an integer k, let us define ξk(G) as the
smallest m such that there exists a coloring of the vertices of G by k colors
with no monochromatic connected subgraph having more than m vertices.
(So the usual chromatic number χ(G) equals min{k : ξk(G) = 1}.)

The quantity ξk(G) has been studied extensively for graphs of bounded
degree, mainly for k = 2. It is easy to see that any graph G of maximum
degree 3 has ξ2(G) ≤ 2. Alon, Ding, Oporowski, and Vertigan [ADO+03]
proved that every graph G of maximum degree 4 satisfies ξ2(G) ≤ 57.
Haxell, Szabó, and Tardos [HST03] improved this to ξ2(G) ≤ 6 and proved
that ξ2(G) ≤ 20000 for every graph G of maximum degree 5. On the other
hand, Alon et al. [ADO+03] constructed 6-regular graphs G with ξ2(G)
arbitrarily large. For graphs G of maximum degree 3 it was also shown in
[BS05] that they admit two-coloring where one color induces independent an
set, while the other color induces components of size at most 189. Earlier
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work on this subject [DOS+96], [JW96] mainly focused on more specific
questions concerning line graphs of 3-regular graphs. These investigations
culminated in [Tho99] showing that the edges of every 3-regular graph can
be 2-colored so that each monochromatic component is a path of length at
most 5.

Outline of the proofs of Theorems 1.1 and 1.2. To prove Theo-
rem 1.1, we consider a red-blue coloring of [n]d. Assuming that no monochro-
matic connected component in T d

n is very large, we prove that T d
n has a

connected monochromatic separator, where a separator in a graph G is a
subset S ⊆ V (G) whose removal disconnects G into components of size at
most 1

2 |V (G)|. The only property of T d
n that we use for this part is that it

is the graph of a simply connected simplicial complex. Theorem 1.1 then
follows from a known result about the vertex expansion of the ordinary grid
graph (not triangulated). Theorem 1.2 follows along the same lines, only
with a bound on the vertex expansion of Dd

n applied in the end. We derive
this bound from the edge-isoperimetric inequality for the ordinary grid.

2 Topological preliminaries

Here we present some material from elementary algebraic topology. We
briefly recall even very standard things in order to make the paper more
accessible; see, e.g., [Hat01] or [Mun84] for more details and background.

Simplicial complexes. A (geometric) simplex σ is the convex hull of
a finite affinely independent set A in some Rd. The points of A are the
vertices of σ. The dimension of σ is dimσ := |A| − 1. Thus a k-simplex
(k-dimensional simplex) has k + 1 vertices. The convex hull of an arbitrary
subset of vertices of a simplex σ is a face of σ (every face is itself a simplex).

A nonempty family K of simplices is a (geometric) simplicial complex if
the following two conditions hold:

1. Each face of any simplex σ ∈ K is also a simplex of K.

2. The intersection σ1 ∩ σ2 of any two simplices σ1, σ2 ∈ K is a face of
both σ1 and σ2.

In this paper we consider only simplicial complexes with finitely many sim-
plices. A subcomplex of a simplicial complex K is a subset L of the simplices
of K that constitutes a simplicial complex.
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The union of all simplices in a simplicial complex K is the polyhedron
of K and it is denoted by ‖K‖. In this situation K is called a triangulation
of the topological space ‖K‖.

The vertex set of K, denoted by V (K), is the union of the vertex sets
of all simplices of K. The graph of K, denoted by G(K), has vertex set
V (K) and two vertices are connected by an edge if they are contained in a
common 1-simplex (edge) of K.

Simplicial maps and simplicial approximation. Let K and L be
simplicial complexes. A simplicial map of K into L is a continuous map
f : ‖K‖ → ‖L‖ such that the image of every simplex σ ∈ K is a simplex of
L (and in particular, every vertex of K is mapped to a vertex of L), and
moreover, f restricted to each simplex σ ∈ K is an affine map.

Let K and K̃ be simplicial complexes. We call K̃ a refinement of K if
‖K̃‖ = ‖K‖ and every simplex of K̃ is contained in some simplex of K (and
thus for every nonempty simplex σ of K there is a subcomplex of K̃ that is
a triangulation of σ).

We will need the following proposition, which is a variation of the stan-
dard simplicial approximation theorem.

Proposition 2.1 Let K and L be simplicial complexes and let f : ‖K‖ →
‖L‖ be an arbitrary continuous map. Then there is a refinement K̃ of K
and a simplicial map f̃ of K̃ into L such that

(∗) If σ ∈ K is a simplex such that f(σ) is completely contained in some
simplex τ ∈ L, then f̃ maps all vertices of K̃ lying in σ to vertices of τ .
In particular, if f(v) ∈ V (L) for some v ∈ V (K), then f̃(v) = f(v).

The usual simplicial approximation theorem also yields f̃ homotopic to
f (but we don’t need this part). On the other hand, condition (∗) doesn’t
appear in the formulations of the simplicial approximation theorem in the
literature, but it immediately follows from the standard proof; see, for ex-
ample, [Hat01] or [Mun84].

