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Abstra
t. We fully 
hara
terise the situations where the existen
e

of a homomorphism from a digraph G to at least one of a �nite

set H of dire
ted graphs is determined by a �nite number of for-

bidden subgraphs. We prove that these situations, 
alled generalised

dualities, are 
hara
terised by the non-existen
e of a homomorphism

to G from a �nite set of forests.

Furthermore, we 
hara
terise all �nite maximal anti
hains in the

partial order of dire
ted graphs ordered by the existen
e of homo-

morphism. We show that these anti
hains 
orrespond exa
tly to the

generalised dualities. This solves a problem posed in [13℄. Finally,

we show that it is NP-hard to de
ide whether a �nite set of digraphs

forms a maximal anti
hain.

1 Introdu
tion and Previous Results

Several 
lassi
al 
olouring problems (su
h as bounding the 
hromati
 num-

ber of graphs with given properties) 
an be treated more generally and
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sometimes more eÆ
iently in the 
ontext of graphs and homomorphisms

between them. Re
all that, given graphs G = (V;E), G

0

= (V

0

; E

0

), a ho-

momorphism is any mapping f : V ! V

0

whi
h preserves edges:

xy 2 E ) f(x)f(y) 2 E

0

:

This is denoted by f : G ! G

0

. For a re
ent introdu
tion to the topi
 of

graphs and their homomorphisms, we refer the reader to the book [5℄.

Let H be a �xed graph (sometimes 
alled a template). For an input

graph G, the H-
olouring problem asks whether there exists a homomor-

phism G ! H . Su
h a homomorphism is also 
alled an H-
olouring ; the

K

k

-
olouring problem is simply the question whether �(G) � k. Of 
ourse,

the 
omplexity of the H-
olouring problem depends on H . This 
omplexity

was determined for undire
ted graphs in [4℄. However, already for dire
ted

graphs the problem is unsolved.

The H-
olouring problem is also (and perhaps more often) 
alled the


onstraint satisfa
tion problem (CSP(H)). This is parti
ularly used when the

problem is generalised to relational stru
tures and their homomorphisms,

as these stru
tures 
an en
ode arbitrary 
onstraints. This setting, originally

motivated by problems from Arti�
ial Intelligen
e, leads to the important

problem of di
hotomy, general heuristi
 algorithms (
onsisten
y 
he
k) and,

more re
ently, to an interesting and fruitful algebrai
 setting (pioneered by

Bulatov, Jeavons and Krokhin, 
f. [7℄, [2℄).

Further work in the area of CSP 
omplexity led to the following di-


hotomy 
onje
ture.

Conje
ture 1 ([3℄). Let H be a �nite relational stru
ture. Then CSP(H) is

either solvable in polynomial time or NP-
omplete.

Some parti
ular instan
es of CSP were studied intensively. This in
ludes

the 
ase when the graphs for whi
h there exists an H-
olouring are deter-

mined by well-des
ribed forbidden subgraphs (see [6℄, [10℄) and as a spe
ial


ase, when they are determined by a �nite family of forbidden subgraphs.

Of 
ourse, in these 
ases we get polynomial instan
es of CSP.

A pair (F;D) of dire
ted graphs is 
alled a duality pair if for every

dire
ted graph G, we have F ! G if and only if G 9 D. Here, and from

now on, A! B denotes the fa
t that there exists a homomorphism from A

to B. The duality relationship is denoted by the equation

F! =9D
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where F! denotes the 
lass of graphs admitting a homomorphism from F

and 9D the 
lass of graphs not admitting a homomorphism to D. The

dualities in the 
ategory of dire
ted graphs are 
hara
terised in [8℄, [12℄:

Theorem 2 ([8℄, [12℄). Given a dire
ted graph F , there exists a dire
ted

graph D

F

su
h that (F;D

F

) is a duality pair if and only if F is homomorphi-


ally equivalent to an orientation of a tree. For a tree F , su
h a digraph D

F

is unique up to homomorphism equivalen
e.

