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Preface

Spring school on Combinatorics is a traditional meeting organized for mem-
bers of the Combinatorial Seminar at Charles University for nearly 30 years.
By now it is internationally well known and it is regularly visited by studerts,
postdocs and teachers from our cooperating institutions in the DIMATIA and
COMBSTRU networks. In the years 1999{2001,and again in 2004{2006,the
school is supported by ERASMUS{SOCRATES Intensive Programme 503334{
IC{1{2002{1{CZ{ERASMUS{IPUC{ 1 which includes participation of univer-
sities from Bonn, Berlin, Bordeaux, Barcelona, Pisa and recertly Bergen.

Spring Schools are ertirely organizedand arranged by undegraduate students.
The lectures' subjects are selectedby supervisors from the Department of Ap-
plied Mathematics (KAM) and Institute for Theoretical Computer Science(ITl)

of Charles University as well as from other participating institutions. In con-
trast, the lectures themselwes are almost exclusively given by students, both
graduate an undergraduate. This leadsto a unique atmosphereof the meeting
which helps the students in further studiesand their sciertic orientation.

This year the Spring School was organizedin Borova Lada, a mountain village
in Sumava hills with a great variety of possibilities for outdoor activities like
hiking a biking. Someof them are mirrored by photos in this volume.

We thank Marek Kr cal, Bernard Lidicky and Honza Hladky asthe main orga-
nizers who also completed this volume. We also thank Robert Samal, Martin
Mares, Ondrej Pangrac, Michal Koucky and other colleagueswho took part
both in the organization and in the Spring Scool itself. We hope to meet all
this year's participants next year!

Jir Fiala, Jan Krato chv |, Jaroslav Nesetril
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Abstracts of all talks (in order of appearance)

V t Jel nek
jelinek@kam.mff. cuni. cz

Sumsets in semigroups

The aim of my talk is to present a recert combinatorial proof by Nathansonand
Ruzsaof a result of Khovanskii on the size of sumsetsin an arbitrary abelian
semigroup.

Let S be an arbitrary abelian semigroup (i.e., S is a set with a commutativ e
and assiative operation "+'). For two setsA; B S, wewrite A+ B to denote
the set of all elemers of S that can be obtained by adding an elemen of A and
an elemen of B; in other words, A+ B = fa+ a2 A; b2 Bg. Moreover, we
write kA for the k-fold sum A + A + + A.

In early 1990's,Khovanskii [1,2] proved that for every abelian semigroupS and
any two nite setsA;B S, the sizeof the setB + kA is equalto a polynomial
in k, up to nitely many exceptions; formally, there is a polynomial p and a
constant C such that for every k > C, jB + kAj = p(k). In 2000, Nathanson|[3]
has proved a more generalclaim:

Theorem 1. For every ~ + 1 nite subsetsAi;A;;:::;A;B of S, there is a
polynomial p with * variables, and a constart C sud that for every "-tuple of
integersks;:::; k-, all of them greater than C, we have the identity

In 2002,Nathanson and Ruzsa[4] found an elemenary and simple proof of this
statemert. | will presert Nathanson and Ruzsa'sproof in the simplied setting
whereB = A; = ::: = A-; and then | will briey explain how to adapt the
argumerts to prove the theorem in full generality.

References
[1] A. G. Khovanskii: Newton Polyhedron, Hilbert Polynomial and Sums of
Finite Sets, Functional Analysis and Its Applications, 26:276{281(1992).

[2] A. G. Khovanskii: Sumsof Finite Sets, Orbits of Commutativ e Semigroups
and Hilbert Functions, Functional Analysis and Its Applications, 29:102{112
(1995).

[3] M. Nathanson: Growth of sumsetsin abelian semigroups,Semigroup Forum,
61:149{153(2000).

[4] M. Nathanson, |. Ruzsa: Polynomial growth of sumsetsin abelian semi-
groups, Journal de Theorie desNombres de Bordeaux, 14:2 (2002).
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Alexandr Kazda
alexandr.kazda@s eznamcz

Preseried paper by Noga Alon, Eval Lubetzky

Codes and Xor Graph Pro ducts
(http://www.math.tau.ac.ill ~nogaa/PDFS/xor4.p df)

The article focuseson studying the xor products of graphs. Given the graphs
G and H, their xor product G H is the graph with vertex setV(G) V(H)
(Cartesian product) in which (v1;v2) and (ujp; uz) connectedi exactly one of
the following pairs is connected: either viu; in G or vou, in H. We can then
de ne G" by induction. The notion of xor product can be easily generalised
to multigraphs (the only new phenomenonintroduced by multigraphs is the
possibility of loops in a graph). Due to the number of issuesregarding xor
products that are addressedin the original article, only a part of it will be
referred here.

The main points of interest are the asymptotics of independenceand clique
numbers of G" (denoted and !, respectively) asn tends to in nit y. Recall
that (G) is the maximal size of an independen setin G (asetU V suc
that no two vertices in U are connected) and ! (G) is the maximal size of a
cliguein G (a setW V sud that every pair of verticesin W is conneced).
To be able to comparethe speed of growth of these numbers, denote:

x (G) = nI!ilm P (GM = supe (G")

X (G) = nI|lrn ﬂ = su %

The correctnessof these de nitions stems from the fact that (for (G) > 0)
the function f (n) = (G") is super-multiplicativ e (i.,e. f (n+ m) f (n)f (m))
and g(n) = ! (G" 1) 2is (for ! (G) > 0) super-additive (i.e. g(n + m)
g(n) + g(m)).

The following bounds for x are established:

Theorem 1. Let G be a multigraph suchthat (G) > 0. Then P iV(G)j
x (G) jV(G)j.

Theorem 2. LetG = (V;E) bea multigraphandlet H be an induced sulgraph
onU V satisfying (H) > 0. Then:

x (H) x(G) x (H)+jVvj juj
Theorem 3. Let G be alooplessnontrivial d-regular graph on n vertices, and

letd= s Ill n denotethe eigenvaluesof G (that is, the eigenvalues
of G's adjacency matrix). Then:

x (G) max(jn  2dj;2j 2j;2 nj):



It canbeproventhat it isx (K3) = x (K4) = 2 (the upper bound is a corollary
of theorem 3).

Call a function f : vV ! ZX (for somek 1) a proper representation of G if
thereisa by 2 f0;1g suc that 8u;v 2 V(G);uv 2 E(G), f(u) f(v) = k.
The dimension of a proper represenation f is dim(f (V)) in Z5.

The following bounds for x, are established:

Theorem 4. If G = (V;E) is a graph with a proper representation f , then
X; (G) dim(f).

Theorem 5. For everygraphG = (V;E) it is x; (G) jV]j
Theorem 6. Letr = pX for someprime p 3 andk 1. Then:

r
r+2

r 1 xi(Ky) r L

While the precisevalue of the number x; (K 3) is not known, it must lie between
1:7 (result of a computer seard) and 2 (corollary of theorem 6).

A nice application of this theory is courting the maximum possible number
f3(n) of vectorsin f0; 1; 2g" such that the Hamming distance betweenevery pair
is even (i.e. they dier in an even number of componerts) and the maximum
possiblenumber gz(n) of vectors from the samespacesudc that the Hamming
distance between every pair is odd. It is easyto seethat f3z(n) = (KJ) and
gs(n) = ! (K§). Applying the asymptotic for graph products, we obtain that
f3 grows like 2" for large n while gz surprisingly grows only linearly.

Kjartan Hie
kjartan.hoie@ii .ui b.no

Preserted paper by P. Hell, J. Nesetril

A reform ulation of Hadwiger's conjecture
(Graphs and homomorphismsp104-106)

Hadwiger's conjecture is regardedby many asone of the most challenging open
problems in graph theory and can be viewed as a generalization of the four
colour theorem. It statesthat: Any graph, G, with chromatic numkber n contains
K, asa minor

The conjectureis trivial for n 2 and relatively easyfor n = 3 and n = 4. For
n=5andn = 6it is equivalent to the the four colour theorem. But forn 7
the conjecture remains open.

I will in my talk presert Proposition 3.43 from [Hell, Nesetril: Graphs and
homomorphismsp104-106]. (Also [Naserasr,Nigussie: On the reformulation of
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Hadwiger's conjecture]). The proposition states that Hadwiger's conjecture is
equivalentto the following statement: Every proper minor closeal classof graphs
has a maximum.

I will presert necessarybadkground and go through the proof in detail.

Ondrej Suchy

ondra@s.cz
Preserted paper by Henning Fernau

Roman domination: A Parameterized Perspective
(Lecture Notes in Computer Science,Volume 3831/ 2006)

We analyzeRoman domination from a parameterizedperspective. More speci -
cally, we provethat this problem is W[2]-completefor generalgraphs. However,
parameterized algorithms are preseried for graphs of bounded treewidth and
for planar graphs. Moreover, it is shovn that a parametric dual of Roman
domination isin FPT .

Roman domination is one of the many variants of dominating set problems. It

comeswith a nice (hi)story: namely, it should re ect the idea of how to secure
the Roman Empire by positioning the armies (legions) on the various parts of
the Empire in a way that either (1) a specic region r is also the location of
at least one army or (2) oneregion r°® neighboring r hastwo armies, sothat r°
canaord sendingo onearmy to the regionr (in caseof an attack) without

loosing self-defensecapabilities.

Formally . Let us rst formally describe the problem.

To this end, notice that we will use standard notions from graph theory. In
whole talk we deal with simple undirected graphs. N (v) is the open neigh-
borhood of vertex v, and N[v] = N (v) [ v is the closed neighborhood. An
instance of Roman domination (ROMAN) is given by a graph G = (V;E),
and the parameter, a positive integer k. Tlge question is: Is there a Roman
domination function R sudh that R(V) := ,,,, R(x) k? Here, a Roman
domination function of a graph G = (V;E) is a function R : VI!f 0; 1; 2g with
8v2V:R(V)=0) 9x2 N(v):R(x) = 2. Dg = R 1(f1;2g) is then the Ro-
man domination set. The minimum of R(V) over all valid Roman domination
functions R is also called the Roman domination number of a given graph.

Parametrized complexit y. In the following, we give the necessarybadk-
ground on parameterized complexity:

A parameterizedproblem P is a subsetof N, where isa xed alphabet
and N is the set of all non-negative integers. Therefore, ead instance of the
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parameterized problem P is a pair (I;k), where the secondcomponernt Kk is
called the parameter. The languagelL (P) is the set of all YES-instancesof P.
We say that the parameterizedproblem P is xed-parameter tractable if there
is an algorithm that decideswhether an input (I;k) is a member of L(P) in
time f (k)jl j¢, wherecis a xed constart and f (k) is a function independert of
the overall input length jl j. The classof all xed-parameter tractable problems
is denotedby FPT .

There is also a hardnesstheory, most notably, the W t] hierarchy, that comple-
ments xed-parameter tractabilit y:

FPT = W[0] WJ[1] W]2]

It is commonly believed that this hierarchy is strict. Sinceonly the secondlevel
W [2] will be of interest to usin this paper, we will only de ne that classbelow.
We do this in the "T uring way".

A parameterizedreduction is a function r that, for somepolynomial p and some
function g, is computable in time O(g(k)p(jlj)) and maps an instance (I ; k) of
P onto an instancer(l;k) = (1%k% of P%sud that (I;k) is a YES-instance of
P if and only if (1%k9 is a YES-instanceof P%and k® g(k). We also say that
P reducesto P°.

