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Abstra
t. Classes of graphs with bounded expansion have been in-

trodu
ed in [15℄, [12℄. They generalize both proper minor 
losed


lasses and 
lasses with bounded degree.

For any 
lass with bounded expansion C and any integer p there

exists a 
onstant N(C; p) so that the vertex set of any graph G 2 C

may be partitioned into at mostN(C; p) parts, any i � p parts of them

indu
e a subgraph of tree-width at most (i� 1) [12℄ (a
tually, of tree-

depth [16℄ at most i, what is sensibly stronger). Su
h partitions are


entral to the resolution of homomorphism problems like restri
ted

homomorphism dualities [14℄.

We give here a simple algorithm to 
ompute su
h partitions and

prove that if we restri
t the input graph to some �xed 
lass C with

bounded expansion, the running time of the algorithm is bounded by

a linear fun
tion of the order of the graph (for �xed C and p).

This result is applied to get a linear time algorithm for the sub-

graph isomorphism problem with �xed pattern and input graphs in a

�xed 
lass with bounded expansion.

More generally, let � be a �rst order logi
 senten
e. We prove that

any �xed graph property of type

\ 9X : (jXj � p) ^ (G[X℄ � �) "

may be de
ided in linear time for input graphs in a �xed 
lass with

bounded expansion.

1. Introdu
tion, the model and

previous work

The 
on
ept of tree-width [10℄,[21℄,[27℄ is 
entral to the analysis of graphs

with forbidden minors of Robertson and Seymour. This 
on
ept gained

mu
h algorithmi
 attention thanks to the general 
omplexity result of Cour-


elle about monadi
 se
ond-order logi
 graph properties de
idability for

graphs with bounded tree-width [3℄,[4℄. It appeared that many NP-
omplete

problems may be solved in polynomial time when restri
ted to a 
lass with
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bounded tree-width. However, bounded tree-width is quite a strong restri
-

tion, as planar graphs for instan
e do not have bounded tree-width.

An alternative approa
h 
onsists in the partition of graphs, su
h that p

parts indu
e a subgraph of tree-width at most (p�1). Answering a question

of Thomas [26℄, DeVos et al. [6℄ proved that for any proper minor 
losed


lass of graphs C { that is: any minor 
losed 
lass C ex
luding at least one

graph | and any integer p there exists a 
onstant N(C; p) su
h that the

vertex set of any graph G 2 C may be partitioned into at most N(C; p) parts

in su
h a way that any j � p parts indu
e a subgraph of tree-width at most

(j � 1), what the authors 
all a low tree-width partition of G. This proof,

whi
h relies on the Stru
tural Theorem of Robertson and Seymour [22℄ fails

to be e�e
tive from a 
omputational point of view.

It appears that low tree-width de
omposition may be established in a

more general setting for 
lasses with bounded expansion [15℄[12℄. These

results are reported here together with the algorithmi
 analysis. The de�-

nition of bounded expansion 
lasses is based on a new graph invariant, the

greatest redu
ed average degree (grad) with rank r of a graphG, r

r

(G). This

invariant is de�ned by r

r

(G) = max

jE(H)j

jV (H)j

, where the maximum is taken

over all the minors H of G obtained by 
ontra
ting a set of vertex-disjoint

subgraphs with radius at most r and then deleting any number of edges and

verti
es. A 
lass of graphs C has bounded expansion if sup

G2C

r

r

(G) < 1

for any integer r. Not only proper minor 
losed 
lasses of graphs have

bounded expansion (as then r

r

is uniformly bounded independently of r),

but so are 
lasses with bounded degree or some usual 
lasses arising from

�nite element meshes (as skeletons of d-dimensional simpli
ial 
omplexes

with bounded aspe
t ratio [11℄). One of the main fundamental properties

of these 
lasses may be stated as follows: If C is a 
lass with bounded

expansion, then so are the following 
lasses:

� C=?, the 
lass of the graphs obtained from graphs in C by 
ontra
ting

a star forest,

� C �K

2

, the 
lass of the graphs obtained from graphs in C by blowing

every vertex into two adja
ent verti
es (i.e. by taking the lexi
o-

graphi
 produ
t with K

2

).

Note that the se
ond property does not hold for proper minor 
losed 
lasses:

If P is the 
lass of all planar graphs then any minor 
losed 
lass in
luding

P � K

2


ontains all �nite graphs. It is established in [12℄ that for every


lass C with bounded expansion and any integer p, there exists a 
onstant

N

0

(C; p) su
h that any graph G 2 C has a vertex-partition into at most

2



N

0

(C; p) parts su
h that any j � p parts indu
e a subgraph of tree-width

at most (p� 1) (a
tually of tree-depth at most p, whi
h is quite a stronger

result). For properties of tree-depth, see [16℄). The strong bene�t of this

later proof is that it does not rely on the Stru
tural Theorem and that it

a
tually leads to a very simple linear time algorithm to 
ompute su
h a

partition [13℄.

Our te
hnique fa
ilitates the dete
tion of lo
al graph properties. For

instan
e, the subgraph isomorphism problem for a �xed pattern H is known

to have 
omplexity at most O(n

!l=3

) where l is the order of H and where !

is the exponent of square matrix fast multipli
ation algorithm [17℄ (hen
e

O(n

0:792 l

) using the fast matrix algorithm of [2℄). The parti
ular 
ase of

subgraph isomorphism in planar graphs have been studied by Plehn and

Voigt [20℄, Alon [1℄ with super-linear bounds and then by Eppstein [7℄[8℄

who gave the �rst linear time algorithm for �xed pattern H and G planar

and then extended his result to graphs with bounded genus [9℄. It appears

that one of the main lemmata of [8℄ a
tually indu
es a linear time algorithm

to solve the problem of 
ounting all the isomorphs of H in a graph G as soon

as we have a linear time algorithm allowing to 
ompute a low-tree width

partition of G.

Su
h 
omplexity improvements hold for a quite general 
lass of de
isional

problems, namely the problems having the form

\ 9X : (jX j � p) ^ (G[X ℄ � �) "

where � is a �rst-order senten
e, a

ording to the general results of Cour
elle

[3℄[4℄. This in
ludes for instan
e, for a �xed graph H and for input graphs

G belonging to a �xed 
lass with bounded expansion, the problems

� \Does H have a homomorphism to G?",

� \Is H isomorphi
 to a subgraph of G?",

� \Is H isomorphi
 to an indu
ed subgraph of G?".

In the following, we only will be 
on
erned with simple loopless graphs.

