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Abstra
t

In [6, 7℄ we were 
on
erned with the separation properties of

two 
onvex polyhedral sets, whi
h have parameters situated in

the right-hand side and in one 
olumn of the 
onstraint matrix,

respe
tively. In this paper we study the separation properties of

two 
onvex polyhedral sets for the 
ase there are parameters in

one row of the 
onstraint matrix. Espe
ially, we deal with the

existen
e, des
ription and stability properties of the separating

hyperplanes of su
h 
onvex polyhedral sets. Brie
y, we are also

interested in supporting separation (separating hyperplanes sup-

ports 
onvex polyhedral sets at given fa
es).

Keywords: separating hyperplane, supporting hyperplane, parameters, 
on-

vex polyhedra, solution set, stability set.

1 Introdu
tion

Separation is a famous and important prin
iple useful not only in optimiza-

tion theory, but for various appli
ations as well. There are several kinds

of separability of 
onvex sets (
f. [9℄). For the purpose of this paper we

introdu
e the following one.
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De�nition 1. Sets X;Y � R

n

are 
alled strongly separable if dimX =

dimY = n and there exists a hyperplane R = fx 2 R

n

j r

T

x = sg su
h

that X � R

�

= fx 2 R

n

j r

T

x � sg, and Y � R

+

= fx 2 R

n

j r

T

x � sg

hold. R is 
alled the separating hyperplane of the sets X; Y .

We will use the following well known separation theorem (see e.g. [3, 8℄):

Theorem 1. Convex sets X; Y � R

n

are strongly separable if and only if

dimX = dimY = n, and intX \ int Y = ;.

In this arti
le we deal with two 
onvex polyhedral sets (

e

A 2 R

m�n

,

e

C 2 R

l�n

,

e

b 2 R

m

,

e

d 2 R

l

):

M

1

� fx 2 R

n

j

e

Ax �

e

bg; (1)

M

2

� fx 2 R

n

j

e

Cx �

e

dg; (2)

In [6℄ we derived the basi
 separation properties of the sets (1), (2) with

parameters in the right-hand side of inequalities. Some of the results ob-

tained there, whi
h we need for the purpose of this paper, will be presented

at the end og this se
tion. In next se
tions we study separation for the


ases there are parameters in one row of the matrix

e

A. In dealing with

parameters, we were inspired by [1, 2, 10℄. We will de�ne so 
alled solution

set and in the sequel so 
alled stability sets. For de�nition of stability sets

we use the expli
it des
ription of all separating hyperplanes of two �xed


onvex polyhedral sets from [4, 5℄.

Let us introdu
e some notation. Given a matrix M, the expressions

M

i;�

, M

�;j

denote i-th row and j-th 
olumn of the matrix M, respe
tively.

For given ve
tors a;b 2 R

k

, the expression a < b means a

i

< b

i

8i. For

any set X let us denote by X , intX , dimX , 
onvX and X

?

the 
loser, the

interior, the dimension, the 
onvex hull, and the orthogonal 
omplement of

X , respe
tively.

De�nition 2. The basis of a 
onvex polyhedral set des
ribed by Mx =

v; x � 0 (M 2 R

m�n

, v 2 R

m

, m � n) is any ve
tor B 2 f1; : : : ; ng

m

for

whi
h rank(M

B

) = m (where M

B

means the restri
tion of the matrix M

to the basi
 
olumns). A basis B is feasible, if M

�1

B

v � 0.

The sub-basis of the 
onvex polyhedral set des
ribed by Mx � v (M 2

R

m�n

, v 2 R

m

) is any ve
tor S 2 f1; : : : ;mg

k

, 1 � k � n, for whi
h

rank(M

S

) = k holds (where M

S

in this 
ase means the restri
tion of the

matrix M to the sub-basi
 rows). The sub-basis S is 
alled feasible, if
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fx 2 R

n

jM

S

x = v

S

; M

N

x � v

N

g 6= ; for N = f1; : : : ;mg n S. The basis

of Mx � v is any n-elemental sub-basis.

Let us introdu
e

Q

�

�

n

(u;v; v

l+1

) 2 R

m+l+1

j

0

�

e

A

T

e

C

T

0

e

b

T

e

d

T

1

1

T

1

T

0

1

A

 

u

v

v

l+1

!

=

 

0

0

1

!

;

(u;v; v

l+1

) � 0

o

:

(3)

The set Q

�

enables us to des
ribe all separating hyperplanes ofM

1

; M

2

from (1), (2). Theorem 2 
omes from [6℄, Theorem 3 is a dire
t 
onsequen
e

of theorems from [5℄, [6℄.

Theorem 2. Suppose that dimM

1

= dimM

2

= n; intM

1

\ intM

2

= ;.

Let (u;v; v

l+1

) 2 Q

�

; u

T

e

A 6= 0

T

, and � 2 h0; v

l+1

i is arbitrary. Then

R = fx 2 R

n

j u

T

(

e

Ax�

e

b) = �g (4)

represents a separating hyperplane of the 
onvex polyhedral sets M

1

; M

2

.

Conversely, any separating hyperplane R of M

1

; M

2

we 
an express in the

form of (4) for a 
ertain (u;v; v

l+1

) 2 Q

�

; u

T

e

A 6= 0

T

, and � 2 h0; v

l+1

i.

Theorem 3. Let dimM

1

= dimM

2

= n. Then the 
onvex sets M

1

, M

2

are strongly separable if and only if Q

�

6= ;:

2 Solution set

In this paper we are 
on
erned with the situation when the �xed values of

one row of the matrix

e

A from (1) (and the 
orresponding right-hand side)

are repla
ed by parameters. We 
onsider the following family of 
onvex

polyhedral sets

M

1

(�; �) � fx 2 R

n

j Ax � b; �

T

x � �g (5)

and the 
onvex polyhedral set

M

2

� fx 2 R

n

j Cx � dg; (6)
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where A 2 R

(m�1)�n

; C 2 R

l�n

; b 2 R

m�1

; d 2 R

l

, m > 1; l > 0 are

�xed and � 2 R

n

; � 2 R are parameters. Let us introdu
e

M

1

� fx 2 R

n

j Ax � bg: (7)

De�nition 3. The solution set (for the strong separability of the 
onvex

polyhedral set M

1

(�; �) from (5) and M

2

from (6)) is the set of all values

of parameters (�; �) 2 R

n+1

for whi
h the 
onvex polyhedral sets M

1

(�; �),

M

2

are strongly separable.

