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Abstra
t

Let A

n

(�) denote the sum of the lengths of as
ents of a per-

mutation � of f1; : : :; ng 
hosen randomly a

ording to a uniform

distribution. We �nd the exa
t expe
tation and varian
e of A

n

and

then show that the A

n

are asymptoti
ally normally distributed. An

identi
al result holds for the sum of the lengths of des
ents of a per-

mutation.

Key Words: As
ents, Des
ents, Asymptoti
 Normality

A permutation � = (�(1); : : : ; �(n)) of [n℄ := f1; : : :; ng has an as
ent

at i 2 [n � 1℄ if and only if �(i + 1) > �(i) with length of as
ent of

�(i + 1) � �(i) at as
ent i. Let A

n

(�) denote the sum of the lengths of

as
ents of �. For example, � = (4; 1; 7; 10; 6; 3; 8; 2; 9; 5) has as
ents of length

6; 3; 5; 7 at 2; 3; 6; 8, respe
tively. Hen
e, A

10

(�) = 6 + 3 + 5 + 7 = 21.

Let S

n

denote the set of permutations of [n℄. We 
hoose ea
h permuta-

tion � 2 S

n

randomly a

ording to a uniform distribution so that ea
h �

has probability Pr(�) = 1=n!. As usual, a sequen
e of random variables S

n

on S

n

is said to be asymptoti
ally normally distributed if and only if

the sequen
e of distribution fun
tions of (S

n

�E(S

n

))=

p

Var(S

n

) 
onverges

weakly to the distribution fun
tion of a normal random variable with mean
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0 and varian
e 1, i.e., for all x 2 R,

lim

n!1

Pr

 

S

n

�E(S

n

)

p

Var(S

n

)

� x

!

=

1

p

2�

Z

x

�1

e

�t

2

=2

dt;

where E(S

n

) and Var(S

n

) are the expe
tation and varian
e of S

n

.

For a positive integer m and � 2 S

n

, let S

n;m

(�) denote the number

of as
ents of � of length at least m. In [2℄ it was shown that the S

n;1

are

asymptoti
ally normally distributed on S

n

, and in [3℄, it was shown that

the S

n;m

are also. Re
ently, Bal
za [1℄ found the exa
t expe
tation and

varian
e for the sum of the lengths of inversions on S

n

. In this paper, we

�nd the exa
t expe
tation and varian
e of A

n

and then show that the A

n

are asymptoti
ally normally distributed on S

n

. Identi
al results hold for

the sum of the lengths of des
ents of a permutation.

We denote the nonnegative integers by N; the positive integers by Z

+

;

the rational numbers by Q; and the real numbers by R. For k 2 Z

+

and

r 2 R, let (r)

0

= 1 and (r)

k

= (r) � � � (r�k+1). Notation, terminology and

presumed results may be found in [4℄ and [5℄.

For 1 � i � n� 1, 1 � r < s � n and � 2 S

n

, let

X

(i;r;s)

(�) =

(

s� r ; �(i) = r; �(i+ 1) = s;

0 ; otherwise;

and,

X =

X

all su
h (i;r;s)

X

(i;r;s)

;

so that A

n

(�) = X(�).

Theorem 1. For S

n

,

E(A

n

) =

n

2

� 1

6

and Var(A

n

) =

5n

3

+ 5n

2

� 2n� 2

72

:

Proof. For 1 � i � n� 1 and 1 � r < s � n,

E(X

(i;r;s)

) =

s� r

(n)

2

;

so that,

E(X) =

n�1

X

i=1

n

X

s=2

s�1

X

r=1

s� r

(n)

2

=

n

2

� 1

6

:
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In order to �nd the varian
e we 
onsider three sums. First, for 1 � i � n�1

and 1 � r < s � n,

E(X

2

(i;r;s)

) =

(s� r)

2

(n)

2

;

so that,

E

1

:=

X

all su
h (i;r;s)

E(X

2

(i;r;s)

) =

n�1

X

i=1

n

X

s=2

s�1

X

r=1

(s� r)

2

(n)

2

=

n

3

� n

12

:

Se
ond, for 1 � i � n� 2 and 1 � r < s < t � n,

E(X

(i;r;s)

X

(i+1;s;t)

) =

(s� r)(t � s)

(n)

3

;

so that,

E

2

:=

X

all su
h ((i;r;s);(i+1;s;t))

E(X

(i;r;s)

X

(i+1;s;t)

)

=

n�2

X

i=1

n

X

t=3

t�1

X

s=2

s�1

X

r=1

(s� r)(t� s)

(n)

3

=

1

2(n)

3

n�2

X

i=1

n

X

t=3

t�1

X

s=1

�

�s

3

+ (t+ 1)s

2

� ts

	

=

1

24(n)

