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Abstra
t

The paper deals with a system of linear equations Ax = b whose

input data are des
ribed by intervals. By a set of feasible 
oeÆ
ients

we mean a set F 
ontaining all matri
es A and ve
tors b in given

intervals for whi
h the 
orresponding system Ax=b has a nonnegative

solution.In this way, the set F is 
losely 
onne
ted with an interval

linear programming problem. A des
ription of the set F is given whi
h

enables to 
onstru
t a maximal set of feasible 
oeÆ
ients.
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1 Introdu
tion and Notations

Let us 
onsider a system of linear equations with an m� n matrix A and a

right-hand sides ve
tor b, i.e. the system

Ax = b: (1)

Following pra
ti
al problems we shall assume that all 
oeÆ
ients vary

independently in given intervals. Thus the input data are des
ribed by an

interval m� n matrix [A℄ and an interval m�ve
tor [b℄, whi
h are given by

their lower and upper bounds A, A, b and b :

[A℄ = fA 2 R

mn

: A � A � Ag (2)

[b℄ = fb 2 R

m

: b � b � bg: (3)
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The family of systems (1), where A 2 [A℄ and b 2 [b℄, will be 
alled an

interval linear system (abbr. ILS).

The 
enter matrix of [A℄ is given by A

0

= (A + A)=2 and the radius

matrix by � = (A�A)=2. The 
enter ve
tor b

0

and the radius ve
tor Æ are

de�ned analogously.

For ea
h A 2 [A℄ and b 2 [b℄ let us denote by X(A; b) the set of nonneg-

ative solutions of the system (1):

X(A; b) = fx 2 R

n

: Ax = b; x � 0g: (4)

Some results regarding the sets X(A; b) and the set X = [fX(A; b) :

A 2 [A℄; b 2 [b℄g are des
ribed in [3℄.

The paper deals with a set of feasible 
oeÆ
ients of a given ILS. The set

is denoted by F and it is de�ned by

F = f(A; b) 2 [A℄� [b℄ : X(A; b) 6= ;g: (5)

The set F is 
losely 
onne
ted to a family of linear programming prob-

lems with interval 
oeÆ
ients as the set X(A; b) 
ontains all feasible solu-

tions of a 
ertain linear programming ( abbr. LP ) problem.

In [9℄ Rohn has studied so-
alled radius of feasibility. For (A; b) 2 R

mn

�

R

m

, the radius of feasibility is de�ned as the value

f(A; b) = inf maxfkA�A

0

k

1;1

; kb� b

0

k

1

g (6)

subje
t to all systems A

0

x = b

0

with X(A

0

; b

0

) = ;. It was proved that


omputing f(A; b) is NP-hard.

In this paper we give a des
ription of the set F whi
h shows a stru
ture

of the set. A main result 
onsists in a theoreti
al ba
kground leading to a


onstru
tion of a maximal set of feasible 
oeÆ
ients.

First we mention a solution of a spe
ial problem, whether F = [A℄� [b℄.

In su
h a 
ase, all elements of given intervals are feasible 
oeÆ
ients, i.e.

X(A; b) 6= ; for ea
h A 2 [A℄; b 2 [b℄.

To des
ribe a result we 
onsider two spe
ial kinds of problems (1). Let

T

m

denote the set of m-ve
tors t with 
omponents t

i

satisfying jt

i

j � 1; i =

1; :::;m and let T

t

= diagft

1

; :::; t

m

g be the diagonal matrix with the ve
tor

t on the diagonal. A problem (1) with a matrix

A

t

= A




� T

t

� and with a ve
tor b

t

= b




+ T

t

Æ; t 2 T

m

(7)

will be denoted by S

t

and 
alled a t-system of an ILS. Similarly, let H

m

denote the set of m-ve
tors h with jh

i

j = 1; i = 1; :::;m. A system S

h

,
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h 2 H

m

will be 
alled an extremal system. Its i-th 
onstraint has the form

(Ax)

i

= b

i

if h

i

= �1 and (Ax)

i

= b

i

if h

i

= +1. These equations will be


alled the opposite extremal ones.

Theorem 1. (Rohn [7℄) The set F is equal to [A℄ � [b℄ if and only if ea
h

extremal system has a nonempty set X(A; b):

The algorithm INF2 given in [4℄ 
an be used to verify the assumption of

Theorem 1. It is not ne
essary to solve 2

m

extremal systems as an exe
ution

of 2

m

steps of the Simplex method is suÆ
ient.

