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Abstra
t

We explore the 
onne
tion between lo
ally 
onstrained graph ho-

momorphisms and degree matri
es arising from an equitable partition

of a graph. We provide several equivalent 
hara
terizations of degree

matri
es. As a 
onsequen
e we 
an eÆ
iently 
he
k whether a given

matrixM is a degree matrix of some graph and also 
ompute the size

of a smallest graph for whi
h it is a degree matrix in polynomial time.

We extend the well-known 
onne
tion between degree re�nement ma-

tri
es of graphs and lo
ally bije
tive graph homomorphisms to lo
ally

inje
tive and lo
ally surje
tive homomorphisms by showing that also

these latter types of homomorphisms impose a quasiorder on degree

matri
es and a partial order on degree re�nement matri
es. Comput-

ing the degree re�nement matrix of a graph is easy, and an algorithm

�
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de
iding 
omparability of two matri
es in one of these partial orders


ould be used as a heuristi
 for de
iding whether a graph G allows

a homomorphism of the given type to H. For lo
al surje
tivity and

inje
tivity we show that the problem of matrix 
omparability belongs

to the 
omplexity 
lass NP.

Keywords: lo
ally 
onstrained graph homomorphism, partial order,

degree matrix, 
omputational 
omplexity.

2000 Mathemati
s Subje
t Classi�
ation: 05C15, 06A07, 03D15.

1 Introdu
tion

Graph homomorphisms have a great deal of appli
ations in graph theory,


omputer s
ien
e and other �elds. Beyond these 
omputational aspe
ts

they give rise to interesting stru
tural properties on graphs, e.g. existen
e

of homomorphism imposes a quasiorder on the 
lass of all graphs, whi
h


an be fa
torized into a partial order on the 
ores, see the re
ent mono-

graph [18℄. In this paper we study similar stru
tural properties derived

from lo
ally 
onstrained graph homomorphisms [10℄, where for any vertex

u the mapping f : V

G

! V

H

indu
es a fun
tion from the neighborhood of u

to the neighborhood of f(u) whi
h is required to be either bije
tive [1, 20℄,

inje
tive [11, 12℄, or surje
tive [15, 21℄. We then write G

B

�! H , G

I

�! H and

G

S

�! H , respe
tively.

The lo
ally bije
tive homomorphisms, also 
alled graph 
overings, orig-

inally arose in topologi
al graph theory [4, 23℄, and have appli
ations in

distributed 
omputing [6℄, in re
ognizing graphs by networks of pro
es-

sors [2, 3℄, and in 
onstru
ting highly transitive regular graphs [5℄. The

lo
ally inje
tive homomorphisms, also 
alled partial graph 
overings, have

been studied due to their appli
ations in models of tele
ommuni
ation [12℄,

in distan
e 
onstrained labelings of graphs [13℄ with appli
ations to fre-

quen
y assignment, and as indi
ators of the existen
e of homomorphisms of

derivate graphs (line graphs) [24℄. The lo
ally surje
tive homomorphisms,

also 
alled role assignments, have appli
ations both in distributed 
omput-

ing [8℄ and so
ial s
ien
e [9, 25, 26℄.

A main 
omputational issue is the one of di
hotomy (
f. [17℄), i.e., for ev-

ery graph H 
lassifying the de
ision problem whether an input graph G has

a homomorphism of given type to the �xed graph H as either NP-
omplete

or polynomially solvable. For the lo
ally surje
tive homomorphisms this


lassi�
ation is known [15℄, with the problem for every 
onne
ted H on

2



at least three verti
es being NP-
omplete. For the lo
ally bije
tive and

inje
tive 
ases there are many partial results, see e.g. [12, 20℄, but even


onje
turing a 
lassi�
ation for these two 
ases is problemati
.

An equitable partition of a 
onne
ted graph G is a partition B

1

; : : : ; B

k

of its vertex set su
h that any vertex in B

i

has the same number m

i;j

of neighbors in B

j

, and we 
all the matrix M = fm

i;j

g a degree matrix

(1 � i; j � k). The degree re�nement matrix of a graph G, whi
h 
an

be 
omputed eÆ
iently, is the degree matrix 
orresponding to the 
oarsest

equitable partition of G. See Figure 1 for a Venn diagram depi
ting the

relation between degree matri
es, adja
en
y matri
es and degree re�nement

matri
es. The existen
e of a lo
ally bije
tive homomorphism between two

graphs implies equality of their degree re�nement matri
es, and this 
he
k

for equality forms a well-known heuristi
 to the question if G

B

�! H , in

parti
ular for the spe
ial 
ase of graph isomorphism. In this paper we

extend this 
onne
tion to degree matri
es, and we show a 
onne
tion also

between degree re�nement matri
es and both lo
ally inje
tive and surje
tive

graph homomorphisms.

Our paper is organised as follows. In Se
tion 2 we show that, on the

set of 
onne
ted graphs C, the three relations (C;

B

�!); (C;

I

�!) and (C;

S

�!)

imposed by the existen
e of a lo
ally 
onstrained graph homomorphism of

given type between two graphs are partial orders. In Se
tion 3 we intro-

du
e the 
lass M of degree matri
es of 
onne
ted graphs and present three

equivalent 
hara
terizations of these matri
es. As a 
onsequen
e we 
an eÆ-


iently 
he
k whether a given matrixM is a degree matrix and also 
ompute

the size of a smallest graph having degree matrix M . In subse
tion 3.2 we

de�ne three relations (M;

9B

��!), (M;

9I

�!) and (M;

9S

�!) imposed on degree

matri
es by the existen
e of graph homomorphisms of given lo
al 
onstraint,

e.g. M

9B

��! N if and only if 9G;H 2 C : G

B

�! H with G and H having

degree matrixM and N , respe
tively. In Se
tion 4 we introdu
e the 
lass of

degree re�nement matri
es M

0

� M. We show that the indu
ed relations

(M

0

;

9B

��!); (M

0

;

9I

�!) and (M

0

;

9S

�!) are partial orders. These results gener-

alize the use of degree re�nement matri
es to lo
ally inje
tive and lo
ally

surje
tive homomorphisms.

In Se
tion 5 we give a polynomial-time algorithm that takes as input two

degree matri
es M and N and de
ides if M

9B

��! N . In Se
tions 6 and 7 we

prove that the analogous de
ision problems forM

9I

�! N andM

9S

�! N both

belong to the 
omplexity 
lass NP. As the size of matri
es M and N with

G

B

�!M and H

B

�! N for some given graphs G and H 
ould be independent

of the size of G and H , even these NP algorithms might be plausible as a

3
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Figure 1: Examples of degree matri
es, adja
en
y matri
es and degree re-

�nement matri
es.

heuristi
 for the questions if G

I

�! H or G

S

�! H . Moreover, we 
onsider

the universal 
over of a graph, de�ned in subse
tion 2.2, also known as the

in�nite unfolding of a graph. As mentioned earlier, G

B

�! H is 
onditioned

by the equivalen
e of the degree re�nement matri
es of G and H , and this


an also be expressed as an isomorphism between the universal 
overs of

G and H [22℄. In subse
tion 6.2 we use the proof te
hnique established

in subse
tion 6.1 to disprove a 
onje
ture that would have established a

similarly strong 
onne
tion between lo
ally inje
tive graph homomorphisms

and universal 
over in
lusion.
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2 Graphs

If not stated otherwise graphs 
onsidered in this paper are �nite and simple,

i.e. without loops and multiple edges. For graph terminology not de�ned

below we refer to [7℄.

A graph H is a subgraph of a graph G denoted by H � G if V

G

� V

H

and E

G

� E

H

.

For a mapping f : V

G

! V

H

and a set S � V

G

we use the shorthand

notation f(S) to denote the image set of S under f , i.e., f(S) = ff(u) j u 2

Sg. For any x 2 V

H

, the set f

�1

(x) is equal to fu 2 V

G

j f(u) = xg.

For a vertex u 2 V

G

, we denote its neighborhood by N

G

(u) = fv j (u; v) 2

E

G

g. A k-regular graph is a graph, where all verti
es have k neighbors (i.e.

are of degree k). A (k; l)-regular bipartite graph is a bipartite graph where

verti
es of one 
lass of the bipartition are of degree k and all others are of

degree l.

A 
omplete graph is a graph with an edge between every pair of verti
es.

The 
omplete graph on n verti
es is denoted by K

n

.

A graph homomorphism from G = (V

G

; E

G

) to H = (V

H

; E

H

) is a vertex

mapping f : V

G

! V

H

satisfying the property that for any edge (u; v) in

E

G

, we have (f(u); f(v)) in E

H

as well, i.e., f(N

G

(u)) � N

H

(f(u)) for all

u 2 V

G

. Two graphs G and G

0

are 
alled isomorphi
, denoted by G ' G

0

,

if there exists a one-to-one mapping f : V

G

! V

G

0

, where both f and f

�1

are homomorphisms.

De�nition 1 For graphs G and H we denote:

� G

B

�! H if there exists a so-
alled lo
ally bije
tive homomorphism

f : V

G

! V

H

satisfying:

for all u 2 V

G

: f(N

G

(u)) = N

H

(f(u)) and jf(N

G

(u))j = jN

G

(u)j:

� G

I

�! H if there exists a so-
alled lo
ally inje
tive homomorphism

f : V

G

! V

H

satisfying:

for all u 2 V

G

: jf(N

G

(u))j = jN

G

(u)j:

� G

S

�! H if there exists a so-
alled lo
ally surje
tive homomorphism

f : V

G

! V

H

satisfying:

for all u 2 V

G

: f(N

G

(u)) = N

H

(f(u)):

5
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Figure 2: Examples of lo
ally 
onstrained homomorphisms.
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See Figure 2 for an example. Note that a lo
ally bije
tive homomorphism

is both lo
ally inje
tive and surje
tive. Hen
e, any result valid for lo
ally

inje
tive or for lo
ally surje
tive homomorphisms is also valid for lo
ally

bije
tive homomorphisms. We provide an alternative de�nition of these

three kinds of mappings via subgraphs indu
ed by preimages of edges. As

far as we know this quite natural de�nition has not previously appeared in

the literature.

Observation 2 Let f : G! H be a graph homomorphism. For every edge

(x; y) of H, the bipartite subgraph of G indu
ed by the set f

�1

(x) [ f

�1

(y)

is

� a perfe
t mat
hing if and only if f is lo
ally bije
tive,

� of maximum degree one (i.e. a mat
hing) if and only if f is lo
ally

inje
tive,

� of minimum degree one if and only if f is lo
ally surje
tive.

Note that for lo
ally bije
tive homomorphisms from a graph G to a


onne
ted graph H the preimage 
lasses all have the same size and for

lo
ally surje
tive homomorphisms all the preimage 
lasses have size at least

one. This yields the following observation:

Observation 3 Let G be a graph and H be a 
onne
ted graph. If G

S

�! H,

then either jV

G

j > jV

H

j or else G ' H.

In our paper we frequently involve the following two useful statements:

Proposition 4 ([20℄) For two graphs G;H holds that G

I

�! H if and only

if G is a subgraph of a graph H

0

with H

0

B

�! H.

Theorem 5 ([14℄) Let G be a, possibly in�nite, graph and let H be a 
on-

ne
ted graph. If G allows both a lo
ally inje
tive and a lo
ally surje
tive

homomorphism to H, then both these homomorphisms are lo
ally bije
tive.