We say that A and B are homomorphi
ally equivalent if both A ! B

and B ! A. The unique D su
h that (F;D) is a duality pair is 
alled the

dual of the tree F . We use the notation D = D(F ).

Here we generalise the notion of a duality pair: for two �nite sets of

graphs F , D, we say that (F ;D) is a generalised duality if for any graph G,

there exists F 2 F su
h that F ! G if and only if G ! D for no D 2 D;

brie
y

[

F2F

F! =

\

D2D

9D:

The spe
ial 
ase jDj = 1 is 
hara
terised by the following theorem proved

in [12℄.

Theorem 3 ([12℄). Let F = fF

1

; F

2

; : : : ; F

m

g be a �nite nonempty set

of digraphs. The pair (F ; fDg) is a generalised duality if and only if D =

Q

m

i=1

D

i

and (F

i

; D

i

) is a duality pair for i = 1; 2; : : : ;m.

When p = jDj = 1, the generalised duality (F ;D) is 
alled a �nitary

homomorphism duality in [12℄. The theorem states that the �nitary dual

is the produ
t of the duals of the trees F

1

; : : : ; F

m

; this produ
t will be

denoted by D(F

1

; : : : ; F

m

) or D(M) if M = fF

1

; : : : ; F

m

g.

We 
an also 
onsider the 
ase F = ;. Then D = f1g, where 1 is a single

vertex with a loop.

The relation ! indu
es a partial order C on the 
lasses of homomor-

phi
 equivalen
e of graphs. This order is 
alled the homomorphism order.

The homomorphism order is a
tually a distributive latti
e, with the disjoint

union (the sum) of graphs being the supremum and the 
ategori
al prod-

u
t being the in�mum. The standard order-theoreti
 terminology is applied

here.

Parti
ular properties of the homomorphism order, that were studied, are

density (solved for undire
ted graphs by Welzl [15℄ and for dire
ted graphs

by Ne�set�ril and Tardif [12℄) and the des
ription of �nite maximal anti
hains.
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Earlier results 
hara
terise all maximal anti
hains of size 1 and 2 in the

homomorphism order of dire
ted graphs.

Theorem 4 ([14℄). The only maximal anti
hains of size 1 in the homo-

morphism order of dire
ted graphs are dire
ted paths of length 0, 1, and 2

and a single vertex with a loop.

Theorem 5 ([13℄). The maximal anti
hains of size 2 in the homomor-

phism order of dire
ted graphs are pre
isely the pairs fT;D

T

g, where T is a

tree di�erent from P

0

, P

1

and P

2

, and D

T

is its dual.

2 Generalised Dualities

In this se
tion, we 
hara
terise all generalised dualities. We restri
t ourselves

to the 
ase jFj � 2, as the other 
ases are des
ribed in the previous se
tion.

First, we present a 
onstru
tion of generalised dualities from a family of

forests.

2.1 The Constru
tion

Let F = fF

1

; F

2

; : : : ; F

m

g be an arbitrary �xed nonempty �nite set of 
ore

(
f. [5℄) forests that are pairwise in
omparable.

Consistently with the above notation, let F




= fC

1

; : : : ; C

n

g be the

set of all distin
t 
onne
ted 
omponents of the graphs in F ; ea
h of these


omponents is a 
ore tree.

A subset M � F




is a quasitransversal if it satis�es

(T1) M is an anti
hain, i.e. for every C 6= C

0

2M we have C k C

0

, and

(T2) M supports F , i.e. for every F 2 F there exists C 2 M su
h that

C ! F .

For two quasitransversals M , M

0

we de�ne M � M

0

if and only if for

every C

0

2M

0

there exists C 2M su
h that C ! C

0

. Note that this order

is di�erent from the homomorphism order of forests 
orresponding to the

quasitransversals. On the other hand, we have:

Lemma 6. Let M , M

0

be two quasitransversals. Then D(M) ! D(M

0

) if

and only if M �M

0

Lemma 7. The relation � is a partial order on the set of all quasitransver-

sals.
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A quasitransversal M is a transversal if

(T3) M is a maximal quasitransversal in �.