A variant of the HEX lemma. Let T be a 2-dimensional simplicial
complex with ‖T ‖ homeomorphic to B2, the unit disk in the plane, and let
CT be the cycle in the graph G(T ) corresponding to the boundary of B2.
(So G(T ) can be drawn in the plane with the outer face bounded by CT

and with all inner faces being triangles.) We need the following variant of
the HEX lemma:
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A
u

v

B

Figure 2: A variant of the HEX lemma

Lemma 2.2 Let T and CT be as above, and let the vertices of T be colored
red and blue. Let the vertices of be partitioned into four sets, forming con-
secutive segments along CT (see Fig. 2), as follows: a set A of red and blue
vertices, a single red vertex u, a set B of red and blue vertices, and a single
red vertex v. If there is no blue path (path consisting of blue vertices) from
A to B, then u and v are connected by a red path. See Fig. 2

Proof. The case where C has four vertices (and thus A and B are
singletons) and A and B are blue is Claim 6.1.4 in [MN98]. The case of A,
B arbitrary reduces to the previous case by adding two new vertices a and
b in the outer face (Fig. 3), coloring them blue, connecting a to all vertices
of A ∪ {u, v} and b to all vertices of B ∪ {u, v}. ✷

3 Monochromatic connected separators

We recall that a topological space X is simply connected if each continuous
map f : S1 → X can be extended to a continuous map f̄ : B2 → X (S1

denotes the unit circle, the boundary of B2). A simplicial complex K is
simply connected if the topological space ‖K‖ is simply connected.

Here is the main result of this section.

Proposition 3.1 Let G = G(K) be the graph of a (finite) simply connected
simplicial complex K. For an arbitrary coloring of V (G) by two colors there
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b

Figure 3: A reduction to the 4-cycle case.

exists a monochromatic connected separator, that is, a subset S ⊆ V (G)
such that all vertices in S have the same color, the subgraph induced by S
is connected, and each component of G \ S has at most 1

2 |V (G)| vertices.

We need the following lemma.

Lemma 3.2 Let G be a graph as in Proposition 3.1 with V (G) colored red
and blue. Let C be a cycle in G, let u, v ∈ V (C) be two distinct red vertices,
and let A and B be the two connected components (arcs) of C \ {u, v}. If
there is no blue path from a vertex of A to a vertex of B in G, then u and
v are connected by a red path.

Proof. The goal is to apply Lemma 2.2. Let us choose a triangulation
T with ‖T ‖ homeomorphic to the unit disk and with the boundary cycle
CT such that CT has the same length as C. Let f0 : V (CT ) → V (C) be
an isomorphism of the two cycles, and let f : ‖CT ‖ → ‖C‖ be the (unique)
extension of f0 to a simplicial map. (So here we also regard CT as a 1-
dimensional subcomplex of T and C as a 1-dimensional subcomplex of K.)
Since ‖T ‖ is homeomorphic to B2 and since K is simply connected, f can
be extended to a continuous map f̄ : ‖T ‖ → ‖K‖.

Applying our version of the simplicial approximation theorem (Proposi-
tion 2.1) to the mapping f̄ , we obtain a refinement T̃ of T and a simplicial
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map f̃ of T̃ into K. Let C̃T be the subcomplex of T̃ that refines CT (so
‖C̃T ‖ = ‖CT ‖ is the boundary of the disk ‖T ‖).

According to condition (∗) in Proposition 2.1, we have f̃(v) = f(v) for
every vertex v of CT , and for every edge (1-simplex) e of CT with vertices u
and v, all vertices of C̃T lying in e are mapped by f̃ to either f(u) or f(v).

Each vertex of T̃ is mapped to a vertex f̃(v) ∈ V (G) since f̃ is a sim-
plicial map, so we can define the color of each v ∈ V (T̃ ) as the color of
f̃(v). We note that if x1, x2, . . . , xk is a monochromatic path in T̃ , then
f̃(x1), f̃(x2), . . . , f̃(xk) is a monochromatic walk in G. A monochromatic
walk can be shortcut to a monochromatic path.

Now we check that T̃ , C̃T , and the two red vertices uT = f−1(u) and
vT = f−1(v) satisfy the conditions of Lemma 2.2. Since the two components
A and B of C \ {u, v} are not connected by a blue path in G, it follows that
the two components of C̃ \ {uT , vT } are not connected by a blue path in T̃
either. Therefore, by Lemma 2.2, uT and vT are connected by a red path,
and u and v are connected by a red path too, as claimed. ✷

Proof of Proposition 3.1. If the vertices of G are colored with only one
color, we can take V (G) for S and we are done. Otherwise, we choose S as
the vertex set of a monochromatic connected subgraph of G that is

• inclusion-maximal (no vertex of the same color can be added), and

• such that the largest component G1 of G \S has the smallest possible
number of vertices.

Without loss of generality, let S be colored blue.
We claim that G1 has at most than 1

2 |V (G)| vertices. For contradic-
tion, we thus assume |V (G1)| > 1

2 |V (G)|. We define S′ as the union of
all inclusion-maximal red connected subgraphs of G1 that have at least one
vertex connected to S (so S′ is the “red foam” on the blue surface of S facing
G1). We will show that S′ is “better” than S; namely, that S′ induces an
inclusion-maximal connected red subgraph of G and the largest component
of G \ S′ is smaller than G1. The set S′ is red by definition.