2. The grad of a graph and 
lass expansion

The distan
e d(x; y) between two verti
es x and y of a graph is the min-

imum length of a path linking x and y, or 1 if x and y do not belong to

the same 
onne
ted 
omponent. The radius �(G) of a 
onne
ted graph G

is the minimum maximum distan
e of the verti
es from a �xed vertex, that

is: �(G) = min

r2V (G)

max

x2V (G)

d(r; x). A vertex r is a 
enter of G if the

maximal distan
e of verti
es of G to r is equal to �(G). The radius �(G) of

a non-
onne
ted graph G is the maximum of the radii of its 
omponents.
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A (simple) graph H is a minor of a graph G if it may be obtained from G

by 
ontra
ting edges, deleting edges and deleting verti
es. This is denoted

by H < G. As edge deletion and 
ontra
tion 
ommute, we may 
onsider


ontra
tions �rst and deletions next. As we only 
onsider simple loopless

graphs, ea
h deletion is followed (if ne
essary) by the simpli�
ation of the

graph. In other words, a minor H of a graph G is obtained by 
ontra
ting

some 
onne
ted subset F of edges, simplifying and then taking a subgraph

(i.e. H � G=F ). Noti
e that the subset F is in general not uniquely

determined by G and H . We denote by G

F

the subgraph of G indu
ed

by the subset F of edges of G. The depth of a minor of a graph G is the

minimum radius of the part we have to 
ontra
t in G to get H . More

formally:

depth(H;G) = minf�(G

F

) : H � G=Fg

De�nition 2.1. The greatest redu
ed average density (grad) of G with rank

r is

r

r

(G) = max

H<G

depth(H;G)�r

jE(H)j

jV (H)j

The �rst grad, r

0

, is 
losely related to the degenera
y or the maximum

average degree (G is k-degenerated i� k � b2r

0

(G)
; note that none of

the results of this paper holds for k-degenerated graphs, the higher grads

are needed). non de
reasing sequen
e whi
h, for every graph, starting from

some index (smaller than the order of the graph).

De�nition 2.2. The expansion of a 
lass C of graphs is the fun
tion f :

N ! N [ f1g de�ned by

f(r) = sup

G2C

r

r

(G)

A 
lass C has bounded expansion if its expansion is �nite for every r 2 N,

that is:

8r � 0; sup

G2C

r

r

(G) <1

Here are some examples of 
lass with bounded expansion. Some are

in
luded into others (see Fig 1). However, they are examples of di�erent

expansion bounds.

� proper minor 
losed 
lasses. Any proper minor 
losed 
lass of

graphs has expansion bounded by a 
onstant fun
tion. Conversely,

any 
lass of graphs with expansion bounded by a 
onstant is in-


luded in some proper minor 
losed 
lass of graphs.
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Figure 1. In
lusion of graph 
lasses

� d-dimensional meshes with bounded aspe
t ratio. [11℄ in-

trodu
es 
lasses of graphs whi
h o

ur naturally in �nite-element

and �nite-di�eren
e problems. Theses 
lasses, the 
lasses of d-

dimensional meshes with bounded aspe
t ratio, are formed by the

interior skeletons of a family of d-dimensional simpli
ial 
omplexes

with bounded aspe
t ratio. As su
h graphs ex
lude K

h

as a depth

L minor if h = 
(L

d

) [25℄ they form (for ea
h d) a 
lass with poly-

nomially bounded expansion. Our results (and parti
ularly linear

algorithm for low tree de
ompositions) present a natural link of ap-

pli
able results [11℄.

� bounded degree 
lasses. Let � be an integer. Then the 
lass of

graphs with maximum degree at most � has expansion bounded by

the exponential fun
tion f(r) = �

r+1

.

� proper topologi
ally 
losed 
lasses. These 
lasses are de�ned

by a (possibly in�nite) set S of forbidden 
on�gurations, in the sense

of Kuratowski's 
on�gurations: a graph G belongs to the 
lass if no

subdivision of a graph in S is isomorphi
 to a subgraph of G. Su
h
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lasses have expansion bounded by a double exponential fun
tion

f(r) = 2

r�1

(min

H2S

jV (H)j)

2

r+1

(see Se
tion 8.2).

� highly subdivided 
liques. For any non-de
reasing fun
tion f :

N ! N n f0; 1; 2g we may 
onstru
t a 
lass C

f

of graphs with ex-

pansion f by in
luding (for ea
h integer r) the 
omplete graph of

2f(r) + 1 verti
es whose edges are subdivided 3

r

� 1 times.

2.1. Further De�nitions and Properties Related to the grad. We

give here further de�nitions and simple properties related to the de�nition

of the grad of a graph.

De�nition 2.3. Let G be a graph. A ball of G is a subset of verti
es

indu
ing a 
onne
ted subgraph. The set of all the families of balls of G is

noted B(G).

Let P = fV

1

; : : : ; V

p

g be a family of balls of G.

� The radius �(P) of P is �(P) = max

X2P

�(G[X ℄)

� The 
omplexity of P is �(P) = max

v2V (G)

jfi : v 2 V

i

gj.

� The quotient G=P of G by P is a graph with vertex set f1; : : : ; pg

and edge set E(G=P) = ffi; jg : (V

i

�V

j

)\E(G) 6= ; or V

i

\V

j

6= ;g.

We introdu
e a re�nement of the notion of grad:

De�nition 2.4. The greatest redu
ed average density (grad) of G with rank

r and 
omplexity 
 is




r

r

(G) = max

P2B(G)

�(P)�r;�(P)�


jE(G=P)j

jPj

:

A

ording to this de�nition, we have:

r

r

(G) =

1

r

r

(G) = max

P2B(G)

�(P)�r;�(P)=1

jE(G=P)j

jPj

Noti
e the following well known fa
ts (usually expressed by means of the

maximum average degree, see for instan
e [19℄ for a proof of Fa
t 2.1)

Fa
t 2.1. Let G be a graph of order n and size m. Then G has an ori-

entation su
h that the maximum indegree of G is at most k if and only if

k � r

0

(G). Moreover, there is an O(n+m)-time algorithm whi
h 
omputes

an a
y
li
 orientation of G with maximum indegree b2r

0

(G)
.

Fa
t 2.2. Any graph G is b2r

0

(G)
-degenerated, hen
e b2r

0

(G) + 1
-


olorable.
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2.2. Grad and Lexi
ographi
 Produ
t. Let G;H be graphs. The lex-

i
ographi
 produ
t G � H is de�ned by V (G � H) = V (G) � V (H) and

E(G�H) = ff(x; y); (x

0

; y

0

) : fx; yg 2 E(G) or x = x

0

and fy; y

0

g 2 E(H)g.

Let us note at this pla
e that the lexi
ographi
 produ
t (or blowing up

of verti
es) is an operation whi
h is in
ompatible with the minors. One 
an

see easily that every graph is a minor of a graph of the form G �K

2

for a

planar graph G. But the lexi
ographi
 produ
t is naturally related to the

notion of 
omplexity we have introdu
ed for grad:

Lemma 2.1. For any graph G and any integers 
; r, we have:




r

r

(G) = r

r

(G �K




)

Proof. Let P = fV

1

; : : : ; V

p

g be a ball family of G with 
omplexity 
 = �(P)

and radius r = �(P). As �(P) = 
 there exists a fun
tion f : V (G) �

f1; : : : ; pg ! f1; : : : ; 
g su
h that if x 2 V

i

\ V

j

then f(x; i) 6= f(x; j).

For 1 � i

0

� p, de�ne V

0

i

= f(x; f(x; i)) : x 2 V

i

g. Then P

0

=

fV

0

1

; : : : ; V

0

p

g has radius r and 
omplexity 1. Moreover,G=P is obviously iso-

morphi
 to a subgraph of (G�K




)=P

0

. It follows that r

r

(G�K




) �




r

r

(G).

