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Abstract

The paper deals with a system of linear equations Ax = b whose
input data are described by intervals. By a set of feasible coefficients
we mean a set F containing all matrices A and vectors b in given
intervals for which the corresponding system Ax=b has a nonnegative
solution.In this way, the set F is closely connected with an interval
linear programming problem. A description of the set F is given which
enables to construct a maximal set of feasible coefficients.
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1 Introduction and Notations

Let us consider a system of linear equations with an m x n matrix A and a
right-hand sides vector b, i.e. the system

Az = b, (1)

Following practical problems we shall assume that all coefficients vary
independently in given intervals. Thus the input data are described by an
interval m x n matrix [A] and an interval m—vector [b], which are given by
their lower and upper bounds A, A, b and b :

[A]={A€R™: A< A< A} (2)
] ={beR™:b<b<b}. (3)



The family of systems (1), where A € [A] and b € [b], will be called an
interval linear systemn (abbr. ILS).

The center matrix of [A] is given by Ay = (A + A)/2 and the radius
matrix by A = (A — A)/2. The center vector by and the radius vector J are
defined analogously.

For each A € [A] and b € [b] let us denote by X (A, b) the set of nonneg-
ative solutions of the system (1):

X(A,b) ={z € R": Az = b,z > 0}. (4)

Some results regarding the sets X (A4,b) and the set X = U{X(A4,b) :
A € [A],b € [b]} are described in [3].

The paper deals with a set of feasible coefficients of a given ILS. The set
is denoted by F' and it is defined by

F={(A,b) € [A] x [b] : X(A,b) #0}. (5)

The set F' is closely connected to a family of linear programming prob-
lems with interval coefficients as the set X (A, b) contains all feasible solu-
tions of a certain linear programming ( abbr. LP ) problem.

In [9] Rohn has studied so-called radius of feasibility. For (4,b) € R™" x
R™, the radius of feasibility is defined as the value

f(A,b) = inf max{[|A = A'l[1,00, [Ib = b|oc } (6)

subject to all systems A’z = b with X(A4',0') = 0. It was proved that
computing f(A,b) is NP-hard.

In this paper we give a description of the set F' which shows a structure
of the set. A main result consists in a theoretical background leading to a
construction of a maximal set of feasible coefficients.

First we mention a solution of a special problem, whether F' = [A] x [b].
In such a case, all elements of given intervals are feasible coefficients, i.e.
X (A,b) # 0 for each A € [A],b € [b].

To describe a result we consider two special kinds of problems (1). Let
T™ denote the set of m-vectors ¢ with components ¢; satisfying |¢;| < 1,i =
1,...,m and let T; = diag{ty, ..., t,, } be the diagonal matrix with the vector
t on the diagonal. A problem (1) with a matrix

A=A, —TA and with a vector by =b.+T, teT™ (7)

will be denoted by S; and called a t-system of an ILS. Similarly, let H™
denote the set of m-vectors h with |h;] = 1,4 = 1,...,m. A system S} ,



h_E H™ will be called an extremal system. Its i-th constraint has the form
(Az); = b; it h; = —1 and (Az); = b; if h; = +1. These equations will be
called the opposite extremal ones.

Theorem 1. (Rohn [7]) The set F is equal to [A] x [b] if and only if each
extremal system has a nonempty set X (A, D).

The algorithm INF2 given in [4] can be used to verify the assumption of
Theorem 1. It is not necessary to solve 2™ extremal systems as an execution
of 2™ steps of the Simplex method is sufficient.

2 Description of the set of feasible coefficients

For a theoretical background we shall utilize the result of Grygarovd pub-
lished in [1]. Grygarovd studied a system (1) with one added equation
ATz = pu. Let us denote by M (), u) the set of nonnegative solutions of the
new system, i.e.

M\ p) ={z € R": Az = b,\Te = p,z > 0}. (8)
A description of the set
M ={(Au) €R" x R": M(\ 1) # 0} (9)

is given in [1] . We shall generalize this result to solve the problem in a
question. First, let us investigate a general case [A] = R™",[b] = R, i.e.
the case with unbounded [A] and [b]. Klatte in [2] has called such a problem
a fully parametric problem and he has studied LP problems of this type,
namely local stable regions and continuity of a solution function.