From now on we suppose that dimM

1

= dimM

2

= n. Otherwise the

solution set is empty.

Theorem 4. Denote by g

k

; k 2 L, any basis of the lineality spa
e L �

fx 2 R

n

j Ax = 0g, denote by x

i

; i 2 V , all verti
es and h

j

; j 2 H, all

extremal dire
tions

*

of the 
onvex polyhedral set M

1

\ L

?

. Then the set of

all (�; �) 2 R

n+1

satisfying M

1

(�; �) 6= ;, has the des
ription

R

n+1

n P ;

where P is the 
onvex 
one with des
ription

P = f(�; �) 2 R

n+1

jx

T

i

� > � 8i 2 V; h

T

j

� � 0 8j 2 H; (8)

g

T

k

� = 0 8k 2 Lg:

Proof. Let (�; �) 2 R

n+1

be given arbitrarily. Ea
h point x 2 M

1


an be

(a

ording to [11, Assertions 7.2
, 7.3d℄) expressed as follows

x =

X

i2V

�

i

x

i

+

X

j2H

�

j

h

j

+

X

k2L




k

g

k

;

where

P

i2V

�

i

= 1; �

i

� 0; i 2 V; �

j

� 0; j 2 H , 


k

2 R; k 2 L, and

V 6= ; (from the assumption dimM

1

= n). If (�; �) 2 P , then

x

T

� =

X

i2V

�

i

x

T

i

�+

X

j2H

�

j

h

T

j

�+

X

k2L




k

g

T

k

� >

X

i2V

�

i

� = �

and M

1

(�; �) = ;. Conversely, if (�; �) 62 P , then it would o

ur one of

the following three possibilities. Either x

T

i

� � � holds for a 
ertain i 2 V ,

and therefore x

i

2 M

1

(�; �) 6= ;. Or h

T

j

� < 0 holds for a 
ertain j 2 H .

*

ve
tors in dire
tions of unbounded edges
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Consider a point x




� x

1

+ 
:h

j

; 
 � 0, where x

1

is any vertex of M

1

\L

?

.

Then for an arbitrary 
 � max

n

��x

T

1

�

h

T

j

�

; 0

o

we have x

T




� = x

T

1

�+
h

T

j

� � �,

and thus x




2 M

1

(�; �) 6= ;. The third possibility is that g

T

k

� 6= 0 holds

for a 
ertain k 2 L. Without the loss of generality assume that g

T

k

� < 0.

Denote by x

1

any vertex ofM

1

\L

?

. Then the ve
tor x




� x

1

+
g

k

belongs

to M

1

for all 
 2 R and for any 
 �

��x

T

1

�

g

T

k

�

we have x




2M

1

(�; �) 6= ;.

Theorem 5. Let (�; �) 2 R

n+1

be given arbitrarily. The set of all values

of parameters (�; �) 2 R

n+1

satisfying dimM

1

(�; �) = n, is equal to

R

n+1

n P ;

where P is the 
loser of the 
onvex 
one from (8) des
ribed by

P = f(�; �) 2 R

n+1

j x

T

i

� � � 8i 2 V; h

T

j

� � 0 8j 2 H; g

T

k

� = 0 8k 2 Lg:

(9)

Proof. Let (�; �) 2 R

n+1

be given arbitrarily. Ea
h point x 2 M

1


an be

(a

ording to [11℄) expressed as follows

x =

X

i2V

�

i

x

i

+

X

j2H

�

j

h

j

+

X

k2L




k

g

k

;

where

P

i2V

�

i

= 1; �

i

� 0; i 2 V; �

j

� 0; j 2 H , 


k

2 R 8k 2 L, and

V 6= ; (from the assumption dimM

1

= n). If (�; �) 2 P , then

x

T

� =

X

i2V

�

i

x

T

i

�+

X

j2H

�

j

h

T

j

�+

X

k2L




k

g

T

k

� �

X

i2V

�

i

� = �

and a

ording to the des
ription (5) of M

1

(�; �) we have x

T

� = �. Hen
e

the relation dimM

1

(�; �) < n holds. Conversely, if (�; �) 62 P, then it

would o

ur one of the following three possibilities. Either x

T

i

� < � holds

for a 
ertain i 2 V , and therefore dimM

1

(�; �) = n. Or h

T

j

� < 0 holds

for a 
ertain j 2 H . Consider the point x




� x

1

+ 
:h

j

; 
 > 0, where x

1

is any vertex of M

1

\ L

?

. Then for an arbitrary 
 > max

n

��x

T

1

�

h

T

j

�

; 0

o

we

have x

T




� = x

T

1

�+ 
h

T

j

� < � and arbitrarily 
lose to this point there is an

interior point of M

1

(�; �). Hen
e dimM

1

(�; �) = n. The third possibility

is that g

T

k

� 6= 0 holds for a 
ertain k 2 L. Without the loss of generality

assume that g

T

k

� < 0. If x

1

is any vertex of M

1

\ L

?

, then the ve
tor
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x




� x

1

+ 
g

k

belongs to M

1

for all 
 2 R. For any 
 >

��x

T

1

�

g

T

k

�

we have

x




2 M

1

(�; �) and arbitrarily 
lose to this point there is an interior point

of M

1

(�; �).