Next, we show that S′ induces a connected subgraph (then it will also
be clear that it is inclusion-maximal, by the choice of S′). It suffices us
to show that any two vertices u and v of S′ are connected by a red path
in G. Moreover, it suffices us to show this only for u and v that are both
connected to S by an edge. Let u′ ∈ S be a blue neighbor of u and let
v′ ∈ S be a blue neighbor of v. Since S is a blue connected subgraph, there
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is a blue path P1 connecting u′ and v′. Since G1 is connected, u and v are
connected by a path P2 in G1, which is is vertex-disjoint from P1. The path
P2 may consist of vertices of both colors, but there is no blue path from a
vertex of P2 to P1 (by the inclusion-maximality of S). The paths P1 and
P2 together form a cycle C in G. The graph G and the cycle C satisfy all
conditions of Lemma 3.2, and so we have a red path connecting u and v.
Hence S′ indeed induces a connected subgraph.

Each component of G\S′ is contained either in G1 \S′, or in G\G1. We
have |V (G1) \ S′| < |V (G1)| since S′ 6= ∅, and |V (G) \ V (G1)| < 1

2 |V (G)|.
Thus the largest component of G \ S′ is strictly smaller than G1, and this
contradicts the choice of S. ✷

4 Isoperimetric inequalities

For a graph G the and a set A ⊆ V (G), the vertex boundary of A in G is
the set

vert-bdG(A) = {v ∈ V (G) : v 6∈ A, {u, v} ∈ E(G) for some u ∈ A}.

An isoperimetric inequality for G (or more precisely, a vertex-isoperimetric
inequality) bounds from below the quantity min{vert-bdG(A) : A ⊆ V (G),
|A| = s} as a function of s.

The ordinary grid. Let Gd
n be the graph of the ordinary grid (not trian-

gulated). Explicitly, V (Gd
n) = [n]d and u, v ∈ V (Gd

n) are connected by an

edge if ‖u − v‖1 =
∑d

i=1 |ui − vi| = 1.
A vertex-isoperimetric inequality for Gd

n was established by Bollobás
and Leader [BL91a]. For stating it, we define the simplicial order on [n]d

by setting x <simpl y if either
∑d

i=1 xi <
∑d

i=1 yi, or if
∑d

i=1 xi =
∑d

i=1 yi

and x precedes y lexicographically; that is, for some i ∈ [d] we have xj = yj

for j = 1, 2, . . . , i − 1 and xi < yi.

Theorem 4.1 ([BL91a]) For every A ⊆ [nd] we have |vert-bdGd
n
(A)| ≥

|vert-bdGd
n
(Isimpl(|A|))|, where Isimpl(s) denotes the set of the first s ele-

ments of [n]d in the ordering <simpl.

To bound from below the size of the vertex boundary of arbitrary set
A ⊆ [n]d we use the following lemma:
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Lemma 4.2 Let A ⊆ [n]d with |A| = βnd. Then we have |vert-bdGd
n
(A)| ≥

|Ld
n(iβ)| − |Ld−1

n (i1/2)|.

Proof. By Theorem 4.1 it suffices to prove the statement only for A of
the form Isimpl(|A|). Then A is a subset of the union of the first iβ diagonal
layers and the first iβ − 1 layers are fully contained in A.

Let us write D for the intersection of A with Ld
n(iβ). If D = ∅, then

vert-bdGd
n
(A) = Ld

n(iβ) and we are done. If D 6= ∅, then vert-bdGd
n
(A)

is a disjoint union of two sets B1 and B2, where B1 ⊆ Ld
n(iβ) and B2 ⊆

Ld
n(iβ + 1). It is easy to check that B1 = Ld

n(iβ) \ D and if we show that
|B2| ≥ |D| − |Ld−1

n (i1/2)|, we are done.
Let D′ be D shifted by 1 in the first component; that is, D′ = D +

(1, 0, . . . , 0). Similarly, let L′ be Ld
n(iβ) + (1, 0, . . . , 0). Since D′ ⊆ L′, we

have D′ \ [n]d ⊆ L′ \ [n]d and from the fact D′ ∩ [n]d ⊆ B2 we arrive at
|B2| ≥ |D| − |L′ \ [n]d|.

The rest follows from the fact that L′ \ [n]d is exactly a copy of the set
Ld−1

n (iβ−n), which has always smaller size than the middle layer Ld−1
n (i1/2)

as will be shown in Lemma 4.3. ✷

Let us remark that some error term in the previous estimation of
vert-bdGd

n
(A) is needed. For example, vert-bdGd

n
(Isimpl(21)) = 5 for the

case n = 3, d = 3, but |L3
3(i21/27)| = 6.

Lemma 4.3 For any n, d ∈ N the following hold:

(a)
∣
∣
∣Ld

n

(
(n+1)d

2 − i
) ∣

∣
∣ =

∣
∣
∣Ld

n

(
(n+1)d

2 + i
) ∣

∣
∣ for every i = 0, 1, 2, . . . , and

therefore, i1/2 =
⌈ (n+1)d

2

⌉
.