W 2] can be characterized by the following problem on Turing machines: An in-
stanceof Short multi-tap e nondeterministic Turing machine computation (SM-
NTMC) is given by a multi-tap e nondeterministic Turing machine M (with
two-way in nite tapes),an input string x, and the parameter, a positive integer
k. The questionis: Is there an accepting computation of M on input x that
reachesa nal accepting state in at most k steps? More speci cally, a parame-
terized problem isin W[2]i it canbereducedwith a parameterizedreduction
to Short multi-tap e nondeterministic Turing machine computation.

Lemma. Red-bluedominating set, restricted to bipartite graphsis W[2]-hard.
Theorem 1. Roman domination is W[2]-complete.

Theorem 2. Planar Roman domination can be solved in O (3:372%) time,
eg.isin FPT

Theorem 3. Minimum Roman domination, parameterized by the treewidth
tw(G) of the input graph G, can be solved in time O(5™ (®)jV (G))).

Another problem. Parametric dual:

Given a graph G and a parameter kg, is there a Roman domination function R
such that jR 1(1)j + 2jJR 1(0)j kd?

Theorem 4. Our version of parametric dual of Roman domination allows for
a problem kernel of size (7=6)kd, measuredin terms of vertices. Hence, this
problemisin FPT .



Louis Esperet
esperet@labri.fr

(d;1)-total labelling of sparse graphs

Abstract

The (d; 1)-total number [ (G) of a graph G is the width of the smallestrange
of integersthat su ces to label the vertices and the edgesof G sothat no two
adjacert verticeshave the samecolor, no two incident edgeshave the samecolor
and the distance betweenthe color of a vertex and the color of any incident
edgeis at leastd. This notion wasintroduced by Havet and Yu in [1]. In this
paper, we study the (d; 1)-total number of sparsegraphsand prove that for any
0<"< % and any positive integer d, there exists a constart Cq~ sud that for
any " -sparse graph G with maximum degree, we have [(G) + Cg- .

In tro duction

In the channel assignmen problem, we needto assignfrequencybandsto trans-
mitters. If two transmitters are too close, interferenceswill occur if they at-
tempt to transmit on close frequencies. In order to avoid this situation, the
channels assignedmust be su cien tly far. Moreover, if two transmitters are
closebut not too close,the channelsassignedmust still be di erent. Havet and
Yu in [1] and [2] intro duced the (d; 1)-total labelling, de ned as follows:

The (d;1)-total labelling of a graph G = (V;E) isafunctonc: V[ E! N
verifying:

(i) 8(u;v) 2 V2:uv2E) c(u) 8 ¢(v)

(i) 8(u;v;w) 2 V3:uv2 E;uw2 E) c(uv) 6 c(uw)
(i) 8(u;v) 2 V2:uv2E) jou) c(uv)j d

The span of a (d;1)-total labelling is the maximum di erence between two
assignedintegers. The (d; 1)-total numkter of a graph G, denotedby [ (G), is
the minimum span of a (d; 1)-total labelling of G. Notice that the (1;1)-total
labelling is the traditional total coloring.

Conjecture 1. Let G be a graph with maximum degree , then [ (G)
minf +2d 1,2 +d 1g.

Finally, the best known upper bound for generalgraphsis due to Esperet and
Havet [3] who proved :

Theorem 1. Let G be a graph with maximum degree , then [(G)

+ O(log ) .
In [4], Molloy and Reed proved that the total chromatic number of any graph
with maximum degree is at most plus an absolute constart. Moreover, in
[6], they gave a simpler proof of this result for sparsegraphs. In this paper, we
generalizetheir approach to the (d;1)-total number of sparsegraphs.
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A vertex v is called -sparsei JE(N (Vv))j 2 . An -sparsegraph is
a graph in which all the verticesare -sparse.
Our main result is the following :

Theorem 2. Forany0O< "< % and any positive integer d, there exists a
constant Cg~ suchthat for any " -sparse graph G with maximum degree
we have [ (G) + Cyo .

The proof of Theorem 2 is basedon a probabilistic approach due to Molloy
and Reed. It usesintensively concerration inequalities aswell asLovaszLocal
Lemma. Moreover, we conjecture:

Conjecture 2. For any positive integer d, there exists a constant C4, such
that for any graph G with maximum degree , we have [(G) + Cq.

In next section, we presert the procedureusedto prove Theorem 2. And then
we analyse this procedure. In the following, we will need some probabilistic
tools (seeAppendix A and [6] for more details).

Pro of of Theorem 2

Since [(G) 2 +d 1,if weprovethat for some o(d;") and someCg-,
any " -sparse graph G of maximum degree overies [(G) + Cq-
then Theorem 2 will be proved.

Let beafull or partial coloring of G. Any edgee = uvsuchthatj (u) (e)j<

dor/and j (v) (e)j < dis called a reject edge The graph R induced by the
reject edgesis called the reject graph It will be conveniert for us to consider
the reject degree of a vertex v, which is the number of edgese = uv such that

j () (e)j < d. Obsene that degs (v) is at most the reject degreeof v plus
2d 1.

Sketch of Pro of To prove Theorem 2, we apply the following steps:

Step1. First, we will color the edgesby Vizing's Theorem using the colors
fl,:::; @

ticeswith colorsf1;:::; + 2d 1g. This procedurecreatesreject edges.
However, we can prove that after the procedure, the maximum degreeof
the reject graph R is a constart D4~ which doesnot depend on .

Step 3. Finally, we erasethe color of the vertices of R and recolor these
verticesgreedily with the colorsf +3d 2;:::; +3d 1+ Dg~g. Taking
Cyr = Dg» + 3d 2, this provesthat [ (G) + Cgr.

We now presert the Naive Coloring Procedure.
The Naiv e Coloring Pro cedure

For eacth vertex v, we maintain two lists of colors: L, and F,. L, is the
set of colors which do not appear in the neighborhood of v. Initially , L, =
fl;:::; + 2d 1g. After iteration | (specied later), F, will be a set of
forbidden colors. Until iteration I, F, = ;.

12



During the Naive Coloring procedure,we will perform i (specied later) iter-
ations of the following procedure:

Step 1. Assign to ead uncolored vertex v a color choosen uniformly at
randomin L.

Step 2. Uncolor any vertex which receivesthe samecolor as a neighbor in
this iteration.

Step 3.

Iteration i 1. Let v be a vertex having more than T (specied
later) neighbors u which are assigneda color c(u) suc that jc(uv)
c(u)j < din this iteration. For any v, we uncolor all such neighbors.

Iteration i> 1.

(&) Uncolor any vertex v which receives a color from F, in this
iteration.

(b) Let v be a vertex having more than one neighbor u which is
assigneda color such that jc(uv) c(u)j < din this iteration. For
any v, we uncolor all such neighbor.

(c) Let v be a vertex having at least one neighbor u such that
je(uv)  c(u)j < din this iteration. For any v, we place f c(vw)

Step 4. For any vertex v which retained its color (i.e. which was not
uncolored during a previous step), we remove c(v) from L, for any u 2
N (V).
After i iterations of this procedure, we have a partial coloring of G. We then
complete this coloring in order to obtain a reject graph R with a bounded
maximum degreewhich doesnot dependon  (Section 4.3).

Analysis of the pro cedure

The rst iteration
Let = @ In this subsection,we prove that:

Claim 1. The rst iteration produces a partial coloring with bounded reject
degree for which everyvertexhasat least ;  repeated colors in its neightwrhood.

We recall that C = + 2d 1 is the initial size of eadc color list L,. Let
Ay be the number of colors ¢ such that at least two neighbors of v receive the
color ¢ and all such vertices retain their color during Step 2. Let B, be the
number of neighbors of v which are uncoloredat Step 3. Notice that verticesare
uncoloredat Step 3 regardlessof what happenedat Step2. Let X, bethe event
that \A, < ". LetY, be the event that \B, 5" If notype X ewvernt
occurs, every vertex has at least repeated colorsin its neighborhood at the
endof Step 2. If notype Y event occurs, lessthan 5 verticesare uncoloredin
ead neighborhood. As a consequenceif we shaw that with positive probabilit y,
no type X or Y evernt occurs, Claim 1. will be proved.
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Claim 2. Pr(Xy)<e log®  for a particular constant > O.

Claim 3. Pr(Yy) < e , for a particular constant > O.

We now uselLovaszLocal Lemmato proveClaim 1. Each evert X, only depends
on the colors assignedto the vertices at distance at most 2 from v, and ead
event Y, depends on the colors assignedto the vertices at distance at most
3 from v. Hence, eat ewert is mutually independert of all but at most 2
other everts. For  sucien tly large, Pr (X,) < gis and Pr (Yy) < gis. Using
LovaszLocal Lemma, this provesthat with positive probability no type X or
Y event happens. Thus with positive probability, the rst iteration producesa
partial coloring with bounded reject degree,such that ead vertex has at least
—- repeated colorsin its neighborhood.

The next iterations

[ P
letd = 1 le°® andf; = 22407 ¢ 1 D;. Leti bethe smallest
integer i sBch that d; p._ Observe that for any i i , we have d

2P —
1 e ") .
Claim 4. At the end of eachiteration 1 i i , with positive prokability

every vertex has at most d; uncolored neighlors, and each list F, has size at
most f;.

Proof. By induction oni. }

The nal phase
At this point, we have a partial coloring such that:
- eah vertex v hasat most  uncolored neighbors;
- the reject degreeof eat vertex is at most I T + 1;
- eadh vertex hasa list of at least —- available colors.
It will be more conveniert to uselists of equal sizes. So we arbitrarily delete

colors from ead list, sothat for every uncolored vertex v, we have jLj = —-.

For ead uncolored vertex, we choose a subset of colors from L, which will
be candidates for v and we prove that with positive probability, there exists
a candidate for ead uncolored vertex, suc that we can complete our partial
coloring of G.

A candidate a for v is said to be gad if:
Condition 1 for every neighbor u of v, a is not candidate for u;

Condition 2 for every neighbor u of v, and every neighbor w of u, there
is no candidate b of w such that jc(uv) aj < dandjc(uw) b < d.

If we nd agood candidate for every uncoloredvertex, Condition 1 ensuresthat
the vertex coloring obtained is proper, and Condition 2 ensuresthat no reject
degreeincreasesby more than one.

Claim 5. There existsa setof candidatesS, for each uncolored vertex v, such

14



that each set contains at least one gaod candidate.

We obtain a coloring of G with maximum reject degreeat most | T + 2. Sothe
reject graph R obtained has maximum degreeat most |1 T + 2d+ 1. We uncolor
the verticesof R and recolor them greedily with the colorsf +3d 2;:::; +
I T+ 5dg. This nal coloring is a (d; 1)-total labelling of G. Sincel and T are
independart of , we provedthat [(G) + Cy- .

Remark. By looking carefully at each inequality during the procedure, we can
repla@ + Cy4» by + C-dlogd, wher C- is a constant that does not depend
on d.