Set D = D(F) =

�

D(M) :M is a transversal

	

.

We have:

Theorem 8. The pair (F ;D) is a generalised duality.

Before outlining the proof, we give three of examples.

Example. First, let F = fT

1

; T

2

; : : : ; T

n

g be a set of pairwise in
omparable

trees and D

1

, D

2

, . . . , D

n

their respe
tive duals. By (T2), every transversal


ontains all these trees. Therefore there exists only one transversal M =

fT

1

; T

2

; : : : ; T

n

g and D = fD

1

�D

2

� : : :�D

n

g. This situation shows how

the �nitary duality is a spe
ial 
ase of the generalised duality.

Now, let T

1

, T

2

, T

3

and T

4

be pairwise in
omparable trees with dualsD

1

,

D

2

, D

3

, D

4

. Let F = fT

1

+T

2

; T

1

+T

3

; T

4

g. Then we have two transversals

fT

1

; T

4

g and fT

2

; T

3

; T

4

g; and D = fD

1

�D

4

; D

2

�D

3

�D

4

g.

Finally, let T

1

! T

3

and F = fT

1

+ T

2

; T

3

+ T

4

g. The transversals are

fT

1

g, fT

2

; T

3

g and fT

2

; T

4

g. Hen
e D = fD

1

; D

2

�D

3

; D

2

�D

4

g.

Proof of Theorem 8. Let X be a digraph su
h that X ! D for some D 2 D.

We want to prove that F

i

9 X for i = 1; : : : ;m. For 
ontradi
tion, assume

that F

i

! X for some i. Let M be the transversal for whi
h D(M) = D.

By (T2), there exists C 2M su
h that C ! F

i

! X , therefore X 9 D(C).

That is a 
ontradi
tion with the assumption that X ! D ! D(C).

Now, let X be a digraph su
h that F

i

9 X for i = 1; : : : ;m. We want

to prove that there exists D 2 D su
h that X ! D. Let C

j

i

be a 
ompo-

nent of F

i

su
h that C

j

i

9 X for i = 1; : : : ;m. Let M

0

= min

!

fC

j

i

: i =

1; : : : ;mg; by min

!

S we mean the set of all elements of S that are minimal

with respe
t to the homomorphism order!. Be
auseM

0

is a quasitransver-

sal, there exists a transversal M su
h that M

0

�M . We have that C 9 X

for ea
h C 2M , and therefore X ! D(M) 2 D. ut

2.2 The Chara
terisation

We will now prove that all generalised dualities are of the above form.

Theorem 9. If (F ;D) is a generalised duality, then all elements of F are

forests and D = D(F); in parti
ular, D is uniquely determined by F .
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Proof. The proof 
onsists of �ve steps. Suppose that F = fA

1

; A

2

; : : : ; A

m

g

and D = fD

1

; D

2

; : : : ; D

p

g. Consistently with the above notation, let F




=

fC

1

; C

2

; : : : ; C

n

g be the set of all distin
t 
onne
ted 
omponents of the stru
-

tures in F . Quasitransversals and transversals are de�ned in the same way

as above; we note that neither for the de�nition nor for proving Lemma 7

do we need the fa
t that the elements of F




are trees.

For a quasitransversal M , let M = fC

0

2 F




: C 2M ) C 9 C

0

g.

Fa
t 1. If M � F




is a transversal, then there exists a unique digraph D 2

D that satis�es

1. C 9 D for every C 2M ,

2. C

0

! D for every C

0

2M .

Proof. If M = ;, let D 2 D be arbitrary. Otherwise set S =

P

C

0

2M

C

0

.