2.1 Partial orders on graphs

It is well-known that graph homomorphisms de�ne a quasiorder on the 
lass

of all graphs, whi
h 
an be fa
torized into a partial order on the so-
alled


ores, see e.g. the re
ent monograph [18℄. In 
ontrast, we 
onsider all

7



isomorphism 
lasses of 
onne
ted graphs. We assume that ea
h of these


lasses is represented by one of its elements, and these representatives form

the set C, 
alled the set of 
onne
ted graphs. We view

B

�!,

I

�! and

S

�! as

binary relations on C, denoted by (C;

�

�!), where � indi
ates the appropriate

lo
al 
onstraint, and now show that (C;

�

�!) is a partial order for any lo
al


onstraint � 2 fB; I; Sg.

Observe �rst that for any G 2 C the identity mapping id : V

G

! V

G


lari�es that all three relations

�

�! are re
exive.

The 
omposition of two graph homomorphisms of the same kind of lo
al


onstraint (B; I; S) is again a graph homomorphism of the same kind. Hen
e

ea
h

�

�! is also transitive.

For antisymmetry, suppose for G;H 2 C that f : G

�

�! H , g : H

�

�! G,

where f; g are of the same lo
al 
onstraint. For � 2 fB;Sg we 
an invoke

Observation 3 to 
on
lude that G ' H .

For � = I we have gÆf : G

I

�! G and id : G

S

�! G by the identity mapping

id. Then, by Theorem 5, the mapping g Æ f is lo
ally bije
tive. Sin
e G is

in C, we dedu
e that (g Æ f)(V

G

) = V

G

. This implies that f is (globally)

inje
tive. By the same argument we �nd that f Æ g : H

I

�! H is lo
ally

bije
tive. Sin
e H is in C, we dedu
e that (f Æ g)(V

H

) = V

H

. This implies

that f is (globally) surje
tive. Hen
e, f is a graph isomorphism from G to

H . So, all three relations are antisymmetri
. We would like to mention that

the antisymmetry of

I

�! also follows from an iterative argument of [24℄.

Combining the results above with Theorem 5 yields the following.

Theorem 6 (C;

B

�!); (C;

I

�!) and (C;

S

�!) are partial orders with (C;

B

�!) =

(C;

I

�!) \ (C;

S

�!).

2.2 Universal 
overs of graphs

For a 
onne
ted graph G, the universal 
over T

G

is de�ned in [2℄ as follows.

The verti
es of T

G


an be represented as walks in G starting in a �xed

vertex u that do not traverse the same edge in two 
onse
utive steps. Edges

in T

G


onne
t those walks that di�er in the presen
e of the last edge. The

universal 
over T

G

will be in�nite whenever G is not a tree. The mapping

T

G

B

�! G sending a vertex representing a walk in G to the last vertex of

that walk is a lo
ally bije
tive homomorphism.

Proposition 7 ([2℄) For any graph G 2 C the universal 
over is the unique

tree (up to isomorphism) that allows T

G

B

�! G.

8



Trivially, a homomorphism from a graph G to a graph H translates into

a homomorphism from T

G

to T

H

, and the following lemma will be useful.

Lemma 8 ([14℄) Let G and H be graphs in C. If G

�

�! H, then T

G

�

�! T

H

for � 2 fB; I; Sg.

The following result follows from Lemma 8 and a simple indu
tive argu-

ment on the two trees T

G

and T

H

.

Corollary 9 Let G and H be graphs in C. If G

I

�! H then T

G

� T

H

, and

if G

S

�! H then T

H

� T

G

.

3 Degree matri
es

Any lo
ally bije
tive graph homomorphism preserves not only vertex degrees

but also degrees of neighbors and degrees of neighbors of these neighbors

and so on. To 
apture this property the following notion will be useful. For

a matrix M we denote M

i;j

= m

i;j

throughout the rest of the paper.

De�nition 10 We 
all a square matrix M of order k a degree matrix of

a 
onne
ted graph G and write G

B

�! M if there is a so-
alled equitable

partition of V

G

into blo
ks B = B

1

; : : : ; B

k

that, for every i and u 2 B

i

,

satis�es:

8j : jN

G

(u) \B

j

j = m

i;j

: (1)

Equitable partitions are well-known, see e.g. [16, 27℄, and although the

asso
iated matri
es have also been 
onsidered we did not �nd an established

terminology for them. Note that degree matri
es of dis
onne
ted graphs


an be de�ned in the same way, and a graph G 
an allow several degree

matri
es, with an adja
en
y matrix itself being the largest one, and the

smallest one being its degree re�nement matrix, as de�ned in Se
tion 4 (this

latter 
onne
tion explains our 
hoi
e of terminology). We let M be the set

of degree matri
es of 
onne
ted graphs, i.e., a matrix M is in M if and only

if there exists a nonempty graph G 2 C su
h that G

B

�! M . Note that, by

de�nition, whenever we write G

B

�! M , the graph G is a 
onne
ted graph

(whi
h implies M is in M). The relation G

B

�! M 
an be viewed as an

extension of the lo
ally bije
tive graph homomorphisms to the 
odomain

M, by the following observation.

9



Observation 11 Let adj(H) be an adja
en
y matrix of a 
onne
ted graph

H. Then G

B

�! H if and only if G

B

�! adj(H).

Proof: Assume V

H

= fv

1

; : : : ; v

k

g. Any partition fB

1

; : : : ; B

k

g of V

G

satisfying equation (1) for M = adj(H) is in one-to-one 
orresponden
e to

a lo
ally bije
tive homomorphism f : G

B

�! H su
h that f(B

i

) = v

i

. �

We also extend the lo
ally inje
tive and surje
tive graph homomor-

phisms to the 
odomain of degree matri
es.

De�nition 12 Let G be a 
onne
ted graph and let M 2 M be a degree

matrix of order k. We write G

I

�!M if there is a partition of V

G

into blo
ks

B

1

; : : : ; B

k

that, for every i and u 2 B

i

, satis�es:

8j : jN

G

(u) \B

j

j � m

i;j

: (2)

De�nition 13 Let G be a 
onne
ted graph and let M 2 M be a degree

matrix of order k. We write G

S

�! M if there is a partition of V

G

into

blo
ks B

1

; : : : ; B

k

that, for every i and u 2 B

i

, satis�es:

8j : jN

G

(u) \ B

j

j

(

= 0 if m

i;j

= 0

� m

i;j

if m

i;j

> 0:

(3)

Observation 14 Let adj(H) be an adja
en
y matrix of a 
onne
ted graph

H. Then G

S

�! H if and only if G

S

�! adj(H) and G

I

�! H if and only if

G

I

�! adj(H).

3.1 A 
hara
terization of degree matri
es

As a �rst step we make the following observation, whi
h is easy to see.

Observation 15 For a graph G and degree matrix M of order k, let G

B

�!

M by equitable partition B = B

1

; : : : ; B

k

as in De�nition 10. Then m

i;j

jB

i

j =

m

j;i

jB

j

j for all 1 � i < j � k.

This immediately implies that for any degree matrix M 2 M of order

k,

m

i;j

> 0 if and only if m

j;i

> 0 for all 1 � i < j � k:

10



We 
all integer matri
es that have the above property zero-symmetri
.

There exist zero-symmetri
 matri
es that are not in M. Take for exam-

ple

M =

0

�

0 2 1

1 0 1

1 1 0

1

A

:

It is easy to see that M is not in M: due to equation (1) the vertex set V

G

of any graph G with G

B

�!M 
an be partitioned into blo
ks B

1

; B

2

; B

3

with

2jB

1

j = jB

2

j = jB

3

j = jB

1

j, whi
h would result in G being empty. Note

that M is not a degree matrix of a dis
onne
ted graph either. The fa
t

that M is not trivially 
hara
terized makes the following de
ision problem

interesting.

Degree Matrix Determination

Instan
e: A matrix M .

Question: Is M 2M?

To determine the 
omplexity of the above problem we will 
hara
terize

degree matri
es and therefore introdu
e the following de�nitions. A dire
ted

graph D = (V

D

; E

D

) with possibly loops is 
alled symmetri
 if there exists

an ar
 (j; i) 2 E

D

whenever there exists an ar
 (i; j) 2 E

D

. Let w : E

D

! N

be a positive weight fun
tion de�ned on the ar
 set of D. We say that a


y
le v

0

; v

1

; : : : ; v




; v

0

in D has the 
y
le produ
t identity if

1 =




Y

i=0

w(v

i

; v

i+1

)

w(v

i+1

; v

i

)

;

where the subs
ript of v

i+1

is 
omputed modulo 
 + 1. In other words,

a 
y
le has the 
y
le produ
t identity if the produ
t of ar
 weights going


lo
kwise around the 
y
le is the same as the produ
t 
ounter-
lo
kwise.

We say that D has the 
y
le produ
t identity if every 
y
le of D has the


y
le produ
t identity.

Observation 16 A symmetri
 dire
ted graph D has the 
y
le produ
t iden-

tity if and only if every indu
ed 
y
le of D has the 
y
le produ
t identity.

Proof: We prove this by indu
tion on the length of a 
y
le C = v

0

; v

1

; : : : ; v




; v

0

in D. The base 
ase is when 
 = 1, in whi
h 
ase the 
y
le is indu
ed by de�-

nition of D. For 
 � 2, if the 
y
le is not indu
ed then we have an ar
 (v

i

; v

j

)

(and an ar
 (v

j

; v

i

) by symmetry) for some 0 � i < j � 1 � 
� 1 splitting

11
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B
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�
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1

C

C

A

F

M

Figure 3: A degree matrix, its quotient graph, and its weighted in
iden
e

matrix.

the 
y
le C into two smaller 
y
les C

1

= v

0

; v

1

; : : : ; v

i

; v

j

; v

j+1

; : : : ; ; v




; v

0

and C

2

= v

i

; v

i+1

; : : : ; v

j

; v

i

. Note that the produ
t of edge weights 
lo
k-

wise around the 
y
le C is equal to the the produ
t of edge weights 
lo
k-

wise around the 
y
les C

1

and C

2

divided by w(v

i

; v

j

)w(v

j

; v

i

). Likewise

the produ
t of edge weights 
ounter-
lo
kwise around C is equal to the

produ
t of 
ounter-
lo
kwise produ
ts around 
y
les C

1

and C

2

divided by

w(v

i

; v

j

)w(v

j

; v

i

). By indu
tion we 
on
lude that the 
y
le C has the 
y
le

produ
t identity. �

For a k � k matrix M we de�ne the quotient graph F

M

as follows. Its

vertex set V

F

M


onsists of verti
es f1; : : : ; kg. For 1 � i; j � k, there is

an ar
 or loop from i to j with weight m

i;j

if and only if m

i;j

� 1. See

Figure 3 for an example. Note that F

M

is an symmetri
 dire
ted graph if

and only if M is zero-symmetri
. We say that the matrix M is 
onne
ted if

the asso
iated graph F

M

is 
onne
ted. Note that, by de�nition of M, any

degree matrix in M is 
onne
ted.

Let F

0

M

be the underlying simple graph of F

M

, i.e., V

F

0

M

= V

F

M

=

f1; : : : ; kg and (i; j) is an undire
ted edge of F

0

M

, whenever both (i; j) and

(j; i) with i 6= j are dire
ted ar
s of F

M

. We de�ne the weighted in
iden
e

matrix IM to be the jE

F

0

M

j � k matrix whose rows are indexed by edges

e = (i; j) 2 E

F

0

M

; i < j and its only nonzero entries in the e-th row are

IM

e;i

= m

i;j

and IM

e;j

= �m

j;i

. See Figure 3 for an example.

The kernel and rank of a matrixM are denoted by ker(M) and rank(M)

respe
tively.

We now present our 
hara
terization of degree matri
es, whi
h will also

be useful in later proofs.

12



Theorem 17 For a square matrix M over nonnegative integers the follow-

ing statements are equivalent:

(i) M is a 
onne
ted degree matrix, i.e., M 2 M.