2 Des
ription of the set of feasible 
oeÆ
ients

For a theoreti
al ba
kground we shall utilize the result of Grygarov�a pub-

lished in [1℄. Grygarov�a studied a system (1) with one added equation

�

T

x = �. Let us denote by M(�; �) the set of nonnegative solutions of the

new system, i.e.

M(�; �) = fx 2 R

n

: Ax = b; �

T

x = �; x � 0g: (8)

A des
ription of the set

M = f(�; �) 2 R

n

�R

1

:M(�; �) 6= ;g (9)

is given in [1℄ . We shall generalize this result to solve the problem in a

question. First, let us investigate a general 
ase [A℄ = R

mn

; [b℄ = R

m

, i.e.

the 
ase with unbounded [A℄ and [b℄. Klatte in [2℄ has 
alled su
h a problem

a fully parametri
 problem and he has studied LP problems of this type,

namely lo
al stable regions and 
ontinuity of a solution fun
tion.

For k = 1; 2; :::;m let us introdu
e sets

F

k

= f(A

k

; b

k

) 2 R

kn

� R

k

: X(A

k

; b

k

) 6= ;g: (10)

It is obvious that F

k

is a 
onvex 
one in the spa
e R

kn

� R

k

with a

vertex at the origin (O

k

; o

k

) and it holds

(A

k

; b

k

) 2 F

k

, (�A

k

;�b

k

) 2 F

k

: (11)

To des
ribe the sets F

k

we use a following notation: If A

k

2 R

kn

then

A

k�1

denotes the submatrix 
ontaining the �rst (k � 1) rows of the matrix

A

k

and a ve
tor a

T

k

denotes the k-th row of the matrix A

k

. In an analogous
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way, b

k�1

and b

k

denote a ve
tor of the �rst (k � 1) 
omponents and the

k-
omponent of a given ve
tor b

k

2 R

k

, resp.

Suppose that (A

k�1

; b

k�1

) 2 F

k�1

. For any n-ve
tor a

k

let us 
onsider

the optimal values of two linear programming problems

g(a

k

) = inffa

T

k

x : x 2 X(A

k�1

; b

k�1

)g (12)

g(a

k

) = supfa

T

k

x : x 2 X(A

k�1

; b

k�1

)g; (13)

where we set X(A

0

; b

0

) = R

n

+

= fx 2 R

n

: x � 0g: For these values we

have: g(a

k

) 2 R

1

or g(a

k

) = �1 and g(a

k

) 2 R

1

or g(a

k

) =1.

Theorem 2.

F

1

= f(a

1

; b

1

) 2 R

n

�R

1

: g(a

1

) � b

1

� g(a

1

)g (14)

and for k=2,...,m we have

F

k

= f(A

k

; b

k

) : (A

k�1

; b

k�1

) 2 F

k�1

; g(a

k

) � b

k

� g(a

k

)g: (15)

Proof. It 
an be done in a similar way to the proof of Theorem 1 in [1℄.

Finally, let us introdu
e following notation:

C

k

= f(A

k

; b

k

) : (A

k�1

; b

k�1

) 2 F

k�1

g (16)

A

k

= fa

k

2 R

n

: LP problem (12) has an optimal solutiong (17)

A

k

= fa

k

2 R

n

: LP problem (13) has an optimal solutiong (18)

U

k

= f(A

k

; b

k

) : a

k

2 A

k

; b

k

< g(a

k

)g (19)

U

k

= f(A

k

; b

k

) : a

k

2 A

k

; b

k

> g(a

k

)g: (20)

Theorem 3. The sets U

k

; U

k

have following properties:

(i) U

k

6= ;; U

k

6= ;.

(ii) U

k

\ U

k

= ;.

(iii) (O

k

; o

k

) =2 U

k

[ U

k

.

(iv) U

k

[ (O

k

; o

k

) and U

k

[ (O

k

; o

k

) are 
ones in R

kn

�R

k

with the

vertex at the origin (O

k

; o

k

).

(v) (A

k

; b

k

) 2 U

k

, (�A

k

;�b

k

) 2 U

k

.
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Proof. (i) Let us denote by O

k

a zero (k � n) matrix and by o

k

a zero m�

ve
tor. Then X(O

k�1

; o

k�1

) = R

n

+

and g(o

n

) = 0: Thus U

k

is not empty as

it 
ontains any element of the form (O

k

; b

k

) with b

k

k

< 0 and b

k

i

= 0; i 6= k.