Conversely, let P

0

= fV

0

1

; : : : ; V

0

q

g be a ball family of G �K




, de�ne the

ball family P = fV

1

; : : : ; V

q

g of G by x 2 V

i

if there exists � 2 f1; : : : ; 
g

su
h that (x; �) 2 V

0

i

. Then �(P) � �(P

0

) and �(P) � 
. It follows that




r

r

(G) � r

r

(G �K




). �

The rather te
hni
al proof of the following lemma is annexed in Se
-

tion 8.1 for sake of readability.

Lemma 2.2. There exist polynomials P

i

(i � 0) su
h that for any graph G

and integers r and 
:

(1)




r

r

(G) � P

r

(
;r

r

(G))

3. The Theory: De
ompositions,

Augmentations and Colorings

3.1. Tree-width. A tree-de
omposition of a graph G 
onsists in a pair

(T; �) formed by a tree T and a fun
tion � mapping verti
es of T to sub-

sets of V (G) so that for all v 2 V (G); fx 2 V (T ) : v 2 �(x)g indu
es a

subtree of T , and su
h that for any edge fv; wg of G there exists x 2 V (T )

su
h that fv; wg � �(x). The width of a tree de
omposition (T; �) is

max

v2V (G)

j�(v)j � 1. The tree-width of G is the minimum width of any

tree-de
omposition of G.
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In the following, a dire
ted graph

~

G may not have a loop and for any

two of its verti
es x and y,

~

G in
ludes at most one ar
 from x to y and at

most one ar
 from y to x (thus at most two ar
s may 
onne
t x and y, one

in ea
h dire
tion).

A 
lass C has a low tree-width 
oloring if, for any integer p � 1, there

exists an integer N(p) su
h that any graph G 2 C may be vertex-
olored

using N(p) 
olors so that ea
h of the 
onne
ted 
omponents of the subgraph

indu
ed by any i � p parts has tree-width at most (i � 1). DeVos et al.

proved:

Theorem 3.1 ([6℄). Any minor 
losed 
lass of graphs ex
luding at least one

graph has a low tree-width 
oloring.

The proof of Theorem 3.1 relies on the Stru
tural Theorem of Robertson

and Seymour [22℄ and fails to be appli
able from a 
omputational point of

view.

3.2. Tree-depth. A rooted forest is a disjoint union of rooted trees. The

height of a vertex x in a rooted forest F is the number of verti
es of a

path from the root (of the tree to whi
h x belongs to) to x and is noted

height(x; F ). The height of F is the maximum height of the verti
es of F .

Let x; y be verti
es of F . The vertex x is an an
estor of y in F if x belongs

to the path linking y and the root of the tree of F to whi
h y belongs to.

The 
losure 
los(F ) of a rooted forest F is the graph with vertex set V (F )

and edge set ffx; yg : x is an an
estor of y in F; x 6= yg. A rooted forest F

de�nes a partial order on its set of verti
es: x �

F

y if x is an an
estor of y

in F . The 
omparability graph of this partial order is obviously 
los(F ).

The tree-depth td(G) of a graph G is the minimum height of a rooted

forest F su
h that G � 
los(F ) [16℄. This graph parameter also appeared

in the literature as the minimum height of an elimination tree [5℄ and is

analogous to the de�nition of rank fun
tion of a graph whi
h has been

re
ently used for analysis of 
ountable graphs, see e.g. [18℄.

Lemma 3.2 ([16℄). Let G = (V;E) be a graph and let G

1

; : : : ; G

p

be its


onne
ted 
omponents. Then:

td(G) =

8

>

>

<

>

>

:

1; if jV j = 1;

1 +min

v2V

td(G� v); if p = 1 and jV j > 1;

max

p

i=1

td(G

i

); otherwise.
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As we introdu
ed low tree-width 
oloring, we say that a 
lass C has a

low tree-depth 
oloring if, for any integer p � 1, there exists an integer N(p)

su
h that any graph G 2 C may be vertex-
olored using N(p) 
olors so that

ea
h of the 
onne
ted 
omponents of the subgraph indu
ed by any i � p

parts has tree-depth at most i. As td(G) � tw(G) � 1, a 
lass having a

low-tree depth 
oloring has a low tree-width 
oloring. In [16℄ is proved a

strengthening of Theorem 3.1:

Theorem 3.3 ([16℄). Any minor 
losed 
lass of graphs ex
luding at least

one graph has a low tree-depth 
oloring.

This result has been extended in [12℄ where it is proved that 
lasses with

bounded expansion allows low tree-depth partitions. This last result follows

another approa
h: instead of the Stru
tural Theorem, the proof relies on

the properties of transitive fraternal augmentations. We shall prove in this

paper that this allows the partition and tree-de
omposition of i � p parts

to be 
omputed in linear time.

3.3. Transitive Fraternal Augmentation.

De�nition 3.1. Let

~

G be a dire
ted graph. A 1-transitive fraternal aug-

mentation of

~

G is a dire
ted graph

~

H with the same vertex set, in
luding

all the ar
s of

~

G and su
h that, for any distin
t verti
es x; y; z,

� if (x; z) and (z; y) are ar
s of

~

G then (x; y) is an ar
 of

~

H (transi-

tivity),

� if (x; z) and (y; z) are ar
s of

~

G then (x; y) or (y; x) is an ar
 of

~

H

(fraternity).

A transitive fraternal augmentation of a dire
ted graph

~

G is a sequen
e

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

�

~

G

i+1

� � � � , su
h that

~

G

i+1

is a 1-transitive

fraternal augmentation of

~

G

i

for any i � 1.

The main key lemma here is that the notion of 
lasses of bounded ex-

pansion is stable under 1-fraternal augmentations. More pre
isely:

Lemma 3.4. Let

~

G be a dire
ted graph and let

~

H be a 1-transitive fraternal

augmentation of

~

G. Then




r

r

(H) �


(�

�

(

~

G)+1)

r

2r+1

(G)

� P

2r+1

(
(�

�

(

~

G) + 1);r

2r+1

(G)):
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Proof. Consider a ball family P = fV

1

; : : : ; V

p

g of H with radius at most r

and 
omplexity 
.

Let P

0

= fV

0

1

; : : : ; V

0

p

g, where

V

0

i

= V

i

[ fz : 9x 2 V

i

; (x; z) 2 E(

~

G)g

Then for any x; y 2 V

i

whi
h are adja
ent in H , either x and y are adja
ent

in G or there exists z 2 V

0

i

so that fx; zg and fy; zg are edges of G. Hen
e

V

0

i

is a ball of G with radius at most 2r + 1. Any vertex v of G belongs

to a most 
 + �

�

(

~

G) balls of P

0

for v belongs to V

0

i

if and only if either

v belongs to V

i

(there are at most 
 su
h V

i

) or there exists an ar
 from a

vertex z 2 V

i

to v in

~

G (there are at most �

�

(

~

G) su
h z hen
e at most


�

�

(

~

G) su
h V

i

). Hen
e the 
omplexity of P

0

is at most 
(�

�

(

~

G) + 1).