Be
ause (F ;D) is a generalised duality, either there exists F 2 F su
h that

F ! S or there exists D 2 D su
h that S ! D. If F ! S, by (T2) there

exists C 2M satisfying C ! F ! S, and sin
e C is 
onne
ted, C ! C

0

for

some C

0

2M , whi
h is a 
ontradi
tion with the de�nition of M . Therefore

there exists D 2 D that satis�es S ! D. It 
an be 
he
ked that su
h D

satis�es both (1) and (2) and that su
h a graph must be unique. ut

For a transversalM , the unique D 2 D satisfying the 
onditions (1) and

(2) above is denoted by d(M).

Fa
t 2. D = fd(M) :M is a transversalg.

Proof. Let D 2 D. We want to show that D = d(M) for a transversal M .

LetM

0

= min

!

fC

0

2 F




: C

0

9 Dg be the set of all C-minimal 
omponents

that are not homomorphi
 to D. The set M

0

is a quasitransversal: if some

F 2 F is not supported by M

0

, then all its 
omponents are homomorphi


to D, and also F ! D, a 
ontradi
tion.

Let M be a transversal su
h that M

0

� M . To prove that D = d(M),

it suÆ
es (by the uniqueness part of Fa
t 1) to 
he
k 
onditions (1) and

(2). ut

Fa
t 3. For two distin
t transversals M

1

, M

2

, we have (a) M

1

\M

2

6= ;,

(b) d(M

1

) 6= d(M

2

).
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Proof.

(a) By (T3), M

1

ÆM

2

, so there exists C

2

2M

2

su
h that C

1

9 C

2

for

any C

1

2M

1

. Obviously C

2

2M

1

nM

2

�M

1

. Sin
e we 
hose C

2

2M

2

, we

have C

2

2M

1

\M

2

.

(b) Let C

2

2M

1

\M

2

, as above. Then C

2

! d(M

1

) and C

2

9 d(M

2

).

ut

Fa
t 4. If M is a transversal, then the pair

�

M; fd(M)g

�

is a �nitary ho-

momorphism duality, and 
onsequently d(M) = D(M).

Proof. We 
an prove that for a digraph G, the following statements are

equivalent:

(1) G 2

T

C2M

(C 9)

(2) C 9 G for any C 2M

(3) C 9 G+

P

�

C2M

�

C for any C 2M

(4) G+

P

�

C
2M

�

C ! d(M)

(5) G! d(M)

(6) G 2 (! d(M))

The equivalen
e (1), (6) is pre
isely the de�nition of �nitary duality.

ut

Fa
t 5. Ea
h 
omponent C 2 F




is a tree.

For the proof, we use the following

Theorem 10 ([12℄). Let A and C be relational stru
tures su
h that A <

C, and C is a 
onne
ted stru
ture that is not a tree. Then there exists a

stru
ture X su
h that A < X < C.

Proof of Fa
t 5. Using Theorem 10, it 
an be proved that if some 
omponent

C 2 F




is not a tree, then there exists a digraph X su
h that X < C and

X is homomorphi
 to exa
tly the same elements of F




as C, and moreover

for any C

0

2 F




, C

0

6= C, we have C

0

! C if and only if C

0

! X . Then if

G is 
reated by repla
ing C with X in some F 2 F , the graph G violates

the de�nition of generalised duality (no F 2 F is homomorphi
 to G and G

is homomorphi
 to no D 2 D). ut

We �nish the proof of Theorem 9. All elements of F are forests by virtue

of Fa
t 4, Fa
t 5 and Theorem 3. The set D is uniquely determined as a


onsequen
e of Fa
t 2 and due to Fa
t 4 and Theorem 3 it is determined by

the transversal 
onstru
tion. ut
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3 Finite Maximal Anti
hains

First, we dis
uss when a generalised duality forms a maximal anti
hain;

pre
isely, for what families F of in
omparable forests is Q = F [ D(F) a

maximal anti
hain in the homomorphism order of digraphs.

Obviously, if a generalised duality forms an anti
hain, then it is maximal.