Analogously we have U

k

6= ;:

(ii) Let us suppose that there is an element (A

k

; b

k

) 2 U

k

[ U

k

. Then

we have b

k

k

< g(a

k

) � g(a

k

) < b

k

k

, a 
ontradi
tion.

(iii) The assertion implies from the fa
t that an element (O

k

; b

k

) with

b

k

i

= 0; i = 1; :::; k � 1 belongs in the set U

k

if and only if b

k

k

< 0. An

element of the same form belongs in the set U

k

if and only if b

k

k

> 0, whi
h


ompletes the proof.

(iv) Let us 
onsider a positive � 2 R

1

and any element (A

k

; b

k

) 2

U

k

. Then we have b

k

< g(a

k

) and �b

k

< �g(a

k

) = inff�a

T

k

x : x 2

X(�A

k�1

; �b

k�1

)g.

It implies that �(A

k

; b

k

) 2 U

k

.

The assertion regarding U

k


an be proved analogously.

(v) If (A

k

; b

k

) 2 U

k

then problem (12) has an optimal solution with the

optimal value g(a

k

) > b

k

k

. Then we have

�b

k

k

> �g(a

k

) = g(�a

k

) = supf(�a

k

)

T

x : x 2 X(�A

k�1

;�b

k�1

)g. It

implies that (�A

k

;�b

k

) 2 U

k

. In the same way we prove that (A

k

; b

k

) 2 U

k

if (�A

k

;�b

k

) 2 U

k

.

Using the above notation, a stru
ture of the sets F

k


an be des
ribed

in a very simple form.

Theorem 4. For k = 2; :::;m we have

F

k

= C

k

� (U

k

[ U

k

): (21)

Proof. Let us assume that an element (A

k

; b

k

) 2 F

k

. It implies that

X(A

k�1

; b

k�1

) 6= ; and therefore (A

k

; b

k

) 2 C

k

. Further, the assumption

(A

k

; b

k

) 2 F

k

means that inequalities in (15) hold. There is exa
tly one of

the following possibilities:

(a1) Both the values g(a

k

); g(a

k

) are �nite.

(a2) g(a

k

) is �nite and g(a

k

) = �1.

(a3) g(a

k

) = +1 and g(a

k

) is �nite.

(a4) g(a

k

) = +1 and g(a

k

) = �1.

In ea
h of these 
ases it 
an be verify similarly to the proof of Theorem

3 in [1℄ that (A

k

; b

k

) =2 U

k

[ U

k

.
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Let us assume that (A

k

; b

k

) 2 C

k

and (A

k

; b

k

) =2 U

k

[U

k

. The �rst part

of this assumption is valid if and only if X(A

k�1

; b

k�1

) 6= ;. The se
ond

part of the assumption leads to the exa
tly one of the following 
ases.

(b1) a

k

=2 A

k

\A

k

.

(b2) a

k

=2 A

k

and a

k

2 A

k

and b

k

k

� g(a

k

).

(b3) a

k

2 A

k

and b

k

k

� g(a

k

) and a

k

=2 A

k

.

(b4) a

k

2 A

k

\A

k

and g(a

k

) � b

k

k

� g(a

k

).

In all the 
ases we prove analogously to the proof of Theorem 3 in [1℄

that (A

k

; b

k

) 2 F

k

.

Going ba
k to the original problem with the input data bounded by

intervals [A℄ and [b℄ we have immediately

Theorem 5. The set of feasible 
oeÆ
ients of a given ILS is des
ribed by

the form

F = ([A℄� [b℄) \ F

m

: (22)

The result seems to be a rather theoreti
al one. The following se
tion

gives, however, an appli
ation 
onsisting in a 
onstru
tion of a maximal

subset of the set of feasible 
oeÆ
ients.

3 Cal
ulating a maximal set of feasible 
oef-

�
ients

For a given ILS we 
an use a des
ription of the set F to 
onstru
t an interval

G � F whi
h is maximal in a following meaning: For any interval C � G

there is an element (A; b) 2 C su
h that X(A; b) = ;, i.e. (A; b) =2 F .

The interval G will be 
onstru
ted by indu
tion.