For k =1,2,...,m let us introduce sets

FF = {(A* b%) € R*™ x RF : X (AF %) £ 0}. (10)

It is obvious that F* is a convex cone in the space R* x R* with a
vertex at the origin (O, 0*) and it holds
(AF b%) € FF o (- A% —b%) € F*. (11)

To describe the sets F* we use a following notation: If A* € R*" then
A*=1 denotes the submatrix containing the first (k — 1) rows of the matrix
A" and a vector al denotes the k-th row of the matrix A*. In an analogous



way, b*~! and b;, denote a vector of the first (k — 1) components and the

k-component of a given vector b* € R¥, resp.
Suppose that (A*—! p*~1) € F*¥~1. For any n-vector aj let us consider
the optimal values of two linear programming problems

glar) = inf{alx:x € X(AM1 pF=1)) (12)

g(ar) = supfajz : x € X(A* pF 1)}, (13)

where we set X (A4°,0°) = R} = {# € R" : > 0}. For these values we
have: g(ay) € R' or g(a) = —oo and g(ay) € R or g(ax) = oco.

Theorem 2.
F' = {(a1,b1) € B" x R : ga1) < by <glar)} (14)
and for k=2,...,m we have
FP = {(A% o) - (AR oYy e FR L glaw) < be < g(ar)}- (15)
Proof. It can be done in a similar way to the proof of Theorem 1in [1]. O
Finally, let us introduce following notation:

Clc — {(Ak,bk) . (Ak_l,bk_l) € Fk—l}
AF = {ar € R" : LP problem (12) has an optimal solution}

UK = {(AF,0%) : ap € A¥, by, < glar)}

(16)
(17)
A = {ar, € R™ : LP problem (13) has an optimal solution} (18)
(19)
T" = {4, 0%)  ap € A", by, > Glar)). (20)

(
(
Theorem 3. The sets Qk,Uk have following properties:

(i) U* #0,T° #0.

(ii) U nT" = 0.

(iii) (O, %) ¢ UF UT".

(iv) U U (0%, 0%) and T U (O, o%) are cones in R*™ x R* with the

vertez at the origin (O*,0F).
(v) (AF,bF) € UF & (—AK, —bk) ¢ T".



Proof. (i) Let us denote by O* a zero (k x n) matrix and by o a zero m—
vector. Then X (O*~1,05~1) = R and g(o") = 0. Thus U" is not empty as
it contains any element of the form (O, b¥) with b¥ < 0 and b = 0,i # k.
Analogously we have " #0.

(ii) Let us suppose that there is an element (A* b%) € U* U T". Then
we have bf < g(ay) < g(ax) < b, a contradiction.

(iii) The assertion implies from the fact that an element (O*,b*) with
b¥ = 0,i = 1,...,k — 1 belongs in the set U* if and only if bf < 0. An
element of the same form belongs in the set U if and only if b% > 0, which
completes the proof.

(iv) Let us consider a positive A € R' and any element (A*,bF)
U*. Then we have by < glar) and Aby < Ag(ax) = inf{Aafz : x
X(AAFT 1))

It implies that A\(A¥,b%) € UF.
The assertion regarding Uk can be proved analogously.

(v) If (A* b*) € U* then problem (12) has an optimal solution with the
optimal value g(ay) > bf. Then we have
—bk > —g(ar) = g(—ar) = sup{(—ap)tz : » € X(—AF1 —pF"1)}. It
implies that (—A*, —b*) € T". In the same way we prove that (Ak bF) e U*
if (—AF, —bk) € T". O

€
S

Using the above notation, a structure of the sets F* can be described
in a very simple form.

Theorem 4. For k = 2,...,m we have
Fr=cf — (U uT"). (21)

Proof. Let us assume that an element (A* b*) € F*. It implies that
X (AR bE=1) £ () and therefore (A*,b*) € C*. Further, the assumption
(A* b*) € F* means that inequalities in (15) hold. There is exactly one of
the following possibilities:

(al) Both the values g(ax), g(ax) are finite.

(a2) g(ag) is finite and g(ay) = —oc.

(a3) g(ar) = +o0 and g(ak) is finite.

(ad) g(ag) = +o0 and g(a) = —o0.

In each of these cases it can be verify similarly to the proof of Theorem
3 in [1] that (A%, b%) ¢ UF UT".