(ii) The quotient graph F

M

is a 
onne
ted symmetri
 dire
ted graph sat-

isfying the 
y
le produ
t identity.

(iii) M is zero-symmetri
 and dim(ker(IM)) = 1.

Proof: (i) ) (ii) Sin
e M is a 
onne
ted degree matrix, M is zero-

symmetri
. Hen
e, F

M

is a 
onne
ted symmetri
 dire
ted graph. Let C =

i

0

; : : : ; i




; i

0

be a 
y
le in F

M

, where vertex v

i


orresponds to row i of M .

Use Observation 15 for pairs (i

0

; i

1

); : : : ; (i




; i

0

) to show that C satis�es the


y
le produ
t identity.

(ii) ) (iii) Sin
e F

M

is symmetri
, M is zero-symmetri
. Consider a

path P

1i

in F

M

from the vertex 1 
orresponding to the �rst row of M to

any vertex i 
orresponding to the i-th row of M . We apply Observation 15

for 
onse
utive pairs on P

1i

. Combining these equalities yields a rational

b

i

> 0 su
h that jB

i

j = b

i

jB

1

j for the blo
ks B

i

and B

1

of any possible

graph G with degree matrix M . Be
ause F

M

satis�es the 
y
le produ
t

identity, taking another path P

0

1i

between verti
es 1 and i would lead to

exa
tly the same equality jB

i

j = b

i

jB

1

j. De�ne b

1

= 1. Then any solution

of ker(IM) is a multiple of the ve
tor b = (b

1

; : : : ; b

k

). Hen
e, we 
on
lude

that dim(ker(IM)) = 1.

(iii)) (i) We �rst determine the blo
k sizes of a 
andidate graph G with

G

B

�!M . We do this with respe
t to the following two fa
ts.

(1) For any p � 1, there exists a p-regular graph on n verti
es if and only

if n � p+ 1 and np is even.

(2) For any p; q � 1, there exists a (p; q)-regular bipartite graph with the

degree-p side havingm verti
es and the degree-q side having n verti
es

if and only if m � q; n � p and mp = nq.

We now 
hoose an integer solution s of ker(IM) su
h that

� s

i

� m

i;i

+ 1 for all i.

� s

i

m

i;i

is even for all i. (�)

13



M =

�

0 3

2 4

�

G

M

Figure 4: Constru
tion of a smallest graph from the degree matrix.

� s

i

� m

j;i

for all i and all j 6= i.

Then the following graph G

M

has M as one of its degree matri
es. Its

vertex set V

G

M


an be partitioned into blo
ks B

1

[ � � � [ B

k

with jB

i

j = s

i

for all 1 � i � k. Its edge set E

G

k


an be 
hosen su
h that:

� The subgraph indu
ed by B

i

is m

i;i

-regular for 1 � i � k.

� The indu
ed bipartite subgraph between verti
es of blo
ks B

i

and B

j

is (m

i;j

;m

j;i

)-regular for all 1 � i < j � k.

See Figure 4 for an example of the 
onstru
tion. �

We note here that for the transposed matrix IM

T

the dimension of its

kernel 
ould be well expressed sin
e it is equal to the dimension of the


y
le spa
e S

F

0

M

of F

0

M

: dim(ker(IM)) = 1 if and only if rank(IM

T

) =

rank(IM) = k � 1 if and only if dim(ker(IM

T

)) = jE

F

0

M

j � rank(IM

T

) =

jE

F

0

M

j � k + 1 = dim(S

F

0

M

).

Theorem 17 has many 
onsequen
es for the 
omputational 
omplexity

of problems related to degree matri
es.

Corollary 18 The Degree Matrix Determination problem 
an be solved

in polynomial time.

Proof: First we 
he
k whether the matrix M is zero-symmetri
. If it is,

then we 
onstru
t its quotient graph F

M

in order to �nd out whether the

matrix M is 
onne
ted. We further 
he
k whether dim(ker(IM)) = 1 and

use Theorem 17. �

Theorem 17 and Corollary 18 immediately imply that for examining

whether a graph has the 
y
le produ
t identity we do not have to 
he
k all

(indu
ed) 
y
les, of whi
h there 
ould be an exponential number, expli
itly.

14



Corollary 19 The problem whether a symmetri
 dire
ted graph with posi-

tive edge weights has the 
y
le produ
t identity 
an be solved in polynomial

time.

Note that for many matri
es M the smallest graph G having M as a

degree matrix 
ould have size exponential in the size of M (assuming the

entries ofM are en
oded in binary). For an example take the 1�1 matrixM

with the (only) entry m

1;1

. Then G = K

m

1;1

+1

is the smallest m

1;1

-regular

graph, but it's size is exponential in O(logm

1;1

). Thus, in some way the

following result is the best we 
an hope for.

Corollary 20 For any degree matrix M 2M, the blo
k sizes of a smallest

graph G with G

B

�!M 
an be 
omputed in polynomial time.

Proof: Let M 2 M be a k � k degree matrix. Let m = maxfm

i;j

j 1 �

i; j � kg. Let hmi be the number of bits required to en
odem. Then the size

of a k � k matrix M 
an be de�ned as k

2

hmi. If we 
ompute 
oeÆ
ients

b

i

as in the proof of Theorem 17, then we �nd that both nominator and

denominator of ea
h b

i

have size at most khmi. Let � be the produ
t of all

denominators of elements b

i

. Let b

0

be a solution of ker(IM) with entries

b

0

i

= �b

i

for all 1 � i � k. We divide ea
h b

0

i

by the greatest 
ommon divisor

of b

0

1

; : : : ; b

0

k

. This way we have obtained the smallest integer solution b

�

of

ker(IM) in polynomial time. Now we 
hoose the smallest integer 
 su
h that


 � max

1�i;j�k

f

m

i;i

+1

b

�

i

;

m

j;i

b

�

i

g; where 
 is required to be even if for some i

the produ
t b

�

i

m

i;i

is odd. Then b = 
b

�

satis�es all three 
onditions (�)

in the proof of Theorem 17, i.e., it yields the blo
k sizes of a smallest graph

G in the same way as in the proof of Theorem 17. �

We have shown that veri�
ation whether or not a given matrix is a

degree matrix 
an be done in polynomial time. What about the 
omplexity

of the problem of de
iding whether a given matrix M is a degree matrix of

a given graph G?

Degree Matrix Re
ognition

Instan
e: A graph G and a matrix M .

Question: Does G

B

�!M hold?

Proposition 21 The Degree Matrix Re
ognition problem is NP-
omplete.
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Proof: A result from [19℄ is that the H-Cover problem, whi
h takes as

input a graph G and asks if G

B

�! H , is NP-
omplete already for H = K

3

.

Observation 11 tells us that G

B

�! K

3

if and only if G

B

�! adj(K

3

). �

The H-Partial Cover problem takes as input a graph G and asks if

G

I

�! H for some �xed graph H . The H-Role Assignment problem takes

as input a graph G and asks if G

S

�! H . Both problems are NP-
omplete for

H = K

3

[12, 21℄. Hen
e, by a similar argument, using Observation 14 and

the NP-
ompleteness of K

3

-Role Assignment and K

3

-Partial Cover,

also the problems of de
iding if G

S

�!M and G

I

�!M are NP-
omplete.

3.2 Degree matrix 
omparisons

To study the 
onne
tion between degree matri
es and lo
ally 
onstrained

graph homomorphisms we de�ne the following 
on
epts.

De�nition 22 We de�ne three relations

9B

��!,

9I

�!, and

9S

�! on M as fol-

lows. Let M;N be matri
es in M. We have

� M

9B

��! N if there exist graphs G;H with G

B

�! M and H

B

�! N su
h

that G

B

�! H;

� M

9I

�! N if there exist graphs G;H with G

B

�! M and H

B

�! N su
h

that G

I

�! H;

� M

9S

�! N if there exist graphs G;H with G

B

�! M and H

B

�! N su
h

that G

S

�! H.

Later we prove that these three relations are quasiorders and that they

be
ome partial orders when restri
ted to degree re�nement matri
es. We

de�ne now the following matrix 
omparison problems:

Matrix Bije
tivity

Instan
e: Matri
es M;N 2 M.

Question: Does M

9B

��! N hold?

Matrix Inje
tivity

Instan
e: Matri
es M;N 2 M.

Question: Does M

9I

�! N hold?

Matrix Surje
tivity

Instan
e: Matri
es M;N 2 M.

Question: Does M

9S

�! N hold?

16



In Se
tion 5, after our study on degree re�nement matri
es, we give a

polynomial-time algorithm that solves the Matrix Bije
tivity problem

based on the well-known algorithm to 
ompute a degree re�nement matrix

of a given graph. For the other two lo
al 
onstraints 
onsiderably more

e�ort is required. In Se
tion 6 we give an NP algorithm for solving the

Matrix Inje
tivity problem by showing that M

9I

�! N if and only if

there exists a graph G of bounded size with G

B

�!M and G

I

�! N .

In Se
tion 7 we give an NP algorithm for solving the Matrix Surje
-

tivity problem. Here, we �rst need to show that M

9S

�! N holds if and

only if there exists a graph G with G

B

�! M and G

S

�! N . Then, in the

same way as for the Matrix Inje
tivity problem we show that we may

assume that this graph G has bounded size.

3.3 Universal 
overs of degree matri
es

For use in later proofs we extend the notion of universal 
over to degree

matri
es. Let M be a degree matrix in M. We 
onstru
t its universal


over T

M

by taking as root of the (possibly in�nite) tree T

M

a vertex


orresponding to row 1 of M , thus of row-type 1, and indu
tively adding

a new level of verti
es while maintaining the property that ea
h vertex of

row-type i has exa
tly m

i;j

neighbors of row-type j. Obviously, T

M

B

�! M

holds. We make the following observation on universal 
overs of degree

matri
es and graphs.

Proposition 23 T

M

= T

G

for any graph G with G

B

�!M .

Proof:: We have T

G

B

�! G and G

B

�! M . Then we 
an partition V

T

G

into (in�nite) sets B

1

; :::; B

k

su
h that, for 1 � i; j � k, any u 2 B

i

has

m

i;j

neighbors in B

j

. Taking any vertex from B

1

as root, thus of row-type

1, and indu
tively adding neighbors (
hildren) in T

G

on the next level, we

maintain pre
isely the property in the de�nition of T

M

, namely that a vertex

of row-type i will have m

i;j

neighbors of row-type j. Thus T

M

= T

G

. �

The following result follows from Corollary 9 and Proposition 23.

Corollary 24 LetM and N be matri
es inM. IfM

9I

�! N then T

M

� T

N

,

and if M

9S

�! N then T

N

� T

M

.

For the surje
tive 
ase it is 
lear that the reverse is not true: for a small


ounterexample take M = drm(P

4

) and N = drm(P

3

), where P

k

denotes a

17



path on k verti
es. For the inje
tive 
ase the authors were trying hard to

prove the following 
onje
ture (in an attempt to obtain an eÆ
ient algorithm

for the Matrix Inje
tivity problem).

Conje
ture 25 For any two matri
es M;N 2 M: M

9I

�! N ()

T

M

� T

N

:

However, the proof te
hnique developed in Se
tion 6 allows the 
onstru
-

tion of an example disproving Conje
ture 25. Due to the relatively large

size of this 
ounterexample we 
annot easily show its 
orre
tness without

explaining the te
hnique itself, and therefore postpone its presentation to

Se
tion 6.2.

4 Degree re�nement matri
es

Among all equitable partitions of a graphG, there is a unique one having the

fewest number of blo
ks. This 
oarsest equitable partition, and a 
anoni
al

ordering of its blo
ks, is 
omputed by the stepwise re�nement of V

G

, whi
h

is the following eÆ
ient algorithm (
f. [2℄). Note that all sequen
es and

ve
tors de�ned below are �nite.