As H=P is isomorphi
 to a subgraph of G=P

0

jE(H=P)j � jE(G=P

0

)j thus




r

r

(H) =

jE(H=P)j

jPj

�

jE(G=P

0

)j

jP

0

j

�


(�

�

(

~

G)+1)

r

2r+1

(G). We 
on
lude using

Lemma 2.2. �

Hen
e, by indu
tion:

Corollary 3.5. For any fun
tions f : N ! N and F : N

2

! N there exists

fun
tions A

f;F

: N

2

! N and B

f;F

: N ! N with the following property:

Assume that a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

�

~

G

i+1

� � � �

of a graph G satis�es the following 
onditions:

8r � 0; r

r

(G) � f(r)

8i � 1; �

�

(

~

G

i

) �

(

2f(0) if i = 1,

F (�

�

(

~

G

i�1

);r

0

(G

i

)) otherwise.

Then for all r � 0 and i � 1 we have:

r

r

(G

i

) � A

f;F

(r; i);

�

�

(

~

G

i

) � B

f;F

(i):

3.4. Centered Coloring.

De�nition 3.2. A 
entered 
oloring of a graphG is a 
oloring of the verti
es

su
h that in any 
onne
ted subgraph some 
olor appears exa
tly on
e [16℄.

This notion is similar to the ones of vertex ranking and ordered 
oloring

whi
h have been investigated in [5℄,[23℄.

10



As in [16℄, we re�ne this notion into a bounded version: for an integer

p, a p-
entered 
oloring of G is a 
oloring of the verti
es su
h that in any


onne
ted subgraph either some 
olor appears exa
tly on
e, or at least p

di�erent 
olors appear.

For the sake of 
ompleteness we re
all some lemmas of [16℄:

Lemma 3.6 ([16℄). Let G;G

0

be graphs, let p = td(G

0

), let 
 be a q-
entered


oloring of G where q � p. Then any subgraph H of G isomorphi
 to G

0

gets at least p 
olors in the 
oloring of G. �

>From this lemma follows that p-
entered 
olorings indu
e low tree-depth


olorings:

Corollary 3.7. Let p be an integer, let G be a graph and let 
 be a p-


entered 
oloring of G. Then i < p parts indu
e a subgraph of tree-depth at

most i

Proof. Let G

0

be any subgraph of G indu
ed by i < p parts. Assume

td(G

0

) > i. A

ording to Lemma 3.2, the deletion of one vertex de
reases

the tree-depth by at most one. Hen
e there exists an indu
ed subgraph

H of G

0

su
h that td(H) = i + 1 � p. A

ording to lemma 3.6 (
hoosing

G

0

= H), H gets at least p 
olors, a 
ontradi
tion. �

Lemma 3.8 ([16℄). Let p; k be integers. Then there exists an integer N(p; k)

su
h that any graph G with tree width at most k has a p-
entered 
oloring

using N(p; k) 
olors. �

The following lemma is proved in [16℄ for the parti
ular 
ase of proper

minor 
losed 
lasses of graphs and tree-width. We shall state it here in its

general form.

Lemma 3.9. Let C be a 
lass of graphs. Assume that for any integer p � 1

there exists a 
lass of graphs C

p

su
h that:

� there exists an integer N(C

p

; p), su
h that any graph G 2 C

p

has a

p-
entered 
oloring using at most N(C

p

; p) 
olors,

� there exists an integer C(p) su
h that any G 2 C has a C(p) vertex


oloring su
h that p 
lasses indu
e a graph in C

p

.

Then there exists an integer X(p), su
h that every graph in C has a p-


entered 
oloring using X(p) 
olors.

Proof. Let G 2 C. A

ording to the assumption, there exists a vertex

partition into C(p) parts, su
h that any p parts form a graph in C

p

. This

11



partition will be de�ned as a 
oloring �
 : V (G) �! f1; 2; : : : ; C(p)g. For

any set P of p parts let G

P

be the graph indu
ed by all the parts in P .

A

ording to the assumption, ea
h of the G

P

has p-
entered 
oloring 


P

using N(C

p

; p) 
olors. Consider the following (\produ
t") 
oloring 
 de�ned

as


(v) = (�
(v); (


P

(v); jP j = p; P � f1; 2; : : : ; C(p)g)):

This is the produ
t of the 
oloring of G by C(p) 
olors and of the 
olorings

of the G

P

. This new 
oloring of G (with X(p) = C(p)N(C

p

; p)

(

C(p)

p

)


olors.

Let H be a 
onne
ted subgraph of G. Then, either H gets at least p + 1


olors, or V (H) is in
luded in some subgraph G

P

of G indu
ed by p parts.

In the later 
ase, some 
olor appears exa
tly on
e in H . �

Lemma 3.10. Let N(p; t) = 1 + (t � 1)(2 + dlog

2

pe), let

~

G be a dire
ted

graph and let

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � be a transitive fraternal

augmentation of

~

G.

Then

~

G

N(p;td(G))

either in
ludes an a
y
li
ally oriented 
lique of size p

or a rooted dire
ted tree

~

Y su
h that G � 
los(Y ) and 
los(

~

Y ) �

~

G

N(p;td(G))

.

Proof. We �x the integer p and prove the lemma by indu
tion on t = td(

~

G).

The base 
ase t = 1 
orresponds to a graph without edges, for whi
h the

property is obvious. Assume the lemma has been proved for dire
ted graphs

with tree-depth at most t and let

~

G be a dire
ted graph with tree-depth

t+ 1. As we may 
onsider ea
h 
onne
ted 
omponent of

~

G independently,

we may assume that

~

G is 
onne
ted. Then there exists a vertex s 2 V (

~

G)

su
h that the 
onne
ted 
omponents

~

H

1

; : : : ;

~

H

k

of G�s have tree-depth at

most t.

~

H

i

=

~

G

1

[V (

~

H

i

)℄ � � � � �

~

G

j

[V (

~

H

i

)℄ � � � � is a transitive fraternal

augmentation of

~

H

i

. By the indu
tion hypothesis for ea
h 1 � i � k there

exists in

~

H

i

either an a
y
li
ally oriented 
lique of size p or a rooted tree

~

Y

i

rooted at r

i

su
h that H

i

� 
los(Y

i

) and 
los(

~

Y

i

) �

~

G

N(p;td(G))

[V (

~

H

i

)℄.

If the �rst 
ase o

urs for some i, then

~

G in
ludes an a
y
li
ally oriented


lique of size p. Hen
e assume it does not. As

~

G is 
onne
ted, the vertex s

has at least a neighbor x

i

in

~

H

i

(for ea
h 1 � i � k). Let x be any neighbor

of s in

~

H

i

. If y is an an
estor of x in

~

Y

i

, (y; x) is an ar
 of

~

G

N(p;t)

hen
e s

and y are adja
ent in

~

G

N(p;t)+1

. Moreover, if (x; s) is an ar
 of

~

G

N(p;t)

then

(y; s) is an ar
 of

~

G

N(p;t)+1

. Let D

i

be the subset of V (

~

H

i

) of the verti
es

x su
h that (x; s) belongs to

~

G

N(p;t)

and of their an
estors in

~

Y

i

and let

12



D =

S

k

i=1

D

i

. Then D in
ludes a 
lique in

~

G

N(p;t)+2

. Thus there exists a

dire
ted Hamiltonian path

~

P in

~

G

N(p;t)+2

[D℄.