Let us assume that (A*,bF) € C* and (A*,b*) ¢ U* UT". The first part
of this assumption is valid if and only if X (A*=! b*~1) £ (). The second
part of the assumption leads to the exactly one of the following cases.

(bl) ay ¢ A NA".
(b2) ar, ¢ AF and a; € 4" and bF < glag).
(b3) ar € A" and bf > g(ax) and ay, ¢ A
(b4) ar € A* A" and g(ax) < b < F(ax).
In all the cases we prove analogously to the proof of Theorem 3 in [1]
that (A*,b%) € Fk, O

Going back to the original problem with the input data bounded by
intervals [A] and [b] we have immediately

Theorem 5. The set of feasible coefficients of a given ILS is described by
the form
F = ([A] x [b]) N F™. (22)

The result seems to be a rather theoretical one. The following section
gives, however, an application consisting in a construction of a maximal
subset of the set of feasible coefficients.

3 Calculating a maximal set of feasible coef-
ficients

For a given ILS we can use a description of the set F' to construct an interval
G C F which is maximal in a following meaning: For any interval C' O G
there is an element (A,b) € C such that X(A4,b) =0, i.e. (4,0) ¢ F.

The interval G will be constructed by induction.

3.1 Construction of interval G!

An interval G! is constructed by the following theorem which is based on a
description of the sets F*.



Theorem 6. An element (a1,b) € F' if and only if at least one of the
following conditions is satisfied:

(i) by = 0.

(i) by <0 and there isi € {1,...,n} with a;; < 0.

(#i) by > 0 and there is i € {1,...,n} with ay; > 0.

(iv) There arei,j € {1,...,n} such that a1; < 0,a1; > 0.

Proof. Relations (16) to (21) can be used to express a set F'. The set
X (Ao, bp) is unbounded and all its unbounded edges are halflines given by
vectors of coordinate axes

u! =(0,...,0,ut =1,0...,0),i =1,2,...,n.

Sets A", A" can be described by (3.4) of the paper [1]:

A ={a; €R": (a1)Tu? >0,i=1,2,...n} = {a; €R" : a; >0}.

In a similar way we have A= {a1 € R" : a; <0}.

The sets U 1,U1 can be expressed as follows:

U' = {(a1,b1) ER" xR' :a; >0, by <0},

= - (23)

U :{(al,bl)GR x R :a1§0,b1>0}.

Because of (21) we have: (a;,b;) € F' <= (a1,b) ¢ (U' UUl). It happens
if and only if

(by > 0 or there is i € {1,...,n} with a;; < 0) and (by < 0 or there is

i € {1,...,n} with ay; > 0). It completes the proof. O

Theorem 6 gives a characterization of elements (a1,b;) belonging to the
set F'. There is exactly one of the following three possibilities (a), (b) or
(c) for a given interval J! = [a1] x [b1]:

(a) (@1,b,) € F* and (a,,b;) € F*.
Then G! = [a] x [b1] because of Theorem 1.

(b) (@1,b,) € F* and (a,,b1) ¢ F*. ~
The second part of this assumption is satisfied if and only if (a;,b1) €
(Utu Ul). The first part (@,b,) € F' implies (a;,b1) ¢ U and thus we
have B
a; <O0OAD > 0. (24)



The set F! is not empty in this case, but it is not equal to the interval
J' because of Theorem 1.

By a proper increasing some component of the vector a,, or by decreasing
value of b; we can find an element (a}, EI) € J1, which belongs to the set F'.
The target should be received by changing exactly only one of the values
ayq,---8y,,,b1 with the smallest absolute value of the change.

In this way we reach an interval [a},@] x [b, x b;] C J! of intended
properties.

Let us describe such a procedure. First, we calculate the value

min{—a,,,... — ay,,,b1} = m. (25)

Let m = by. If b; < 0 then we set I_)i= = 0 which ensures that the element
(a,,b; = 0) satisfies condition (i) of Theorem 6. If b, > 0 then (a,,b;) ¢ F*
for each by € (b;,b1). We return to the calculation of the value m in (25),
but without the value b;.

Let m = —a,,. If @1, > 0 then we increase the value g, to satisfy
condition (iii) of Theorem 6, i.e. aj, := € > 0, where ¢ < @, is a small
positive value. If @;, < 0 then no change of the value @, can ensure an
element belonging to the set F*. We return to the calculation of the value
m in (25), but without the value (—a,,).