Remark 1. (The des
ription of the solution set) Let us introdu
e

W � f(�; �) 2 R

n+1

j intM

1

(�; �) \ intM

2

= ;g: (10)

Then a

ording to Theorem 1 and 5 the solution set is formed by the fol-

lowing (generally non
onvex) polyhedral set

(R

n+1

n P) \W =W nP : (11)

If intM

1

\ intM

2

= ;, then for all (�; �) 2 R

n+1

we have intM

1

(�; �)\

intM

2

= ;, W = R

n+1

and the solution set is formed by R

n+1

n P. Hen
e

the 
onvex polyhedral sets M

1

(�; �), M

2

are strongly separable whenever

dimM

1

(�; �) = n. Consider the situation that intM

1

\ intM

2

6= ;. Sin
e

intM

1

\ intM

2

6= ; holds if and only if dim (M

1

\M

2

) = n, we 
an apply

the statement of Theorem 5 to the set

M

1

\M

2

= fx 2 R

n

j Ax � b; Cx � dg

with the added inequality �

T

x � �. If we denote L

12

� fx 2 R

n

j Ax =

0; Cx = 0g and by g

k

, k 2 L

0

any basis of the lineality spa
e L

12

, we

obtain the following relation

W = f(�; �) 2 R

n+1

j x

T

i

� � � 8i 2 V

0

; h

T

j

� � 0 8j 2 H

0

;

g

T

k

� = 0 8k 2 L

0

g;

(12)

where x

i

; i 2 V

0

, are all verti
es and h

j

; j 2 H

0

all extremal dire
tions of

the 
onvex polyhedral set M

1

\M

2

\ L

?

12

.

Note that the des
ription (12) for the set W 
annot be used in the 
ase

that 0 < dim (M

1

\M

2

) < n holds.

Theorem 6. For the sets P from (9) andW from (10) the in
lusion P � W

holds.

Proof. If (�

0

; �

0

) 62 U , then int M

1

(�

0

; �

0

) 6= ; a hen
e dim M

1

(�

0

; �

0

) =

n. Therefore (�

0

; �

0

) 62 P .
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3 Spe
ial 
ases

Let us 
onsider some spe
ial 
ases of the family of 
onvex polyhedral sets

M

1

(�; �) from (5).

3.1 One parameter

Let us 
onsider only one parameter in the des
ription (5) of the 
onvex

polyhedral set M

1

(�; �), without the loss of generality at the �rst position.

Thus

M

1

(�) � fx 2 R

n

j Ax � b; (�; r

T

)x � sg;

M

2

� fx 2 R

n

j Cx � dg;

where A 2 R

(m�1)�n

; C 2 R

l�n

; b 2 R

m�1

; d 2 R

l

, r 2 R

n�1

, s 2 R

are known values and � 2 R is a parameter. Then sets W from (12) and P

from (9) are des
ribed as follows

W = f� 2 R jx

T

i

�

�

r

�

� s 8i 2 V

0

; h

T

j

�

�

r

�

� 0 8j 2 H

0

;

g

T

k

�

�

r

�

= 0 8k 2 L

0

g;

P = f� 2 R jx

T

i

�

�

r

�

� s 8i 2 V; h

T

j

�

�

r

�

� 0 8j 2 H;

g

T

k

�

�

r

�

= 0 8k 2 Lg:

The sets W , P represent real intervals (not ne
essary bounded), hen
e the

solution set W nP represents a union of at most two real intervals. There-

fore the solution set for this 
ase is not generally 
onvex.

3.2 Linear stru
ture with one parameter

Let us 
onsider one parameter with a �xed dire
tion in this way

M

1

(�) � fx 2 R

n

j Ax � b; (r + �r

0

)

T

x � s+ �s

0

g;

M

2

� fx 2 R

n

j Cx � dg;
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where A 2 R

(m�1)�n

; C 2 R

l�n

; b 2 R

m�1

; d 2 R

l

, r; r

0

2 R

n

, s; s

0

2 R

are known values and � 2 R a parameter. Then sets W from (12) and P

from (9) has the following des
ription

W = f� 2 R jx

T

i

(r+ �r

0

) � s+ �s

0

8i 2 V

0

; h

T

j

(r+ �r

0

) � 0 8j 2 H

0

;

g

T

k

(r+ �r

0

) = 0 8k 2 L

0

g;

P = f� 2 R jx

T

i

(r+ �r

0

) � s+ �s

0

8i 2 V; h

T

j

(r+ �r

0

) � 0 8j 2 H;

g

T

k

(r+ �r

0

) = 0 8k 2 Lg:

The sets W , P represent real intervals (not ne
essary bounded), hen
e the

solution set W nP represents a union of at most two real intervals. There-

fore the solution set also for this 
ase is not generally 
onvex.

3.3 A permanent separating hyperplane

Consider M

1

(�; �) from (5) with the property (�; �) 2 Z , where Z � R

n+1

is a 
onvex polytope. Without the loss of generality assume that Z \P = ;

(otherwise we restri
t the set to ZnP). The question is whether there exists

a separating hyperplane R su
h that:

M

1

(�; �) � R

�

8(�; �) 2 Z ; M

2

� R

+

:

Su
h a separating hyperplane R is 
alled permanent . We 
he
k the ex-

isten
e of a permanent separating hyperplane by the following pro
ess:

Compute the 
onvex hull 
onv

�

[

(�;�)2Z

M

1

(�; �)

�

and 
he
k separabil-

ity of this 
onvex hull and the set M

2

. Proposition 1 says how to 
ompute

[

(�;�)2Z

M

1

(�; �). This set represents a polyhedral set, but generally not


onvex { see Example 1.

Assertion 1. Let (r

i

; s

i

); i 2 V be all verti
es of 
onvex polytope Z. Then

[

(�;�)2Z

M

1

(�; �) =

[

i2V

M

1

(r

i

; s

i

):

Proof. Let (�

1

; �

1

); (�

2

; �

2

) 2 Z . It is suÆ
ient to prove that for a 
onvex


ombination (�




; �




) � q(�

1

; �

1

) + (1� q)(�

2

; �

2

), q 2 (0; 1), the in
lusion

M

1

(�




; �




) � (M

1

(�

1

; �

1

) [M

1

(�

2

; �

2

)) :

8



holds. To prove this in
lusion it is suÆ
ient to prove the following relation

fx 2 R

n

j �

T




x � �




g �

�

fx 2 R

n

j �

T

1

x � �

1

g [ fx 2 R

n

j �

T

2

x � �

2

g

�

:

This relation we prove by 
ontradi
tion. Suppose that for a 
ertain point

x

0

2 R

n

�

T

1

x

0

> �

1

; �

T

2

x

0

> �

2

; and �

T




x

0

� �




hold. If we multiply the �rst inequality by a number q > 0 and the se
ond

inequality by a number 1� q > 0, we obtain

q�

T

1

x

0

+ (1� q)�

T

2

x

0

> q�

1

+ (1� q)�;

i.e. �

T




x

0

> �




; whi
h 
ontradi
ts our assumption.