(b) The function i 7→ |Ld
n(i)| is non-decreasing on integers i ≤

⌈ (n+1)d
2

⌉
=

i1/2 and non-increasing on integers i ≥
⌊ (n+1)d

2

⌋
.

Proof.
(a) The function f

(
(x1, . . . , xd)

)
= (n + 1 − x1, . . . , n + 1 − xd) maps

Ld
n

(
(n+1)d

2 − i
)

to Ld
n

(
(n+1)d

2 + i
)

and it is easy to check from definition

that i1/2 =
⌈ (n+1)d

2

⌉
.

(b) The proof is by induction on d. For d = 1, 2 and any n ≥ 1 the
statement trivially holds. Fix some n and d > 2. We can partition arbitrary
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set Ld
n(i) into n sets L1, . . . , Ln according to the last component of the

vertices; that is

Lt = {x ∈ Ld
n(i) : xd = t} for all t ∈ [n].

It is easy to check that each Lt is isomorphic to Ld−1
n (i − t) and thus

∣
∣Ld

n(i + 1)
∣
∣ −

∣
∣Ld

n(i)
∣
∣ =

n∑

t=1

∣
∣Ld−1

n (i + 1 − t)
∣
∣ −

n∑

t=1

∣
∣Ld−1

n (i − t)
∣
∣

=
∣
∣Ld−1

n (i)
∣
∣ −

∣
∣Ld−1

n (i − n)
∣
∣.

We distinguish four cases:

1. If i ≤
⌈ (n+1)(d−1)

2

⌉
then by the inductive hypothesis we have

∣
∣Ld−1

n (i − n)
∣
∣ ≤

∣
∣Ld−1

n (i)
∣
∣.

2. If
⌈ (n+1)(d−1)

2

⌉
< i <

⌈ (n+1)d
2

⌉
then by (a) we have

∣
∣Ld−1

n (i)
∣
∣ =

∣
∣Ld−1

n

(
(n + 1)(d − 1) − i

)∣
∣

and since

(i − n) ≤ (n + 1)(d − 1) − i ≤
⌈ (n + 1)(d − 1)

2

⌉

we have by the inductive hypothesis

∣
∣Ld−1

n (i − n)
∣
∣ ≤

∣
∣Ld−1

n

(
(n + 1)(d − 1) − i

)∣
∣ =

∣
∣Ld−1

n (i)
∣
∣.

3. If
⌊ (n+1)d

2

⌋
≤ i <

⌊ (n+1)(d+1)
2 + n

⌋
then by (a) we have

∣
∣Ld−1

n (i − n)
∣
∣ =

∣
∣Ld−1

n ((n + 1)(d − 1) − (i − n))
∣
∣

and since

i ≥ (n + 1)(d − 1) − (i − n) ≥
⌊ (n + 1)(d − 1)

2

⌋

we have by the inductive hypothesis

∣
∣Ld−1

n (i)
∣
∣ ≤

∣
∣Ld−1

n

(
(n + 1)(d − 1) − (i − n))

∣
∣ =

∣
∣Ld−1

n (i − n)
∣
∣.
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4. If i ≥
⌊ (n+1)(d+1)

2 + n
⌋

then by the inductive hypothesis we have
∣
∣Ld−1

n (i − n)
∣
∣ ≥

∣
∣Ld−1

n (i)
∣
∣.

✷

Proposition 4.4 For every α ∈ (0, 1
2 ) and every A ⊆ [n]d with αnd ≤

|A| ≤ (1 − α)nd we have |vert-bdGd
n
(A)| ≥ |Ld

n(i1−α)| − |Ld−1
n (i1/2)|.

Proof. Let |A| = βnd. By Lemma 4.2 we have |vert-bdGd
n
(A)| ≥ |Ld

n(iβ)|−
|Ld−1

n (i1/2)|. If α ≤ β ≤ 1
2 , then also iα ≤ iβ ≤ i1/2 and by Lemma 4.3 we

have |Ld
n(iβ)| ≥ |Ld

n(iα)|. Similarly, for 1
2 < β ≤ (1−α) we have |Ld

n(iβ)| ≥
|Ld

n(i1−α)|. Since i1/2 ≤ (n + 1)d − iα ≤ i(1−α), by Lemma 4.3 we have

|Ld
n(iα)| = |Ld

n((n + 1)d − iα)| ≥ |Ld
n(i(1−α))|, and thus |vert-bdGd

n
(A)| ≥

|Ld
n(i(1−α))| − |Ld−1

n (i1/2)|. ✷

The grid with diagonals. Here we derive the following vertex-isoperimetric
inequality:

Proposition 4.5 For any set A ⊆ [n]d with 1
4nd ≤ |A| ≤ 3

4nd we have
|vert-bdDd

n
(A)| ≥ nd−1 − d2nd−2.

We are going to derive this result from an edge-isoperimeric inequality
for the ordinary grid Gd

n. For A ⊆ [n]d, let

edge-bdGd
n
(A) = {{u, v} ∈ E(Gd

n) : u ∈ A, v 6∈ A}

be the edge boundary of A in Gd
n.