After n + 1 steps (am latest) we find a value a* or b, such that (af,b;) €
J* satisfies some of conditions of Theorem 6.

(©) (@,b) ¢ F. 1
It implies that (@;,b;) € (U' UT ) and due to (23) we have
aISO/\Q1>O (26)

or

Both the situations are described in following theorems.

Theorem 7. Let (26) hold. Then the set of feasible coefficients F' is empty.

Proof. For each (a1,b;) € J* it holds a; < @; <0, by > b, > 0. Theorem 6
implies that (ay,b1) ¢ F! and thus the set X (ay,b;) is empty which should
be to prove. [l



Theorem 8. Let (27) hold. Then the set F' is empty if and only if

a; >0Ab <O. (28)

Proof. If (28) holds then for each (ai,b;) € J' we have a1 > a; > 0 and
by < by < 0. Then (ay,b;) € U due to (23) and thus X (ai,b1) = 0. To
prove the second part let us suppose that (27) holds but (28) does not hold.
First, let b; > 0. If @ = 0 then an element (0”,0) € G* as the set X (0",0)
is not empty. If @;; > 0 for some index j then an element (@y,b1) satisfies
condition (iii) of Theorem 6 and the set G' is not empty. On the contrary,
let (28) does not hold because of a;; < 0 for some index j. It implies that
b; < 0 due to (27). Then the element (a,,b;) satisfies condition (ii) of
Theorem 6 and thus (a,,b,;) € G' which completes the proof. O

If both (27) and (28) hold then G! is an empty set due to the previous
Theorem. It implies that a feasible set F' is empty.

If (27) holds and (28) does not hold then the set G' is not empty due
to Theorem 8. It is not equal, however, to the interval J'. In this case we
find the set G' in an analogous way to the procedure of the case (b).

We calculate the value

min{an,..ﬁln,—bl} =m. (29)

Let m = —b,. If b, > 0 then we set b} = 0 which ensures that the
element (@;,b; = 0) satisfies condition (i) of Theorem 6. If b < 0 then
we return to the calculation of the value m in (29), but without the value
(<by).

Let m = @, > 0. If @y, < O then we set aj, := —e < 0, where
(=€) > a;,- If a;,, > 0 then we return to the calculation of the value m in
(29), but without the value @y,.

Finishing the first step we either conclude that the feasible set F'is empty
or we use the above procedure to calculate an interval G' of the intended

property.



3.2 Construction of interval G*

Let us suppose that an interval G¥~! was constructed. To calculate an in-
terval G* we should find elements (A%, b*) € J* = [A¥]x [b¥] with nonempty
set X (AF b%), ie. satisfying (A%, b%) € FF.

The previous construction of G*¥~! ensures that each element (A*,b*) of
the interval J* belongs to the set C*. The assertion of Theorem 4 implies
that (A% b*) € F* if and only if (A*,b*) ¢ (U* UUk). Because of (12),
(13), (19) and (20) it is equivalent to the following condition:

(ar ¢ A* or by > gk(ak)) and (ay, ¢ A" or b < 7% (ar)). (30)
If (30) is satisfied for each element (AF,b%),h € H* then G is equal to
the interval J* because of theorem 1.

Let us suppose that an element (A’,j, b’,i) does not belong to the set F*
for h = (hy,...,hx_1,1) € H*. It happens if and only if

LP problem: min{a}z : z € X(AF~1, 051} =m,

has an optimal solution with b, < m; (31)
or
LP problem: max{a; = : v € X(Ay ', bk} = M, (32)
has an optimal solution with b, > M;.
Let us consider next LP problems
min{aiz: 2z € X(AF 1,051} =m» (33)
max{a{ 7 : v € X(AF™1, 08" 1)} = My (34)
and the following optimization problems
min{g(@,) : (A* ", 0*7") € GF'} =m; (35)
min{g(a,,) : (Akfl,bkfl) € kal} =my (36)
max{g(a) : (A¥ 10" 1) e GF 1} = M3 (37)
max{g(a;) : (A¥71,05F71) e GF 1} = My. (38)

These four LP problems with interval coefficients can be solved effec-
tively by using an algorithm which is described in [4].

Theorem 9. Let (31) hold. If b, < my then the set F is empty. If by, > my
then there is an element (A* b*) € J* which belongs into the set F*.