3.1 Constru
tion of interval G

1

An interval G

1

is 
onstru
ted by the following theorem whi
h is based on a

des
ription of the sets F

k

.
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Theorem 6. An element (a

1

; b

1

) 2 F

1

if and only if at least one of the

following 
onditions is satis�ed:

(i) b

1

= 0.

(ii) b

1

� 0 and there is i 2 f1; :::; ng with a

1i

< 0.

(iii) b

1

� 0 and there is i 2 f1; :::; ng with a

1i

> 0.

(iv) There are i; j 2 f1; :::; ng su
h that a

1i

< 0; a

1j

> 0.

Proof. Relations (16) to (21) 
an be used to express a set F

1

: The set

X(A

0

; b

0

) is unbounded and all its unbounded edges are hal
ines given by

ve
tors of 
oordinate axes

u

i

= (0; :::; 0; u

i

i

= 1; 0:::; 0); i = 1; 2; :::; n:

Sets A

1

;A

1


an be des
ribed by (3.4) of the paper [1℄:

A

1

= fa

1

2 R

n

: (a

1

)

T

u

i

� 0; i = 1; 2; :::; ng = fa

1

2 R

n

: a

1

� 0g.

In a similar way we have A

1

= fa

1

2 R

n

: a

1

� 0g.

The sets U

1

; U

1


an be expressed as follows:

U

1

= f(a

1

; b

1

) 2 R

n

�R

1

: a

1

� 0; b

1

< 0g;

U

1

= f(a

1

; b

1

) 2 R

n

�R

1

: a

1

� 0; b

1

> 0g:

(23)

Be
ause of (21) we have: (a

1

; b

1

) 2 F

1

() (a

1

; b

1

) =2 (U

1

[U

1

): It happens

if and only if

(b

1

� 0 or there is i 2 f1; :::; ng with a

1i

< 0) and (b

1

� 0 or there is

i 2 f1; :::; ng with a

1i

> 0). It 
ompletes the proof.

Theorem 6 gives a 
hara
terization of elements (a

1

; b

1

) belonging to the

set F

1

. There is exa
tly one of the following three possibilities (a), (b) or

(
) for a given interval J

1

= [a

1

℄� [b

1

℄:

(a) (a

1

; b

1

) 2 F

1

and (a

1

; b

1

) 2 F

1

.

Then G

1

= [a

1

℄� [b

1

℄ be
ause of Theorem 1.

(b) (a

1

; b

1

) 2 F

1

and (a

1

; b

1

) =2 F

1

.

The se
ond part of this assumption is satis�ed if and only if (a

1

; b

1

) 2

(U

1

[ U

1

). The �rst part (a

1

; b

1

) 2 F

1

implies (a

1

; b

1

) =2 U

1

and thus we

have

a

1

� 0 ^ b

1

> 0: (24)
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The set F

1

is not empty in this 
ase, but it is not equal to the interval

J

1

be
ause of Theorem 1.

By a proper in
reasing some 
omponent of the ve
tor a

1

, or by de
reasing

value of b

1

we 
an �nd an element (a

�

1

; b

�

1

) 2 J

1

, whi
h belongs to the set F

1

.

The target should be re
eived by 
hanging exa
tly only one of the values

a

11

; :::a

1m

; b

1

with the smallest absolute value of the 
hange.

In this way we rea
h an interval [a

�

1

; a

1

℄ � [b

1

� b

�

1

℄ � J

1

of intended

properties.

Let us des
ribe su
h a pro
edure. First, we 
al
ulate the value

minf�a

11

; :::� a

1n

; b

1

g = m: (25)

Let m = b

1

. If b

1

� 0 then we set b

�

1

= 0 whi
h ensures that the element

(a

1

; b

�

1

= 0) satis�es 
ondition (i) of Theorem 6. If b

1

> 0 then (a

1

; b

1

) =2 F

1

for ea
h b

1

2 hb

1

; b

1

i. We return to the 
al
ulation of the value m in (25),

but without the value b

1

.

Let m = �a

1p

. If a

1p

> 0 then we in
rease the value a

1p

to satisfy


ondition (iii) of Theorem 6, i.e. a

�

1p

:= � > 0, where � < a

1p

is a small

positive value. If a

1p

� 0 then no 
hange of the value a

1p


an ensure an

element belonging to the set F

1

. We return to the 
al
ulation of the value

m in (25), but without the value (�a

1p

).