Let r be the start vertex of

~

P . De�ne � : V (G)� r ! V (G) as follows:

� if x 2 D, the �(x) is the prede
essor y of x in

~

P (the ar
 (y; x)

belongs to

~

G

N(p;t)+2

);

� otherwise, if x = s, �(x) is the end vertex y of

~

P (the ar
 (y; x)

belongs to

~

G

N(p;t)+1

);

� otherwise, if x = r

i

then �(x) = s (the ar
 (s; r

i

) belongs to

~

G

N(p;t)+2

);

� otherwise, if the father of x 2 V (

~

H

i

)nD does not belong to D, then

�(x) is the father of x in

~

Y

i

;

� otherwise, if no des
endant of x in

~

Y

i

has an ar
 
oming from s in

~

G

N(p;t)+1

, �(x) is the father of x in

~

Y

i

;

� otherwise, �(x) = s (the ar
 (s; x) belongs to

~

G

N(p;t)+2

).

It is easily 
he
ked that the so de�ned \father mapping" � a
tually de�nes

a dire
ted rooted tree

~

Y of

~

G

N(p;t)+2

with root r and that G � 
los(

~

Y ).

Moreover, either

~

Y has height at least p and

~

G

N(p;t)+2+dlog

2

pe

in
ludes

an a
y
li
ally oriented 
lique of size p or 
los(

~

Y ) �

~

G

N(p;t)+2+dlog

2

pe

. As

N(p; t+ 1) = N(p; t) + 2 + dlog

2

pe, the indu
tion follows. �

Lemma 3.11. Let p be an integer, let

~

G be a dire
ted graph and let

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � be a transitive fraternal augmentation of

~

G. Then either

~

G

N(p;p)

in
ludes an a
y
li
ally oriented 
lique of size p

or td(G) � p� 1 and there exists in

~

G

N(p;p)

a rooted dire
ted tree Y so that

G � 
los(Y ) and 
los(

~

Y ) �

~

G

N(p;p)

.

Proof. If td(G) > p we may 
onsider a 
onne
ted subgraph of H of tree-

depth p. A

ording to Lemma 3.10, there will exists in

~

G

N(p;p)

[V (H)℄ an

a
y
li
ally oriented 
lique of size p or a rooted dire
ted tree

~

Y so that

H � 
los(Y ) and 
los(

~

Y ) �

~

G

N(p;p)

[V (H)℄. In the later 
ase, if td(G) = p

then the height of

~

Y is at least td(H) = p and 
los(

~

Y ) in
ludes an a
y
li
ally

oriented 
lique of size p. �

Corollary 3.12. Let R(p) = 1 + (p� 1)(2 + dlog

2

pe) = O(p log

2

p).

For any graph G, for any transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � of G and for any integer p, any proper 
oloring of

~

G

R(p)

de�nes a p-
entered 
oloring of G.
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4. Appli
ation: Low Tree-width

Partitions in Linear Time

Now we turn to the algorithmi
 aspe
ts of the above results. We will

prove that, for any 
lass C with bounded expansion and any graph G 2 C

(1) the graph G has an orientation with indegree at most 


1

(C) whi
h

may be 
omputed in linear time;

(2) the graphG has a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

�

� � � �

~

G

R(p)

with �

�

(

~

G

R(p)

) � 


2

(C; p) whi
h 
an be 
omputed in

linear time (for �xed p);

(3) a p-
entered 
oloration of G may be 
omputed from

~

G

R(p)

in linear

time,

(4) for any i � p, a tree-de
omposition of width at most (i� 1) of the

subgraph of G indu
ed by i 
olors may be 
omputed in linear time.

4.1. Transitive Fraternal Augmentation.

Theorem 4.1. For any 
lass C with bounded expansion and any �xed inte-

ger 
, there exists an algorithm whi
h 
omputes, given an input graph G 2 C,

a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G




of G in time

O(n).

This follows from an iterative appli
ation of a linear time 1-fraternal

transitive augmentation and the appli
ation of Corollary 3.5.

In the augmentation pro
ess, we add two kind of ar
s: transitivity ar
s

and fraternity ar
s. Let us start with transitivity ones:

Require: D represents the dire
ted graph to be augmented.

Ensure: D

0

represents the array of the added ar
s.

Initialize D

0

.

for all v 2 f1; : : : ; ng do

for all (u; e) 2 D[v℄ do

for all (x; f) 2 D[u℄ do

m m+ 1; append (x;m) to D

0

[v℄.

end for

end for

end for

This algorithm runs in O(�

�

(

~

G)

2

n) time, where �

�

(

~

G) is the maximum

indegree of the graph to be augmented. It 
omputes the list array D

0

of the

14



transitivity ar
s whi
h are missing in

~

G, missing ar
s may appear more than

on
e in the list, but the number of added edges 
annot ex
eed �

�

(

~

G)

2

n.

Now, we shall 
onsider the fraternity edges.

Require: D represents the dire
ted graph to be augmented.

Ensure: L represents the list of edges to be added.

L = ().

for all v 2 f1; : : : ; ng do

for all (x; e) 2 D[v℄ do

for all (y; f) 2 D[v℄ do

if x < y then

append (x; y) to L.

end if

end for

end for

end for

This algorithm runs in O(�

�

(

~

G)

2

n)-time and 
omputes the list of the

fraternity edges. Edges may appear in this list more than on
e but the

length of the list L 
annot ex
eed �

�

(

~

G)

2

n=2.

The simpli�
ation of L, the 
omputation of a low indegree orientation of

the edges in L and the merge/simpli�
ation with the ar
s in D and D

0

may

be a
hieved in linear time (pre
isely: in O(�

�

(

~

G)

2

n)-time).

4.2. Computing a p-
entered Coloring. Let G be a graph. De�ne

f(r) = r

r

(G) and F (x; y) = x

2

+2y and let R(p) = 1+(p�1)(2+dlog

2

pe).

A

ording to Corollary 3.5, the fraternal augmentation

~

G =

~

G

1

�

~

G

2

�

� � � �

~

G

R(p)

of G 
omputed by iterating R(p) times the 1-transitive fraternal

augmentation algorithm is su
h that G

R(p)

is (2A

f;F

(0; R(p)))-degenerated.

Thus a proper 
oloring of G

R(p)

may easily be a
hieved in linear time. This


oloring de�nes a p-
entered 
oloring of G a

ording to Corollary 3.12.

4.3. Tree-de
omposition of i � p Parts. To 
onstru
t a tree-de
omposition

(T; �) of width (p� 1) of a graph G from a 
entered 
oloring using p 
olors,

we �rst 
onstru
t a rooted forest of height p in
luding G in its 
losure:

Require: 
 is a 
entered-
oloring of the graph G using 
olors 1; : : : ; p.

Ensure: F is a rooted forest of height p su
h that G � 
los(F ).
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Set F = ;.

Let Big[ ℄ be an array of size p.

for all Conne
ted 
omponent G

i

of G do

Initialize Big[ ℄ to false.

Set root 
olor 0.

for all v 2 V (G

i

) do

if Big[
[v℄℄ = false then

if 
[v℄ = root 
olor then

root 
olor 0;Big[
[v℄℄ true.

else

root v; root 
olor 
[v℄.

end if

end if

end for

Re
urse on G� root thus getting some rooted forest F

0

= fY

0

1

; : : : ; Y

0

j

g.