Theorem 4.6 (Bollobás and Leader [BL91b]) Let A ⊆ [n]d. Then

|edge-bdGd
n
(A)| ≥







4|A|/n for |A| < nd/4,

nd−1 for nd/4 ≤ |A| ≤ 3nd/4,

4(nd − |A|)/n for |A| > 3nd/4.

First we show, following [BL91a] almost verbatim, that it suffices to
prove Proposition 4.5 for sets A that are down-sets. We begin with the
necessary definitions from [BL91a].

A set A ⊆ [n]d is a down-set if x ∈ A implies y ∈ A for all y ∈ [n]d

satisfying xi ≤ yi for all i ∈ [d]. For A ⊆ [n]d and 1 ≤ i ≤ d, let the
i-section of A at x ∈ [n]d−1 be defined as

Ai(x) = {t ∈ [n] : (x1, . . . , xi−1, t, xi, . . . , xd−1) ∈ A}.
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For A ⊆ [n]d and 1 ≤ i ≤ d, let the i-compression of A be defined by giving
its i-sections:

(Ci(A))i(x) = {1, . . . , |Ai(x)|} for all x ∈ [n]d−1.

In other words, Ci “compresses” each i-section of A downwards. We note
that |Ci(A)| = |A|, and it is also easy to check that if a set A is i-compressed,
then so is Cj(A). So the set A′ = Cn(Cn−1(. . . C1(A) . . .)) is i-compressed
for every i ∈ [d], and thus it is a down-set.

Lemma 4.7 Let A ⊆ [n]d. Then there is a down-set A′ ⊆ [n]d with |A′| =
|A| and |vert-bdDd

n
(A′)| ≤ |vert-bdDd

n
(A)|.

Proof. For A ⊆ [n]d, let N(A) = A ∪ vert-bdDd
n
(A) denote the closed

neighborhood of A. By the above remarks it suffices to prove that |N(Ci(A))| ≤
|N(A)| for all A ⊆ [n]d and all i ∈ [d].

Let us write B for Ci(A). The case d = 1 is easy; we have |N(A)| ≥
|A| + 1 = |N(B)| for all A ⊆ [n] apart from A = ∅ and A = [n]. For A = ∅
and A = [n] we have |N(A)| = |A| = |B| = |N(B)|.

For d > 1 it is sufficient to show that for each x ∈ [n]d−1 we have

|(N(B))i(x)| ≤ |(N(A))i(x)|.

Fixing an arbitrary x ∈ [n]d−1,

(N(A))i(x) =
⋃

y∈[n]d−1:‖y−x‖∞≤1

N
(
Ai(y)

)

and
(N(B))i(x) =

⋃

y∈[n]d−1:‖y−x‖∞≤1

N
(
Bi(y)

)
.

The sets N(Bi(y)) are initial segments of [n], hence they are nested, and
thus

|(N(B))i(x)| ≤ max
y∈[n]d−1:‖y−x‖∞≤1

|N
(
Bi(y)

)
|.

From the one-dimensional case we know

|N
(
Bi(y)

)
| ≤ |N

(
Ai(y)

)
|,

and therefore,
|(N(B))i(x)| ≤ |(N(A))i(x)|.
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✷

Proposition 4.5 now follows from Theorem 4.6, the previous lemma, and
the next one:

Lemma 4.8 Let A ⊆ [n]d be a down-set.
Then |vert-bdDd

n
(A)| ≥ |edge-bdGd

n
(A)| − d2nd−2.

To prove this lemma we need the following claim:

Claim 4.9 Let A ⊆ [n]d be a down-set. Then |edge-bdGd
n
(A)| ≤ dnd−1.

Proof. For any edge {u, v} ∈ edge-bdGd
n
(A) there is a unique i-section

Ai(x) that contains both of the vertices u and v. Since A is a down-set,
there is at most one edge e ∈ edge-bdGd

n
(A) in every i-section, and we have

dnd−1 different i-sections in [n]d. ✷

Proof of Lemma 4.8. Let

E = edge-bdGd
n
(A) \ {{u, v} ∈ E(Gd

n) : ui = vi = n for some i}.

We show that E can be injectively mapped into vert-bdDd
n
(A). Let us

construct a mapping f : E → [n]d in the following way: For arbitrary edge
{u, v} ∈ E, let i be the number of the component in which u and v differ
by 1, and without loss of generality, let ui ≤ vi. Then we put

f({u, v}) = u + (1, 1, . . . , 1
︸ ︷︷ ︸

i times 1

, 0, . . . , 0).

It is easy to check that uj < n for j ≤ i, and hence z = f({u, v}) ∈ [n]d

indeed. We have u ∈ A and v /∈ A. If we had z ∈ A, then since A is a
down-set and vi ≤ zi for all i ∈ [d], it would follow that v ∈ A as well. Thus
z /∈ A, and since ‖u − z‖∞ = 1, we arrive at f({u, v}) ∈ vert-bdDd

n
(A).

Now we suppose for contradiction that there exist two edges {u1, v1},
{u2, v2} ∈ E that are mapped by f to the same vertex z. Let i1 be the
number of the component where u1 and v1 differ by 1 and let i2 be the
number of the component where u2 and v2 do so. Without loss of generality
let i1 < i2. Then

v2 = (z1 − 1, . . . , zi2−1 − 1, zi2 , zi2+1, . . . , zd)
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is in all components less or equal to

u1 = (z1 − 1, . . . , zi1−1 − 1, zi1 − 1, zi1+1, . . . , zd),

and since A is a down-set, u1 ∈ A implies v2 ∈ A. This contradiction shows
that f is injective as claimed.