After n+1 steps (am latest) we �nd a value a

�

1

or b

�

1

su
h that (a

�

1

; b

�

1

) 2

J

1

satis�es some of 
onditions of Theorem 6.

(
) (a

1

; b

1

) =2 F

1

.

It implies that (a

1

; b

1

) 2 (U

1

[ U

1

) and due to (23) we have

a

1

� 0 ^ b

1

> 0 (26)

or

a

1

� 0 ^ b

1

< 0: (27)

Both the situations are des
ribed in following theorems.

Theorem 7. Let (26) hold. Then the set of feasible 
oeÆ
ients F is empty.

Proof. For ea
h (a

1

; b

1

) 2 J

1

it holds a

1

� a

1

� 0; b

1

� b

1

> 0: Theorem 6

implies that (a

1

; b

1

) =2 F

1

and thus the set X(a

1

; b

1

) is empty whi
h should

be to prove.
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Theorem 8. Let (27) hold. Then the set F

1

is empty if and only if

a

1

� 0 ^ b

1

< 0: (28)

Proof. If (28) holds then for ea
h (a

1

; b

1

) 2 J

1

we have a

1

� a

1

� 0 and

b

1

� b

1

< 0: Then (a

1

; b

1

) 2 U

1

due to (23) and thus X(a

1

; b

1

) = ;. To

prove the se
ond part let us suppose that (27) holds but (28) does not hold.

First, let b

1

� 0: If a

1

= 0 then an element (o

n

; 0) 2 G

1

as the set X(o

n

; 0)

is not empty. If a

1j

> 0 for some index j then an element (a

1

; b

1

) satis�es


ondition (iii) of Theorem 6 and the set G

1

is not empty. On the 
ontrary,

let (28) does not hold be
ause of a

1j

< 0 for some index j. It implies that

b

1

< 0 due to (27). Then the element (a

1

; b

1

) satis�es 
ondition (ii) of

Theorem 6 and thus (a

1

; b

1

) 2 G

1

whi
h 
ompletes the proof.

If both (27) and (28) hold then G

1

is an empty set due to the previous

Theorem. It implies that a feasible set F is empty.

If (27) holds and (28) does not hold then the set G

1

is not empty due

to Theorem 8. It is not equal, however, to the interval J

1

. In this 
ase we

�nd the set G

1

in an analogous way to the pro
edure of the 
ase (b).

We 
al
ulate the value

minfa

11

; :::a

1n

;�b

1

g = m: (29)

Let m = �b

1

. If b

1

� 0 then we set b

�

1

= 0 whi
h ensures that the

element (a

1

; b

�

1

= 0) satis�es 
ondition (i) of Theorem 6. If b

1

< 0 then

we return to the 
al
ulation of the value m in (29), but without the value

(�b

1

).

Let m = a

1p

� 0. If a

1p

< 0 then we set a

�

1p

:= �� < 0, where

(��) > a

1p

. If a

1p

� 0 then we return to the 
al
ulation of the value m in

(29), but without the value a

1p

.

Finishing the �rst step we either 
on
lude that the feasible set F is empty

or we use the above pro
edure to 
al
ulate an interval G

1

of the intended

property.

9



3.2 Constru
tion of interval G

k

Let us suppose that an interval G

k�1

was 
onstru
ted. To 
al
ulate an in-

terval G

k

we should �nd elements (A

k

; b

k

) 2 J

k

= [A

k

℄�[b

k

℄ with nonempty

set X(A

k

; b

k

), i.e. satisfying (A

k

; b

k

) 2 F

k

.

The previous 
onstru
tion of G

k�1

ensures that ea
h element (A

k

; b

k

) of

the interval J

k

belongs to the set C

k

. The assertion of Theorem 4 implies

that (A

k

; b

k

) 2 F

k

if and only if (A

k

; b

k

) =2 (U

k

[ U

k

). Be
ause of (12),

(13), (19) and (20) it is equivalent to the following 
ondition:

(a

k

=2 A

k

or b

k

� g

k

(a

k

)) and (a

k

=2 A

k

or b

k

� g

k

(a

k

)): (30)

If (30) is satis�ed for ea
h element (A

k

h

; b

k

h

); h 2 H

k

then G

k

is equal to

the interval J

k

be
ause of theorem 1.