Example 1. Given

A =

 

0 �1

�5 2

�1 6

!

; b =

 

0

0

28

!

;

Z = f(�; �) 2 R

3

j �

1

= 1; j�

2

j � 1; � = 2�

2

+ 4g:

We 
ompute the set [

(�;�)2Z

M

1

(�; �). The 
onvex polytope Z 
ontains

two verti
es, (r

1

; s

1

) = (1; 1; 6), (r

2

; s

2

) = (1;�1; 2). Hen
e the 
onvex hull


onv

�

[

(�;�)2Z

M

1

(�; �)

�

we obtain as 
onv

�

M

1

(r

1

; s

1

) [M

1

(r

2

; s

2

)

�

(for

an expli
it des
ription of 
onvex hull see [5℄), whi
h represents a 
onvex

polytope with verti
es (0; 0), (6; 0), (8; 6), (2; 5) and is des
ribed by the

following system of inequalities

0

B

�

0 �1

�5 2

�1 6

3 �1

1

C

A

x �

0

B

�

0

0

28

18

1

C

A

:

4 Des
ription of separating hyperplanes

Let us introdu
e

Q

�

(�; �) �

n

(u; u

m

;v; v

l+1

) 2 R

m+l+1

j Z(�; �)

0

B

B

�

u

u

m

v

v

l+1

1

C

C

A

= z;

(u; u

m

;v; v

l+1

) � 0

o

;

(13)
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2 4 6 8 10

2

4

6

�2

x

1

x

2

0

x

1

� x

2

= 2

[2; 5℄

[8; 6℄

x

1

+ x

2

= 6

M

1

[

(�;�)2Z

M

1

(�; �)

Figure 1: Illustration to Example 1.

where

Z(�; �) �

0

�

A

T

� C

T

0

b

T

� d

T

1

1

T

1 1

T

0

1

A

; z �

0

�

0

0

1

1

A

: (14)

From Theorem 2 we obtain the expli
it des
ription of all separating hyper-

planes of the 
onvex polyheral setsM

1

(�; �),M

2

for (�; �) from the solution

set W n P.

Assertion 2. Let (�; �) 2 W n P and (u; u

m

;v; v

l+1

) 2 Q

�

(�; �). Suppose

that u

T

A+ u

m

�

T

6= 0

T

; and � 2 h0; v

l+1

i is aritrary. Then

R = fx 2 R

n

j (u

T

A+ u

m

�

T

)x� (u

T

b+ u

m

�) = �g (15)

represents a separating hyperplane of the 
onvex polyhedral setsM

1

(�; �); M

2

.

Conversely, any separating hyperplane R of the 
onvex polyhedral setsM

1

(�; �),

M

2


an be expressed in the form (15) for a 
ertain (u; u

m

;v; v

l+1

) 2 Q

�

(�; �),

u

T

A+ u

m

�

T

6= 0

T

and � 2 h0; v

l+1

i.

10



5 Stability sets

Stability sets in the situation when are parameters in one row of the 
on-

straint matrix from the des
ription of the 
onvex polyhedral set M

1

(�; �)

from (5) will be de�ned in the same way as stability set in [6, 7℄. I.e., on

stability sets there will be preserved all feasible bases of Q

�

(�; �).

De�nition 4. Let (r; s) 2 W n P be arbitrary and let us denote by S the

system of all feasible bases of the 
onvex polyhedral set Q

�

(r; s). Then

the stability set , 
orresponding to the system S, is the interse
tion of the

solution set W n P and the 
loser of the set of all (�; �) 2 R

n+1

for whi
h

S represents the system of all feasible bases of the 
onvex polyhedral set

Q

�

(�; �).

Note that we require stability sets to be 
losed only for the sake of

simpli
ity of their des
ription.

Now we derive a des
ription of stability sets. Let (r; s) 2 W n P and

B arbitrary basis of the 
onvex polyhedral set Q

�

(r; s). If m 62 B, then

the basis B remain feasible for all (�; �) 2 W n P . Thus 
onsider the 
ase,

when m 2 B, i.e. m = B

k

for a 
ertain k 2 f1; : : : ; n+2g. Let us introdu
e

D(�; �) � Z

B

(�; �), D � D(r; s). The basis B remain feasible for all

(�; �) 2 R

n+1

satisfying

D

�1

(�; �)z � 0: (16)

Moreover, let us de�ne ve
tors p;
e
q;q 2 R

n+2

in this way

p � e

k

(unit ve
tor);
e
q �

0

�

�� r

� � s

0

1

A

; q �

0

�

�

�

0

1

A

: (17)

Under the assumption that 1 + p

T

D

�1

e
q 6= 0 we have a

ording to the

familiar Sherman{Morrison formula

D

�1

(�; �) = (D+
e
qp

T

)

�1

= D

�1

�

D

�1

e
qp

T

D

�1

1 + p

T

D

�1

e
q

:

For the 
hoi
e � = r, � = s is the denominator 1 + p

T

D

�1

e
q = 1 positive

number, thus we will 
onsider in addition the 
ondition

1 + p

T

D

�1

e
q > 0: (18)

11



Let us rearrange the expression (16)

D

�1

(�; �)z � 0;

�

D

�1

�

D

�1

e
qe

T

k

D

�1

1 + e

T

k

D

�1

e
q

�

e

n+2

� 0;

D

�1

�;n+2

�

D

�1

e
qD

�1

k;n+2

1 +D

�1

k;�

e
q

� 0:

Under the assumption (18) is this inequality equivalent with

D

�1

�;n+2

+ (D

�1

k;�

e
q)D

�1

�;n+2

�D

�1

k;n+2

(D

�1

e
q) � 0: (19)

For the ve
tor
e
q the relation

e
q = q�D

�:k

+ e

n+2

holds. Thus the absolute

term of the expression (19) is equal to

D

�1

�;n+2

+

�

D

�1

k;�

(e

n+2

�D

�;k

)

�

D

�1

�;n+2

�D

�1

k;n+2

�

D

�1

(e

n+2

�D

�;k

)

�

=

= D

�1

�;n+2

+D

�1

k;n+2

D

�1

�;n+2

�D

�1

�;n+2

�D

�1

k;n+2

D

�1

�;n+2

+D

�1

k;n+2

e

k

=

= D

�1

k;n+2

e

k

=

�

0 for any row 6= k;

D

�1

k;n+2

for the row k:

The remaining terms of the expression (19) are the following

(D

�1

k;�

q)D

�1

�;n+2

�D

�1

k;n+2

:D

�1

q;

espe
ially for k-th row we have

(D

�1

k;�

q)D

�1

k;n+2

�D

�1

k;n+2

:D

�1

k;�

q = 0:

Sin
e the basis B is feasible for the 
onvex polyhedral set Q

�

(r; s), it

D

�1

k;n+2

� 0 holds. Therefore k-th inequality of (19) is redundant and the

resulting system of inequalities has the des
ription (without k-th inequality)

(D

�1

k;�

q)D

�1

�;n+2

�D

�1

k;n+2

:D

�1

q � 0: (20)

Let us investigate the expression (18). It is equivalent to

1 + e

T

k

D

�1

(q+ e

n+2

�D

�;k

) > 0;

1 +D

�1

k;�

(q+ e

n+2

�D

�;k

) > 0;

D

�1

k;�

q+D

�1

k;n+2

> 0:

12



Let us multiply the system (20) by the ve
tor D

n+2;�

� 0. We obtain

D

�1

k;�

q�D

�1

k;n+2

:e

T

n+2

q � 0;

D

�1

k;�

q � 0:

Hen
e the 
ondition (18) is redundant (stability set is 
losed from its de�-

nition). The following remark summarizes the des
ription of stability sets.

Remark 2. (The des
ription of stability sets) Let (r; s) 2 W n P and B a

basis of the 
onvex polyhedral set Q

�

(r; s) su
h that B

k

= m for a 
ertain

k 2 f1; : : : ; n + 2g. Then the system of inequalities 
orresponding to the

basis B has the des
ription (without k-th inequality, whi
h is redundant)

(D

�1

�;n+2

D

�1

k;�

)q�D

�1

k;n+2

:D

�1

q � 0: (21)

The 
orresponding stability set is des
ribed by a union of all these systems

of inequalities (21) for all feasible bases of Q

�

(r; s) 
ontaining the element

m. To be the stability set a subset of the solution set, we must to the

des
ritpion of the stability set add 
onstraints from W nP as well.

Note that there is always a �nite number of stability sets.

Example 2. Given 
onvex polyhedral sets

M

1

=

n

x 2 R

2

j

�

1 0

0 1

�

x �

�

0

0

�

o

;

M

2

=

n

x 2 R

2

j

 

1 0

0 1

�1 �1

!

x �

 

5

3

1

!

o

and the family of 
onvex polyhedral sets

M

1

(�; �) = fx 2M

1

j �

T

x � �g; (�; �) 2 R

3

:

We will 
ompute the solution set and all stability sets. Sin
e intM

1

\

intM

2

6= ;, we use the following pro
eeding.

The 
onvex polyhedral set M

1


ontains only one vertex (0; 0)

T

and ex-

tremal dire
tions ofM

1

are (�1; 0)

T

and (0;�1)

T

. Lineality spa
e L = f0g.

Hen
e P from (9) has the des
ription

P = f(�; �) 2 R

3

j 0 � �; ��

1

� 0; ��

2

� 0g:
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x

1

x

2

5

3

0

M

1

M

2

[5;�6℄

[�4; 3℄

Figure 2: Illustration to Example 2.

The 
onvex polyhedral setM

1

\M

2


ontains three verti
es (0; 0)

T

, (�1; 0)

T

,

(0;�1)

T

, but no unbounded edge. Lineality spa
e L

12

= f0g. Hen
e the

set W from (12) is des
ribed as follows

W = f(�; �) 2 R

3

j 0 � �; ��

1

� �; ��

2

� �g:

The solution set has a

ording to (11) the des
ription

W nP =f(�; �) 2 R

3

j 0 � �; ��

1

� �; ��

2

� �gn

f(�; �) 2 R

3

j 0 � �; ��

1

� 0; ��

2

� 0g

=f(�; �) 2 R

3

j 0 � �; ��

1

� �; ��

2

� �; �

1

> 0g[

f(�; �) 2 R

3

j 0 � �; ��

1

� �; ��

2

� �; �

2

> 0g

=f(�; �) 2 R

3

j �� � �

1

> 0; �� � �

2

g[

f(�; �) 2 R

3

j �� � �

1

; �� � �

2

> 0g:

Now we 
ompute stability sets a

ording to Remark 2.