Further work

Theorem 2 can be transformed into a randomized algorithm, using a powerful
technique intro duced by Bedk [5] and extendedto a wide range of applications
of the symmetric form of the Local Lemma by Molloy and Reed[7].
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Jir Fink
jirka.fink@matfyz .cz
Preserted paper by Stephan Brandt

On the structure of graphs with bounded cligue number
(Combinatorica, Springer-Verlag)

In atalk, astructural result for maximal K, -free graphsis proven, which proides
a simple proof of thte Andrasfai-Erdos-SosTheorem, saying that every K, -free
graph with minimum degree > (1 %)n is (r 1)-colorable.
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The crucial substructure is that of a 5-wheel-like graph W, .. This is a graph
consisting of two clique Q1, Q2 of order r 2, which intersect in exactly k
vertices,where0 k< r 2, together with a vertex v, adjacert to all vertices
of Q; and Q, and an edgew;w,, wherew; is adjacert to the verticesof Q; and
w; is adjacert to the vertices of Q..

Prop osition. Let G be a maximal K -free graph. Then G is either complete
(r  1)-partite, or G contains a 5-wheel-like sulgraph.

Prop osition. Let G be a K -free graph containing a 5-wheel-like sulmraph
W, with top v and bottom wiw,. If (G) > 24X 4nthenk < r 3andG
contains W, +1 , having top v and bottom wiws.

Arnaud Lab ourel
labourel@labri. fr

Preserted paper by Nicolas Bonichon, Cyril Gavoille and Arnaud Labourel

Short Labels by Traversal and Jumping

Abstract

In this paper, we proposean e cien t implicit represenation of caterpillars and
binary treeswith n vertices. Our schemes,called Traversal & Jumping, assign
to verticesof the tree distinct labelsof log, n+ O(1) bits, and support constart
time adjacency queries between any two vertices by using only their labels.
Moreover, all the labels can be constructed in O(n) time.

In tro duction

Related works The two basic ways of represeriing a graph are adjacency
matrices and adjacency lists. The latter represernation is spacee cient for
sparsegraphs, but adjacency queriesrequire searding in the list, whereasma-
trices allow fast queriesto the price of a super-linear space. Another technique,
called implicit representation or adjacency labeling scheme consistsin assign-
ing unique labelsto ead vertex suc that adjacencyqueriescan be computed
alonefrom the labels of the two involved verticeswithout any extra information

source. The goal is to minimize the maximum length of a label assaiated with

a vertex while keepingfast adjacency queries.

Adjacency labeling schemes,intro duced by [Breuer66,BF67],have beeninvesti-
gated by [KNR88,KNR92]. They construct for seweral families of graphs adja-
cency labeling schemeswith O(log n)-bit labels like labels of size 2dogne bits
for tree. This result has been improved in a non trivial way by [AKMO1]
to 1:.5logn + O(loglogn) bits, and more recertly to logn + O(log n) bits
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[ARO2Db], leaving open the question of whether trees enjoy a labeling scheme
with logn + O(1) bit labels.

In this paper we presert adjacencylabeling schemesfor caterpillars (i.e., a tree
whosenonleaf vertices induce a path), and binary trees with n vertices. Both
schemesassigndistinct labels of logn + O(1) bits, and support constart time
adjacency queries. Moreover, all the labels can be constructed in O(n) time.
We obsene that the recursive scheme of [AR02b] for general trees does not
simplify for caterpillars or binary trees. The worst-caselabel length remains
logn + O(log n) and the adjacencyquery time (log n).
Outline of techniques
Roughly speaking, the Traversal & Jumping technique consistsin:

S electing a suitable traversal of the tree (or of the graph);

A ssaiating with ead vertex x someinformation C(x);

P erforming the traversal and assignthe labels with increasingbut non nec-
essarily consecutive numbersto the vertices.

Intuitiv ely, the adjacencytest betweenx andy is doneon the basisof C(x) and
C(y). Actually, the jumps achieved in Step 3 are done by selectingan interval
assaiated with ead vertex in which its label must be. It is important to note
that the intervals are orderedin the sameway asthe corresponding verticesin
the traversal. Moreover, all vertex intervals must be disjoint. The position of
the label of x in its interval is tuned in order to encade C(x) in the label in a
self-extracting way. In general, the information C(x) determinesthe intervals
length of all the neighbours of x which are after in the traversal. The main
dicult vy isto designthe minimal information C(x) and to tune the jumps, i.e.,
the interval length. The maximum label length is simply determined by the
value of the last label assignedduring the traversal.

Preliminaries

We assumea RAM model of computation with (log n)-bit words. In this
model, standard arithmetic operations on words of O(log n) bits can be done
in constart time. Given a binary string A, we denoteby jA]j its length, and for
a binary string B, A B denotesthe concatenation of A followed by B. Given
an x 2 N, we denote by bin(x) its standard binary represeration. A codeis a
set of words, and a code is su x-fr ee if no words of the code is the ending of
another one. A basicproperty of su x-free codesit that they can be composed,
by the concatenationof a xed number of elds, to form new su x-free codes.
A simple su x-free codeis de ned by codey(x) = 1 0%, where 0* is the binary
string composedof x zeros. This code extendsto more succinct codes de ned
recursively by code .1 (x) = bin(x) code (jbin(x)j 1) for everyi 0. It is
easyto ched that, for everyi 0, code is su x-free. E.g., codey(5) = 100000,
code;(5) = 101100,and codey(5) = 1011010. If aword w hascode (x) assu X,

then x can be extracted from w in O(i) time. In this paper, we will essetially

usecode fori 2 f0;1;29. We che that for every x 2 N, jcodey(x)j = x + 1,
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jcoder(x)j = 2blgxc+ 2, and jcodey(x)j = blgxc+ 2bighlg xcc+ 3. We can nd
aword having the wanted su x by attributing to the vertex a interval of values
of enoughlengktt.

Claim.  Letw be aword, and z an integer. One can computein constant time
an integer x 2 [z;z+ 2")) suchthat w is a su x of bin(x).

Caterpillars

A leaf is a vertex of degreeone, and an inner vertex is a nonleaf vertex. A tree
is a caterpillar if the subgraphinduced by its inner verticesis a path.

Theorem 1. The family of caterpillars with n vertices enjoys an adjacency
lakeling schemewith lakels of length at most dogne+ 6 bits, supprting constant
time adjacency query. Moreover, all the lakels can be constructed in O(n) time.

Considera caterpillar G of n vertices. We denoteby X = fxq;:::;xxgthe inner
vertices of G (ordered along the path). For every i, let Y; = fyi1;:::;Via, 0 be
the set of leavesattached to x;, with d; = 0if Y; = ;. The traversalusedin our

schemeis a pre x traversal of the caterpillar rooted at x; where the vertices
of Y; are traversedbefore the vertex xj.+; . According to this traversal, the
inner vertex x; storesinformation necessaryto determine the adjacency with
the verticesof Y; [ fXi+1 g. The leavesdo not store any speci ¢ information in
their label. With ead inner vertex x;, we assaiate an interval | (x;) of length
pi, for somesuitable integer p;, in which its label " (x;) must be. The integer p;
must be large enoughfor x; to store pj+1 . To achievethat property, weimpose
that 8i; p; is a power of two (p; = 2). Sop; needonly to storeti+; = logpi+1 .
Moreover, we imposethat p; is greater than d; in order to store the leaf of x;
in an interval of size p;. The information encaded by x; is the ordered pair
(ti;ti+1). Toencde this information, we proposethe following su x-free code:

C(x;) = codey(t; jcodey(ti+1)j) codey(ti+1) :

We placethe leafsof x; in ainterval | (x;) of sizep; = 2i placed consecutively
to “(x;). Then, we put the interval | (xj+1 ) assignedto Xx;+; right after the
interval.

Now, we must de ne the adjacencyfunction betweenx and y. Without loss of
generality, we can assumethat “(x) < “(y) and that x = x; is an internal node.
x adjacert to y if and only if “(y) 2 (C(Xi); (xi) + pi + pi+1]. Clearly, this test
can be computed in constart time from the labels becausex; storet; and tj.1
using codg and codg and socan compute p; = 2t and pj; = 2t .

It remains usto show that the maximum value of the labels are in O(n). Due
to the lack of the place, we can not give a complete proof. The important fact
usedin the proof is that, the vertex x; encae tj+; = logpi+1 and not pj+1
using coda with 2jbin(ti+1)j bits. So, 1(x;) is of size 22bin(t+1)i = O(log? p;)
and after somecalculation, we show that the greater label have value in O(n).
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Binary trees
A tree is binary if it is rooted and ead inner vertex has at most two children.

Theorem 2. The family of binary treeswith n vertices enjoys an adjacency
lakeling schemewith lakels of length at most logn + O(1) bits, supporting con-
stant time adjacency query. Moreover, all the labels can be constructed in O(n)
time.

Proof. Weusethe samemethod asfor caterpillar. We choosethe pre x traver-
sal in which the children are traversedby growing weight, i.e., the size of the
subtree rooted at the child. Each inner vertex storesthe size of the interval of
its both sonsand the distance in labelsto the interval of its right son. These
informations are enoughto compute adjacency By using good encaling and
approximation of information, we can obtain labels of length logn + O(1) bits.
Due to the lack of space,we cannot give a complete proof of this theoremin this
extended abstract. The reader may refer to [BCAO6] for a complete proof. }

Conclusion

The unsolved implicit graph representation conjecture of [KNR88,KNR92] asks
whether every hereditary family of graphs with 20(n1°91) |apeled graphs of n
vertices enjoys a O(log n)-bit adjacencylabeling scheme. This is motivated by
the fact that every family with at least 2°"'°9" |abeled graphs of n vertices
requires adjacencylabels of at least clogn bits.

Our schemessuggestthat, at least for trees, labels of logn + O(1) bits may be
possible. Therefore, we proposeto prove or to disprove the following:

Every hereditary family of graphswith at most n!120(") = 2nlegn+0() |ghe|ed
graphs of n vertices enjoys an adjacency lakeling schemewith labels of logn +
O(1) bits.

We obsene that seweral well-known families of graphs are concernedby this
proposition: trees, planar graphs,boundedtreewidth graphs, graphsof bounded
gerus, graphsexcludinga xed minor (cf. [NRTWO5] for courting suc graphs).
Proving the latter conjecture appearsto be hard, e.g., the best upper bound
for planar graphsis only 3logn + O(log n).

Mic hal Kouc ky
koucky@math.cas.cz

A Brief Intro duction to Kolmogoro v Complexit y

In tro duction

The set of all nite binary strings is denoted by f0;1g . For x 2 f0;1g , jxj
denotesthe length of x.
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Kolmogorov complexity tries to answer the fundamental question: \What is a
random object?" Consider which of the following (decimal) strings seemto be
random?

33333333333
31415926535
84354279521

Most peoplewould rule out the rst oneto be random, and they could agree
that the remaining two are random. Indeed, most statisticians would agreethat
the latter two are random as they passessetially all possiblestatistical tests.
Yet, the secondsequenceconsistsof the rst elewven digits of . The third one
is taken really at random.

From the perspective of probability, all three strings have the sameprobability
of being chosenwhen we take a string of eleven digits fully at random namely,
ead of them has probability 10 . Hence,they all are equally likely to be ob-
tained by a random process.So probability doesnot really explain the intuitiv e
notion of randomness

Imagine that we would extend our strings to one million digits. Then the rst
string would becamea million times the digit three, the secondone would be
the rst million digits of and the last one would be 84354279521::. In fact
it would take us thousand of pagesto describe the last one. There is no pattern
in it. It is really random.