Let us suppose that an element (A

k

h

; b

k

h

) does not belong to the set F

k

for h = (h

1

; :::; h

k�1

; 1) 2 H

k

. It happens if and only if

LP problem: minfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g = m

1

has an optimal solution with b

k

< m

1

(31)

or

LP problem: maxfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g =M

1

has an optimal solution with b

k

> M

1

:

(32)

Let us 
onsider next LP problems

minfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g = m

2

(33)

maxfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g =M

2

(34)

and the following optimization problems

minfg(a

k

) : (A

k�1

; b

k�1

) 2 G

k�1

g = m

3

(35)

minfg(a

k

) : (A

k�1

; b

k�1

) 2 G

k�1

g = m

4

(36)

maxfg(a

k

) : (A

k�1

; b

k�1

) 2 G

k�1

g =M

3

(37)

maxfg(a

k

) : (A

k�1

; b

k�1

) 2 G

k�1

g =M

4

: (38)

These four LP problems with interval 
oeÆ
ients 
an be solved e�e
-

tively by using an algorithm whi
h is des
ribed in [4℄.

Theorem 9. Let (31) hold. If b

k

< m

4

then the set F is empty. If b

k

� m

4

then there is an element (A

k

; b

k

) 2 J

k

whi
h belongs into the set F

k

.
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Proof. If b

k

< m

4

then for any element (A

k

; b

k

) 2 J

k

it holds

b

k

� b

k

< m

4

� g(a

k

) � g(a

k

):

Then (A

k

; b

k

) 2 U

k

be
ause of (19). It implies that the set X(A

k

; b

k

) is

empty and thus the set F is empty, too.

If b

k

� m

4

then exa
tly one of the following 
ases (a) to (f) appears. In

ea
h of these 
ases a new 
onstru
ted element (A

k

h

; b

k

h

) satis�es 
ondition

(30) and thus (A

k

h

; b

k

h

) belongs into the set F

k

.

(a) If b

k

> m

1

then the k-
omponent of ve
tor b is in
reased by setting

b

k

:= m

1

.

(b) If m

1

� b

k

> b

k

� m

2

then a 
ontinuous dependen
y of the solution

fun
tion g

k

on a parametr a

k

(see [2℄ or [6℄) implies an existen
e of a feasible

value a

�

k

whith b

k

= g

k

(a

�

k

). In this 
ase we 
hange the k-th row of the

matrix A

k

h

by setting a

k

:= a

�

k

.

(
) If m

1

� b

k

� m

2

> b

k

then a 
ontinuous dependen
y of the solution

fun
tion g

k

on a parametr a

k

implies an existen
e of feasible values a

�

k

; b

�

k

,

for whi
h b

�

k

= g

k

(a

�

k

). In this 
ase we 
hange the k-th row of the matrix

A

k

h

by setting a

k

:= a

�

k

and the k-th 
omponent of ve
tor b

k

h

is 
hanged by

setting b

k

:= b

�

k

.

(d) If m

2

> b

k

> b

k

� m

3

then a 
ontinuous dependen
y of the solution

fun
tion g

k

implies an existen
e of feasible values ((A

k�1

)

�

; (b

k�1

)

�

) for

whi
h b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

). In this 
ase we set (A

k�1

h

; b

k�1

h

) :=

((A

k�1

)

�

; (b

k�1

)

�

).

(e) If m

2

> b

k

> m

3

> b

k

then the k-th 
omponent of ve
tor b

k

h

is


hanged by setting b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

).

(f) If m

3

� b

k

then we 
onsider a solution fun
tion g

k

of a parametri


LP problem

minfa

T

k

x : x 2 X(A

k�1

; b

k�1

)g = g

k

(a

k

)

a

k

� a

k

� a

k

:

(39)

Then a 
ontinuous dependen
y of the solution fun
tion g

k

implies an exis-

ten
e of feasible values ((A

k

)

�

; (b

k

)

�

) 2 J

k

for whi
h = g

k

(a

�

k

) = b

�

k

. In this


ase we set (A

k

h

; b

k

h

) := ((A

k

)

�

; (b

k

)

�

).

The above proof leads to the 
onstru
tion of a 
hanged element (A

k

h

; b

k

h

)

des
ribing a new interval J

k

. In 
ase (a) a 
al
ulation of the element (A

k

h

; b

k

h

)

is given expli
itly. In 
ases (b) and (
) let us 
onsider a parametri
 LP

11



problem

minfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g = g

k

(a

k

)

a

k

� a

k

� a

k

:

(40)

It is a problem with a �xed set of feasible solutions and with parameters

in the obje
tive fun
tion. In the 
hapter 11.4 of [6℄ there is a des
ription

of an algorithm for solving su
h a problem in
lusive of a 
al
ulation of the

solution fun
tion g

k

(a

k

).