1. Choose (�

1

1

; �

1

2

; �

1

) 2 W n P for instan
e (�

1

1

; �

1

2

; �

1

) = (1; 2;�4). All

feasible bases of the 
onvex polyhedral set Q

�

(�

1

1

; �

1

2

; �

1

) that 
ontains

the index m = 3 are the following:

14



The basis (1; 2; 3; 6), the 
orresponding system of inequalities:

��

1

� � � 0; ��

2

� � � 0; �� � 0:

The basis (1; 3; 4; 6), the 
orresponding system of inequalities:

��

2

� � � 0; �

2

� 0; �5�

1

+ 6�

2

+ � � 0:

The basis (1; 3; 5; 6), the 
orresponding system of inequalities:

�4�

1

+ 3�

2

� � � 0; ��

2

� � � 0; 3�

2

� � � 0:

The basis (1; 3; 6; 7), the 
orresponding system of inequalities:

��

1

+ �

2

� 0; ��

2

� � � 0; �

2

� 0:

The stability set for (�

1

1

; �

1

2

; �

1

) is des
ribed by the �nal system of

inequalities

��

2

� � � 0; �

2

> 0; �5�

1

+ 6�

2

+ � � 0:

2. Choose (�

2

1

; �

2

2

; �

2

) 2 W n P, but not from the �rst stability set. For

instan
e (�

2

1

; �

2

2

; �

2

) = (1; 2;�9). The stability set for (�

2

1

; �

2

2

; �

2

) has

the des
ription

��

1

+ �

2

� 0; �

2

> 0; 5�

1

� 6�

2

� � � 0:

3. Choose (�

3

1

; �

3

2

; �

3

) 2 W n P , but not from the �rst or se
ond stability

set. For instan
e (�

3

1

; �

3

2

; �

3

) = (1;�1;�9). The stability set for

(�

3

1

; �

3

2

; �

3

) has the des
ription

�

1

� �

2

� 0; �

1

> 0; �4�

1

+ 3�

2

� � � 0:

4. Choose (�

4

1

; �

4

2

; �

4

) 2 W n P , but not from the previous stability

sets. For instan
e (�

4

1

; �

4

2

; �

4

) = (1;�1;�2). The stability set for

(�

4

1

; �

4

2

; �

4

) has the des
ription

��

1

� � � 0; �

1

> 0; 4�

1

� 3�

2

+ � � 0:

The union of the above stability sets forms the whole solution set.

Tables 1 { 2 
ontain another examples. For the pseudorandomly gen-

erated input matri
es A; C, and ve
tors b, d the tables involve the 
orre-

sponding number of stability sets and the 
omputing time. Our sour
e 
ode

was written in MATLAB 6.5. The results were 
arried out on PC (x86),

Pentium 4, 2.6 GHz, 512 MB RAM, Gentoo Linux.
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Table 1: Examples in R

2

.

number of 
omputing

matrix A ve
tor b matrix C ve
tor d stability sets time

0

�

�2 5

�2 8

0 3

1

A

0

�

�1

1

�8

1

A

0

�

�1 0

�7 �1

4 6

1

A

0

�

�6

4

�1

1

A

19 10 s

0

B

B

�

0 5

8 �4

9 �3

7 �4

1

C

C

A

0

B

B

�

3

3

�3

�6

1

C

C

A

0

B

B

�

3 7

�3 �3

8 �3

�9 1

1

C

C

A

0

B

B

�

6

1

3

7

1

C

C

A

33 37 s

0

B

B

�

6 1

�1 �1

9 �7

0 �2

1

C

C

A

0

B

B

�

6

7

0

�1

1

C

C

A

0

B

B

B

�

8 �9

9 4

�7 �6

�5 6

7 �1

1

C

C

C

A

0

B

B

B

�

�4

4

6

6

�1

1

C

C

C

A

65 2 min 39 s

0

B

B

B

B

B

�

4 �2

7 �7

1 �5

3 �9

0 6

�7 3

1

C

C

C

C

C

A

0

B

B

B

B

B

�

4

6

14

10

2

10

1

C

C

C

C

C

A

0

B

B

B

B

B

�

0 6

�3 �2

�4 0

�6 8

�1 �2

�7 1

1

C

C

C

C

C

A

0

B

B

B

B

B

�

10

7

�1

7

2

14

1

C

C

C

C

C

A

93 17 min 49 s

6 Separating supporting hyperplanes

In this se
tion we derive the des
ription of the set of all parameters (�; �) 2

R

n+1

for whi
h there exists a separating hyperplane of the 
onvex polyhedral

sets M

1

(�; �), M

2

supporting fa
es of M

1

(�; �), M

2

determined by given

sub-basis of M

1

(�; �), M

2

.

Let us introdu
e S

1

B

1

as a set of (�; �) 2 R

n+1

for whi
h the sub-basis

B

1

of the 
onvex polyhedral set M

1

(�; �) is feasible. The des
ription of the

set S

1

B

1

follows from Lemma 1 and 2.

Lemma 1. Let B

1

be a sub-basis of the 
onvex polyhedral set M

1

(�; �) and

suppose m 62 B

1

. Denote N

1

� f1; : : : ;m� 1g n B

1

. Let g

k

; k 2 L be a

basis of the lineality spa
e L � fx 2 R

n

j Ax = 0g. Denote by x

i

; i 2 V ,

all verti
es and h

j

; j 2 H, all extremal dire
tions of the 
onvex polyhedral

set

fx 2 R

n

j A

B

1

x = b

B

1

; A

N

1

x � b

N

1

g \ L

?

:
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Table 2: Examples in R

3

, R

4

.

number of 
omputing

matrix A ve
tor b matrix C ve
tor d stability sets time

0

�

�3 5 1

5 1 2

�6 �1 �1

1

A

0

�

13

13

0

1

A

0

�

�7 6 �7

�6 �8 �5

7 �5 8

1

A

0

�

14

12

14

1

A

37 18 s

0

B

B

�

1 �9 �4

�8 0 �6

7 3 �9

�6 �1 �1

1

C

C

A

0

B

B

�

10

�1

4

10

1

C

C

A

0

B

B

�

2 7 �6

0 4 �4

2 4 8

�5 �8 7

1

C

C

A

0

B

B

�

12

13

5

3

1

C

C

A

263 3 min 28 s

0

B

B

�

4 6 �3

�4 4 �4

9 �3 �5

�7 �9 �7

1

C

C

A

0

B

B

�

7

0

3

9

1

C

C

A

0

B

B

B

B

�

7 �3 �6

6 �7 1

�5 2 �1

1 5 3

�1 �5 �9

1

C

C

C

C

A

0

B

B

B

B

�

6

11

0

�3

5

1

C

C

C

C

A

569 22 min 25 s

0

B

B

�

�4 5 �1 0

7 7 �7 �1

�3 �8 3 �3

2 4 �7 6

1

C

C

A

0

B

B

�

4

4

4

�1

1

C

C

A

0

B

B

�

7 �2 7 �6

3 �1 �5 4

�7 6 6 �1

0 �8 �5 9

1

C

C

A

0

B

B

�

�2

9

10

4

1

C

C

A

882 28 min 13 s

Then we have

S

1

B

1

= R

n+1

n P

B

1

;

where P

B

1

forms a 
onvex 
one with des
ription

P

B

1

= f(�; �) 2 R

n+1

j�

T

x

i

> � 8i 2 V; �

T

h

j

� 0 8j 2 H;