It remains to estimate the size of E. For i ∈ [d] let us put Fi = {{u, v} ∈
edge-bdGd

n
(A) : ui = vi = n}. It is easy to see that

|Fi| = |edge-bdGd−1

n
(Ai)|,

where

Ai = {(x1, . . . , xd−1) ∈ [n]d−1 : (x1, . . . , xi−1, n, xi, . . . , xd−1) ∈ A}.

Since Ai is a down-set, Claim 4.9 gives |Fi| ≤ (d − 1)nd−2, and thus

|E| ≥ |edge-bdGd
n
(A)| −

d∑

i=1

|Fi| ≥ |edge-bdGd
n
(A)| − d(d − 1)nd−2,

which is even slightly better than claimed in the lemma. ✷

5 Proofs of Theorems 1.1 and 1.2

Monochromatic connected separators again. We will need the fol-
lowing standard consequence of Proposition 3.1.

Corollary 5.1 Let G be the graph of a simply connected simplicial complex,
and let V (G) be colored red and blue. Then there exists a partition of V (G)
into three disjoint sets A, B and S such that

• no edge connects a vertex of A to a vertex of B,

• S is a monochromatic connected subgraph of G, and

• |A|, |B| ≤ 2
3 |V (G)|.

Proof. Let S be as in Proposition 3.1, and let V1, V2, . . . , Vm be the
vertex sets of the components of G \ S ordered by size in the descending
order. Let i be the largest index with |V1 ∪ V2 ∪ . . . ∪ Vi| ≤ 2

3 |V (G)|. Then
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|V1| + · · · + |Vi| ≤ 2
3 |V (G)| and |Vi+2| + · · · + |Vm| ≤ 1

3 |V (G)|. Let us put
A = V1 ∪ V2 ∪ · · · ∪ Vi and B = V \ A \ S. Obviously, |A| ≤ 2

3 |V (G)|, and
since |V (G)| − |B| ≥ |A| ≥ |Vi+1| and |B| = |Vi+1| + |Vi+2| + · · · + |Vm| ≤
|Vi+1| + 1

3 |V (G)|, we arrive at |B| ≤ 2
3 |V (G)| too. ✷

Proof of Theorem 1.1. We consider a two-colored graph T d
n as in

the theorem and a partition V (T d
n) = A ∪ B ∪ S as in Corollary 5.1 (S

is a monochromatic connected separator). We may assume |S| ≤ 1
3nd, for

otherwise, we would be done. Then |A| or |B| is between 1
3nd and 2

3nd; let
us fix the notation A, B so that 1

3nd ≤ |A| ≤ 2
3nd.

We now consider the grid graph Gd
n as a subgraph of T d

n . We have
S ⊇ vert-bdT d

n
(A) ⊇ vert-bdGd

n
(A), and |vert-bdGd

n
(A)| ≥ |Ld

n(i2/3)| −
|Ld−1

n (i1/2)| by Proposition 4.4. The required estimates for |Ld
n(i2/3)| and

|Ld−1
n (i1/2)| are established in the appendix. Theorem 1.1 is proved. ✷

Proof of Theorem 1.2. We consider a 2-coloring of the graph Dd
n.

By deleting suitable diagonals from Dd
n we obtain a triangulated grid T d

n .
Using Corollary 5.1 we again find a partition V (T d

n) = A ∪ B ∪ S. We may
assume |S| ≤ 1

3nd, for otherwise, we would be done. We can again assume
1
3nd ≤ |A| ≤ 2

3nd, and using Proposition 4.5 we get |S| ≥ |vert-bdDd
n
(A)| ≥

nd−1 − d2nd−2. Theorem 1.2 is proved. ✷

6 An upper bound for certain triangulated

grids

In this section we show that there exists a triangulated grid T d
n in which

every edge connects either two vertices from the same diagonal layer Ld
n(i)

or vertices from two consecutive diagonal layers Ld
n(i) and Ld

n(i+ 1). Thus,
each monochromatic connected component in the diagonal-layer coloring of
such T d

n is contained in some Ld
n(i).

To see that such triangulation exists, we consider the arrangement A of
the following hyperplanes: Hi

j = {x : xi = j} for j ∈ [n], i = 0, . . . , d, and
Sj = {x :

∑
xk = j} for j = d, . . . , nd. The vertices of this arrangement

are of two types: the first type are the vertices formed as the intersection
of d hyperplanes among Hi

j , and the second type are vertices formed as the

intersection of one hyperplane Sj and d − 1 of the hyperplanes Hi
j .

The vertices of the first type are exactly the grid points of [n]d. An
intersection of d−1 hyperplanes Hi

j is either empty or a line parallel to one

17



of the coordinate axes, and if we intersect this line by some hyperplane Sj

we get a vertex with integral coordinates. Thus, if we restrict ourselves to
the hypercube [1, n]d, the only possible vertices of our arrangement are the
grid points of [n]d.