Hence, the notion of randomnessis connectedto patterns in strings and to a
way how we can describe them. The rst two strings in our example have very
short descriptions (few words) whereasthe last string hasvery long description
asit lacks any regularity. The longer the necessarydescription of a string the
more randomnesss in the string. This intuition leadsto the following de nition

of Kolmogorov complexity of a string x 2 f0; 1g : the Kolmogorov complexity
of x is the length of the shortest description of x. Of coursethe length of the
description depends on the language we use for our description|w e can use
Czed or French or English:::.

We make it formal asfollows. Let :f0;1g ! f0;1g be a partial recursive
function. (A partial recursive function is any function f for which there is a
program that takesan input y and producesoutput f (y). f(y) may not be
de ned for somey and the program may not halt on suc y's or to produce any
output.)

De nition. For a string x 2 f0;1g , the Kolmogorov complexity of x with
respectto is

C (x) = minfipj; p2 f0;1g & (p) = xg:
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Let us consider seweral examples. If ; is the identity function 1(X) = X
then C [(x) = jxj. If »(0) = 1011100101110011010110111 and ,(1x) = X
then C ,(1011100101111001010110111) = 1 and C ,(x) = jxj + 1 for all other
strings X. So Kolmogorov complexity depends a lot on the chosendescriptive
language . Luckily, the following Invariance Theorem brings someorder into
this chaos.

Theorem 1. There exists a partial recursive function U so that for any other
partial recursive function there is a constant ¢ > 0 suchthat

Cu(x) C(xX)+c

for all strings x.

A machine U satisfying the precedingtheorem is in somesenseminimal among
all machines, and we will call it universal.

Proof. The proof is quite simple. Let ¢; 1; 2;::: be an enumeration of all
partial recursive functions. (Every p.r.f. canbe assaiated with a program that
computesit and that program can be uniquely mapped to a (possibly huge)
integer.) Let hx;yi : f0;1g f0;1g ! f0;1g be somesimple to compute
one-to-onemapping, e.g., hx;yi = 0*l1xy. Then U is de ned as follows: On
input w, decade w into i and p such that w = h; pi and run ; oninput p. If
i(p) stopsthen output whatever ; had output.

It is easyto verify that such a U is partial recursive and that it satis es our
theorem. }

Sofrom now on we x somemachine U which satis es the Invariance Theorem
and we will consider the Kolmogorov complexity of x to be Cy(x). We will
write C(x) instead of Cy (x) from now on.

We are ready to de ne a random string.
De nition. A string x is Kolmogorov random if C(x)  jxj.

This de nition is not void as there is a Kolmogorov random string of every
length: there are 2" 1 descriptions of length lessthan n but there are 2"
strings of length n. Let us consider couple of strings and their Kolmogorov
complexity:
1. 0" has Kolmogorov complexity logn + O(1) aswe only needto specify the
integer n and a short program that will reconstruct 0" from n.

2. The sequenceof the rst n digits of has Kolmogorov complexity logn +
O(1). The reasonis the sameas above. (Just download a program for
from Internet.)

3. There is a Kolmogorov random string x with C(x) n. Seeabove.

4. What about some sfring of complexity about = n? Sure, there is ope.
Considery 2 f0;1g " that is KoIrBogorov random. Then x = yo" "
has Kolmogorov complexity about = n + O(1). Why? If it would have a
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description much shorter than jyj we could describe y Ig,lsi_ng such descrip-
tion: rst produce x and then output only its rst ~ jxj bits. On the
other hand, description of y is a good description of x: producey and
then append jyj® jyj zeroes. Sothere are strings of essetially all possible
complexities.

5. Every string of length n has Kolmogorov complexity at most n + O(1).
Why?

6. How many onesand zeroes has a Kolmogorov random string of length n?
About a half, but exactly? There are ., strings which have the same
number of onesand zerces. Call the set of such strings S|_,. Thesestring
canbe easilyidentied and enumerated by a program. Hence,givenn and
i,wecan nd thei-th string s; in ST_, and output it. Thus, C(s;) is at most
the size of a description of i, plus the size of a description of n, plug some
constart for the program described above. jST_,j < 1, < c2"="n for

someconstart ¢, henceto specify i weonly needat mostn 1=2logn+ logc

bits. n doesnot really have to be speci ed asit can be deducedfrom the
length of the description of i. Thus, all strings 's; 2 ST_, have Kolmogorov
complexity at most n  1=2logn + O(1). . It turns out that Kolmogorov
random strings of length n have n=2 ¢ n zeroes. By Cherno bound
there are relatively few Btrings of length n that have the number of ones
farther from n=2 than ¢ n, and by extending the argumert above there
are aI%) relatively few strings that have the number of onescloserto n=2
than ¢ n. Sincethesestrings are few and easyto identify, they have small

Kolmogorov complexity. (In fact, the deviation from n=2 in the number of

oneshave to be Kolmogorov random by itself.) The following proposition

generalizesthis argumert.

Prop osition. Let A be a recursive (recursively enumemble) set and n be
an integer. Let A, = A\ f0;1g". For all strings x in A, it holds, C(x)
logjAnj + 2logn + O(1).

Often the term 2logn can be omitted asn can be deducedfrom the length of
the description.

Proof. The proof is straightforward. SinceA is recursive (recursively enumer-
able) we can designa program that giveni and n prints the i-th string of A, in
someenumeration. Hence,all strings in A,, can be described by giving i, n and
the program for enumerating A. The description of i, n and the program hasto
be concatenatedinto onestring in such a way that i, n and the program canbe
recovered from the string. One can usethe pairing function from the proof of
Theorem 1 for doing that. The factor two in the logarithmic term comesfrom
there. }

It is useful to note that the set of strings that are not Kolmogorov random
is recursively enumerable|giv en a string x we can run all programs of length
shorter than x in parallel and seeif any one of them ever outputs x. If that

23



happenswe accept x.

This brings us to the fact that the number of strings of length n that are
Kolmogorov random is Kolmogorov random by itself. It is about 2"=cfor some
constart ¢ > 1. If that were not the case,we could nd all strings of length n
that are not Kolmogorov random, and then print the rst onewhich should be
random. Program for such a computation would only needto know the number
of non-random strings of length n. The number of non-random strings is 2"
minus the number of random strings, i.e., we can easily compute one from the
other one. Sincethe above program prints out a Kolmogorov random string,
both the numbers of random and non-random strings must require closeto n
bits to specify. Hence,they are both about 2"=c

Prop osition. It is uncomputable (undecidable) whether a string is Kol-
mogorov random.

We have seenthat non-random strings are recursively enumerable. This propo-
sition thus implies that Kolmogorov random strings are not recursively enu-
merable as otherwise we could decideabout a string whether it is Kolmogorov
random or not.

Proof. We give two proofs. The rst oneis very simple, the secondone is
more complex but it showsthat deciding Kolmogorov randomnessis as hard as
deciding the Halting Problem.

1. Assume we can decide whether a string is Kolmogorov random by some
program P. We canthen specify the lexicographically rst Kolmogorov random
string of length n using logn + O(1) bits: run program P on all strings of
length n in the lexicographical order until you nd a string that is Kolmogorov
random; print out the Kolmogorov random string. This only requiresto specify
the program P and n. Hence,no such P can exist.

2. De ne the Halting Problem by H = fx; program x halts on the input Og.
Assumewe can decidewhich strings are Kolmogorov random by someprogram
P. We can then decidefor any string x whether the program x halts on the
input O or not as follows: Let n = jxj. Using P decide for eac string y of
length 2n whether it is Kolmogorov random or not. For ead string y that is
not random nd someprogram py of length lessthan n that prints it out. Let
ty be the number of stepsthat it takesto p, to output y. Setty, = maxy ty.
Run x on the input O for tx stepsand if it acceptswithin ty stepsthen output
X 2 H otherwise output x 62H .

The reasonwhy the above program would decideH correctly is that if x 2 H
but the running time of x on the input 0 is more than tyx then the actual
running time of x can be usedas an upper bound for the running time of all
py's. As the running time of x can be speci ed usingn+ O(1) bits (namely by
specifying x) we could specify all non-random strings of length 2n using only
n+ 2logn + O(1) bits. (Run all programs of length lessthan 2n for tx steps
and seewhat they output.) Hence,we could describe the lexicographically rst
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Kolmogorov random string of length 2n using only n+ 2logn+ O(1) bits. Thus
the running time of x must be smaller than ty.

Since our program could correctly decide the Halting Problem, Kolmogorov
randomnessof strings must be undecidable. }

Applications

We give here seweral applications of Kolmogorov complexity.
Graph labelings

We start with an example related to the talk of Arnaud Labourel on graph
labelings. For a ( nite) classof graphs G a lakeling schemeof labkel length ™ is
afunction A :f0;1g f0;1g ! f0;1g together with a labeling I : V(G) !
f0;1g of every graph G 2 G sothat for all x;y 2 V(G), (x;y) 2 E(G) i
A(l1(x); I(y)) = 1. We have already seenin the talk of Arnaud that the classof
all the treeson n verticeshaslabeling schemewith labelsof length logn+ O(1).
The natural questionis how large labels are neededto label the classof all the
graphson n vertices. We claim that this length is n=2+ O(log n).

First, we show that labelsof length n=2+ logn are su cien t. This is dueto Jir

Sgall. Each vertex is going to be labeled by its vertex number plus a bit-v ector
of length n=2 which speci es to which of the next n=2 vertices under a cyclic
ordering of vertices the vertex is connected. Given two vertex labels at least
one of the labels contains the required adjacencyinformation.

Using Kolmogorov complexity we want to show that n=2 bits are needed.First
notice that by exhaustive seard we can actually nd the best labeling scheme
for graphs on n vertices. In fact we can write a program that will nd it. This
program will producethe function A. Each graph G on n vertices can be fully

labeling stcheme. Such a description requires n bits. Hence,every graph canbe
described by 'n + 2logn + O(1) bits, by providing the vertex labels, n and the
program to compute A. On the other hand, a graph on n vertices may contain

g = n(n 1)=2 dierent edges. Hence, there are at least 27°=2 0 dierent
graphson n vertices and ead of them is uniquely described by a description of
length “n + 2logn+ O(1). Thus'n+ 2logn+ O(1) n?=2 n,ie.,’ n=2 2,
for n large enough. Thus a labeling scheme for graphs on n vertices requires
labels of length about n=2.

Prime Num ber Theorem

We provide another application of Kolmogorov complexity to number theory.
Let p; denotethe i-th prime number. We will show the following theorem:
Theorem 2. There is a constant ¢ suchthat for in nitely many i, p; < c i
log?i.

This theorem is a weak version of the usual Prime Number Theorem that
pi=ilni! lasi! 1.
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Proof. For a positive integer n let 1b be its binary represenation with h 2
f0;1g . Clearly 2B n < 2B+l Fix a large enough integer x with Kol-
mogorov random k. We will make se\eral obsenations regarding x.

1. x = p®y, for somep;e and y, where p is a prime and p® > logx=loglogx.
If all maximal prime-power factors of x were at most logx=loglogXx, then x
(logx=loglogx)! < logx'09 *x=10glogx =

2. e= 1. Note, 2¢P 2B < pey = x. Hence,
epi+ iy jki C(k):

At the sametime, x can be specied by giving e, p, and y. Hence,k can be
given by someencading of b, p and ¥ into one binary string so that we would
be ableto tell apart all three of them. The pairing function usedin the proof of
Theorem 1l is too ine cien t for our purposes.We can usethe following pairing
function: hu;vi = 1,01uv, wherel, is the binary represenation of juj in which
ead digit is doubled. Thusjhu;vij juj+ jvj+ 2logjuj+ 2. Using this pairing
function we can describe b, p and ¥ to obtain:

C(k) jB+jpi+ jpi + 2logjbj + 2logjpj + O(1):
But this implies that e= 1. (If e> 1 is small then p must be large and hence
(e 1)jpj outweighsjb + 2logjb + 2logjpi + O(1). If eis largethen (e 1)jpj
also outweighsthe additional terms.)
>Fom 1. and 2. we can deducethat x = py for someprime p > logx=loglogXx.