�

T

g

k

= 0 8k 2 Lg:

Proof. The sub-basis B

1

of the 
onvex polyhedral set M

1

(�; �) is feasible

for all (�; �) 2 R

n+1

, su
h that the set fx 2 R

n

j A

B

1
x = b

B

1
; A

N

1
x �

b

N

1

; �

T

x � �g is nonempty. Now we 
an just apply the statement of

Theorem 4.

Lemma 2. Let B

1

be a sub-basis of the 
onvex polyhedral set M

1

(�; �) and

suppose m 62 B

1

. Denote N

1

� f1; : : : ;m� 1g n B

1

. Let g

k

; k 2 L be a

basis of the lineality spa
e L � fx 2 R

n

j Ax = 0g. Denote by x

i

; i 2 V ,

all verti
es and h

j

; j 2 H, all extremal dira
tions of the 
onvex polyhedral

set

fx 2 R

n

j A

B

1

x = b

B

1

; A

N

1

x � b

N

1

g \ L

?

:

Then we have

S

1

B

1

[fmg

= R

n+1

n (P

B

1

[ �P

B

1

) ;

where P

B

1

is the 
onvex 
one from Lemma 1.

17



Proof. The sub-basis B

1

[ fmg of the 
onvex polyhedral set M

1

(�; �) is

feasible for all (�; �) 2 R

n+1

, for whi
h the set fx 2 R

n

j A

B

1
x =

b

B

1

; �

T

x = �; A

N

1

x � b

N

1

g is not empty. In other words, two set

fx 2 R

n

j A

B

1

x = b

B

1

; �

T

x � �; A

N

1

x � b

N

1

g and fx 2 R

n

j A

B

1

x =

b

B

1

; ��

T

x � ��; A

N

1

x � b

N

1

g must be simultaneously nonempty. From

Lemma 1 we obtain the des
ription of the set S

1

B

1

[fmg

as

�

R

n+1

n P

B

1

�

\

�

R

n+1

n �P

B

1

�

= R

n+1

n (P

B

1

[ �P

B

1

) :

Assertion 3. Let us 
onsider the family of 
onvex polyhedral sets

M(�) � f(x; x

n

) 2 R

n

jMx+ �x

n

= v; x � 0; x

n

� 0g;

where M 2 R

m�(n�1)

, v 2 R

m

are �xed and � is m-elemental ve
tor of

parameters. Denote by h

k

; k 2 L any basis of the lineality spa
e L � fy 2

R

m

jM

T

y = 0; v

T

y = 0g. For the 
onvex polyhedral 
one

fy 2 R

m

jM

T

y � 0; v

T

y � 0g \ L

?

we denote g

i

; i 2 I

1

; its extremal dire
tions with the property g

T

i

v > 0 and

by h

j

; j 2 I

2

; its extremal dire
tions with the property h

T

j

v = 0. Then the

set S

M

of all � 2 R

m

for whi
h the set M(�) is nonempty, is des
ribed as

follows: If I

1

= ;, then S

M

= R

m

. Otherwise

S

M

= f� 2 R

m

j g

T

i

� > 0 8i 2 I

1

; h

T

j

� � 0 8j 2 I

2

; h

T

k

� = 0 8k 2 Lg:

(22)

Proof. S

M

is the set of all � 2 R

m

for whi
h M(�) 6= ;, i.e. the problem

min f0

T

x+ 0x

n

jMx+ �x

n

= v; x � 0; x

n

� 0g

has an optimal solution. From the duality in linear programming this is

true if and only i� the problem

max fv

T

y jM

T

y � 0; �

T

y � 0g (23)

has an optimal solution. Sin
e the set of feasible solutions to the problem

(23) represents a 
onvex polyhedral 
one (with one vertex in the origin), we


an this situation formulate as

fy 2 R

m

jM

T

y � 0; �

T

y � 0; v

T

y > 0g = ;: (24)
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If I

1

= ;, then obviously S

M

= R

m

. Suppose that I

1

6= ;.

Suppose that �

0

2 R

m

satis�es g

T

i

�

0

> 0 8i 2 I

1

, h

T

j

�

0

� 0 8j 2 I

2

and

h

T

k

�

0

= 0 8k 2 L. Ea
h point y 2 fy 2 R

m

jM

T

y � 0; v

T

y > 0g 
an be

written as a linear 
ombination

y =

X

i2I

1

�

i

g

i

+

X

j2I

2

�

j

h

j

+

X

k2L




k

h

k

for 
ertain �

i

; �

j

� 0,

P

i2I

1

�

i

> 0 and 


k

2 R. Then

y

T

�

0

=

X

i2I

1

�

i

g

T

i

�

0

+

X

j2I

2

�

j

h

T

j

�

0

+

X

k2L




k

h

T

k

�

0

> 0:

Therefore the 
ondition (24) holds.

Conversely, suppose �

0

2 R

m

and (24) holds. Then for all y 2 fy 2

R

m

jM

T

y � 0; v

T

y > 0g we have y

T

�

0

> 0. Spe
ially, g

T

i

�

0

> 0 8i 2 I

1

.

For in�nitesimal " > 0 also (1 � ")h

T

j

�

0

+

"

jI

1

j

P

i2I

1

g

T

i

�

0

> 0 8j 2 I

2

.

Hen
e (1 � ")h

T

j

�

0

� 0 and therefore h

T

j

�

0

� 0 8j 2 I

2

. Analogi
ally we


an prove h

T

k

�

0

= 0 8k 2 L. Hen
e �

0

belongs to the set from (22).