It is also evident that F 9 D for any F 2 F , D 2 D. So, a generalised

duality does not form an anti
hain if and only if there exist D 2 D and

F 2 F su
h that D ! F .

Let P

1

= (f1; 2g; f(1; 2)g) be the digraph 
onsisting of a single edge (the

path of length 1). If P

1

2 F




, then obviously F = fP

1

g and D = f0g. So

for the rest, we 
an assume that P

1

62 F




.

Let P

2

= (f1; 2; 3g; f(1; 2); (2; 3)g be the dire
ted path of length 2.

Lemma 11. Let F be a set of pairwise in
omparable 
ore forests. Then

F [ D(F) is not an anti
hain if and only if F = f0g, F = fP

1

g, or F =

fP

2

g.

Proof. We have just observed that if F [ D(F) is not an anti
hain, there

exist D 2 D and F 2 F su
h that D ! F . Fix su
h F and D.

Let A be a digraph. If there exists a tree T su
h that A ! T , we say

that A is balan
ed. It is easy to see that A is balan
ed if and only if it is

homomorphi
 to a forest.

Sin
e F is a forest, we have that D is balan
ed. Moreover, by Theorem 9,

D = D(M) for a transversal M � F




.

Let Z

s

be the orientation of a 
y
le of length 2s+1 su
h that Z

s

does not


ontain a dire
ted path of length 3. Sin
e Z

s

is not balan
ed, Z

s

9 D =

D(M); therefore (by the de�nition of �nitary duality) for every positive

integer s there exists C 2 M su
h that C ! Z

s

. Hen
e there exists some

C 2 Z

s

su
h that jV (C)j > 2s + 1. Sin
e any proper subgraph of Z

s

is

homomorphi
 to P

2

, we get that C ! P

2

. This �nishes the proof as the

other impli
ation is evident. ut

We have now observed that only three generalised dualities that are not

anti
hains exist: (;; f1g), (fP

1

g; f0g) and (fP

2

g; fP

1

g). Let us now 
onsider

the question when a maximal anti
hain is not a generalised duality.

Observe that a �nite maximal anti
hain Q is formed from a generalised

duality if and only if there exist disjoint sets F , D su
h that Q = F [D and

for an arbitrary digraph X there exists F 2 F su
h that F ! X or there

exists D 2 D su
h that X ! D.

8



Lemma 12. Let Q be a �nite maximal anti
hain in the homomorphism

order of digraphs. Then the following are equivalent:

1. Q is not formed from a generalised duality, i.e. whenever Q = F [ D,

the pair (F ;D) is not a generalised duality,

2. Q is one of the sets f0g, fP

1

g, or fP

2

g.

Proof. All the sets f0g, fP

1

g, fP

2

g are obviously �nite maximal anti
hains

not formed from a generalised duality.

The other impli
ation is proved by splitting Q into F and D in a suitable

way, whi
h allows us to show that all elements of F are balan
ed. But sin
e

(F ;D) is not a generalised duality, we 
an use an argument similar to the

above proof to show that F is one of the sets f0g, fP

1

g, or fP

2

g. ut

Thus we 
ome to the astonishing 
orresponden
e between generalised

dualities and maximal anti
hains. This solves a problem posed in [13℄, where

maximal anti
hains of size 2 were 
hara
terised.

Theorem 13. The 
orresponden
e

(F ;D) 7! Q = F [ fD 2 D : D 9 F for any F 2 Fg

is a one-to-one 
orresponden
e between generalised dualities and �nite max-

imal anti
hains in the homomorphism order of dire
ted graphs.

Proof. Follows immediately from Theorems 4 and Lemmas 11 and 12. ut

4 Extensions

4.1 MAC De
idability

We are interested in the following de
ision problem, 
alled theMAC de
ision

problem: given a �nite nonempty set Q of digraphs, de
ide whether Q is a

maximal anti
hain. The results of the previous se
tion allow us to state the

following result.