Let i be sudh that p= p;. Prime p; can be described by giving its index i plus
a short program that will reconstruct p; from i. Hence,

C(o) #+ jbj + 2logjf + O(1):

Togetherwith the above lower bound on C(k) we get
jbj 8+ 2log + O(1):

Using the relationship betweenn and b, we concludep; ¢ ilog?i, for some
constart cindependert of i. >From the fact that this is true for arbitrarily large
constart x and p; > logx=loglogx we concludethe theorem. }

Godel Incompleteness Theorem

Let T be a sound logical theory over a courntable language with recursively
enumerable axioms. If T is rich enoughto describe computation of Turing
machines then for someconstart ¢ and integer x, the formula\C(X) "
is true but unprovable, where X is the constart describing x. (This isa 1
formula saying that for all programs p smaller than c1 and for all computations
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, iIf is a computation of p then the output of is not X.) If for all x and all
cr sudh formula were provable whenever it would be true then by enumerating.
all proofs, for given cr we could nd the rst largex with C(x) cr. But if
we choosecr with succinct represenation (very low Kolmogorov complexity),
then we will be able to produce x of high Kolmogorov complexity merely from
the description of ¢y, the description of T and somesmall program. Of course,
that is impossible. So\C(X) tTr" cannot be provable for any large enough
Kolmogorov non-random cr and any x although it is true for many x and cy.

Univ ersal search pro cedure

The problem SAT= f ; isasatis able Booleanformulag is a well known NP-
complete problem. A related problem is SAT-search where given a satis able
Booleanformula wewant to output an assignmen ato such that a satis es

. The computational complexities of SAT and SAT-searc are closelyrelated.
If SAT has an e cient algorithm then SAT-search has one as well: perform
a binary seard for a satisfying assignmem of by choosing the assignmen
bit by bit. On the other hand if SAT-search has an e cien t algorithm (and
we know its running time) then SAT has an e cien t algorithm as well: run
algorithm for SAT-search on  and if it producesan assignmen within its
allowed running time and the assignmen satises then belongsto SAT.
We will presert an (almost) optimal algorithm for SAT-search. We will need
the following de nition.

Let h; i be a pairing function. Levin de nes the time-bounded Kolmogorov
complexity of a string x relative to a string y by:

Ci(xjy) = minfj pj + logt; p2 f0;1g & U(hp;yi) = x in t stepy:

The algorithm for SAT-search works as follows: on input formula , for i =
1,2;::: try all strings a with C¢(aj ) = i, and seeif any of them satises . If
yes,output suc an a.

We leave implementation details of this algorithm to the interestedreader. If p
is the optimal algorithm for SAT-search and t is its running time on formula
then the satisfying assignmen for ~ will be found in time about 2/P/t? by our
algorithm. Hence,our algorithm for SAT-search is at most quadratically slower
than the best algorithm for SAT-search. The only thing that standsin our way
towards $1; 000, 000is that we do not have a good estimate on the running time
of our SAT-search algorithm.
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Preserted paper by Shuang Wang, Fredrik Manne and Qin Xin
Better Group Testing for Consecutiv e Defectiv es

Group testing was originally introduced as a potential approac to economical
massblood testing [1]. Howewer, due to its basic nature, group testing tech-
nigue has beenapplied to many computer sciencesubjects: complexity theory,
computational geometry and learning models among others. It has also been
used in multiaccess communication and information coding, and recertly, in
clone library screening.

The generalgroup testing problem refersto the task of distinguishing at most
d defective items within set A of cardinality n. A group testing algorithm is
formed by a sequenceof pooling tests. In ead test a particular subset,a pool,
of set A is used. The outcomeof the test is positive if and only if there is at least
onedefective item in the pool, and it is negative otherwise. In our researd, it is
assumedthat the items in set A are orderedfrom 1to n: A number of di erent
group testing methods have been usedin the past. One of them is adaptive
group testing in which the choice of the items forming a pool at somestage of
an algorithm is basedon the outcome of previous tests. In nonadaptive group
testing, the content of every single pool is determined prior to the execution of
the algorithm.

In this paper, we study the special group testing sud that all defective items
are consecutie. For the adaptive case,we proposea simple algorithm to solve
this problem with at most dog e+ 2dogde+ 3 tests, which alsoimprovesthe
currently best known upper bound diog(n d)e+ 6 due to Juan and Chang in
[2]. For the nonadaptive case,we give an alternativ e version of the algorithm
proposedby Colbourn in [3], which improvesthe currently best known upper
bound from dog z°ye+ 2 d+ 1to dogje+ d+ 3.
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Preserted paper by H. Cohn, R. Kleinberg, B. SzegedyC. Umans
Group-theoretic  Algorithms  for Matrix Multiplication

A group-theoretic approac to bounding the exponert in the time complexity
of matrix multiplication is presenied. This approad is fundamenrtally dierent
from the traditional onesbasedon the original Strassen'salgorithm (relating
to it in a similar way asthe DFT-based multiplication of polynomials relatesto
the divide-and-conquer approadh), but surprisingly, exactly the samebounds
are obtained basedon the samealgebraic structures (the resulting algorithms
however are not at all alike). Also, two hypothesesthat would imply an 2+ o(1)
bound on the exponent will be preserted.

Gabor Hegedus
guestO5@kam.mff.cuni. cz

On Ramsey numbers

The Ramsey number R(k; ") is the smallest integer n such that in any two-

coloring of the edgesof a complete greaph on n vertices K, by red and blue,

either thereisared K (i.e. acompletesubgraphonk verticesall of whoseedges
are coloredred) or there is a blue K-. In [6] F. P. Ramseyshowed that R(k; ")

is nite for any two integersk and . P. Erdpsin [1] obtained by probabilistic

argumerts the following non{constructiv e lower bound for the diagonal Ramsey
numbers R(k; k):

Theorem 1. If | 2 () < 1, then R(k;k) > n. Thus R(k; k) > b2k=2¢ for
allk 3.

One of the striking applications of the Frankl{Wilson theorem[4] for prime mod-
uli was an explicit construction of graphs of sizeexp(clog? k=loglogk) without
homogeneouscomplete subgraph K. These are the largest explicit Ramsey{
graphs known to date. V. Grolmusz in [5] gave an alternative construction
of explicit Ramsey graphs of the same logarithmic order of magnitude. This
construction is easily extandable to the caseof seweral colors.

In this lecture we give a new conjectured lower bound for the diagonal Ramsey
numbers R(k; k).

P. Erdpsand G. Szeleresproved the following Theorem in [3].

Theorem. Letk > 0 be a positive integer. There existsa point setH R?,
jHj = 2¢ 2 in geneal position suchthat H does not contain a k-point convex
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independent set.
We usethis beautiful construction to make plausible the following conjecture.

Conjecture. Letk > 2bea x integer. Then R(k;k) > 2¢ 2,
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Snarks

Snarksare a nontrivial cubic graphswhoseedgescannot be properly colored by
three colors. Snarks creat an inportant classof graphs, becausea lot of prob-
lems of graph theory is possibleto reduce on snarks. Classically, 'nontrivial'

of snarksis interpreted, like a condition that the girth of snark is at least v e
and cyclical connectivity is at least four. For notions of nontrivial of snarks
are important the operations of reductions and decomp ositions . Under
reduction of snark K we think of removing of set of vertices, thosethat K v
is a graph whose edgescannot be properly colored by three colors. Decom-

position of snark is an operation, which splits a snark on pair of small snarks.
The simplest reductions important to deal with are 2, 3, and 4-reductions and
talking about decomposition are 4 and 5 decomposition. With decomposition is
closelyconnected4 and 5 product, we are going to focuson it. We alsomerntion
about 6 decomposition. In general,our thinkings leadto nding of set of prime
number snarks, it meanssnarks, which are not possibleto reduceor split.
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Evasiveness of Graph Prop erties |

In seriesof three talks we shall introduce the notion of evasivenessand show
someresults concerning AKR conjecture.

The rst talk we give basicde nitions, shov someevasivenessresults using so-
called adversary argumernt and group theory. In the secondtalk we introduce
topological approac, deviced by Kahn et al. In the third talk the topological
approad is usedto show evasivenessin somespecial cases.

For a given boolean function f of n variables we will ask how many variables
we have to know to determine the value of the function. For an algorithm
computing the function f one can construct a decision tree. The nodes of
the tree represen variables, which the algorithm asks for and the leaves are
represen the possible outputs of the algorithm. The algorithm beginsin the
root of the tree and in ead node we decideif we go to the left or right subtree
(depending on the value of the variable) We will alsoaskfor the minimal depth
of any decisiontree for the function f (which is called D (f)).

A boolean function of n variables is evasive if D(f) is equalto n. In other
words we must ask for all variables that we can be sure, we know the value of
f.

Boolean functions can represen properties of some structures, which are en-
coded in the valuesof variables. The structures can be specially graphs. Each
variable then corresponds to an edge of the graph and meansif the edgeis
preseri. A boolean function f is a graph property, if the value of f is invariant
under graph isomorphism.

A graph property f is monotone if adding edgespresenesthe property.

The allready mentioned Aanderaa-Karp-Roserberg conjecture says, that every
monotone non-trivial graph property is evasive.

A booleanfunction f of n variablesis weekly-symetric, if there exist any transi-
tive permutation group G (a subgroup of S,) such that the value of f doesnot
changeif we permute the variablesin f with any permutation of G. Transitive
group means,that for any i; j 2 f1;2;:::; ng there exists a permutation  such
that (i)=]j.

Onecangeneralizethe AKR conjecture saying every monotoneweakly-symetric
function f is evasive.

The main result preseried in the talk is to prove that the generalized AKR
conjecture holds for functions with n variables, where n is prime.Note, that
this says nothing about the AKR conjecture, becauseonly the K3 graph has
prime number of edges.
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The proof is divided into three parts).( In the rst part we show, that if the value

(f)= fooC
x2f 0;1g"
is non-zero,then f is evasive (jxj meansthe number of onesin the vector). In
the secondpart we will shaw, that n divides the size of G and following the
Cauchy's prime theorem there exists an elemen  of order n. Sincen is prime,
also consistsof one single cycle. In the third part we usethe permutation
to show that all boolean vectors x, which are not equalto O; 1 can be divided
into equivalert classesVk of sizen. Sincefor two equivalent vectorsx, y holds
the equality f (x)( 1)*! = f)(%/)( 1)¥!, we can calculate (f) as
(f)= nfe)( Y+ 1D )"
k
which is alsocongrunetto 1 modulo n and cannot be zero. Sof is evasive.

Using more sophisticated group-theoretical argumert, one can showv similar
statemert for n being a prime power.