3

n�2

X

i=1

n

X

t=1

�

t

4

� 2t

3

� t

2

+ 2t

	

=

1

120(n)

3

n�2

X

i=1

�

n

5

� 5n

3

+ 4n

	

=

n

3

+ n

2

� 4n� 4

120

;

(where the appropriate summands for s = 1 and t = 1; 2 are 0, et
.). Third,

for 1 � i � j � 2 � n � 3, 1 � r < s � n, 1 � t < u � n with r; s; t; u

distin
t,

E(X

(i;r;s)

X

(j;t;u)

) =

(s� r)(u� t)

(n)

4

:

For �xed i and j,
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E

3

:=

X

all su
h ((i;r;s);(j;t;u))

E(X

(i;r;s)

X

(j;t;u)

)

=

n

X

s=2

s�1

X

r=1

n

X

u=2

r;s;t;u distin
t

u�1

X

t=1

(s� r)(u� t)

(n)

4

=

1

(n)

4

n

X

s=2

s�1

X

r=1

(s� r)

(

n

X

u=2

u�1

X

t=1

(u� t)�

r�1

X

t=1

(r � t)�

s�1

X

t=1

(s� t)

�

n

X

u=r+1

(u� r)�

n

X

u=s+1

(u� s) + (s� r)

)

=

1

(n)

4

n

X

s=2

s�1

X

r=1

(s�r)

��

n+1

3

�

+(s�r)�

r

2

�r+s

2

�s+n

2

�(r+s�1)n

2

�

:

Now,

n

X

s=2

s�1

X

r=1

(s� r)fr

2

� r + s

2

� s+ n

2

� (r + s� 1)ng

=

n

X

s=2

s�1

X

r=1

�

�r

3

+(n+1+s)r

2

�(n

2

+n+s

2

)r+

�

s

3

�(n+1)s

2

+(n

2

+n)s

�	

=

1

12

n

X

s=1

�

7s

4

� (8n+ 14)s

3

+ (6n

2

+ 12n+ 5)s

2

� (6n

2

+ 4n� 2)s

	

=

7n

5

� 15n

3

+ 8n

60

:

Then,

E

3

=

1

(n)

4

(

�

n+ 1

3

�

2

+

n

4

� n

2

12

�

7n

5

� 15n

3

+ 8n

120

)

=

10n

5

� 21n

4

+ 10n

3

+ 45n

2

� 20n� 24

360(n� 1)

3

:

Finally, for 1 � i � j � 2 � n � 3, 1 � r < s � n, 1 � t < u � n with

r; s; t; u distin
t,
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E

4

:=

X

all su
h ((i;r;s);(j;t;u))

E(X

(i;r;s)

; X

(j;t;u)

) =

�

n� 2

2

�

E

3

=

10n

4

� 11n

3

� n

2

+ 44n+ 24

720

:

Hen
e,

E(X

2

) = E

1

+ 2E

2

+ 2E

4

=

10n

4

+ 25n

3

+ 5n

2

� 10n

360

;

so that,

Var(X) =

5n

3

+ 5n

2

� 2n� 2

72

: �

We say � = (�(1); : : : ; �(n)) 2 S

n

has an ex
edan
e at i 2 [n℄ if and

only if �(i) > i with length of ex
edan
e of �(i) � i at ex
edan
e i. Let

X

n

(�) denote the sum

P

n

i=1

maxf0; �(i) � ig of the lengths of ex
edan
es

of � . In [7℄, an expli
it bije
tion f S

n

! S

n

was given so that the number

of as
ents of � equals the number of ex
edan
es of f(�) for all � 2 S

n

. We

next give a di�erent bije
tion f that also satis�es A

n

(�) = X

n

(f(�)) for all

� 2 S

n

.

Suppose � = (�(1); : : : ; �(n)) 2 S

n

has as
ents at 1 � i

1

< � � � <

i

`

� n � 1. Order �(i

1

); : : : ; �(i

`

) as 1 � �(j

1

) < � � � < �(j

`

) � n and

[n℄ � f�(j

k

+ 1) 1 � k � `g as 1 � t

1

< � � � < t

n�`

� n. Now 
onstru
t

� 2 S

n

as follows. Pla
e �(j

k

+ 1) at 
oordinate �(j

k

) of � (1 � k � `).

Ne
essarily, t

1

= 1 (as all �(j

k

+ 1) � �(j

k

) + 1 � 2) whi
h we pla
e in the

left-most unused 
oordinate s

1

of � . Having pla
ed t

1

; : : : ; t

q

in (the left-

most unused) 
oordinates 1 � s

1

< � � � < s

q

, we pla
e t

q+1

in the left-most

unused 
oordinate s

q+1

(> s

q

, ne
essarily) of � (1 � q � n� `�1). Clearly,

� 2 S

n

.