1. Partition V

G

into a sequen
e of blo
ks B

1

= B

1

1

; B

1

2

; : : : su
h that two

verti
es are in the same blo
k B

1

i

if and only if they have the same degree,

and su
h that the blo
ks are arranged in des
ending degree value order, i.e.,

deg(u) > deg(v) for u 2 B

1

i

; v 2 B

1

j

with i < j. Set t := 1.

2. Compute for every vertex u 2 V

G

its degree ve
tor

d

t

(u) :=

�

jN

G

(u) \ B

t

1

j; jN

G

(u) \ B

t

2

j; : : :

�

;


onsisting of the number of neighbors it has in ea
h blo
k.

3. Partition the verti
es of ea
h blo
k B

t

i

into a sequen
e of new blo
ks

B

t+1

i

1

; B

t+1

i

2

; : : :, su
h that for ea
h distin
t degree ve
tor d = d

t

(u) for

some u 2 B

t

i

there is exa
tly one blo
k B

t+1

i

`


ontaining the verti
es with

degree ve
tor d and su
h that the new blo
ks are arranged in lexi
ographi


des
ending degree ve
tor order. De�ne the new sequen
e

B

t+1

= B

t+1

1

; B

t+1

2

; : : : := B

t

1

1

; B

t

1

2

; : : : ; B

t

i

1

; B

t

i

2

; : : : :
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4. If no blo
k was split in step 3, i.e., B

t+1

= B

t

, then de�ne the degree

partition B

�

= B

�

1

; B

�

2

; : : : := B

t

and stop. Otherwise set t := t + 1 and go

to step 2.

As the degree partition is a spe
ial 
ase of an equitable partition we may

de�ne:

De�nition 26 The degree re�nement matrix drm(G) of a graph G is the

unique degree matrix 
orresponding to the degree partition B

�

, i.e., its i

th

row is a degree ve
tor of a vertex in B

�

i

.

Clearly, the stepwise re�nement algorithm runs in polynomial time. So

the Degree Matrix Re
ognition problem be
omes polynomially solv-

able when restri
ted to degree re�nement matri
es. As an example we


onsider the graphs G

B

and H of Figure 2. We �nd that

drm(G

B

) = drm(H) =

0

�

0 2 1

1 1 0

1 0 0

1

A

:

The graphs G

I

and G

S

in Figure 2 have degree re�nement matri
es dif-

ferent from drm(H), e.g., drm(G

I

) is an adja
en
y matrix of G

I

, and no

lo
ally bije
tive homomorphism from these graphs to H 
an exist. Indeed,

it is 
lear that any two graphs G and H with G

B

�! H must satisfy the


ondition drm(G) = drm(H). For two graphs of the same size the test for

this 
ondition 
onstitutes a well-known heuristi
 for graph isomorphism.

4.1 Partial orders on degree re�nement matri
es

In a paper from 1982, Leighton showed the following.

Theorem 27 ([22℄) Let G and H be graphs in C. The following statements

are equivalent:

(i) drm(G) = drm(H).

(ii) T

G

= T

H

.

(iii) There exists a graph F 2 C su
h that F

B

�! G and F

B

�! H.
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Theorem 27 implies that the symmetri
 and transitive 
losure of the

partial order (C;

B

�!) is an equivalen
e relation whose 
lasses 
an be naturally

represented by degree re�nement matri
es. It is natural to ask if the other

two kinds of lo
ally 
onstrained homomorphisms are also 
onditioned by

the existen
e of a well-de�ned relation on the degree re�nement matri
es.

Here, we prove that su
h relations exist and moreover, that they are partial

orders. We let M

0

� M denote the set of 
onne
ted degree re�nement

matri
es, i.e., the set of all degree re�nement matri
es of graphs in C.

As stated above (M

0

;

9B

��!) is a trivial order where no two distin
t ele-

ments are 
omparable. For the other two relations (M

0

;

9I

�!) and (M

0

;

9S

�!),

the re
exivity of the relation follows dire
tly from the existen
e of the iden-

tity mapping on any underlying graph, where at least one must exist to

assert the membership of the matrix inM

0

. Antisymmetry and transitivity

require more e�ort.

For proving antisymmetry of (M

0

;

9I

�!) we involve the notion of universal


over. Assume that M

9I

�! N and N

9I

�! M for two matri
es N;M 2 M

0

.

Then there exist graphs G

1

; G

2

with drm(G

1

) = drm(G

2

) =M and H

1

; H

2

with drm(H

1

) = drm(H

2

) = N su
h that G

1

I

�! H

1

and H

2

I

�! G

2

. By

Lemma 8, there exist homomorphisms f

0

: T

G

1

I

�! T

H

1

and g

0

: T

H

2

I

�! T

G

2

.

Due to Proposition 23 we �nd that T

G

1

= T

G

2

= T

M

and T

H

1

= T

H

2

= T

N

.

Hen
e we have f

0

: T

M

I

�! T

N

and g

0

: T

N

I

�! T

M

. Re
all from Se
tion 2 that

there exist a homomorphism f

0

: T

M

B

�! G

1

. We now invoke Theorem 5 to


on
lude that f

0

Æ g

0

Æ f

0

: T

M

I

�! G

1

is lo
ally bije
tive. This implies that

f

0

and g

0

are lo
ally surje
tive, and hen
e lo
ally bije
tive. Consequently,

the universal 
overs T

M

and T

N

are isomorphi
. Hen
e, M = N due to

Theorem 27. The antisymmetry of

9S

�! 
an be proven a

ording to the

same kind of arguments.

For the transitivity property of

9I

�! we use the next lemma.

Lemma 28 Let G;H

1

; H

2

; F 2 C be su
h that G

I

�! H

1

and H

2

I

�! F , where

H

1

and H

2

share the same degree re�nement matrix. Then there exists a

graph G

�

2 C su
h that G

�

I

�! F and G

�

B

�! G.

Proof: Using Theorem 27 we �rst 
onstru
t a �nite graph H

�

su
h that

H

�

B

�! H

1

via proje
tion �

1

and H

�

B

�! H

2

via proje
tion �

2

. The pro-

je
tion �

2

: H

�

B

�! H

2


omposed with a lo
ally inje
tive homomorphism

g : H

2

I

�! F gives that H

�

I

�! F . See Figure 5.

By Observation 2, the preimage �

�1

1

(x) has the same size for all verti
es

x 2 V

H

1

, say k. We assume that all verti
es of H

�

that map onto a vertex

x are labeled fx

1

; x

2

; : : : ; x

k

g.
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G

�

f

0

-

H

�

G

�

?

f

-

H

1

�

1

?

H

2

g

-

�

2

-

F

drm : M N : : : N Q

Figure 5: Commutative diagram for transitivity of

9I

�! where horizontal

mappings are inje
tive and others are bije
tive.

Let f : G

I

�! H

1

. The vertex set of the desired graph G

�

is the Cartesian

produ
t V

G

� f1; : : : ; kg. De�ne the edges of G

�

as follows:

((u; i); (v; j)) 2 E

G

�

() (u; v) 2 E

G

and (f(u)

i

; f(v)

j

) 2 E

H

�

:

We de�ne the mappings f

0

: (u; i) ! f(u)

i

and � : (u; i) ! u. Observe

that, for any edge (x

i

; y

j

) 2 E

H

�

, the subgraph of G

�

indu
ed by the vertex

set f

0�1

(x

i

) [ f

0�1

(y

j

) is isomorphi
 to the subgraph of G indu
ed by the

vertex set f

�1

(x)[f

�1

(y). Then, a

ording to Observation 2, the mapping

f

0

is a lo
ally inje
tive homomorphism from G

�

to H

�

. Hen
e, the mapping

g Æ �

2

Æ f

0

is a lo
ally inje
tive homomorphism G

�

I

�! F . Observe that,

for any edge (u; v) 2 E

H

, the subgraph of G

�

indu
ed by the vertex set

�

�1

(u)[�

�1

(v) is isomorphi
 to the subgraph of H

�

indu
ed by the vertex

set �

�1

1

(x) [ �

�1

1

(y), where f(u) = x and f(v) = y. Then, a

ording to

Observation 2, the mapping � is a lo
ally bije
tive homomorphism from G

�

to G. �

Indeed, we now �nd that M

9I

�! N and N

9I

�! Q for matri
esM;N;Q 2

M

0

implies M

9I

�! Q: in Lemma 28 we take M = drm(G); N = drm(H

1

) =

drm(H

2

); Q = drm(F ), and obtain M = drm(G

�

) due to G

�

B

�! G.

A similar lemma as Lemma 28 
an be proven for the order

9S

�! with

exa
tly the same arguments, the only di�eren
e is that the preimage in G

�

of any edge (x

i

; y

j

) 2 E

H

�

is a bipartite graph of minimum degree one. We

have thus shown:
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Theorem 29 The relations (M

0

;

9B

��!), (M

0

;

9I

�!) (M

0

;

9S

�!) are partial or-

ders. They arise as a fa
tor of the orders (C;

B

�!), (C;

I

�!), (C;

S

�!), re-

spe
tively, when we unify the graphs that have the same degree re�nement

matri
es.

Theorem 5 
an now be translated to matri
es. IfM

9I

�! N andM

9S

�! N

for two degree re�nement matri
es M and N , then M

9B

��! N , i.e., M = N .

Corollary 30 (M

0

;

9B

��!) = (M

0

;

9I

�!) \ (M

0

;

9S

�!) = (M

0

; f(M;M) : M 2

M

0

g).

Proof: It is 
lear that (M

0

;

9B

��!) � (M

0

;

9I

�!) \ (M

0

;

9S

�!). Suppose G

1

I

�!

H

1

and G

2

S

�! H

2

hold with drm(G

i

) = M and drm(H

i

) = N (i = 1; 2).

By Corollary 24, we have that T

M

� T

N

and T

N

� T

M

. We represent

these in
lusions by lo
ally inje
tive homomorphisms f

0

: T

M

! T

N

and

g

0

: T

N

! T

M

. Then we may 
on
lude M = N by the same arguments as

in the proof of antisymmetry of

9I

�!. �

5 Degree matrix 
omparison via lo
al bije
-

tivity

In this se
tion we 
onsider the Matrix Bije
tivity (is M

9B

��! N?) prob-

lem. For this purpose we �rst generalize the stepwise re�nement algorithm

of Se
tion 4 into an algorithm, 
alled the DRM Constru
tion algorithm

and given in the box below, that takes as input a degree matrix M and


omputes a matrix drm(M) su
h that drm(M) = drm(G) for any graph G

having degree matrix M . Note that this 
onstitutes a de�nition of drm(M)

for a degree matrix M . For 
omputing the degree re�nement matrix of a

given graph G, take an adja
en
y matrix of G as the input of this algorithm.

Note that in steps 2 and 3 the 
anoni
al order of the blo
ks is de�ned.

The time 
omplexity of the DRM Constru
tion algorithm for a k�k

matrix is O(k

3

log k) (assuming unit time per arithmeti
 operation). The

outer 
y
le may have at most k rounds, while in ea
h round the major

operation is the lexi
ographi
 sorting of at most k ve
tors of length at most

k, whi
h 
an be done in time O(k

2

log k).

Be
ause of the DRM Constru
tion algorithm we 
an make the fol-

lowing observation.
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Observation 31 Two graphs G and H have a 
ommon degree matrix if

and only if G and H have the same degree re�nement matrix.

>From Observation 31 we derive that (M;

9B

��!) is a quasiorder. Further-

more, together with Lemma 28, it implies that (M;

9I

�!) and, for the same

reasons, (M;

9S

�!) are quasiorders.