Rudolf Stolar
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Presened paper by David R. Wood
Drawing a Graph in a Hyp ercub e

A d-dimensional hypercube drawing of a graph represerts the vertices by dis-
tinct points in 0;1%, such that the line-segmerts represering the edgesdo not
cross. We study lower and upper bounds on the minimum number of dimen-
sionsin hypercube drawing of a given graph. This parameter turns out to be
related to Sidon setsand antimagic injections. We show that for n-vertex m-
edgegraphs with degeneracyd is the minimum volume of hypercube drawing
at most 2n + 2dm and for n-vertex graphs with bandwidth (resp. pathwidth)
k is the minimum volume of hypercube drawing at most 4k(2n 1) (resp.
(16 + o(1))kn).

Dana Barto sova
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Evasiveness of Graph Prop erties 11

We show the link between monotone boolean functions and topological ob-
jects and their properties, namely simplicial complexes,cortractibilit y and xed
point property.
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First we de ne an abstract simplicial complex

De nition 1. A simplicial complexis a nite collection K of setssuch that
1) 8X 2K;Y X)) Y2K and

(2) K6 ;.

The setsin K are called (abstract) simplices The elementsof all setsin K are
called vertices of K .

and corresponding geometric realization

Denition 2. LetV = fpo;:::;psgbea nite setgfs+lanely independent

in alinear normed space. The convexhull ofV f ., v: v=1
0Og is called the (closed) s-simplex. Elementsof V are called vertices of S.

De nition 3. The convexhull of an arbitrary subsetof vertices of the simplex
is called face of

Denition 4. A collection K = fS1;S;;:::;Shg is said to form a geometric
simplicial complex if

(1) 8S;;T afaceof §;) T 2K,

(2) 85;S2K;S\S6;) S\ S isafaceof both S; and S

It's legal to mix the abstract simplicial complex with its geometric realization.
A topological property, contractibilit y, will help us in proves of evasivenessof
graph properties.

De nition 5. A geomteric simplicial complex K is contractible, if there
exists a continuous mappingH : K [0;1]! K suchthat H(x;0) = x and
H (x; 1) = po for somepy 2 K.

For a generalsimplicial complexK it is undecidablewhether K is contractible.
In following lemma we prove that if two special subcomplexesof a complex K
are contractible, then K is cortractible:

Lemma 1. |If for somev2 K, Knv=fX 2K :v2XgandK=v=1fX 2
K:v2ZX;X [ fvg2 K g are contractible, then K is contractible.

We cometo the connection between simplicial complexesand monotone func-
tions:

A monotone boolean function f 6 1 givesa simplicial complex Ky = fS

Ktjo =FS Lo Li+ Liiiing: S fi 2 Keg= ki =i
Now we can easily prove (by induction) a characterization of monotone non-
evasive function which are not constartly 1:

Lemma 2 (Kahn-Saks-Sturtev ant). If f 6 1 is a non-evasivemonotone
function, then K is contractible.

From xed point theory we know that every contin uous mapping from a con-
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tractible polyhedron into itself has a xed point. We are interested in xed
points of simplicial mappings betweentwo simplicial complexes:

Simplicial mapping. Let K and L be two abstract simplicial complexes.
A simplicial mapping is a mappingf : V(K) ! V(L) that maps simplices to
simplices, i.e. f(X) 2 L wheneverX 2 K.

For our purposeswe consider a one-to-one simplicial mapping f : V(K) !
V (K) and we identify all its xed points asthe convex combinations of certers
of gravity of those facesof K that are the cyclesof the permutation f .

Eva Ondr ackova
efa@atrey.karlin .mff. cuni. cz

Seidel's switc hing and H-free graphs

De nition. Let G be a graph. Then the Seidel's switch of a vertex subset
A Vg is called S(G;A) and

S(G;A) = (V;Ec 4 fxy:x2 A; y2 Vs nAg):

De nition. We say that two graphs G and H are switching equivalent (de-
noted by G H) if thereis asetA Vg suchthat S(G;A) is isomorphic to
H. The set

[G]= fS(G;A): A Vsg

is called the switching classof G.

Note that  is an equivalencerelation on graphs, and switching classesare the
equivalenceclasseof for graphsona xed setof verticesVg (not considering
isomorphism), as showvn by Seidel[5].

Let P be a graph property. We de ne the problem S(P) as follows: determine
whether a given graph G is switching-equivalent to a graph possessingthe
property P.

For a xed graph H, we consider the property \b eing H -free". Polynomial-
time decision algorithms are known for S(\b eing H -free") if H has at most
three vertices or is isomorphic to a P4. The algorithm for K, or I, hasbeen
found by Hage et al. [1], the onefor K., or K, + K is due to Krato chv | et
al. [4]. Hayward [2] and independertly Hageat al. [1] found an algorithm for P3
or | 3; the result is a core of the polynomial-time algorithm for recognizingP3-
structures of graphs. The caseof P, hasbeensolved by Hertz [3] in connection
to perfect switching classes.We show that a polynomial-time algorithm exists
evenif H is isomorphicto a claw K 1.3.
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Lemma. LetGbeagraphandA Vg. Then S(G;A) is claw-free if and only
if for everyfour-vertex induced sulgraph H of G that is switching-equivalent to
a claw the following is true:

jV(H)\ Ajis oddif H is a claw,

jV(H)\ Aj is evenif H is a not claw.

Theorem.  Given a graph G, we can in polynomial time nd a setA Vg
suchthat S(G; A) is claw-free, or nd out that no such A exists.

Problem. Is there a graph H such that the problem S(\being H -free") is
NP-complete?
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Preserted paper by M. Bordewicha, K. T. Huberb, C. Semplec

Iden tifying phylogenetic trees
(Discrete Mathematics 300 (2005) pages30 { 43)

For a nite set X, an X-tree T = (T, ) is an ordered pair consisting of a
tree T, with vertex setV say, andamap :X ! V with the property that,
for all v 2 V with degreeat most two, v 2 (X). An X-tree is also called a
semi-lalelled tree.

A character on X is a function from a non-empty subsetX Oof X into a setC
of character states. If jCj = 2,then is a two-state character. Let ( ) denote
the partition of X Ocorrespondingto f  1( ): 2 Cg.

Let beacharacteron X andlet T = (T; ) be an X-tree. We say that T
displays if thereis a subsetE of edgesof T such that, for all A;B 2 ( ) with
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A 6 B, there exists two connectedcomponerts of the graph obtained from T
by deleting the edgesin E with (A) being a subset of the vertex set of one
componert and (B) being a subsetof the vertex set of the other component.
More generally, T displaysa collection C of characterson X if T displays each
character in C, in which caseC is compatible. For a compatible collection C of
characterson X , we say that Cinfers a character if every X-tree that displays
C also displays

Asscciated with ead edgee of an X-tree T = (T; ) is an X-split; that is, a
bipartition of X into the label setsof the two connectedcomponerts of T e=
(T € ). An X-tree T%is are nement of T if every X-split of T is an X-split
of T% We say that Cidenties an X-tree T if T displays Cand every X-tree T°
that displays Cis are nement of T.

De nition. Let C be a collection of characterson X andlet T = (T; )
be an X-tree. Let X%X?%2 X. The set of vertices in the minimal subtree
of T that connects the vertices of (X) is denotal by T(X). The partition
'gltersection graph of C, denotd int (C), is the graph that has vertex setV (C) =
2of(i A) A2 (X)gandan edgejoining ( 1;A) and ( 2;B) if A\ B is
non-empty.
De nition. Let T = (T; ) bean X-tree and let e = ful;u2g be an edge of
T. Then eis strongly distinguished by a character on X, if there exist A; and
A, in () suchthat, for eachi 2 f1;2g, the following hold:

(i) (Aj) is a subsetof the vertex set of the component of T e containing u;

(ii) the vertex set of each component of T u; , except for the one containing
the other end vertex of e, contains an elementof (A;)

(iii) 1(u;) is a subsetof A;

We say T is strongly distinguished by a collection C of characters if every edge
of T is strongly distinguished by somecharacter in C.

De nition. For a collection C of characters on X, we let G(C) denotethe set
of graphsG(C) = fG : thereis an X-tree T displaying Cwith G = int (C, T)g.
A useful partial order on G(C) is obtained by setting, for all G1;G, 2 G(C),
G1 G if the edgeset of G; is a subsetof the edgeset of Gs.

Theorem. Let C be a collection of characters on X. Then C identies an
X-tree if and only if the following conditions hold:

(i) thereis an X-tr ee that displays C and, for every edge e of this tree, there
is a character on X inferred by C that strongly distinguishese; and

(ii) thereis a unique maximal elementin G(C).

Moreover, if Cidenties an X-tree T, then T satis es the properties in (i) and
int (C, T) is the unique maximal element of G(C).
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Preserted paper by TerenceTao and Van Vu
Determinan t of Random 1 Matrices
(http://arxiv.org/ abs/mat h/ 0411095)

Let M, denote a random n n matrix with entries +1 and 1. Random
meansthat ead entry of M, is +1 or 1 with the probability 1=2, and is
independert on other entries. We will focus on the study of the determinant
of M, particularly on the expectedvalue of j det(Mp)j, and on the probability
that the matrix M, is singular.

It isnot dicult to seethat 0 jdet(Mp)j (IO n)" = n"=2, The lower bound
holds for singular matrices, and the upper bound holds for so called Hadamard
matrices (i.e. 1 matrices with orthogonal rows). There,is a conjecture that
the typical value of jdet(M,)j should be of the order of  n! = e "*o(Mpn=2,
However, even proving that M, is typically regular (i.e. with at least constart
probabilty) is a non-trivial task. This was rst proved by Komlosin 1967.

The problem of determining the asymptotic behavior of Prol(det(M,)) = 0
precisely is a notorious open problem. Since a matrix M, with two identical
or opposite rows (or columns) is necessarily singular, it is easyto seethat
Proldet(M,) = 0) (1+ o(1))n?2' ". It hasoften beenconjecturedthat this
is the dominant source of singularity. Prior to the preseried paper, the best
result is due to Kahn, Komlos, and Szemeedi (1995): Prohdet(M,) = 0) =
(0:999+ 0(1))". In the preserted paper the result is improved to the following:

Prol(det(M,) = 0) = (0:938+ o(1))":
Let usturn bad to the determinants. It is an easyobsenation that det(M,)
is divisible by 2" . Thus the Komlos result implies that Prok(j det(M)j

2" 1y = 1 o(1). Surprisingly, this is the best estimate of previous to the
preseried paper. This result is much improved to the following:

Prok(j det(Mn)] pm exp( o(n*™**")) =1 o(1) forany " > O

Martin Pergel
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Preserted paper by Carsten Thomassen
Plane Cubic Graphs with Prescrib ed Face Areas
(Combinatorics, Probability and Computing 1 (1992) p. 371{ 381)

If G is a plane, cubic graph, then G has a drawing suc that ead edgeis
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a straight line segmen and ead bounded face has any prescribed area. The
special casewhere all areasare the sameprovesa conjecture of G. Ringel, who
gave an example of a plane triangulation that cannot be drawn in this way.

Basic de nitions:  For a plane graph G a redrawing of G is a plane graph G°
such that ead edgeof GP is a straight line segmen and such that G° is the
image of G under a homeomorphismof the euclidean plane. If fGngi_, is a
sequenceof redrawings of G such that for any x, vertex of G, the sequencex,
of corresponding vertices corvergeto a point x° then the union of straight line
segmeits x4 (where fx; yg is an edgeof G) is called the limit of G,.

H is a maodi c ation of G if it is a redrawing of G that hasthe samenumber of
faces.