Assume that all of 1; : : : ; t

q

have appeared in 
oordinates 1; : : :; s

q

of �

where 1 � q � n � ` � 1. Let s

q+1

= s

q

+ a, t

q+1

= t

q

+ b and s

q

=

t

q

+ 
 with a; b 2 Z

+

and 
 2 N. Suppose that t

q+1

� s

q+1

+ 1. For

1 � x � a + 
, t

q

+ 1 � t

q

+ x � t

q

+ a + 
 = s

q+1

� t

q+1

� 1. Then,

ea
h t

q

+ x = �(j

k

+ 1) is at 
oordindate �(j

k

) with �(j

k

) � t

q

+ x � 1 �

t

q

+ a+ 
� 1 = s

q+1

� 1. Hen
e, all of t

q

+ 1; : : :; t

q

+ a+ 
 = s

q+1

appear

in 
oordinates 1; : : : ; s

q+1

� 1. Consequently, all of 1; : : :; s

q+1

appear in


oordinates 1; : : :; s

q+1

�1, whi
h is a 
ontradi
tion. Then t

q+1

� s

q+1

and,
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as above, all of t

q

+1; : : :; t

q+1

appear in 
oordinates 1; : : :; s

q+1

. Hen
e, all

of 1; : : : ; t

q+1

appear in 
oordinates 1; : : :; s

q+1

.

Consequently, s

q

� t

q

(1 � q � n � `), so that the number of as
ents

of � equals the number of ex
edan
es of � and A

n

(�) = X

n

(�). As it is

immediately seen that fS

n

! S

n

by f � 7! � is a bije
tion, we have proved

the following result.

Lemma 2. With the above notation, f S

n

! S

n

is a bije
tion where

the number of as
ents of � equals the number of ex
edan
es of f(�) and

A

n

(�) = X

n

(f(�)) for all � 2 S

n

.

We use the following result of Hoe�ding [6; Theorem 3℄. Given 


n

[n℄

2

!

R, let d

n

[n℄

2

! R by

d

n

(i; j) = 


n

(i; j)�

1

n

n

X

g=1




n

(g; j)�

1

n

n

X

h=1




n

(i; h) +

1

n

2

n

X

g=1

n

X

h=1




n

(g; h):

Theorem (Hoe�ding [6℄). For � 2 S

n

, S

n

= S

n

(�) =

P

n

i=1




n

(i; �(i)) is

asymptoti
ally normally distributed if

lim

n!1

max

1�i;j�n

d

2

n

(i; j)

1

n

n

X

i=1

n

X

j=1

d

2

n

(i; j)

= 0:

We let 


n

[n℄

2

! N by 


n

(i; j) = maxf0; j � ig so that d

n

[n℄

2

! Q by

d

n

(i; j) =

8

>

<

>

:

j � i�

1

n

�

j

2

�

�

1

n

�

n�i+1

2

�

+

(

n+1

3

)

n

2

; 1 � i < j � n;

�

1

n

�

j

2

�

�

1

n

�

n� i+ 1

2

�

+

�

n+1

3

�

n

2

; 1 � j � i � n:

It is readily seen that all d

n

(i; j) � d

n

(1; n) = (n

2

� 1)=6n < n=6. For

1 � i � bn=3
 + 1, d2n=3e � j � n and n � 3, d

n

(i; j) � n=20 so that

P

n

i=1

P

n

j=1

d

2

n

(i; j)=n � n

3

=3600 and, hen
e,

max

1�i;j�n

d

2

n

(i; j)

1

n

n

X

i=1

n

X

j=1

d

2

n

(i; j)

= O(n

�1

) as n!1:
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Sin
e Lemma 2 implies A

n

and S

n

have the same distribution on S

n

, we

have proved our main result.

Theorem 3. For S

n

and x 2 R,

lim

n!1

Pr

 

A

n

�E(A

n

)

p

Var(A

n

)

� x

!

=

1

p

2�

Z

x

�1

e

�t

2

=2

dt;

where E(A

n

) = (n

2

� 1)=6 and Var(A

n

) = (5n

3

+ 5n

2

� 2n� 2)=72.

A permutation � = (�(1); : : : ; �(n)) 2 S

n

has a des
ent at i 2 [n � 1℄

if and only if �(i) > �(i + 1) with length of des
ent of �(i) � �(i + 1)

at des
ent i. Let D

n

(�) denote the sum of the lengths of des
ents of �.

It is easily seen that f S

n

! S

n

by f(�)(i) = n + 1 � �(i) is a bije
tion

where � has as
ent of length �(i + 1) � �(i) at i if and only if f(�) has

des
ent of length �(i + i) � �(i) at i. Hen
e, A

n

, D

n

or X

n

have the

same distribution (they are not pair-wise independent, however) on S

n

and

Theorem 3 remains valid with A

n

repla
ed by D

n

or X

n

.
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