In 
ase (d) we start to solve interval LP problem (35) by using an al-

gorithm ILP in [4℄ with a modi�
ation for minimum. During a 
al
ulation

we �nd optimal solutions x

k

; x

l

of extremal subproblems di�ering in exa
tly

one equation. Let it be the q-th equation and let x

k

; x

l

satisfy a 
ondition




T

x

k

� b

k

� 


T

x

l

: (41)

If one of these inequalities is satis�ed as an equation then the 
orresponding


onstraint gives an element ((A

k�1

)

�

; (b

k�1

)

�

). If both of inequalities are

sharp then a pro
edure is more 
ompli
ated. If l = k + 1 then an element

((A

k�1

)

�

; (b

k�1

)

�

) is 
reated by 
oeÆ
ients of 
onstraint 
orresponding to

x

k

ex
ept of the q-th equation. Its 
oeÆ
ients (a

�

q

; b

�

q

) are given by an

equation




T

x

k

� b

k

b

k

� 


T

x

k+1

=

a

T

q

b

q

� (a

�

q

)

T

b

�

q

(a

�

q

)

T

b

�

q

� a

T

q

b

q

; (42)

as the obje
tive fun
tion a

T

k

x de
reases linearly between the points x

k

; x

k+1

.

If l > k + 1 then we �nd neighbouring points x

s

; x

s+1

satisfying a 
on-

dition




T

x

k

� 


T

x

s

� b

k

� 


T

x

s+1

� 


T

x

l

: (43)

We shall 
al
ulate values t

0

; t

00


orresponding to the points x

s

; x

s+1

resp.,

i.e. satisfying equations

(A

t

0

x

s

)

q

= (b

t

0

)

q

;

(A

t

00

x

s+1

)

q

= (b

t

00

)

q

:

(44)

The obje
tive fun
tion de
reases linearly between the points x

s

; x

s+1

and

therefore an equation




T

x

s

� b

k

b

k

� 


T

x

s+1

=

t

0

� t

q

t

q

� t

00

(45)
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leads to the value t

q

whi
h determines the q-th row ((A

t

)

q

; (b

t

)

q

) of the

intended 
onstraint.

In the 
ase (e) we �nd ((A

k�1

)

�

; (b

k�1

)

�

) by solving problem (35). The

intended element ((A

k�1

)

�

; (b

k�1

)

�

) is given by 
oeÆ
ients of the 
onstraint,

whi
h 
orresponds to the optimal solution of the problem (35). We use the

algorithm ILP in [4℄ again to solve the problem.

In 
ase (f), the problem (39) is again a parametri
 LP problem with a

�xed set of feasible solutions. A solution fun
tion g

k


an be determined

by the pro
edure des
ribed in [6℄. Thus an element a

�

k

is 
al
ulated. An

intended element ((A

k�1

)

�

; (b

k�1

)

�

) 
an be found in an analogous way to

the 
ase (d), i.e. by solving an interval LP problem for 
al
ulating minimum

of the obje
tive fun
tion (a

�

k

)

T

x.

Theorem 10. Let (32) hold. If b

k

> M

3

then the set F is empty. If

b

k

� M

3

then there is an element (A

k

; b

k

) 2 J

k

whi
h belongs into the set

F

k

.

Proof. If b

k

> M

3

then for any element (A

k

; b

k

) 2 J

k

it holds

b

k

� b

k

> M

3

� g(a

k

) � g(a

k

):

Then (A

k

; b

k

) 2 U

k

be
ause of (20). It implies that the set X(A

k

; b

k

) is

empty and thus the set F is empty, too.

If b

k

� M

3

then a 
ontinuous dependen
y of the solution fun
tion g

k

implies an existen
e of feasible values ((A

k�1

)

�

; (b

k�1

)

�

) for whi
h

b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

). In this 
ase we set

(A

k�1

h

; b

k�1

h

) := ((A

k�1

)

�

; (b

k�1

)

�

) and then a 
orresponding element (A

k

h

; b

k

h

)

satis�es the 
ondition (30).