If H is a modi cation of G, then, for ead positive real number " > 0 there
exists a redrawing G° of G, sudh that for ead vertex x of G the vertex x%in G°
corresponding to x has Euclidean distance< ". Sud a redrawing will be called
an "-repla@ment of H.

Note: Our de nitions require the modi c ation of a graph to have the same
number of faces,but for larger face (e. g. hexagon) somepart of this face may
collapse(e. g. to a four-cycle with one edgesticked to one its vertex). Under
these assumptionswe prove the following theorem.

Main result: Let G beany cubic plane graph. Then there existsa modi cation

H of G sud that every faceis bounded by a triangle of any prescribed area.
Moreover, for every " > 0 there existsan "-replacemen of H that is a redrawing
of G and in which every face hasthe prescribed area.

Jan Hladk y
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Evasiveness of Graph Prop erties 111

We exhibit evasivenessof somefamilies of monotonefunctions using topological
approad, which was introduced by Kahn et al.

Proofsof all the results preserted in the talk are basedon a crucial lemmaabout
contractibilit y of a simplicial complex assa@iated with a monotone non-easive
function. The proof of the lemma was shown in a previous talk given by Dana
Bartosova.

Lemma 1. Letf :f0;1g" ! fO0;1g be a monotone non-evasive function.
Then the ass@iated complexK; is contractible.

By a bipartite property we meana function whoseinput variables are indicator
variablesof the edgesof K . , such that the valuesof the function are invariant
under relabeling the verticesin ead of the the parts of K ., .

41



In the talk we give complete proofs of the following two theorems.

Theorem 2. Letf :f0;1g" ! fO0;1g be a nontrivial monotone property
which is invariant under a cyclic permutation of the input variables. Then f is
evasive.

Theorem 3. Letf :f0;1g™ ! f0;1g be a nontrivial monotone bipartite
function. Then f is evasive.

Both proofs are basedon Lemma 1. We assumethat we have a non-ewasive
function satisfying the assumptions. We pick a permutation  of the inputs.
Then is a simplicial mapping on the verticesof K; . SinceK; is conctractible,
the geometricextensionof has, by Lefschetz theorem,a xed point. This fact
leadsdirectly to contradiction in the caseof Theorem 2. In the caseof Theorem
3, onegetsa contradiction computing Euler characteristics of the corresponding
complexH of the xed points of . On onehand, the Euler characteristics of H
should be, by Hopf Index Formula, 1, onthe other hand, it is easyto describe
H explicity and to compute that the Euler characteristics must be an even
number.

We show a sketch of the proof of AKR-conjecture for graphs with number of
vertices being a prime power.

Theorem 4. Letf be a nontrivial monotone graph property on a graph with
prime power number of vertices. Then f is evasive.

Using Theorem 3 and Theorem 4 we prove that AKR-conjecture is true up to
a factor.

Theorem 5. Thereis a constant ¢ > 0, suchthat every nontrivial monotone
graph property f on a graph in n vertices, the decision complexity of f is at
leastD(f) > c ¥ .

In the end of the talk we discussbriey latest results about evasivenessof
subgraph containment which are due to Chakrabarti, Khot and Shi.
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Preserted paper by Rowan Davies, Gordon F. Royle
Tabu Search and Football Pool Problem
(Discrete Applied Mathematics 74 (1997) p217{ 228)

Tabu seard is a general purposeaproximation algorithm for nding best con-
guration from all possiblecon gurations. The solved problem may be written
like:

Minimize c(x) wherex 2 X and X is set of all possiblecon gurations.

Tabu seard requires some neighbour structure on X. The algorithm starts
in any (possibly random) con guration and move from one con guration to
neighbour con guration with obvious goal nding the optimal solution.

Simple greedy algorithm ched all neighbours and choosethe best neighbour.
Unfortunatelly this way of choosig will stop in rst local minimum instead of
global minimum. Any neighborhood seard basedalgorith must solve caseof
local minimas somehav.

Tabu seard remebers a list of few last con gurations and new moves may be
done only to con gurations not on list. Those con gurations are tabu. The
name of algorith comesform this "tabu list".

Code for tabu seard may look this way:
p := somemagic constant;
X := some configuration;
list = empty;
while (we want to continue)
f
y = neighbour of x with minimal c(x) that isn't in list;

add(list, y);
if (size(list) > p) remove.oldest(list);
X =y,

g
It may be alsoa good ideato remenber best reached point in whole algorithm.
Becausewe may nd the optimal solution but cortinue to other con gurations.

Denition 1. For graph G(V;E) and x 2 ¥ wedene N(x) = fxg[ fy2 V:
(x;y) 2Eg. For X V wedene N(X) =, N(x).

De nition 2.  For graph G(V;E) any D V is called dominating set if
V = N(D)
In order to usetabu seart to nd dominating set of graph G we needto de ne
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set of con guration S for tabu seard and ¢(x) for all x 2 S. We put S = 2V
and8x 2 S:c(x) = jxj+jV N(x)j. Wesay that x;y 2 S are neighbours if they
dier only onevertex. WLOG jxj=jyj landx .

David Hartman
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Preserted paper by B. Martin and F. Madelaine

Towards a tric hotom y for quantied H-coloring.
(Lecture Notes in Computer Science,July. Swansea,CiE 2006 (preprint))

The convexity of constraint satisfaction problem is still open question. It is
mostly represerted by dichotomy conjecture, that states that every constrant
satisfaction problem is either tractable or NP. In this paper the authors con-
certrate on the restriction of the quantied constraint satisfaction problem to
graphsand investigateits cornvexity. This restriction helpsthem to usegraphic
properties rather than algebraic method as usual. The de nition of quantied
H -coloring problemis motivated in H -coloring problemestablishedand proofed
by Hell and Nesetril. The H-coloring problem is a generalization of graph col-
oring using homomorphisms, where homomorphism is a vertex mapping from
one graph to another that preservingedges.Than the H -coloring problem can
be de ned as: For a given graph H if you take a graph G as an input, you
acceptit if and only if there is a homomorphismfrom G to H.

The quanti ed H -coloring problem is introduced by de nition of a two player
game. Let G be the n-paritioned graph consisting of graphs G and a parti-
tion fUy; X2;Us; X4;:::;Uznsr ; Xon+2g of V(G). The (G H)-gameis a two
player game where opponert plays universal partitions U; and the proponert
plays existertial partitions X;. The partitions are alternate in ascendeting
order, until all partitions have beenplayed. For ead vertex in partition Uy
opponert choosesa vertex in H (de ne function fy,,, : Uz« ! V(H))
and for eat vertex in Xy proponert choosesa vertex in H (de ne func-
tion fx, : Xz ! V(H)). Proponent wins if, and only if, the function
f="fu, [ fx, [ :::fx,,., iS @ homomorphism from G to H. This homo-
morphism is called as alternating homomorphismfrom n-paritioned graph G to
H and write it asGT" H. The quanti ed H-coloring problem is than de ned
as the decision problem that should decide whether for the input partitioned
graph (G) holds G" H.

Hell and Nesetril proofedthat the classof H -coloring problemshasa dichotomy.
The problem from this classis tractable if H is bipartite and NP otherwise. This
conclusionmotivates authors to nd a trichotomy in the classof quantied H -
coloring problems. This trichotomy is expressedby nal theorem of the paper.
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Theorem. LetH bea graphwith at most onecycle. The quanti ed H -coloring
problem exhibiths a trichotomy.

I f H is bipartite then the quanti ed H -coloring problemis tractable.

I fH is not bipartite and not conected then the quanti e d H -coloring problem
is N P-complete.
I f H is not bipartite connected then the quanti ed H -coloring problem is
P Spacecomplete.

Jan Hubi cka
hubicka@kam.mff. cuni. cz

Preserted paper by S. Szeider

Homomorphisms of conjunctiv e normal forms
(Discrete Applied Mathematics 130 (2003) 351-365)

Consider propositional formulas in conjunctive normal form represerted as set
of clausesand clausesrepresenied as sets of literals (literal is either variable v
or negation of variable v).

Let H and F be formulas and ' map from the literals of H to the literals
of F. We call ' homomorphismif it presernescomplemerts and clauses,i.e.
") =" () for every literal 1 of H, and f' (I);1 2 Cg2 F for every clauseC of
H.

Homomorphisms presene unsatis abilit y (i.e. if there is a homomorphism H
to F, then unsatis abilit y of H implies unsatis abilit y of F).

Similarly to graph homomorphisms,the homomorphismson formulas imply an

quasiorderand ead equivalency classhas up to isomorphism unique represen-
tativ e called core. The core of formula can be usedas reducedform of original

formula. Deciding whether formula is an core is however NP-complete.

A notion of proof by homomorphism can be de ned in following manner. As-
sumethat H is an unsatis able formula and, basedon the speci ¢ nature of H,
its unsatis abilit y can be establishedin polynomial time. Given di erent for-
mula F and homomorphismfrom H to F it follows that F is unsatis able too
and the property \b eing homomorphism" can be veri ed in polynomial time.
The triple (H;'; F) canbe consideredas proof on the unsatis abilit y of F.
Wewill considersets of unsatis able formulassuch that for every unsatis able
formula F, there existsH 2 and homomorphism' from H to F (i. e. s
homomorphially complete; can be recognizedin polynomial time (i. e., is
tractable.

Given such an , then =f(H;; F);H 2 and' is homomorphism from
H to Fgis proof system.
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Let M U(k) denotethe setof minimally unsatis able formulas (i.e. unsatis able
formulas whereremoving single clausemakesit satis able) for which the umber
of clausesexceedghe number of variablesexactly by k. While it is computionaly
hard problem to recognizeminimally unsatis able formulas, formulasin M U(k)
can be recognizedin polynomial time for every xed k 1.

Main result of the paper is the homomorphic completenessof M U(1).

Giventwo proof systems and © wesay that ©p-simulates if every proof
x 2 can be transformed into proof x°2  ©in polynomial time sud that x
and x° prove the sameformula. If and © p-simulate ead other, then we
say that they are p-equivalent The e ciency of (propositional) proof systemis
closelyrelated to the NP=co-NP question; this is alsothe main motivation for
studying the relative complexity of proof systems.

It is shown that every proofin (H;"; F) 2 yy@ canbe transformed into a
tree resolution proof of F in polynomial time, sothe  y;) and tree resolution
proofs are p-equivalent. For xed k 1, the set MU( k) of all minimally
unsatis able formulas for which the number of clausesexceedsthe number of
variables by at most k is homomorphically complete. SinceM U(1) M U(
k) it is conceiable that for \y( k) is strongerthan yyqy. It is shawn,
however, that yy( k) and yy@) are p-equivalent.

Radovan Sestak
radofan@gmail.c om

Preserted paper by Noga Alon, Vera Asodi
Tracing a single user

Let g(n;r) be the maximum possible cardinality of a family F of subsetsof
f1;2;:::;;ngsothat given a union of at most r menbers of F, one can identify
at least one of thesemembers. Study of this function is motivated by questions
in molecular biology and in this paper we shaw that g(n;r) = 2¢ ¥). The
upper bound has been solved by Csurosand Ruszinko. Probabilistic proof of
the lower bound is given and later derandomisedalgorithm, basedon the proof,
is preserted for explicit construction of family of subsetsof size 2z

Denition 1. Let[n]= f1;2::;ng, andF 2"be a family of subsetsof [n].