By applying the DRM Constru
tion algorithm and Corollary 18 we

immediately obtain the following result.

Corollary 32 Che
king whether a given k�k matrix M is a degree re�ne-

ment matrix in M

0


an be done in polynomial time.
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DRM Constru
tion

Input: A degree matrix M of order k.

Output: The degree re�nement matrix drm(M) of all graphs with degree

matrix M .

1. Set R

1

= R

1

1

; R

1

2

; : : : su
h that

{ rows r; s 2 R

1

i

if and only if

P

k

i=1

m

r;i

=

P

k

i=1

m

s;i

.

{ row r 2 R

1

i

, row s 2 R

1

i

0

with i < i

0

if and only if

P

k

i=1

m

r;i

>

P

k

i=1

m

s;i

.

Set t := 1.

2. For ea
h row r = 1; : : : ; k 
ompute the row-degree ve
tor

d

t

(r) :=

�

P

i2R

t

1

m

r;i

;

P

i2R

t

2

m

r;i

; : : :

�

.

3. De�ne the new partition R

t+1

of f1; : : : ; kg su
h that

{ rows r; s 2 R

t+1

i

if and only if d

t

(r) = d

t

(s),

{ row r 2 R

t+1

i

, row s 2 R

t+1

i

0

with i < i

0

if and only if

� either r 2 R

t

j

, s 2 R

t

j

0

with j < j

0

,

� or r; s 2 R

t

j

, and d

t

(r) >

Lex

d

t

(s).

where >

Lex

is the lexi
ographi
 order on integer sequen
es.

4. If R

t+1

= R

t

then set drm(M) =

0

B

�

d

t

(r) : r 2 R

t

1

d

t

(r) : r 2 R

t

2

.

.

.

1

C

A

and stop,

otherwise set t:=t+1 and go to step 2.

For our algorithm that solves the Matrix Bije
tivity problem we

show that it is suÆ
ient to 
ompare degree re�nement matri
es.

Proposition 33 Let M and N be matri
es in M. Then M

9B

��! N if and

only if drm(M) = drm(N).

Proof: Suppose M

9B

��! N . Then there exist graphs G with G

B

�! M and

H with H

B

�! N su
h that G

B

�! H . Hen
e, we 
an apply Theorem 27 to


on
lude that drm(M) = drm(G) = drm(H) = drm(N).
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Suppose drm(M) = drm(N). Let G be a graph in C su
h that G

B

�!M ,

and let H be a graph in C su
h that H

B

�! N . We note that drm(G) =

drm(M) = drm(N) = drm(H). Then, by Theorem 27, there exists a graph

F su
h that F

B

�! G and F

B

�! H . Sin
e G

B

�!M , we derive that F

B

�!M .

Re
all that H

B

�! N . Hen
e, we 
on
lude that M

9B

��! N via graphs F and

H . �

Corollary 34 TheMatrix Bije
tivity problem is solvable in polynomial

time.

6 Degree matrix 
omparison via lo
al inje
-

tivity

In this se
tion we 
onsider the Matrix Inje
tivity problem. We observe

that a

ording to the de�nition of the quasiorder (M;

9I

�!), there is no

obvious bound on the sizes of graphs G and H with M and N as degree

re�nement matri
es that should justify the 
omparison M

9I

�! N .

Note that it is suÆ
ient to 
ompare degree re�nement matri
es.

Proposition 35 Let M and N be matri
es in M. Then M

9I

�! N if and

only if drm(M)

9I

�! drm(N).

Proof: Suppose M

9I

�! N . Then there exist two graphs G;H 2 C with

G

B

�! M and H

B

�! N su
h that G

I

�! H . Sin
e G

B

�! drm(M) and

H

B

�! drm(N) we immediately obtain that drm(M)

9I

�! drm(N).

Suppose drm(M)

9I

�! drm(N). Then there exist two graphs G

1

; H

1

2

C with G

1

B

�! drm(M) and H

1

B

�! drm(N) su
h that G

1

I

�! H

1

. Let

G

2

be a graph with G

2

B

�! M . Then G

2

has degree re�nement matrix

drm(G

2

) = drm(M). Due to Theorem 27 there exists a graph G with

G

B

�! G

2

, whi
h implies G

B

�!M and with G

B

�! G

1

, whi
h implies G

I

�! H

1

.

Let H

2

be a graph with H

2

B

�! N . Then H

2

has degree re�nement matrix

drm(H

2

) = drm(N). We use Lemma 28 (with F = H

2

) to 
on
lude that

there exists a graph G

�

with G

�

B

�! G, whi
h implies G

�

B

�! M and with

G

�

I

�! H

2

. (See Figure 6.) Sin
e H

2

B

�! N , we have found G

�

and H

2

as

witnesses for M

9I

�! N . �

If we apply Proposition 4 on the universe of 
onne
ted degree matri
es

we obtain the following result, whi
h we will use for the 
onstru
tion of
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G

�

G

B

?

I

-

H

1

H

2

I

-

G

2

�

B

G

1

B

?

I

-

M

B

?

drm(M)

B

?

drm(N)

B

?

N

B

?

Figure 6: Commutative diagram for the proof of Proposition 35.
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our algorithm that solves the Matrix Inje
tivity problem. (Sin
e su
h

a result 
an not be derived for the

9S

�! relation, solving the Matrix Sur-

je
tivity problem requires more e�ort.)

Corollary 36 Let M;N be matri
es in M. Then M

9I

�! N if and only if

there exists two graphs G;H with G

B

�! M and H

B

�! N su
h that G is a

subgraph of H.

6.1 Computational 
omplexity

For 
omputational 
omplexity purposes hXi denotes the size of the instan
e

X (graph, matrix, et
.) in usual binary en
oding of numbers. Formally we

represent verti
es of a graph G by numbers f1; 2; : : : ; jV

G

jg and its edges

as a list of its verti
es. A graph with m edges on n verti
es hen
e requires

spa
e hGi = �(m logn). Re
all that the size of an integral-valued k � l

matrix A is de�ned as klha

�

i = kl log a

�

, where a

�

= max(f2g[fjA

i;j

j j 1 �

i � k and 1 � j � lg).

We will need the following te
hni
al lemma for our NP algorithm.

Lemma 37 Let A be an integral-valued k� l matrix with l > k. If Ax = 0

allows a nontrivial nonnegative solution, then it allows a nontrivial non-

negative integer solution x with at most k + 1 nonzero entries and with

hx

i

i = O(k log(ka

�

)) for ea
h entry x

i

.

Proof: If a nonnegative solution x with more than k + 1 positive entries

exists, then the 
olumns 
orresponding to k+1 of these variables are linearly

dependent. Let the 
oeÆ
ients of su
h a linear 
ombination together with

zeros for the other entries form a ve
tor x

0

. Obviously Ax

0

= 0, but the

entries of x

0

may not be ne
essarily nonnegative.

Without loss of generality we assume that at least one of the entries in

x

0

is positive. Then, for � = �minf

x

i

x

0

i

j x

0

i

> 0g the ve
tor x + �x

0

is also

a nontrivial nonnegative solution with more zero entries than x.

Repeating this trimming iteratively we obtain a nontrivial nonnegative

solution with at most k+1 nonzero entries. As the other entries are zero, we

may restri
t the matrix A to 
olumns 
orresponding to nonzero entries of

the solution. It may happen that the rank of the modi�ed matrix de
reases.

Then we redu
e the number of rows until the remaining ones be
ome linearly

independent. We repeat the whole pro
ess until we �nally get a k

0

� (k

0

+1)

matrix B of rank k

0

� k, su
h that By = 0 allows a nontrivial solution y
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with y

i

> 0 for i = 1; : : : ; k

0

+ 1. Su
h a ve
tor y 
an be extended to a

solution x of the original system by inserting zero entries.

Without loss of generality we assume that the �rst k

0


olumns of B are

linearly independent, and we arrange them in a regular matrix R. Note

that the last 
olumn of B is a linear 
ombination of the other 
olumns

with unique 
oeÆ
ients �

y

i

y

k

0

+1

< 0 for i = 1; : : : ; k

0

. The inverse of R


an be expressed as R

�1

=

adj(R)

det(R)

, where adj(R) is the adjoint matrix

of R. By the determinant expansion we have that det(R) � k

0

!(a

�

)

k

0

�

k!(a

�

)

k

� k

k

(a

�

)

k

. Then we �nd that hdet(R)i = O(k log(ka

�

)). Ea
h

element of adj(R) is a determinant of a minor of R and hen
e is smaller

than (k � 1)

k�1

(a

�

)

k�1

.

Now 
onsider the integral valued matrix B

0

= det(R) � R

�1

B. Then

� y is a solution of B

0

y = 0 if and only if By = 0 (re
all that rank(R) =

k

0

).

� The �rst k

0


olumns of B

0

form the matrix det(R) � I

k

0

.

� In the last 
olumn the entries z

i

= det(R)

y

i

y

k

0

+1

for i = 1; : : : ; k

0

are

all negative (if det(R) > 0) or all positive (otherwise).

If det(R) > 0 then y = (�z

1

; : : : ;�z

k

0

; det(R)) is a nonnegative non-

trivial integral solution to By = 0. In the other 
ase we swap the sign and


hoose y = (z

1

; : : : ; z

k

0

;� det(R)). As ea
h z

i

� ka

�

max

ij

(adj(R)

i;j

) �

k

k

(a

�

)

k

, we obtain hz

i

i = O(k log(ka

�

)), whi
h 
on
ludes the proof. �

We now give the main theorem of this se
tion. In the remainder we

write m

i;j

=M

i;j

and n

i;j

= N

i;j

for matri
es M and N respe
tively. For a

square matrix M of order k we let m

�

= max(f2g [ fm

i;j

j 1 � i; j � k g).

Theorem 38 For two 
onne
ted degree matri
es M and N of order k and

l respe
tively, M

9I

�! N holds if and only if there exists a graph G of size

(klm

�

)

O(k

2

l

2

)

su
h that G

B

�!M and G

I

�! N .

Proof: Let M;N 2 M be of order k and l respe
tively. Throughout this

proof we assume that indi
es i; j; r; s used later always belong to feasible

intervals 1 � i; r � k and 1 � j; s � l. For 
larity we often abbreviate

pairs of sub-/super-s
ripts i; j by ij, so in this notation, ij does not mean

multipli
ation.

Suppose M

9I

�! N holds. Then there exist graphs G;H 2 C with G

B

�!

M and with H

B

�! N su
h that G

I

�! H holds. Hen
e, we �nd that G

I

�! N

28



holds. Let fU

1

; : : : ; U

k

g be a partition of V

G

for G

B

�!M , and fV

1

; : : : ; V

l

g

be a partition of V

G

for G

I

�! N . For ea
h pair of indi
es r and s we de�ne

the set

W

rs

= fv j v 2 U

r

\ V

s

g;

and for ea
h vertex u 2 W

rs

� V

G

we 
an write a ve
tor p(u) = (jN

G

(u) \

W

11

j; : : : ; jN

G

(u)\W

kl

j) des
ribing the distribution of neighbors of u in the


lasses W

11

; : : : ;W

kl

.