Theorem 14. The MAC de
ision problem is de
idable. Moreover, it is NP-

hard.

Another 
onsequen
e of Theorem 13 is the following.

Theorem 15. Let Q be a �nite maximal anti
hain in C. An element of Q

that is 
omparable with an input stru
ture A 
an be found in polynomial

time.

9



4.2 Duality De
idability

Using a re
ent result of [9℄, we 
an dedu
e that it is de
idable whether for

a set H of digraphs there exists a set F of digraphs su
h that (F ;H) is a

generalised duality.

It is easy to see that H is the right-hand side of a generalised duality

if and only if ea
h stru
ture in H is a �nitary dual and they are pairwise

in
omparable. The former is de
idable (and even in NP) due to [9℄, the latter

is obviously in NP. It also follows from [9℄ that in general, the problem is

NP-
omplete.

4.3 GCSP Di
hotomy

As an analogy to CSP, we de�ne GCSP, the generalised 
onstraint satisfa
-

tion problem, as the following: given a �nite set H of digraphs, de
ide for

an input digraph G whether there exists H 2 H su
h that G! H .

Note that if (F ;D) is a generalised duality, then GCSP(D) is polynomi-

ally solvable.

As in Conje
ture 1, one 
ould ask whether there is a di
hotomy for GCSP.

However, this problem is not very 
aptivating, as the positive answer to the

di
hotomy 
onje
ture for CSP would imply a positive answer here as well:

Theorem 16. Let H be a �nite nonempty set of pairwise in
omparable di-

graphs.

1. If CSP(H) is tra
table for all H 2 H, then GCSP(H) is tra
table.

2. If CSP(H) is NP-
omplete for some H 2 H, then GCSP(H) is NP-


omplete.

Thus from the 
omplexity (and di
hotomy) point of view, generalised

CSP is equivalent to CSP. But their �rst-order de�nability is another matter:

it is both interesting and more involved.

4.4 First-order De�nable GCSP

We remark that GCSP(H) is �rst-order de�nable if and only if there exists

a set F su
h that (F ;H) is a generalised duality. This result is an extension

of a similar theorem for CSP 
ontained in [1℄, and its proof follows the same

way.
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5 Summary and Con
luding Remarks

In Se
t. 2, we 
hara
terised all the generalised dualities (F ;D) in the 
ate-

gory of dire
ted graphs: the set D su
h that (F ;D) is a generalised duality

exists if and only if F is a �nite family of forests; if this is the 
ase, D is

determined uniquely (up to homomorphi
 equivalen
e).

In Se
t. 3 we des
ribed all �nite maximal anti
hains in the homomor-

phism orderof dire
ted graphs. They all appear to be formed from gener-

alised dualities by taking all maximal elements of F [D.

We mention here that the result on generalised dualities extends to the

fully general setting of relational stru
tures with relations of arbitrary arity.

Similarly, Theorem 13 
an be generalised for relational stru
tures with one

relation of arbitrary arity. The maximal anti
hains whi
h are not of the

form F [ D for a generalised duality (F ;D) are f0g, fP

1

g and S, where S

is the set of all 
ore trees with two edges. Both these results will appear in

the full version of this paper.

Let us note that the 
hara
terisation of �nite maximal anti
hains is hard

and interesting for in�nite graphs. It has been proved in [11℄ that for every


ountable in�nite graph G, G not equivalent to K

1

, K

2

, K

!

, there exists

a graph H in
omparable with G. There are also in�nitely many maximal

anti
hains, however, as pointed out in [11℄, all maximal anti
hains seem to


ontain a �nite graph.

We believe that the interplay of order theoreti
 notions (su
h as maximal

anti
hain) and des
riptive 
omplexity notions (su
h as generalised duality

and �rst order de�nability) leads to further insight into the stru
ture of

CSP. For example, the duality theorems present a ri
h supply of non-trivial

CSP problems, for whi
h polynomial algorithms exist.
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