Add to F the tree with root root and subtrees Y

1

; : : : ; Y

j

, where the

sons of root are the roots of Y

1

; : : : ; Y

j

.

end for

This algorithms 
learly runs in O(pm) time. If G is 
onne
ted, it returns

a rooted tree Y of height at most p su
h that G � 
los(Y ) (thus proving

that tree depth of G is at most p).

From a rooted tree Y of height at most p su
h that G � 
los(Y ) it is

straightforward to 
onstru
t a tree-de
omposition (T; �) of G having width

at most (p � 1): Set T = Y and de�ne �(x) = fv �

Y

xg. Then for any

v, fx 2 V (T ) : v 2 �(x)g = fx �

Y

vg indu
es the subtree of Y rooted

at v (hen
e a subtree of T ). Moreover, as G � 
los(Y ), any edge fx; yg

with x <

Y

y is a subset of �(y). Hen
e (T; �) is a tree-de
omposition of G.

As max

v2V (G)

j�(v)j = height(Y ) � p, this tree-de
omposition has width at

most (p � 1). Last, this tree-de
omposition may be obviously 
onstru
ted

in linear time. (All this amounts to saying that tree width does not ex
eeds

tree depth.)

5. Subgraph Isomorphism Problem

In [8℄ Eppstein gives a linear time algorithm to solve the subgraph iso-

morphism problem for a �xed planar pattern. In this paper, he gives a linear
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Subgraph isomorphism problem

Context Complexity Referen
e(s)

General O(n

0:792 jV (H)j

) [17℄ using [2℄

Bounded tree-width O(n) [8℄ (also [3℄[4℄)

Planar O(n) [7℄[8℄

Bounded genus O(n) [9℄

Bounded expansion O(n) (this paper)

(in
ludes the three

previous 
lasses)

Table 1. Subgraph isomorphism problem: 
omplexity for

a �xed pattern H and for an input graph restri
ted to some


lass of graphs.

time bound for a �xed pattern and an input graph with bounded width tree

de
omposition:

Lemma 5.1 (Lemma 2 of [8℄). Assume we are given graph G with n verti
es

along with a tree-de
omposition T of G with width w. Let S be a subset of

verti
es of G, and let H be a �xed graph with at most w verti
es. Then in

time 2

O(w logw)

n we 
an 
ount all isomorphs of H in G that in
lude some

vertex in S. We 
an list all su
h isomorphs in time 2

O(w logw)

n + O(kw),

where k denotes the number of isomorphs and the term kw represents the

total output size.

We dedu
e from this lemma and Theorem 4.1 an extension of Eppstein's

result of [8℄[9℄ to 
lasses with bounded expansion:

Theorem 5.2. Let C be a 
lass with bounded expansion and let H be a �xed

graph. Then there exists a linear time algorithm whi
h 
omputes, from a

pair (G;S) formed by a graph G 2 C and a subset S of verti
es of G, the

number of isomorphs of H in G that in
lude some vertex in S. There also

exists an algorithm running in time O(n)+O(k) listing all su
h isomorphism

where k denotes the number of isomorphs (thus represents the output size).

6. Lo
al de
idability problems

Monadi
 se
ond-order logi
 (MSOL) is an extension of �rst-order logi


(FOL) that in
ludes vertex and edge sets and belonging to these sets. The
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following theorem of Cour
elle has been applied to solve many optimization

problems.

Theorem 6.1 (Cour
elle [3℄[4℄). Let K be 
lass of �nite graphs G = hV;E;Ri

represented as �

2

-stru
tures, that is: by two sorts of elements (verti
es V

and edges E) and an in
iden
e relation R. Let � be a MSOL(�

2

) senten
e.

If K has bounded tree width and G 2 K, then 
he
king whether G � � 
an

be done in linear time.

Combining Theorem 6.1 with Theorem 4.1, we get:

Theorem 6.2. Let C be a 
lass with bounded expansion and let p be a

�xed integer. Let � be a FOL(�

2

) senten
e. Then there exists a linear time

algorithms to 
he
k 9X : (jX j � p) ^ (G[X ℄ � �).

Thus for instan
e:

Theorem 6.3. Let K be a 
lass with bounded expansion and let H be a

�xed graph. Then, for ea
h of the next properties there exists a linear time

algorithm to de
ide whether a graph G 2 K satis�es them:

� H has a homomorphism to G,

� H is a subgraph of G,

� H is an indu
ed subgraph of G.

7. Summary, 
on
luding remarks, dire
tions to future

resear
h

We introdu
ed new 
on
eptual framework (k-grad of a graph and 
lasses

with bounded expansion). This generalizes many 
ommonly studied 
lasses

of graphs yet one 
an prove for these 
lasses strong stru
tural de
omposition

theorems su
h as low tree width (and low tree depth) de
ompositions. Quite

surprisingly these de
ompositions may be obtained in linear time. This

in turn solves several open problems (see e.g. [16℄) and we listed several

appli
ations to subgraph testing and de
ision problems for satis�ability.

A natural question arises whether one 
an generalize low tree depth de-


ompositions to yet larger 
lasses of graphs. In this sense our results are

optimal: It is proved in [12℄ that a 
lass C of graphs has bounded expansion

if and only if it has low tree-width (or low tree-depth) de
ompositions. It

should be also noted that the notion of tree depth enjoys �niteness property:

there are only �nitely many 
ores of graphs of tree depth � k. This is not

true even for series parallel graphs (i.e. for graphs with tree-width at most

2).
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Our setting 
an also be generalized to oriented graphs and relational

stru
tures (see our full paper for further details and dis
ussion). Parti
ularly

[13℄ 
ontains appli
ations to homomorphism bounds whi
h provided the

original motivation for our resear
h.
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8. Annex

8.1. Proof of Lemma 2.2. Re
all that Lemma 2.2 states that there exist

polynomials P

i

(i � 0) su
h that for any graph G and integers r and 
:




r

r

(G) � P

r

(
;r

r

(G)):

In the following, a dire
ted graph

~

G may not have a loop and for any two

of its verti
es x and y,

~

G in
ludes at most one ar
 from x to y and at most

one ar
 from y to x.

If a dire
ted path

~

P has starting vertex x and end vertex y, we note

x

~

P

+3/o/o
y:

If x

~

P

1

+3/o/o
z, y

~

P

2

+3/o/o
z and if no internal vertex or edges of

~

P

1

belongs to

~

P

2

nor the 
onverse, we will write symboli
ally

x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y:

In su
h a 
ase, either

~

P

1

[

~

P

2

is a path, or

~

P

1

[

~

P

2

is a 
y
le and x = y.

Moreover, if x 6= y, j

~

P

1

j � a and j

~

P

2

j � b, we say that y is (a; b)-rea
hable

from x.

De�nition 8.1. Let

~

G be a dire
ted graph, let a; b be integers. A set

~

�

of ar
s with endpoints in V (

~

G) is an (a; b)-augmentation of

~

G if, for any

x; y 2 V (

~

G) with y (a; b)-rea
hable from x, either (x; y) or (y; x) belongs to

~

�.

The maximum indegree of

~

� is

�

�

(

~

�) = max

y2V (

~

G)

jfx 2 V (

~

G) : (x; y) 2

~

�gj:

Noti
e that if a or b is at least 1, E(

~

G) is obviously in
luded in any

(a; b)-augmentation of

~

G.