10



Proof. If b;, < my then for any element (A*,b*) € J* it holds

b < by <my < glay) < glag).

Then (A*,b*F) € U* because of (19). It implies that the set X (A*, b¥) is
empty and thus the set F' is empty, too.

If by, > my then exactly one of the following cases (a) to (f) appears. In
each of these cases a new constructed element (AF,bF) satisfies condition
(30) and thus (A¥,bF) belongs into the set F*.

(a) If by, > m; then the k-component of vector b is increased by setting
b, :==my.

(b) If my > by > b, > my then a continuous dependency of the solution
function g, on a parametr ay (see [2] or [6]) implies an existence of a feasible
value aj whith b, = g, (aj). In this case we change the k-th row of the
matrix A¥ by setting @y, := aj.

(c) If my > by, > ma > by, then a continuous dependency of the solution
function g, On a parametr ay implies an existence of feasible values aj, by,
for which b} = g, (a}). In this case we change the k-th row of the matrix
A’,i by setting @ := aj, and the k-th component of vector b’,i is changed by
setting by, := bj.

(d) If ma > by, > b, > ms3 then a continuous dependency of the solution
function g, implies an existence of feasible values ((A*=")*, (b¥=1)*) for

which by, = g, ((A*1)*, (0*71)*),@). In this case we set (AF-L oty =
(A5, (1))

(e) If mo > by, > mz > b, then the k-th component of vector b¥ is
changed by setting by, = g, (((A*~1)*, (0F=1)*), @).

(f) If m3 > by then we consider a solution function g, of a parametric
LP problem

. T k—1 1k—1
min{a, z: v € X(A*,b =g (a

{ai ( )} =g, (ak) (30)
ap < ap < ag.

Then a continuous dependency of the solution function g, implies an exis-
tence of feasible values ((4%)*, (b*)*) € J* for which = g,(a;) = bj. In this
case we set (AN, bF) = ((A*)*, (b%)*). O

The above proof leads to the construction of a changed element (A, b%)
describing a new interval J*. In case (a) a calculation of the element (AF, b¥)
is given explicitly. In cases (b) and (c) let us consider a parametric LP

11



problem
min{a}z : 2z € X(AF~1 i1} = g, (ar)

(40)
ay, < ap < ag.

It is a problem with a fixed set of feasible solutions and with parameters
in the objective function. In the chapter 11.4 of [6] there is a description
of an algorithm for solving such a problem inclusive of a calculation of the
solution function g, (ak).

In case (d) we start to solve interval LP problem (35) by using an al-
gorithm ILP in [4] with a modification for minimum. During a calculation
we find optimal solutions z*, z! of extremal subproblems differing in exactly

one equation. Let it be the ¢-th equation and let z*,z! satisfy a condition
clzk > b, >clal, (41)

If one of these inequalities is satisfied as an equation then the corresponding
constraint gives an element ((A*~1)* (b¥=1)*). If both of inequalities are
sharp then a procedure is more complicated. If [ = k + 1 then an element
((A*=1)* (b*=1)*) is created by coefficients of constraint corresponding to
a* except of the g-th equation. Its coefficients (a},b:) are given by an
equation

=T *\ 1 7,%
ot b by~ (0) b (42)
by — Tkt (ax)Tbs — alb,’

as the objective function E{m decreases linearly between the points z*, z*+1.

If I > k + 1 then we find neighbouring points z*, z°t! satisfying a con-
dition
b > e > b, >l > ol (43)
We shall calculate values t’,t” corresponding to the points 2%, 25t resp.,
i.e. satisfying equations

(Ay2®)q = (by ) (44)
(Ayr xs—H)q = (by)q-
The objective function decreases linearly between the points %, z°T! and
therefore an equation
CT;I;S_[_)k _ t — 1ty (45)
b, — cTastt ¢, —t"

12



leads to the value ¢, which determines the g-th row ((A:)q, (bt)q) of the
intended constraint.

In the case (e) we find ((A*~1)*, (b*~1)*) by solving problem (35). The
intended element ((A*~1)*, (b¥=1)*) is given by coefficients of the constraint,
which corresponds to the optimal solution of the problem (35). We use the
algorithm ILP in [4] again to solve the problem.