It remains to des
ribe the algorithm in the 
ase (A

k

; b

k

) =2 F

k

for h =

(h

1

; :::; h

k�1

;�1) 2 H

k

. It happens if and only if

LP problem (33) has an optimal solution with b

k

< m

2

(46)

or

LP problem (34) has an optimal solution with
b

k

> M

2

:
(47)

Theorem 11. Let (46) hold. If b

k

< m

4

then the set F is empty. If

b

k

� m

4

then there is an element (A

k

; b

k

) 2 J

k

whi
h belongs into the set

F

k

.

13



Proof. If b

k

< m

4

then we prove an assertion analogously to the proof of

Theorem 9. If b

k

� m

4

then a 
ontinuous dependen
y of the solution fun
-

tion g

k

implies an existen
e of feasible values ((A

k�1

)

�

; (b

k�1

)

�

) for whi
h

b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

). In this 
ase we set

(A

k�1

h

; b

k�1

h

) := ((A

k�1

)

�

; (b

k�1

)

�

) and then a 
orresponding element (A

k

h

; b

k

h

)

satis�es the 
ondition (30).

Remark. The element ((A

k�1

)

�

; (b

k�1

)

�

) from the proof of Theorem 10

and Theorem 11 
an be determine by solving problem (37), (36) resp., in

an analogous way to the pro
edure (d) of the proof of Theorem 9.

Theorem 12. Let (47) hold. If b

k

> M

3

then the set F is empty. If

b

k

� M

3

then there is an element (A

k

; b

k

) 2 J

k

whi
h belongs into the set

F

k

.

Proof. The �rst part is the same as in Theorem 10. If b

k

� M

3

then we

have exa
tly one of the following 
ases, similarly to Theorem 9.

(a) If b

k

< M

2

then the k-
omponent of ve
tor b is de
reased by setting

b

k

:=M

2

.

(b) If M

2

� b

k

< b

k

� M

1

then there is a feasible value a

�

k

for whi
h

b

k

= g

k

(a

�

k

). In this 
ase we 
hange the k-th row of the matrix A

k

h

by a

setting a

k

:= a

�

k

.

(
) If M

2

� b

k

�M

1

< b

k

then there are feasible values a

�

k

; b

�

k

, for whi
h

b

�

k

= g

k

(a

�

k

). In this 
ase we set a

k

:= a

�

k

and b

k

:= b

�

k

.

(d) IfM

1

< b

k

< b

k

�M

4

then there is an element ((A

k�1

)

�

; (b

k�1

)

�

) for

whi
h b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

). In this 
ase we set (A

k�1

h

; b

k�1

h

) :=

((A

k�1

)

�

; (b

k�1

)

�

).

(e) If M

1

< b

k

< M

4

< b

k

then the k-th 
omponent of ve
tor b

k

h

is


hanged by setting b

k

= g

k

(((A

k�1

)

�

; (b

k�1

)

�

); a

k

).

(f) If M

4

� b

k

then we 
onsider a solution fun
tion g

k

of a parametri


LP problem

maxfa

T

k

x : x 2 X(A

k�1

; b

k�1

)g = g

k

(a

k

);

a

k

� a

k

� a

k

:

(48)

Then there is a feasible element ((A

k

)

�

; (b

k

)

�

) 2 J

k

, for whi
h = g

k

(a

�

k

) =

b

�

k

. In this 
ase we set (A

k

h

; b

k

h

) := ((A

k

)

�

; (b

k

)

�

).

In ea
h of the 
ases (a) to (f) a new 
onstru
ted element (A

k

h

; b

k

h

) satis�es


ondition (30) and thus (A

k

h

; b

k

h

) belongs into the set F

k

.

14



Remark. An element (A

k

h

; b

k

h

) of the previous Theorem, whi
h deter-

mines a new interval J

k


an be found analogously to the pro
edure de-

s
ribed behind Theorem 9 with keeping the following di�eren
es. In 
ases

(b) and (
) we 
onsider a parametri
 LP problem

maxfa

T

k

x : x 2 X(A

k�1

h

; b

k�1

h

)g = g

k

(a

k

)

a

k

� a

k

� a

k

:

(49)

In 
ases (d) and (e) we solve the problem (38), i.e. an interval LP problem

with an obje
tive fun
tion a

T

k

x.

In this way we have dis
ussed all possibilities. The algorithm results

either with the 
on
lusion that the feasible set F is empty or with 
al
ulating

interval G

k

of the intended properties.
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