We �rst resear
h the stru
ture of su
h ve
tors. Let p

rs

be a ve
tor of

length kl whose entries are nonnegative integers and are indexed by pairs

ij. If the ve
tor p

rs

further satis�es

l

X

j=1

p

rs

ij

= m

ri

for all 1 � i � k; (4)

k

X

i=1

p

rs

ij

� n

sj

for all 1 � j � l; (5)

then we 
all p

rs

an inje
tive distribution row for indi
es r and s. Due to

(4), the set

T (r; s) = fp

rs(1)

; : : : ;p

rs(t(r;s))

g

of inje
tive distribution rows is bounded by t(r; s) �

�

m

�

+l�1

m

�

�

k

= O((m

�

+

1)

kl

) for every pair of indi
es r; s. The total number of distribution rows is

then

t

0

=

X

r;s

t(r; s) = O(kl(m

�

+ 1)

kl

):

The ve
tor w with entries w

rs(t)

= jfu : p(u) = p

rs(t)

gj is a nontrivial so-

lution of the following homogeneous system of k

2

l

2

equations in t

0

variables

t(r;s)

X

t=1

p

rs

ij

(t)

w

rs(t)

=

t(i;j)

X

t

0

=1

p

ij(t

0

)

rs

w

ij(t

0

)

1 � i; r � k; 1 � j; s � l; (6)

sin
e in ea
h equation both sides are equal to the number of edges 
onne
ting

sets W

rs

and W

ij

.

So the system (6) has a nontrivial nonnegative solution. Note that all


oeÆ
ients p

rs(t)

ij

of this system are at most m

�

. Then, by Lemma 37, we

�nd a nontrivial nonnegative integer solution
~
w = ( ~w

11(1)

; : : : ; ~w

kl(t(k;l))

)

whose entry sizes ~w

rs(t)

are bounded by O(k

2

l

2

log(klm

�

)). We use this
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solution to 
onstru
t a graph G

0

of size hG

0

i = (klm

�

)

O(k

2

l

2

)

, su
h that

G

0

B

�!M and G

0

I

�! N .

Sin
e we 
an multiply
~
w by two if ne
essary, we may assume that ea
h

entry in
~
w is even. We �rst build a multigraph G

0

upon t

0

sets of verti
es

~

W

11(1)

; : : : ;

~

W

kl(t(k;l))

, where j

~

W

rs(t)

j = ~w

rs(t)

(some sets may be empty)

as follows:

Denote

~

W

rs

=

~

W

rs(1)

[ � � � [

~

W

rs(t(r;s))

. Re
all fa
t (1) of the proof of

Theorem 17. Our 
hoi
e of even values ~w

rr(t)

allows us to build an arbitrary

p

rr(t)

rr

-regular multigraph on ea
h set

~

W

rr(t)

. Re
all fa
t (2) of the proof of

Theorem 17. As
~
w satis�es (6), we 
an easily build a bipartite multigraph

between any pair of di�erent sets

~

W

rs

and

~

W

ij

su
h that the number of

edges between them is equal to

P

t(r;s)

t=1

p

rs

ij

(t)

~w

rs(t)

=

P

t(i;j)

t

0

=1

p

ij(t

0

)

rs

~w

ij(t

0

)

.

For any vertex u in

~

W

rs(t)

with more than p

rs(t)

ij

neighbors in

~

W

ij

there

exists a vertex u

�

in some

~

W

ij(t

�

)

with less than p

rs(t

�

)

ij

neighbors, and vi
e

versa. Now we remove an edge between u and some neighbor v 2

~

W

ij

and

add the edge (u

0

; v). We repeat this pro
edure until all verti
es of

~

W

rs

have

the right number of neighbors in

~

W

ij

. Then we do the same for verti
es in

~

W

ij

.

This way we have 
onstru
ted a bipartite multigraph between

~

W

rs

and

~

W

ij

su
h that ea
h vertex of ea
h

~

W

rs(t)

is in
ident with exa
tly p

rs(t)

ij

edges, and ea
h vertex of ea
h

~

W

ij(t

0

)

is in
ident with exa
tly p

ij(t

0

)

rs

edges.

It may happen in some instan
es that multiple edges are unavoidable.

In that 
ase let d � m

�

be the maximal edge multipli
ity in G

0

. We obtain

the graph G

0

by taking d 
opies of the multigraph G

0

and repla
e ea
h


olle
tion of d parallel edges of multipli
ity d

0

� d by a simple d

0

-regular

bipartite graph.

Due to the 
onstru
tion, it is straightforward to 
he
k that verti
es from

sets that share the same index r form the r-th blo
k of a partition of V

G

0

satisfying equation (1), and that verti
es from sets that share the same

index s form the s-th blo
k of a partition of V

G

0

satisfying equation (3). In

other words: G

0

B

�!M and G

0

I

�! N hold. Sin
e we took at most m

�


opies

of G

0

to obtain G

0

, we �nd that hG

0

i = (klm)

O(k

2

l

2

)

.

For the other dire
tion of the proof, suppose there exists a graph G

of size (klm

�

)

O(k

2

l

2

)

su
h that G

B

�! M and G

I

�! N . In order to show

M

9I

�! N we 
onstru
t a graph H with H

B

�! N and G

I

�! H .

Let fV

0

1

; : : : ; V

0

l

g be a partition of V

G

for G

I

�! N . Sin
e N is a degree

matrix in M, the dimension of the solution spa
e of the following homoge-
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neous system whose equations represent the number of edges between two

di�erent blo
ks in N is equal to one by Theorem 17:

n

sj

v

s

= n

js

v

j

1 � j; s � l (7)

This implies that we 
an form sets V

1

; : : : ; V

l

by further inserting new ver-

ti
es into V

0

1

; : : : ; V

0

l

until for ea
h s; j we have that jV

s

jn

sj

= jV

j

jn

js

and

jV

s

j > 0 is even.

Next we build a multigraph H

0

by 
onstru
ting an (n

sj

; n

js

)-regular

bipartite multigraph between any two sets V

s

and V

j

, and an n

jj

-regular

multigraph on ea
h V

j

. In 
ase multiple edges 
annot be avoided we take

suÆ
ient 
opies of H

0

and make the appropriate reparations. So we perform

these steps in the same way as before, however without removing any edges

between verti
es in (any 
opy of) G.

Clearly, G is a subgraph of the resulting graph H and H has N as its

degree re�nement matrix. So we have G

I

�! H with G

B

�! M and H

B

�! N

as was required. �

We 
an now settle the 
omputational 
omplexity result for the following

matrix 
omparison problem.

Corollary 39 TheMatrix Inje
tivity problem belongs to the 
omplexity


lass NP.

Proof: The proof of Theorem 38 showed that M

9I

�! N if and only if sys-

tem (6) has a nontrivial nonnegative solution. Then by Lemma 37 there ex-

ists a nontrivial nonnegative integral solution with at most k

2

l

2

+1 nonzero

entries, whi
h are ea
h bounded in size by O(k

2

l

2

log(klm

�

)). The 
erti�-


ate for membership in NP 
onsists of the k

2

l

2

+ 1 nonzero entries of the

ve
tor w together with the 
orresponding inje
tive distribution rows. The

size of this 
erti�
ate is O(k

4

l

4

log(klm

�

)), whi
h is polynomial in the size

of both matri
es M and N . It 
an be tested in linear time (with respe
t

to the length of the 
erti�
ate) whether all inje
tive distribution rows are

valid, i.e., satisfy equations (4) and (5). The test whether the ve
tor w

satis�es (6) 
an also be performed in polynomial time. �

6.2 An example

We give an example to illustrate the proof te
hnique of Theorem 38 that

also serves as a 
ounterexample for disproving Conje
ture 25. Let us add

that we have not been able to �nd a smaller 
ounterexample.
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4

1

3 3'

2

5

3

0

4

3

0

1

1

3

1

2

1

10

3

13

4

6

2

12

4

14

4

7

2

9

3

8

2

H

11

3

Figure 7: Graphs G and H , verti
es of H are labeled by u

f(u)

for a f : H

S

�!

G.

Corollary 40 There exist 
onne
ted degree matri
es M and N of order 4

and 14 respe
tively, su
h that T

M

� T

N

, but M 6

9I

�! N .

Proof: We �rst 
onstru
t graphs G and H su
h that H

S

�! G. Denote

M = drm(G) and N = drm(H). Then a

ording to Corollary 24 we get

that T

M

� T

N

. We will now show that the Matrix Inje
tivity problem

for matri
es M and N has a negative answer.

The graphs G and H together with a mapping f : H

S

�! G are depi
ted

in Figure 7.

The graph G has 4 
lasses in its degree re�nement and H has 14 
lasses.

Then N is the adja
en
y matrix of H and the degree re�nement matrix of

G is

M =

0

B

B

�

0 1 2 1

1 0 2 0

1 1 0 0

1 0 0 0

1

C

C

A

:

In order to obtain a 
ontradi
tion supposeM

9I

�! N holds. By Corollary 36

there exist a graph G

0

with drm(G

0

) =M and a graph H

0

with drm(H

0

) =

N su
h that G

0

� H

0

. Let fU

1

; : : : ; U

4

g be the degree partition for G

0

and

fV

1

; : : : ; V

14

g the one for H

0

. We de�ne the sets W

rs

as in the proof of

Theorem 38.

As we have seen in the proof of Theorem 38 the pair (G

0

; H

0

) 
orresponds

to a nontrivial solution of (6). Below we will show, however, that (6) only
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allows the trivial solution. For simpli
ity reasons we will �rst restri
t the

length of the inje
tive distribution rows.

A vertex in 
lass U

1

has four neighbors in G

0

. A vertex in 
lass V

4

has

three neighbors in H

0

. This means that a vertex of U

1


an never be in V

4

,

i.e., W

1;4

is empty. Hen
e the set T (1; 4) is empty. By the same argument

we �nd that the sets T (r; s) with (r; s) = (1; 5); : : : ; (1; 14); (2; 9); : : : ; (2; 14);

(3; 12); : : : ; (3; 14) are empty.

A vertex in U

2

has a neighbor of degree four in G

0

. A vertex in V

1

does

not have a neighbor of degree four in H

0

. Hen
e the set T (2; 1) is empty. By

the same argument we ex
lude pairs (2; 2), (2; 3), (3; 1), (3; 2), (3; 3), (4; 1),

(4; 2), (4; 3).

Any vertex in U

4

has degree one in G

0

. Suppose u 2 U

4

belongs to V

4

.

So it does not have degree one in H

0

. Let v 2 U

1

be the (only) neighbor

of u in G

0

. Then v has degree four in G

0

and must belong to V

1

[ V

2

. The

other three neighbors of v all have degree greater than one in G

0

. However,

one of these three remaining neighbors of v must have degree one in H

0

.

Hen
e, the set T (4; 4) is empty. In the same way we may ex
lude pairs

(4; 5); : : : ; (4; 11).

Every vertex in W

2;4

needs a neighbor in W

3;1

or W

3;2

. These sets are

empty, sin
e both T (3; 1) and T (3; 2) are empty. Hen
e T (2; 4) is empty,

and 
onsequently, by a similar argument, T (3; 6) is empty. Furthermore,

T (2; 4) = ; implies that a vertex in W

1;2

does not have neighbor in W

3;7

.

Sin
e every vertex in W

3;7

must have a neighbor in W

1;2

, the latter implies

T (3; 7) = ;, and 
onsequently T (2; 5) = ;, whi
h implies T (3; 8) = ;.

Only the pairs (3; 4) and (3; 5) allow two inje
tive distribution rows, the

other pairs all allow one. So we have redu
ed the total number of feasible

inje
tive distribution rows to 4 � 14� 20� 9� 8� 5 + 2 = 16.

The equation (6) for p; q = 1; 1 and i; j = 2; 6 gives w

1;1

= w

2;6

. Anal-

ogously, w

1;1

= w

3;4(1)

while w

2;6

= w

3;4(1)

+ w

3;4(2)

. Hen
e w

3;4(2)

= 0.

Further w

3;4(2)

= w

1;2

= w

3;10

= w

2;6

, and w

1;2

= w

2;7

= w

3;11

= w

1;3

.

Consequently, w

1;1

= w

1;2

= w

1;3

= 0.