In case (f), the problem (39) is again a parametric LP problem with a
fixed set of feasible solutions. A solution function g¥ can be determined
by the procedure described in [6]. Thus an element a} is calculated. An
intended element ((A*~1)* (b*~1)*) can be found in an analogous way to
the case (d), i.e. by solving an interval LP problem for calculating minimum
of the objective function (a})?z.

Theorem 10. Let (32) hold. If b, > Ms then the set F is empty. If
b, < Mj then there is an element (A* b%) € J* which belongs into the set
F*k.

Proof. 1f b, > M3 then for any element (A% b*) € J* it holds

b, > by, > M3 > g(ar) > glar)-

Then (A*,b%) € U" because of (20). It implies that the set X (A, b*) is
empty and thus the set F' is empty, too.

If b, < M;3 then a continuous dependency of the solution function g,
implies an existence of feasible values ((A*—1)*, (b*~1)*) for which
b, = G, (((A*=1)* (b*=1)*),@x). In this case we set
(AF=LpE=1y o= ((AF=1)*, (b*~1)*) and then a corresponding element (A%, b¥)
satisfies the condition (30). O

It remains to describe the algorithm in the case (A¥,bF) ¢ F* for h =
(hiy...,hi—1,—1) € H*. Tt happens if and only if

LP problem (33) has an optimal solution with by, < m. (46)

or
LP problem (34) has an optimal solution with by, > M,. (47)

Theorem 11. Let (46) hold. If br, < my then the set F is empty. If
br > my then there is an element (A, bF) € J* which belongs into the set
F*.

13



Proof. If by, < my then we prove an assertion analogously to the proof of
Theorem 9. If by, > m4 then a continuous dependency of the solution func-
tion g, implies an existence of feasible values ((A*~')*, (b¥=")*) for which

b = g, (((A*1)*, (0" 1)*),a;). In this case we set
(AF~1 b1y o= ((A%1)*, (bF~1)*) and then a corresponding element (A¥, bF)
satisfies the condition (30). O

Remark. The element ((A*=1)*, (b*¥~1)*) from the proof of Theorem 10
and Theorem 11 can be determine by solving problem (37), (36) resp., in
an analogous way to the procedure (d) of the proof of Theorem 9.

Theorem 12. Let (47) hold. If b, > Mjs then the set F is empty. If
b, < Mj then there is an element (A*,b*) € J* which belongs into the set
Fk.

Proof. The first part is the same as in Theorem 10. If b, < M; then we
have exactly one of the following cases, similarly to Theorem 9.

(a) If b, < My then the k-component of vector b is decreased by setting
Ek; = Mg.

(b) If My < b, < br < M, then there is a feasible value ay, for which
by = Gi(a}). In this case we change the k-th row of the matrix A¥ by a
setting a; := aj,.

(c) If My < by, < My < by then there are feasible values ay, by, for which
by =i (a}). In this case we set a; := a} and by, := b}.

(d) If My < by, < b, < My then there is an element ((AF~1)* (b¥~1)*) for
which by = g, (((A*1)*, (0¥71)*),a;). In this case we set (AF~1 pF~1) .=
((AF)=, (5 1)).

(e) If My < b, < My < by then the k-th component of vector b} is
changed by setting by = g, (((A*1)*, (b¥1)*), a,).

(f) If My < by, then we consider a solution function g, of a parametric
LP problem

max{a} z :z € X(A* 1 k1)) =7, (ar),

_ (48)
ap, < ap < ag.

Then there is a feasible element ((4%)*, (b¥)*) € J*, for which = g, (a}) =
b;. In this case we set (AF,bF) = ((4%)*, (b%)*).

In each of the cases (a) to (f) a new constructed element (AF, b¥) satisfies
condition (30) and thus (A%, bF) belongs into the set F*. O
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Remark. An element (A, bF) of the previous Theorem, which deter-
mines a new interval J* can be found analogously to the procedure de-
scribed behind Theorem 9 with keeping the following differences. In cases
(b) and (c) we consider a parametric LP problem

max{a;{a: ix € X(Aﬁ_l,bﬁ_l)} = gy, (ax)

_ (49)
ay, < ap < Gg.

In cases (d) and (e) we solve the problem (38), i.e. an interval LP problem
with an objective function af z.

In this way we have discussed all possibilities. The algorithm results
either with the conclusion that the feasible set F' is empty or with calculating
interval G* of the intended properties.
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