The arrangement A is a polyhedral complex. Let C be the subcomplex
of A consisting of all faces contained in [1, n]d. The union of all faces of C
is exactly [1, n]d, C refines the subdivision of [1, n]d into unit cubes, and it
remains to refine C to a triangulation. This can be done, for example, us-
ing the bottom-vertex triangulation (or canonical triangulation) of Clarkson
[Cla88].

For each face F of C, which is a convex polytope, we define the bottom
vertex v as the vertex of F with the lexicographically smallest coordinate
vector.

The bottom-vertex triangulation of C is defined inductively. For k ≥ 1,
we assume that all faces of C dimension at most k have already been tri-
angulated (for k = 1 this is satisfied automatically, since the 1-dimensional
faces are segments). Given a (k + 1)-dimensional face F , we let v be the
bottom vertex of F , and we triangulate F as follows. For each simplex σ
from the union of the triangulations of all proper faces of F , we consider
the cone over σ with apex v, that is, the simplex conv(σ ∪ {v}). Taking all
of these simplices plus all simplices in the triangulation of all proper faces
of F yields the bottom-vertex triangulation of F .

It is not hard to verify that this indeed defines a simplicial complex
refining C, and thus the desired triangulated grid T d

n .

7 Open problems

We have considered colorings of the vertices of [n]d by two colors. The case
of d colors is essentially solved by the d-dimensional HEX lemma. A natural
and, in our opinion, very interesting question is, what happens for colorings
by k colors for 3 ≤ k ≤ d − 1? An obvious conjecture is that the minimum
possible size of the largest monochromatic connected subgraph should be
about nd+1−k in this case (for d and k fixed and n → ∞), but at present
we have nothing nontrivial to say about this question.

A natural bound one would expect in Theorem 1.1 (for a triangulated
grid) would be the size of the “middle diagonal layer” Ld

n(i1/2). However,

our method yields only |Ld
n(i2/3)|. The improved bound of |Ld

n(i1/2)| would

follow immediately by our method from the following conjecture: If A ⊆ [n]d
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is such that removing it from the grid Gd
n leaves no connected component

larger than 1
2nd, then |A| ≥ |Ld

n(i1/2)|. This doesn’t seem to follow from

the vertex-isoperimetric inequality for Gd
n, since in principle, for example,

we might have a situation where Gd
n \A has three connected components of

size about 1
3nd each, and A is a common boundary of all three. While this

or similar situations seem unlikely, we currently don’t have a proof of the
conjecture. We note that Kleitman [Kle86] proved a similar conjecture for
the hypercube (that is, for the grid Gd

2), but adapting his method to larger
grids seems nontrivial.

In the appendix below, we derive asymptotic bounds for the size of the
diagonal layers |Ld

n(i1/2)| and |Ld
n(i2/3)|, using a quantitative version of

the central limit theorem. However, the estimated quantity is of a quite
basic nature and it might well be that considerably more precise results are
known.
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A Appendix: Bounding the size of diagonal

layers

Let us recall that Ld
n(i) = {x ∈ [n]d :

∑d
j=1 xj = i} and iα = min{i :

∑

j≤i |Ld
n(j)| > αnd}. Here we prove the following estimates:
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Proposition A.1 There exist constants C ≥ c > 0 such that for all n > 1
and all d we have

c√
d
nd−1 ≤ |Ld

n(i2/3)| ≤ |Ld
n(i1/2)| ≤

C√
d
nd−1.

We use the following quantitative version of the central limit theorem
by Feller [Fel43].

Theorem A.2 Let X1, . . . , Xd be independent random variables and sup-
pose that their second moments σ2

1 , . . . , σ2
d exist. Let Sd = X1 + . . . + Xd

and s2
d = σ2

1 + . . . + σ2
d, let Fd(t) = Prob[Sd ≤ t] be the distribution func-

tion of Sd and let Φ(u) be the distribution function of the standard normal
distribution. Let there exist a non-increasing sequence λ1, . . . , λd, such that
|Xk| ≤ λksk for k = 1, . . . , d.

If 0 < λdu < (3 −
√

5)/4, then

1 − Fd(usd) = e−(1/2)u2Qd(u)
(

(1 − Φ(u)) + θλde
−(1/2)u2

)

.

Here θ has an upper bound independent of the sequence {Xk} and of d;
furthermore

Qd(u) =

∞∑

ν=1

qd,νuν

where coefficient qd,ν depends only on the ν first moments of X1, . . . , Xd.
If, more particularly,

0 < λdu < 1/12

then
|θ| < 9

and
|qd,ν | < (1/7)(12λd)

ν .

Moreover, for any 0 < i < j ≤ d we have

|Qj(u) − Qi(u)| ≤ (1/2)(s2
j − s2

i )/s2
n.

Let us assume that n is odd, n = 2k+1; the case of even n is similar. Let
us consider the sequence of independent random variables X1, . . . , Xd, where
each Xi is uniformly distributed on the set of integers {−k,−k + 1, . . . , k}.
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For this sequence X1, . . . , Xd we define Sd, Fd, sd as in Feller’s theorem. It
is easy to see that ndFd

(
t − nd+d

2

)
=

∑u
i=0 |Ld

n(i)| for all t ∈ N.