It 
an be further shown that (6) allows only trivial solution via values

of w

r;s

. However, at this moment we 
an already 
laim that no witnesses

G;H for M

9I

�! N exist, sin
e it is impossible to map verti
es from the �rst


lass of the degree partition of G on any vertex of H . �
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i 1 1 1 2 2 2 3 3 3 3 3 4 4 4

j 1 2 3 6 7 8 4 5 9 10 11 12 13 14

p

1;1

1 1 1 1

p

1;2

1 1 1 1

p

1;3

1 1 1 1

p

2;6

1 1 1

p

2;7

1 1 1

p

2;8

1 1 1

p

3;4(1)

1 1

p

3;4(2)

1 1

p

3;5(1)

1 1

p

3;5(2)

1 1

p

3;9

1 1

p

3;10

1 1

p

3;11

1 1

p

4;12

1

p

4;13

1

p

4;14

1

Table 1: The inje
tive distribution rows for M (only nonzero entries are

shown).
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7 Degree matrix 
omparison via lo
al surje
-

tivity

In this se
tion we 
onsider theMatrix Surje
tivity problem. LetM and

N be two degree matri
es for whi
h we have to de
ide whether M

9S

�! N .

By the same kind of arguments as in the proof of Proposition 35 we 
an

show it is suÆ
ient to 
ompare degree re�nement matri
es to ea
h other.

Proposition 41 Let M and N be matri
es in M. Then M

9S

�! N if and

only if drm(M)

9S

�! drm(N).

However, for an algorithm we 
annot use the same approa
h as for the

Matrix Inje
tivity problem immediately. Even if we 
onstru
t a graph

G with G

B

�! M , there is no evident rule (as given by Corollary 36 for

I

�!)

how to 
onstru
t some plausible graph H with H

B

�! N su
h that G

S

�! H

holds. The main theorem of the following se
tion shows how these initial

diÆ
ulties 
an be dissolved.

7.1 The graph 
onstru
tion theorem

In the following two lemmas we 
onsider some 
ases in whi
h the target

matrix N is relatively simple. These 
ases will be the basi
 
ases for the

graph 
onstru
tion in our main theorem.

Lemma 42 Let N 2 M be a degree matrix of order two with zeros on

the diagonal. Let G be a graph with G

S

�! N . Then for any graph H with

H

B

�! N there exists a 
onne
ted graph G

�

su
h that G

�

B

�! G and G

�

S

�! H.

G

�

B

-

G

H

B

-

S

-

N

S

-

Proof: Sin
e G

S

�! N , we have a partition fV

1

; V

2

g of V

G

satisfying equation

(3). Let H be an arbitrary graph with H

B

�! N witnessed by a partition

fW

1

;W

2

g of V

H

satisfying equation (1). We will 
onstru
t a graph G

�

su
h

that G

�

B

�!M and G

�

S

�! H .

Firstly, take an arbitrary mapping � : E

G

! f1; : : : ; n

1;2

g that is sur-

je
tive on edges in
ident with an arbitrary u 2 V

1

. Analogously take some

� : E

G

! f1; : : : ; n

1;2

g that is surje
tive on edges in
ident with any v 2 V

2

.
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G

�

(v; x

0

; y

0

)

(u; x; y)u

v

x x

0

y

0

y

G H

&

�(u; v)�(u; v)

�(u; v) �(u; v)

Figure 8: Constru
tion of the graph G

�

.

For ea
h vertex x 2W

1

we �x a numbering of its neighbors by fy

1

; : : : ; y

n

1;2

g.

Note that it is possible for a vertex y 2W

2

with neighbors x; x

0

to be y = y

i

in the numbering for x and y = y

j

in the numbering for x

0

su
h that i 6= j

holds. Analogously, for ea
h vertex y 2 W

2

we �x a numbering of its neigh-

bors by fx

1

; : : : ; x

n

2;1

g.

Then, for any x 2 W

1

and i; j 2 f1; : : : ; n

1;2

g we de�ne the a
tion

y

i

j

�!

x

y

(i+j) mod n

1;2

. (To be pre
ise, sin
e we do not start from 0, subtra
t 1

before taking modulo and add 1 after.) Note that both y

i

and y

(i+j) mod n

1;2

are neighbors of x. Analogously, for every y 2W

2

and i; j 2 f1; : : : ; n

2;1

g, we

de�ne the a
tion x

i

j

�!

y

x

(i+j) mod n

2;1

. Note that both x

i

and x

(i+j) mod n

2;1

are neighbors of y.

We are now ready to 
onstru
t the desired graph G

�

. We let

V

G

�

= V

G

�E

H

= f(t; x; y) j t 2 V

G

; x 2 W

1

; y 2W

2

; (x; y) 2 E

H

g:

The edges are de�ned as follows (See Figure 8):

((u; x; y); (v; x

0

; y

0

)) 2 E

G

�

()

8

>

>

>

<

>

>

>

:

(u; v) 2 E

G

and

y

�(u;v)

����!

x

y

0

and

x

0

�(u;v)

����!

y

0

x

(8)

To show G

�

B

�! G we de�ne the mapping f : (t; x; y) ! t. By the �rst


ondition of (8), the mapping f is a graph homomorphism. To argue that

it is lo
ally bije
tive observe that, whenever we take some (u; x; y) with

u 2 V

1

and a neighbor v of u, then there exist a unique x

0

2 W

1

su
h that
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x

0

�(u;v)

����!

y

0

x and a unique y

0

2 W

2

su
h that y

�(u;v)

����!

x

y

0

, i.e., there is only

one neighbor (v; x

0

; y

0

) of (u; x; y) that f maps to v. The lo
al bije
tivity

on verti
es (v; x

0

; y

0

) with v 2 V

2


an by shown analogously.

It remains to prove that G

�

S

�! H . We de�ne a mapping g : V

G

�

!

V

H

as follows: For u 2 V

1

we let g(u; x; y) = x and for v 2 V

2

we let

g(v; x

0

; y

0

) = y

0

. Consider any edge ((u; x; y); (v; x

0

; y

0

)) 2 E

G

�

. Sin
e y is

a neighbor of x and y

�(u;v)

����!

x

y

0

, vertex y

0

must be a neighbor of x, whi
h

implies that g is a homomorphism. To argue that it is lo
ally surje
tive,

we �x an arbitrary (u; x; y), where u 2 V

1

, and a neighbor y

0

of x. Then

there exist a unique q 2 f1; : : : ; n

1;2

g su
h that y

q

�!

x

y

0

. Further, by the

de�nition of � there is at least one neighbor v of u su
h that �(u; v) = q. To

ful�ll the lo
al surje
tivity 
ondition we take the unique vertex x

0

su
h that

x

0

�(u;v)

����!

y

0

x to 
onstru
t a neighbor (v; x

0

; y

0

) of (u; x; y) that is mapped

to y

0

. An analogous argument gives lo
al surje
tivity for verti
es (v; x

0

; y

0

)

with v 2 V

2

. �

The 
ase of matri
es of order one 
annot be treated dire
tly as in the

above 
ase. The reason is that the 
onstru
tion heavily depends on the

bipartition of the graph H , whi
h 
annot be assumed in this new setting.

We present here a useful tri
k (motivated by [12℄) that allows us to fo
us

on bipartite graphs.

Lemma 43 Let N 2M be a degree matrix of order one. Let G be a graph

with G

S

�! N . Then for any graph H with H

B

�! N there exists a 
onne
ted

graph G

�

su
h that G

�

B

�! G and G

�

S

�! H.

Proof: Let us �rst re
all the notion of Krone
ker double 
over G�K

2

of a

graph G. For verti
es we take twi
e the vertex set of G, i.e., V

G�K

2

= V

G

�

f1; 2g and de�ne the edges as E

G�K

2

= f((u; i); (v; j)) j (u; v) 2 E

G

; i 6=

jg. If the graph G is bipartite then its Krone
ker double 
over 
onsists

of two disjoint 
opies of G. Otherwise the resulting graph is 
onne
ted

and bipartite. In both 
ases it allows a lo
ally bije
tive homomorphism

� : G�K

2

B

�! G by the proje
tion to the �rst 
oordinate: �(u; i) = u.

For the proof of the lemma we take G

0

= G �K

2

, and H

0

= H �K

2

.

We de�ne the matrix

N

0

=

�

0 n

1;1

n

1;1

0

�

:
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Then H

0

B

�! N

0

, and we 
an apply Lemma 42 for N

0

; G

0

and H

0

. Any


omponent G

�

i

of the resulting graph G

�

satis�es G

�

i

B

�! G

0

B

�! G and

G

�

i

S

�! H

0

B

�! H , whi
h proves the statement. �

We now present our graph 
onstru
tion theorem.

Theorem 44 Let M and N be matri
es in M. The following statements

are equivalent.

(i) M

9S

�! N .

(ii) There exists a graph G su
h that G

B

�!M and G

S

�! N .

(iii) For any graph H su
h that H

B

�! N there exists a graph G

�

su
h that

G

�

B

�!M and G

�

S

�! H.

Proof: (iii) ) (i) This is trivially true sin
e M

9S

�! N requires the

existen
e of only a single pair G and H with G

B

�!M;H

B

�! N , and G

S

�! H .

(i)) (ii) Sin
e M

9S

�! N , there exist a graph G and a graph H su
h that

G

B

�! M;H

B

�! N and G

S

�! H . The 
omposition of G

S

�! H and H

B

�! N

gives G

S

�! N .

(ii) ) (iii) This is the 
ore impli
ation of the proof. Let M and N have

order k and l, respe
tively. Let G be the graph with G

B

�!M and G

S

�! N .

Sin
e G

S

�! N , we have a partition fV

1

; : : : ; V

l

g of V

G

satisfying equation

(3). Let H be an arbitrary graph with H

B

�! N witnessed by a partition

fW

1

; : : : ;W

l

g of V

H

satisfying equation (1). We will 
onstru
t a graph G

�

with G

�

B

�!M su
h that G

�

S

�! H via partition fV

�

1

; : : : ; V

�

l

g.

For 1 � i < j � l with n

i;j

> 0, let H

fi;jg

be the (bipartite) subgraph

of H indu
ed by W

i

[W

j

, and let G

fi;jg

be the (bipartite) subgraph of G

indu
ed by V

i

[ V

j

. For 1 � i � l with n

i;i

> 0, let H

fig

be the subgraph of

H indu
ed by W

i

, and let G

fig

be the subgraph of G indu
ed by W

i

.

For 1 � i < j � l with n

i;j

> 0, we 
onstru
t a graph G

fi;jg�

as in

the proof of Lemma 42. Re
all that V

G

fi;jg�


onsists of all verti
es (u; x; y)

with u 2 V

G

fi;jg

; x 2 W

i

; y 2 W

j

su
h that (x; y) 2 E

H

fi;jg

, and we de�ned

edges in su
h a way that we have mappings f

fi;jg

: G

fi;jg�

B

�! G

fi;jg

, and

g

fi;jg

: G

fi;jg�

S

�! H

fi;jg

. Let V

G

fi;jg�

= V

fi;jg�

i

[ V

fi;jg�

j

, su
h that g

fi;jg

maps all verti
es in V

fi;jg�

i

into verti
es of the blo
k W

i

and all verti
es in

V

fi;jg�

j

into verti
es of W

j

.