Lemma 8.1. Let

~

G be a dire
ted graph, let a; b be integers and let

~

� be an

(a; b)-augmentation of

~

G. Then there exists a vertex 
oloring 


~

�

using at

most 2�

�

(

~

�) + 1 
olors su
h that for any vertex x, 


~

�

(y) 6= 


~

�

(x) for any

vertex y (a; b)-rea
hable from x.

Proof. Let

~

H be the dire
ted graph with vertex set

~

G and ar
 set

~

�. If y

is (a; b)-rea
hable from x in

~

G then (x; y) or (y; x) belongs to E(

~

H). As

~

H
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has maximum indegree �

�

(

~

�), it is (2�

�

(

~

�) + 1)-
hoosable. Any proper


oloration of

~

H will do. �

Lemma 8.2. Let

~

G be a dire
ted graph with maximum indegree �

�

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G. Then there exists

an edge 
oloring �

~

�

using at most (2�

�

(

~

�)+1)�

�

(

~

G) 
olors su
h that for

any x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y with j

~

P

1

j � a + 1 and j

~

P

2

j � b + 1, all the edges of

~

P

1

[

~

P

2

get di�erent 
olors.

Proof. Consider an edge 
oloring 


0

su
h that two edges having the same

end vertex have di�erent 
olors (this is a
hieved with �

�

(

~

G) 
olors) and

the vertex 
oloring 


~

�

de�ned in Lemma 8.1. Then for any ar
 e = (x; y)

de�ne �

~

�

(e) = (


0

(e); 


~

�

(y)). Then if e = (x; y) and f = (x

0

; y

0

) are two

di�erent ar
s in

~

P

1

[

~

P

2

where either y 6= y

0

thus y

0

is (a; b)-rea
hable from

y or y is (a; b)-rea
hable from y

0

hen
e 


~

�

(y

0

) 6= 


~

�

(y), or y = y

0

hen
e




0

(e) 6= 


0

(f). �

Notation 8.2. Let � be an ar
-
oloring of a dire
ted graph

~

G and let

~

P be

a dire
ted path of

~

G of length l. We note �(

~

P ) = ~� = (�

1

; : : : ; �

l

) the

sequen
e of the 
olors �(e) of the ar
s of

~

P , taken in the order in whi
h

they appear on

~

P .

Lemma 8.3. Let

~

G be a dire
ted graph with maximum indegree �

�

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge


oloring de�ned in Lemma 8.2.

Let

~

P

1

;

~

P

2

be two dire
ted paths of length l � max(a; b)+ 1, su
h that the

initial vertex of one of them is di�erent from the end vertex of the other

one. If �

~

�

(

~

P

1

) = �

~

�

(

~

P

2

) then either

~

P

1

and

~

P

2

do not interse
t, or they

share the same initial vertex and there exists 0 � a � l su
h that

~

P

1

and

~

P

2

share their a �rst edges and do not interse
t thereafter.

Proof. Without loss of generality, we may assume a � b. Let ~� = �

~

�

(

~

P

1

).

Assume there exists a vertex v having one in
oming edge in

~

P

1

(the ith of

~

P

1

, hen
e 
olored �

i

) and one (di�erent) in
oming edge in

~

P

2

(the jth of

~

P

2

, hen
e 
olored �

j

). Without loss of generality, we may assume i � j.

Then the (j+1)th vertex u of

~

P

1

has an in
oming edge in

~

P

1


olored �

j

and

belong to the initial subpath of

~

P

1

ending at v. It follows that v is (a; 0)

rea
hable from u. Hen
e an in
oming edge of u may not have the same


olor of an in
oming edge of v, 
ontradi
tion. Similarly, the initial vertex of
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one of the path may not be internal to the se
ond one. As the 
ase where

the initial vertex of one of the path is the end vertex of the other one, we


on
lude that either the two paths do not interse
t or they share their a

�rst edges. �

Lemma 8.4. Let

~

G be a dire
ted graph with maximum indegree �

�

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge


oloring de�ned in Lemma 8.2. Let ~� be a sequen
e of l � max(a; b) + 1

distin
t edge 
olors. Then the union T

~

�

(~�) of all the dire
ted paths

~

P su
h

that �

~

�

(

~

P ) = ~� is a dire
ted rooted forest.

Proof. This is a dire
t 
onsequen
e of Lemma 8.3. �

Lemma 8.5. Let

~

G be a dire
ted graph with maximum indegree �

�

(

~

G),

let a � b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge 
oloring de�ned in Lemma 8.2. Let ~� and

~

� be sequen
es of

respe
tive lengths p � a+ 1 and q � b+ 1. Let �

~

�

(~�;

~

�) be the union of all

the

~

P

1

[

~

P

2

where �

~

�

(

~

P

1

) = ~�, �

~

�

(

~

P

2

) =

~

� and there exists three distin
t

verti
es x; y; z so that x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y.

Then a dire
ted tree Y

1

in �

~

�

(~�;

~

�) \ T

~

�

(~�) and a dire
ted tree Y

2

in

�

~

�

(~�;

~

�) \ T

~

�

(

~

�) with di�erent roots may only interse
t at a leaf of both of

them.

Proof. Let r

1

; r

2

be the roots of Y

1

and Y

2

. If Y

1

and Y

2

interse
ts, there

exists verti
es z; z

0

so that:

� r

1

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y; x

0

~

P

0

1

+3/o/o
z

0

~

P

0

2

ks o/ o/
r

2

,

� �

~

�

(

~

P

1

) = �

~

�

(

~

P

0

1

) = ~�; �

~

�

(

~

P

2

) = �

~

�

(

~

P

0

2

) =

~

�,

�

~

P

0

2

interse
ts

~

P

1

at a vertex v (up to an ex
hange of Y

1

and Y

2

).

As r

1

6= r

2

, v has in

~

P

2

an in
oming edge e of 
olor �

i

for some 1 � i � b+1.

Let w be the vertex of

~

P

2

having in

~

P

2

an in
oming edge of 
olor �

i

. If w 6= v,

we are led to a 
ontradi
tion, a

ording to Lemma 8.2, as w is then (p; q)-

rea
hable from v. Hen
e v = w and v is the end vertex of

~

P

1

and

~

P

2

. Thus

v is also the end vertex of

~

P

0

1

and

~

P

0

2

. It follows that v is a leaf of both Y

1

and Y

2

. �

Lemma 8.6. Let

~

G be a dire
ted graph with maximum indegree �

�

(

~

G), let

r be an integer and let

~

� be an (r; r � 1)-augmentation of

~

G. Then

~

� may
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be extended into an (r + 1; r)-augmentation

~

�

0

su
h that:

�

�

(

~

�

0

) � �

�

(

~

�) + ((2�

�

(

~

�) + 1)�

�

(

~

G))

2r+1

r

r

(G)

Proof. Let �

~

�

be the edge 
oloring de�ned in Lemma 8.2. For two sequen
es

~� and

~

� of respe
tive lengths p � r+1 and q � r, let �

~

�

(~�;

~

�) be the union

of all the

~

P

1

[

~

P

2

where �

~

�

(

~

P

1

) = ~�, �

~

�

(

~

P

2

) =

~

� and there exists three

distin
t verti
es x; y; z so that x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y. Also, let G

~�;

~

�

be the graph

obtained from G by 
ontra
ting all the edges of �

~

�

(~�;

~

�) but those 
olored

�

p

.