SuchsetF is called r-single-user traging superimgosed (r- SUT) |f§3r all chomes

?_f FimFe  Fwithl jF] 1, ap, A= app, A== a0, A 9)
oy Fi 6 ;.

Theorem 1. Foranyr 2andn  20r, there exists an r-SUT family of

subsetsof [n] of size at least 27+ .
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Fix r 2andn 20r. Let m = 2"20" and let p = 1=r. Choosea family
F = fFi;::; Fegof sebsetsof [n] at random, where the subsetsF;are chosen
independertly as follows. Every x 2 [n] is chosento be in Fjindependenly
with probability p. We next show that with positive probability the family F
is r-SUT. Thus, wer have to show that, with positive probability, f?r all ch0|ces
of Fl,:::;FkS F such that 1 jFij r foral 1 i kand ., F =3,
the unions  ,, A for 1 i k are not equal. We consider two di erent

cgsees ,according to the size of | 1§‘- Proposition 2 deals with the case

i " Fij < 2r, Propositions 3 with j ., Fij 2r, and in Propositioin 4 we

corrblne the above to complete the proof of Theorem 1.

Prop osition 2. The following holds with probability greater than % For all

s < 2r, and for all distinct A1;A,; 5 As 2 F, there exists an elementx 2 [n]
that belongsto exactly one of the setsA;; 1 i s.

Prop osition 3. The following holds with prombllgy greater éhan % For all
[

t r, andfor all distinct Ay;::;A By B2 F, o, A6 Bi.
Prop osition 4. Any family that satis es the properties in Propositions 2 and
3is r-SUT. Therefore, with positive protability, the random family F is r-SUT,

and hen@ 299nr) L

Explicit Construction takestime m©(") | is basedon derandomisationof previous
proofs and combines the method of conditional expectations with the known
constructions of small sample spacessupporting 2r-wise independert random
variables.

David Howard
dmh@math.gatechedu

Strange Com binatorial Connections

This talk is basedon ideas from two papers. The rst is by S. Felsnerand
W. T. Trotter (Colorings of Diagrams of Interval Orders and -sequenes of
Sets Discrete Mathematics, 144 (1995), 23-31) and the secondis by W. T.
Trotter (New Perspectives on Interval Orders and Interval Graphs Surveysin
Combinatorics, R. A. Bailey, ed., London Mathematical Scciety Lecture Note
Series241(1997), 237{286).

| call a posetP = (X;P) an interval order if there there exists a function |
mapping eat x 2 X to a closedinterval | (x) = [ax; b] of R, with the property
that for all x;y 2 X, x<yin P i b, < a,in R. Let t be a positive integer
and S = (Sg; Sy "Sh) be a sequenceof sets. Sisan -sequeneif S; 6 Sp
andS; (Si[ Si 1) 6 ;,foralli;j with 1 i<j h. Lett bea positive
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called a monotone hamiltonian path in the t-cubeif A; = ;,andfor 1< i<t
andS A;, then S = A; for somej 2 f1;2;::5;i + 1g.

This talk examinesthree di erent questions. First, for eadht 1, what is the
largest integer h = C(t) sothat whenewr P is an interval order of height h,
the chromatic number of the diagram of P is at most t? Second,what is the
longest -sequencewhere ead set in the sequenceis a subsetof f1;2;:::;tg?
Finally, do monotone hamiltonian paths always exist in the t-cube? Though
none of theseanswersare known, it turns out all three arerelated. The rst two
questionshave the sameanswer, and it canbe showvn that C(t) 2' 1+ b%c.
The nal questionis true if and only if this inequality is an equality. While |
will not prove here that these questionsare equivalert, | will present concepts
fundamental to the proof, aswell asmotivation for why thesehamiltonian paths
might or might not exist.

Paul Ra
praff@math.rutg ers.e du

The Firegh ter Problem in the Tw o-Dimensional Grid

Consider the following dynamic graph theory problem: a graph G, a nite

subsetS G and a function f : N ! N are given. The set S is thought
of as vertices that are initially on re. Each vertex on the graph has three
possible attributes: on re, protected, or neither. Once a vertex is on re or
protected it stays that was permanertly. A gameis played where at ead turn

the player is givenf (i) re gh ters to be placed at verticesthat are neither on
re nor defended.Oncea gh ter is placedon a vertex, that vertex is defended.
Afterwards, the re spreadsout one level, meaningthe vertices

fv2 Gjvis adjacen to avertex on re and is not defendedg
becomeon re. There are two ways the gameends:
Each vertex of G evertually becomeseither on re or protected.

There are unprotected vertices of G which never becomeon re. If the
secondcondition is attained, then we say that \f contains the re in G
starting at S". The general question of whether a re can be contained
has beenshown to be NP-complete.

In this talk, | will focusthe problem to where G is the two-dimensionalin nite
grid, meaning

V(G) = 72
E(G) = ff(xy);(x%y9gjix x9+jy yi=1g
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Previously, it wasknown that the function f de ned by f (t) = 1 for all t cannot
contain the re, whereasthe function f de ned by f (t) = 2 for all t can contain
the re. | will discussimprovemerts made by myself and Kah Loon Ng from
DIMA CS which culminatesin the following (which will be made more speci c):

Theorem. If the \average" value of f is more than 1.5, then f contains the
rst in G starting at any S.

Petr Golovach
pagolovach@yahoo.com

Generalized domination in chordal graphs

Let G be a graph with vertex set V(G) and edgeset E(G). The open neigh-
borhood of a vertex is denotedby N (u) = fv:(u;v) 2 E(G)g.

Let ; be a pair of setsof nonnegative integers. A set of vertices of a graph
Giscalleda ( ; )-dominating if for every vertexv 2 S jS\ N(v)j 2 , and for
everyv2SjS\ N(v)j2

The conceptof ( ; )-dominating setwasintroducedby J.A.Telle (see[2, 3]) as
generalization of someknown notions (seeTable 1 for examples).

( ; )-dominating set
No N dominating set
fOg No independert set
fOg f1g 1-perfect code
fog | fO;1g strong stable set
fOg N independert dominating set
flg flg total perfect dominating set

Table 1. Examplesof ( ; )-dominating sets, N is the set of positive integers,
No is the set of nonnegative integers.

We are interested in the complexity of the problem of existence of ( ; )-
dominating set, which will be denoted 9( ; )-domination problem.

It can be easily seenthat if 02 then 9( ; )-domination problem has trivial
solution S = ;. Sowe supposethat 0 2 . Also we supposethat and are
xed nite sets, and complexity of 9( ; )-domination problem is investigated
for chordal graphs.

Theorem 1. Let ; be nite setsof nonngyative integers,02 . If thereis
a chordal graph with at least two di er ent ( ; )-dominating setsthen 9( ; )-
domination problemis NP-complete for chordal graphs.
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Theorem 2. Let ; be nite setsof nonnegativeintegers,02 . If for every
chordal graph there is no more than one ( ; )-dominating set then 9( ; )-
domination problem can be solvel polynomially for chordal graphs.

Thesetwo theoremsgive motivation for the following problem: for what nite
sets of nonnegative integers and , 0 2 , every chordal graph contains no
more than one ( ; )-dominating set?

Main intention of our talk is to proposefor consideration this problem.

At presert there are only few results. In particular there are following bounds
(see[1]).

Let p= max , and g= min

Prop ositon 1. If g p+ 1 then thereis a chordal graph with at least two
( ; )-dominating sets.

Prop osition 2. If 2p+ 2 g then everychordal graph contains no more than
one ( ; )-dominating set.

Both bounds are tight. If = fpgand p+ 2 q then ewvery chordal graph
contains no more than one ( ; )-dominating set. And if contains two con-
secutive integersi;i+ 1and q 2p+ 1 then there is a chordal graph with at
leasttwo ( ; )-dominating sets.

Also the problem investigated for special case = fO0; pg.

Prop osition 3. If = f0;pg, p> 0 then every chordal graph has no more
than onef ; g-dominating setif and only if p+ 3 @

It would be interesting to receive complete solution even for somespecial cases.
For examplefor = fps;p20.

Also there is a nite procedurewhich tests existenceof chordal graphs with at
least two f ; g-dominating sets for given nite sets and , 02 . Unfor-
tunately this procedureis very une ective. So there is another question: can
existene of chordal graphswith at leasttwo f ; g-dominating setsbe tested by
e ective algorithm?

References

[1] Krato chv | J., Manuel P. and Miller M., Generalizeddomination in chordal
graphs, Nordic Journal of Computing 2 (1995), 41{50.

[2] Telle J.A., Complexity of domination-type problemsin graphs, Nordic Jour-
nal of Computing 1 (1994), 157{171.

[3] Telle J.A., Vertex partitioning problems: characterization, complexity and
algorithms on partial k-trees, PhD tesisis, Department of Computer Science,
Universiy of Oregon, Eugene,1994.

52



Dirk Schlatter
schlatter@inform atik. hu-berl in .de

Preseried paper by S. Gerke, D. Sclatter, A. Steger,and A. Taraz
The random planar graph pro cess

A constrainedrandom graph process(Pn. )i, is a random graph processwhich
is equipped with an additional acceptancetest: after we have randomly chosen
the edgeto be inserted, we chedk whether the presert graph together with

this edge presenes a certain (usually structural) property. If so, we take it,

otherwise we reject it (and never look at it again).

In this talk, our requiremert is planarity, and we are mainly interested in the
evolution of this constrained random process. It will becomecrucial to under-
stand how the following two di erent parametrizations of the processare re-
lated. The rst one, Pn:,, denotesthe random planar graph obtained after tg
edgeshave beenconsidered.Py.m = m,, On the other hand, describesthe random
planar graph after my edgeshave beenaccepted. As edgesbetweenverticesin
di erent componerts are always accepted,it is obvious that Tpt  Pnt  Gni

att = nlogn=2| Pp: must haveat leastn 1edgeswith high probability. The
following theorem, which states that we have to consider ( n?) edgesbefore
(1+ )n edgeshave beenaccepted,may thus seemsomewhatsurprising.

Theorem. For every > O, there exists > 0 suchthat
Prle Pp. n2 1+ )nl<e ™

The uniform model of random planar graphs has found considerableattention
in the literature over the past decade[1][2][3][4][5][6][8][9]- Recerily, Gimenez
and Noy [7] gave rather preciseasymptotic expressionsfor both the number of
simple labelled planar graphswith n verticesand dn edges,and the number of
those which are connected. These results yield an analytic expressionfor the
probability that a uniform random planar graph with dn edgesis connected. As
it turns out, this probability is boundedaway from O and 1 for every 1< d< 3.
From the rst theorem above, we canimmediately infer that this is not true for
I:)n;m =dn -

Theorem. For everyl< d< 3,

Pr[Pam=dn isconnected ! 1asn ! 1:

Gerke, McDiarmid, Steger,and Wei |l [4] have shaovn the following result about
the containment of a xed planar graph H in a graph Iﬁn;m =gn Which is chosen
uniformly at random from the classof all simple labelled planar graphs with n
vertices and dn edges:

Pr[lﬁn;m =dn contains at most n pairwise vertex-disjoint copiesof H]< e " ;
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for every 1 < d < 3 and a positive constart = (H;d).

In this respect, the two models do agree: the following analogueis our second
main result.

Theorem. Let H be a planar graph. For every 1 < d < 3, there exists
= (H;d) > 0 suchthat

Pr[Pnm =dn hasat most n pairwise vertex-disjoint copiesof H ] < e " :
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