Remark 3. (Des
ription of the set in question) Denote as S

B

1

B

2

the set of

(�; �) 2 R

n+1

for whi
h there exists a separating hyperplane of the 
onvex

poluhedral sets M

1

(�; �), M

2

, whi
h supports the fa
es of M

1

(�; �), M

2

determined by sub-bases B

1

and B

2

. We derive the des
ription of the set

S

B

1

B

2

. Let us 
onsider the system

Z(�; �)

B

w = z; w � 0; (25)

where B is a sub-basis of the 
onvex polyhedral set Q

�

(�; �) from (13). It


an o

ur one of the following possibilities.

1. Let m 62 B

1

. If for B � B

1

[

�

B

2

+m

�

the system (25) has no

solution, then S

B

1

B

2

= ;. Otherwise, we have

S

B

1

B

2

= S

B

1

;

where S

B

1

is des
ribed a

ording to Lemma 1.

2. Let m 2 B

1

, i.e. B

1

= B

1

r

[ fmg for a 
ertain sub-basis B

1

r

. Then

S

B

1

B

2

= S

B

1

\ S

Q

B

1

B

2

:

The sense of the set S

B

1

is to preserve feasibility of the sub-basis B

1

for

the 
onvex polyhedral set M

1

(�; �). The des
ription of S

B

1

we obtain from
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Lemma 2. The sense of the set S

Q

B

1

B

2

is to ensure the existen
e of separating

supporting hyperplane of M

1

(�; �), M

2

(supproting the given fa
es). We

de�ne S

Q

B

1

B

2

as the set of (�; �) 2 R

n+1

, for whi
h the system (25) with

B � B

1

[

�

B

2

+m

�

is solvable.

The des
ription of the set S

Q

B

1

B

2

follows from Proposition 3, when we

for B

r

� B

1

r

[

�

B

2

+m

�

assign

M = Z(�; �)

B

r

; v = z; � = (�

T

; �; 1)

T

:

Example 3. Given 
onvex polyhedral sets

M

1

=

n

x 2 R

2

j

 

�1 0

0 1

1 �2

!

x �

 

0

5

0

!

o

;

M

2

=

n

x 2 R

2

j

 

0 1

�1 �1

�1 1

!

x �

0

�

2

�8

�8

1

A

o

;

family of 
onvex polyhedral sets

M

1

(�; �) = fx 2M

1

j �

T

x � �g; (�; �) 2 R

3

and bases B

1

= (2; 4), B

2

= (1; 2) of 
onvex polyhedral sets M

1

(�; �),

M

2

, respe
tively. We will 
al
ulate the des
ription of the set S

B

1

B

2

from

Remark 3. Sin
e 4 2 B

1

, we will pro
eed along the se
ond paragraph of

Remark 3.

First, we will deal with the set S

B

1

. From Lemma 2 we have S

B

1

=

S

(2;4)

= R

3

n

�

P

(2)

[ �P

(2)

�

. The 
onvex polyhedral set

fx 2 R

2

j A

B

1

x = b

B

1

; A

N

1

x � b

N

1

g =

fx 2 R

2

j x

2

= 5; �x

1

� 0; x

1

� 2x

2

� 0g


ontains two verti
es x

1

= (0; 5)

T

, x

2

= (10; 5)

T

. Hen
e we obtain

P

(2)

= f(�; �) 2 R

3

j 5�

2

> �; 10�

1

+ 5�

2

> �g;

S

(2;4)

= f(�; �) 2 R

3

j 5�

2

� �; 10�

1

+ 5�

2

� �g[

f(�; �) 2 R

3

j 5�

2

� �; 10�

1

+ 5�

2

� �g:

The des
ription of the set S

Q

B

1

B

2

follows from the guide of Remark 3.

The 
onvex polyhedral 
one des
ribed as

 

0 1 5 1

0 1 2 1

�1 �1 �8 1

!

y � 0;

�

0 0 0 1

�

y � 0
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0

8

5

x

1

x

2

M

1

M

2

[10; 5℄

[3; 5℄

[6; 2℄

Figure 3: Illustration to Example 3.

has edges in dire
tions of ve
tor g

1

= (2;�1; 0; 1)

T

, h

1

= (6; 2;�1; 0)

T

,

h

2

= (�3;�5; 1; 0)

T

, h

3

= (1; 0; 0; 0)

T

. Hen
e

S

Q

B

1

B

2

= f(�; �) 2 R

3

j 2�

1

� �

2

+ 1 > 0; 6�

1

+ 2�

2

� � � 0;

� 3�

1

� 5�

2

+ � � 0; �

1

� 0g

= f(�; �) 2 R

3

j 6�

1

+ 2�

2

� � � 0; �3�

1

� 5�

2

+ � � 0; �

1

� 0g:

The set in question has the desription

S

B

1

B

2

= S

B

1

\ S

Q

B

1

B

2

= f(�; �) 2 R

3

j 10�

1

+ 5�

2

� � � 0; 6�

1

+ 2�

2

� � � 0;

�3�

1

� 5�

2

+ � � 0g:

7 Con
lusion

In this arti
le, we were 
on
erned with the separation properties of two 
on-

vex polyhedral sets M

1

, M

2

, whi
h depended on parameters. Parameters

were situated in one row of the 
onstraint matrix from the des
ription of

the one of these 
onvex polyhedral sets. The situation, when there are pa-

rameters in the right-hand side of inequalities was dealt with in [6℄ and the

situation, when there are parameters in one 
olumn of the 
onstraint matrix

was dealt with in [7℄. We de�ned so 
alled solution set (a set of parameters
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for whi
h M

1

, M

2

are strongly separable) and stability sets (a set of pa-

rameters for whi
h separability of M

1

, M

2

has the same 
hara
teristi
s).

On stability sets, there 
ould be applied various kinds of postoptimality

analyses (parametri
 analysis, sensitivity analysis or toleran
e analysis {

see e.g. [2℄), but it was not the subje
t of this paper. We produ
ed also a

lot of examples, whi
h were 
arried out on a 
omputer.
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