Let x; y be verti
es of G so that y is (r + 1; r)-rea
hable from x, as wit-

nessed by x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y. Let ~� = �

~

�

(

~

P

1

) and

~

� = �

~

�

(

~

P

2

). The verti
es

x; y are the roots of dire
ted trees in �

~

�

(~�;

~

�)\T

~

�

(~�) and �

~

�

(~�;

~

�)\T

~

�

(

~

�),

respe
tively, hen
e to two adja
ent distin
t verti
es in G

~�;

~

�

. Similarly,

two distin
t verti
es of G

~�;

~

�

adja
ent by an edge of 
olor �

p

(where p =

j~�j) 
orrespond uniquely to the roots of a tree in �

~

�

(~�;

~

�) \ T

~

�

(~�) and

�

~

�

(~�;

~

�) \ T

~

�

(

~

�), respe
tively.

It follows that there exists an (r + 1; r)-augmentation

~

�

0

of

~

G extending

~

� su
h that

�

�

(

~

�

0

)��

�

(

~

�) �

X

j~�j�r+1

j

~

�j�r

r

0

(G

~�;

~

�

)

� ((2�

�

(

~

�) + 1)�

�

(

~

G))

2r+1

r

r

(G)

�

Corollary 8.7. For any integer r, there exists a polynomial �

r

su
h that

any dire
ted graph

~

G has a (r + 1; r)-augmentation

~

�, where �

�

(

~

�) �

�

r

(�

�

(

~

G);r

r

(G)), where G is the underlying simple graph of

~

G.

of Lemma 2.2. De�ne P

r

(x; y) = �

r

(x+ y; y). Consider a family P of balls

of G with radius at most r and 
omplexity at most 
. We 
onstru
t a

dire
ted graph

~

G with underlying undire
ted graph G. Re
all that

~

G may

have, for ea
h edge of G, one ar
 in ea
h dire
tion. First we orient the

edges of G with indegree r

0

(G) (thus obtaining one ar
 per edge). For ea
h

X 2 P , let v be the 
enter of G[X ℄. Let Y be a minimum distan
e tree

of G[X ℄ with root v. If

~

G does not in
lude the ar
s 
orresponding to an
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orientation of Y from its root v, we add the missing ar
s. We also add if

ne
essary all the ar
s going from a leaf of Y to a vertex out of X .

Noti
e that the verti
es of

~

G have indegree at most r

0

(G)+
. Moreover,

if r

1

; r

2

are the roots of the trees Y

1

and Y

2


orresponding to some parts

X

1

; X

2

2 P whi
h are adja
ent in G=P then r

2

is (r+1; r)-rea
hable from r

1

in

~

G (by a dire
ted path of length at most r in Y

1

, possibly followed by an ar


between the parts and a dire
ted path of length at most r in Y

2

in opposite

dire
tion). Hen
e r

1

and r

2

are adja
ent in any (r + 1; r)-augmentation of

~

G. A

ording to Corollary 8.7, there exists su
h an augmentation

~

� with

�

�

(

~

�) � �

r

(r

0

(G) + 
;r

r

(G)). As G=P is isomorphi
 to a subgraph of

the graph with vertex set V (G) and edge set

~

�. As this subgraph has an

orientation with indegree at most �

�

(

~

�) we have, a

ording to Fa
t 2.1

and Corollary 8.7:




r

r

(G) = r

0

(G=P) � �

�

(

~

�)

� �

r

(r

0

(G) + 
;r

r

(G))

� P

r

(
;r

r

(G)):

�

8.2. Proof that topologi
ally 
losed 
lasses have bounded expan-

sion. We re
all the following result of Koml�os and Szemer�edi [24℄: If a sim-

ple graph on n verti
es has at least

1

2

p

2

n edges, then it has aK

p

-subdivision.

Hen
e a graph G with noK

p

-subdivision is su
h that r

0

(G) <

p

2

2

. Inequali-

ties for the grads of further ranks are indu
tively dedu
ed using the following

lemma (whi
h yields r

r

(G) < 2

r�1

p

2

r+1

):

Lemma 8.8. Let H be a minor of depth 1 of a graph G. Assume H in
ludes

a subdivision of K

p

0

. Then G in
ludes a subdivision of K

p

if p

0

� 2p

2

�6p+8.

Proof. If p = 1; 2 or 3 the result is obvious as p

0

� p and G will obviously

in
lude a vertex, an edge or a 
y
le (respe
tively). Thus we may assume

p � 4 hen
e p

0

� p(p� 1) � max(p; (p� 2)(p� 3) + 2).

By 
onsidering a subgraph of G if ne
essary, we may assume that V (G)

is partitioned into A

1

; : : : ; A

i

; : : : ; A

p

0

, L

1;1

; : : : ; L

i;j

; : : : ; L

p

0

;p

0

where:

� for 1 � i � p

0

, G[A

i

℄ is a star (possibly redu
ed to a single vertex

or a single edge);

� for 1 � i < j � p

0

, there exists v

i;j

2 A

i

and v

j;i

2 A

j

su
h that

G[L

i;j

[ fv

i;j

; v

j;i

g℄ is a path with endpoint v

i;j

and v

j;i

.
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For sake of simpli
ity, we de�ne L

j;i

= L

i;j

and L

i;i

= ;. For a subset Y of

f1; : : : ; pg we also de�ne G

Y

has the subgraph of G indu
ed by

S

i2Y

A

i

[

S

i;j2Y

L

i;j

.

We �rst 
laim the following result: Let N be a positive integer and let X

be a subset of f1; : : : ; p

0

g of 
ardinality at least max(N; (N �2)(N�3)+2).

Then there exists a subset X

0

= fk

a;1

; : : : ; k

a;N

g of X of 
ardinality (N�1)

su
h that there exists in G

X

0

a spider (that is: a subdivision of a star)

with 
enter r

a

2 A

k

a;a

and leaves l

a;1

; : : : ; l

a;a�1

; l

a;a+1

; : : : ; l

a;N

with l

a;i

2

L

a;k

a;i

. This 
laim is easily proved as follows: Assume no vertex of A

k

a;a

has degree at least (N � 1) in G

X

. Then jX j � 1 � (N � 2)(N � 3),

a 
ontradi
tion. Choose for r

a

any vertex of A

k

a;a

with degree at least

(N�1) in G

X

. Then there exists in G

X

a spider with 
enter r

a

and at least

(N � 1) leaves belonging to di�erent A

k

a;i

.

Assume p

0

� N(N � 1) � (N � 2)(N � 3) + 2, i.e. p

0

� 2N

2

� 6N +

8. Using the previous 
laim, we indu
tively de�ne Z

1

; : : : ; Z

N

with Z

i

=

fk

i;1

; : : : ; k

i;N

g su
h that G

Z

i


ontains a spider with 
enter r

i

2 A

k

i;i

and

leaves l

i;j

2 A

k

i;j

: to 
onstru
t Z

i

, we 
onsider X = f1; : : : ; p

0

gn

S

1�j<i

Z

j

.

Then G in
ludes a subdivision of K

N

with prin
ipal verti
es r

1

; : : : ; r

N

as

the union of all the spiders (and 
onne
tions within the L

i;j

if ne
essary).
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