For 1 � i � l with n

i;i

> 0, we de�ne a graph G

fig�

as in the proof

of Lemma 43. Note that this graph is in fa
t 
onstru
ted in Lemma 42
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for the produ
t graphs G

fig

� K

2

, whose verti
es (u; i) we below denote

as u

i

, and H

fig

� K

2

, whose verti
es (x; i) will be denoted as x

i

. So the

vertex set of G

fig�


onsists of all verti
es (u

1

; x

1

; y

2

) and (u

2

; y

1

; x

2

) with

u 2 V

G

fig

; x; y 2 W

i

su
h that (x; y) 2 E

H

fig

, and its edges have been

de�ned in su
h a way that we have mappings f

fig

: G

fig�

B

�! G

fig

, and

g

fig

: G

fig�

S

�! H

fig

. We denote the vertex set of G

fig�

by V

fig�

i

.

Let F

N

be the (symmetri
 dire
ted) quotient graph of N , where V

F

N

=

f1; 2; : : : ; lg, su
h that vertex i 
orresponds to the i-th row and 
olumn of

N . Re
all that (i; j); (j; i) with i < j are ar
s in F

N

if and only if n

i;j

> 0

(and 
onsequently n

j;i

> 0, sin
e N is a degree matrix), and that (i; i) is

a loop in F

N

if and only if n

i;i

> 0. We de�ne a variable �

e

> 0 for ea
h

e = fi; jg that 
orresponds to ar
s (i; j); (j; i) with i < j in F

N

and for ea
h

e = fig that 
orresponds to a loop (i; i) in F

N

. We show that we 
an de�ne

the blo
k sizes of G

�

as

jV

�

i

j = �

e

� jV

e�

i

j whenever i 2 e;

for some appropriate values for the variables �

e

. In order to see this, we

�rst note that, for some ar
 (i; j) in F

N

with i 6= j, the sizes of sets V

�

i

and

V

�

j

are uniquely determined if we �x �

fi;jg

> 0. Suppose (j; j) is a loop in

F

N

. Then also �

fjg

is unique determined. Suppose (j; h) is an ar
 in F

N

with j 6= h. Then also �

fj;hg

is uniquely determined, and so on. Sin
e F

N

is 
onne
ted, this way values of all variables �

e

are determined. In order to

see that the 
y
les in F

N

do not 
ause any 
on
i
ts, 
onsider the following

equation, whi
h expresses the size of V

�

i

� V

fi;jg�

i

, for some ar
 (i; j) in F

N

,

in terms of the blo
k sizes of the original graphs G and H .

jV

�

i

j = �

fi;jg

� jV

fi;jg�

i

j = �

fi;jg

� jV

i

j � jE

H

fi;jg

j = �

fi;jg

� jV

i

j � jW

i

j � n

i;j

(9)

Assume without loss of generality that F

N


ontains a 
y
le 1; : : : ; 
; 1. Then

the size of V

�





an be expressed in two ways as

jV

�

1

j �

jV




j

jV

1

j

�

jW




j

jW

1

j

�

n


;1

n

1;


= jV

�




j = jV

�

1

j �

jV




j

jV

1

j

�

jW




j

jW

1

j

�


�1

Y

j=1

n

j+1;j

n

j;j+1

:

Here in the �rst 
ase we have 
onsidered only the ar
 (1; 
), while in the other

we have iterated (9) along the path 1; 2; : : : ; 
. As ea
h 
y
le of F

N

satis�es

the 
y
le produ
t identity due to Theorem 17, the two expressions above


ause no 
on
i
t. Hen
e, values for all �

e


an be derived from a single entry
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�

fi;jg

> 0 regardless whi
h paths were used during the 
omputation. Sin
e

all 
oeÆ
ients in the system of linear equations determining the values for

the variables �

e

are integers, we may assume that the 
hosen values �

e

> 0

are integer as well.

We now show how we 
onstru
t the desired graph G

�

on blo
ks V

�

i

with

blo
k sizes jV

�

i

j = �

e

jV

e�

j, where e = fi; jg for some ar
 (i; j) in F

N

. For

ea
h e that 
orresponds to an ar
 in F

N

, we take �

e


opies of G

e�

.

Suppose (i; j) is an ar
 in F

N

with i < j. Fix a vertex u 2 V

i

and a

vertex x 2 W

i

. Then the total number of verti
es (u; x; y) with y 2 W

j

in

the disjoint union of the �

fi;jg


opies V

fi;jg�

i

has size �

fi;jg

n

i;j

. For any

other ar
 (i; h) in F

N

with i 6= h, the total number of verti
es (u; x; z) (or

(u; z; x) if i < h) with z 2 W

h

in the disjoint union of the �

fi;hg


opies

of V

fi;hg�

i

has size �

fi;hg

n

i;h

. Sin
e �

fi;jg

jV

i

jjW

i

jn

i;j

= �

fi;jg

jV

fi;jg�

i

j =

�

fi;hg

jV

fi;hg�

i

j = �

fi;hg

jV

i

jjW

i

jn

i;h

, we �nd that

�

fi;jg

n

i;j

= �

fi;hg

n

i;h

:

If (i; i) is a loop in F

N

, then, in the same way, we �nd that the total number

of verti
es (u

1

; x

1

; x

0

2

) and (u

2

; x

0

1

; x

2

) with x

0

2 W

i

in the disjoint union of

the �

fig


opies of V

fig�

is equal to �

fig

n

i;i

= �

fi;jg

n

i;j

. This means that,

for p = 1; : : : ; �

fi;jg

n

i;j

, we 
an take a vertex from ea
h disjoint union of �

e


opies of V

e�

i

with i 2 e, and merge them into a single vertex (u; x)

p

. We do

this for ea
h pair (u

0

; x

0

) with u

0

2 V

i

and x

0

2W

i

, and this way we obtain

the blo
k V

�

i

of desired size jV

i

j

�

= �

fi;jg

n

i;j

jV

i

jjW

i

j = �

fi;jg

jV

fi;jg�

i

j. After

performing su
h a series of uni�
ation for all i = 1; : : : ; l, we get the desired

graph G

�

.

The mapping G

�

B

�! G is the proje
tion to the original verti
es of G,

i.e., (u; x)

p

! u. The mapping G

�

S

�! H follows from the partial mappings

g

fi;jg

and g

fig

, i.e., (u; x)

p

! x. (If G

�

is dis
onne
ted, we take one of its


omponents.) �

7.2 Computational 
omplexity

We are now ready to show 
omputational 
omplexity of the Matrix Sur-

je
tivity problem, i.e., de
iding if M

9S

�! N for two degree matri
es M

and N . Re
all that m

�

= max(f2g [ fm

i;j

j 1 � i; j � kg) for a matrix M

of order k with M

i;j

= m

i;j

.
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Theorem 45 For two 
onne
ted degree matri
es M and N of order k and

l respe
tively, M

9S

�! N holds if and only if there exists a graph G of size

(klm

�

)

O(k

2

l

2

)

su
h that G

B

�! N and G

S

�!M .

Proof: LetM;N 2 M be two degree matri
es of order k and l respe
tively.

Throughout this proof we assume that indi
es i; j; r; s used later always

belong to feasible intervals 1 � i; r � k and 1 � j; s � l. Just as in the

proof of Theorem 38, we often abbreviate pairs of sub-/super-s
ripts i; j by

ij.

Suppose M

9S

�! N holds. Due to Theorem 44, we �nd that there exists

a graph G su
h that G

B

�!M and G

S

�! N . Let fU

1

; : : : ; U

k

g be a partition

of V

G

for G

B

�! M , and fV

1

; : : : ; V

l

g be a partition of V

G

for G

S

�! N . For

ea
h pair of indi
es r and s we de�ne the set W

rs

= fv j v 2 U

r

\ V

s

g,

and for ea
h vertex u 2 W

rs

� V

G

we 
an write a ve
tor p(u) = (jN

G

(u) \

W

11

j; : : : ; jN

G

(u)\W

kl

j) des
ribing the distribution of neighbors of u in the


lasses W

11

; : : : ;W

kl

.

We �rst 
onsider the stru
ture of su
h ve
tors. Let p

rs

be a ve
tor of

length kl whose entries are nonnegative integers and are indexed by pairs

ij. If the ve
tor p

rs

further satis�es

l

X

j=1

p

r;s

i;j

= m

r;i

for all 1 � i � k; (10)

n

s;j

> 0 )

k

X

i=1

p

r;s

i;j

� n

s;j

for all 1 � j � l: (11)

n

s;j

= 0 )

k

X

i=1

p

r;s

i;j

= 0 for all 1 � j � l: (12)

then we 
all p

rs

a surje
tive distribution row for indi
es r and s. Due to

(10), the set

T (r; s) = fp

rs(1)

; : : : ;p

rs(t(r;s))

g

of surje
tive distribution rows is bounded by t(r; s) �

�

m

�

+l�1

m

�

�

k

= O((m

�

+

1)

kl

) for every pair of indi
es r; s. The total number of distribution rows is

then

t

0

=

X

r;s

t(r; s) = O(kl(m

�

+ 1)

kl

):
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The ve
tor w with entries w

rs(t)

= jfu : p(u) = p

rs(t)

gj is a nontrivial so-

lution of the following homogeneous system of k

2

l

2

equations in t

0

variables

t(r;s)

X

t=1

p

rs

ij

(t)

w

rs(t)

=

t(i;j)

X

t

0

=1

p

ij(t

0

)

rs

w

ij(t

0

)

1 � i; r � k; 1 � j; s � l;(13)

sin
e in ea
h equation both sides are equal to the number of edges 
onne
ting

sets W

rs

and W

ij

.

So the system (6) has a nontrivial nonnegative solution. Note that all


oeÆ
ients p

rs(t)

ij

of this system are at most m

�

. Then, by Lemma 37, we

�nd a nontrivial nonnegative integer solution whose entry sizes are bounded

by O(k

2

l

2

log(klm

�

)). We use this solution to 
onstru
t a graph G

0

of size

hG

0

i = (klm

�

)

O(k

2

l

2

)

, su
h that G

0

B

�! M and G

0

S

�! N , analogously to the


onstru
tion of the graph for the lo
ally inje
tive homomorphisms in the

proof of Theorem 38.

For the other dire
tion of the proof, suppose there exists a graph G of

size (klm

�

)

O(k

2

l

2

)

su
h that G

B

�! M and G

S

�! N . Then M

9S

�! N holds

due to Theorem 44. �

We 
an now settle the 
omputational 
omplexity result for the follow-

ing matrix 
omparison problem. The proof is analogous to the proof of

Corollary 39.

Corollary 46 The Matrix Surje
tivity problem belongs to the 
om-

plexity 
lass NP.

Another 
orollary of our proof te
hnique is that for a given 
onne
ted

graph G, if the drm(G)

9S

�! drm(H) heuristi
 for the G

S

�! H question

gives an aÆrmative answer, then this implies the existen
e of an in�nite set

of 
onne
ted graphs G

0

for whi
h drm(G

0

) = drm(G) and G

0

S

�! H (this

follows easily from 
ase (iii) of Theorem 44).

8 Con
lusion

We have shown that graph homomorphisms with lo
al 
onstraints impose

interesting orders not only on the 
lass of graphs but also on the 
lass of

degree (re�nement) matri
es, and given algorithms for matrix 
omparability

under these orders. We have also shown that these degree matri
es arising

from equitable partitions 
an be eÆ
iently re
ognized.
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There are several avenues for future work. On the 
omputational side

we may ask if Matrix Inje
tivity (M

9I

�! N) and Matrix Surje
tiv-

ity (M

9S

�! N) are NP-
omplete, also for small, �xed degree matri
es N .

Here we have only partial results. It would also be ni
e to �nd 
ombina-

torial 
onstraints on pairs of degree re�nement matri
es equivalent to the

existentially de�ned relations M

9I

�! N and M

9S

�! N .

Finally, we would like to stress the fa
t that we have restri
ted ourselves

to 
onne
ted graphs only for the 
larity of presentation. Our methods and

results 
an be straightforwardly generalized to dis
onne
ted graphs.
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