In our case
√

dk
3 ≤ sd ≤

√
dk, so we can put λd = 3√

d
. For 0 ≤ u ≤ 1

and d > 106 it is seen that λdu < 1
300 and thus

|Qd(u)| ≤
∞∑

ν=1

|qd,νuν | ≤
∞∑

ν=1

|qd,ν | ≤
∞∑

ν=1

1

7
(12λd)

ν

≤ 12λd

7

∞∑

ν=0

(12λd)
ν ≤ 36

7
√

d

∞∑

ν=0

(
12

300

)ν

≤ 6√
d
.

So we arrive at

e−3d−1/2 ≤ e−
1

2
u2Qd(u) ≤ e3d−1/2

1 − 3d−1/2 ≤ e−
1

2
u2Qd(u) ≤ 1 + 4d−1/2.

From

1 − Fd(usd) = e−(1/2)u2Qd(u)
(

(1 − Φ(u)) + θλde−(1/2)u2
)

we derive

1 − Fd(usd) ≤
(

1 + 4d−1/2
)(

1 − Φ(u) + 27d−1/2
)

Fd(usd) ≥ Φ(u) − 32d−1/2

and also

1 − Fd(usd) ≥
(

1 − 3d−1/2
)(

1 − Φ(u) − 27d−1/2
)

Fd(usd) ≤ Φ(u) + 32d−1/2.

Let q1 = Φ−1(0.7) and q2 = Φ−1(0.8); both of them satisfy 0 < q1, q2 < 1.
Then the i-layers for i ∈

[
⌊q1sd + nd+d

2 ⌋, ⌈q2sd + nd+d
2 ⌉

]
contain together

at least 1
30nd vertices, since

Fd(q2sd) − Fd(q1sd) ≥ Φ(q2) − 32d−1/2 − Φ(q1) − 32d−1/2

= 1/10 − 64d−1/2 ≥ 1/30.

There are at most (q2sd − q1sd) ≤ kd1/2 such layers, so the largest of them,
Ld

n(q1sd + nd+d
2 ), contains at least 1

15d1/2
nd−1 vertices. Now the ith layer
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for i = q1sd + nd+d
2 cuts off a set of size at least 2

3nd from the grid, since

Fd(q1sd) ≥ Φ(q1) − 32d−1/2

= 7/10− 32d−1/2 ≥ 0.668 > 2/3.

Thus, |Ld
n(i2/3)| > |Ld

n(q1sd+ nd+d
2 )| and therefore, |Ld

n(i2/3)| ≥ 1
15d1/2

nd−1.
Let us remind that during all the previous steps we still assume that d > 106.

In the following proposition we show the upper bound on the size of the
middle layer. To prove this, we need to show that two consecutive layers
cannot differ too much in size.

Lemma A.3 For any n, d, i ∈ N the following hold:

(a) |Ld
n(i1/2)| ≤ 1000nd−1

√
d

,

(b) |Ld
n(i)| − |Ld

n(i + 1)| ≤ |Ld−1
n (i − n)| ≤ 2000nd−2

√
d

.

Proof. First we show that |Ld
n(i)| − |Ld

n(i + 1)| ≤ |Ld−1
n (i − n)| ≤

|Ld−1
n (i1/2)|. Let L′ be Ld

n(i) shifted by 1 in the first component, i.e.

L′ = Ld
n(i) + (1, 0, . . . , 0). Since (L′ ∩ [n]d) ⊆ Ld

n(i + 1), we arrive at
|Ld

n(i)| − |Ld
n(i + 1)| ≤ |L′ \ [n]d|. It is easy to check that L′ \ [n]d is exactly

a copy of the set Ld−1
n (i−n), which has always smaller size than the middle

layer Ld−1
n (i1/2). The rest of (b) follows from (a).

To prove (a) for d ≤ 106, we note that size of any layer Ld
n(i) is bounded

above by nd−1 and for d ≤ 106 we have nd−1 ≤ 1000nd−1

√
d

. To prove (a)

for d > 106, we estimate the size of the n
6 consecutive layers Ld

n(i) for
i ∈

[
i1/2, i1/2 + n

6

]
:

F d
n

(

i1/2 +
n

6

)

− F d
n

(
i1/2

)
≤

(

Φ

(
n

6sd

)

+
32√
d

)

−
(

Φ (0) − 32√
d

)

≤ Φ

(
1√
d

)

− Φ(0) +
64√
d

≤ 1√
2π

(∫ d−1/2

0

e−(1/2)y2

dy

)

+
64√
d

≤ 65d−1/2.

Among the n/6 layers the size of the smallest layer Ld
n

(
i1/2 + n

6

)
is at most

∣
∣
∣Ld

n

(

i1/2 +
n

6

)∣
∣
∣ ≤ 65d−1/2nd

n/6
≤ 400i

nd−1

√
d

.
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Using (b) we estimate the size of the middle layer as

|Ld
n(i1/2)| ≤

∣
∣
∣Ld

n

(

i1/2 +
n

6

)∣
∣
∣ +

n

6

(

2000
nd−2

√
d

)

≤ 1000
nd−1

√
d

.

✷
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