
LECTURE NOTES ON MATROIDS

MARTIN LOEBL

Abstra
t. These are le
ture notes for the �rst part of the le
ture

"Introdu
tion to Mathemati
al Programming".

1. Basi
 
on
epts

De�nition 1.1. Let X be a �nite set and S � 2

X

. We say thatM = (X;S)

is a matroid if the following 
onditions are satis�ed:

I1 ; 2 S,

I2 A 2 S and A

0

� A then A

0

2 S,

I3 U; V 2 S and jU j = jV j + 1 then there is x 2 U � V so that

V [ fxg 2 S.

Example. Let X be the set of all 
olumns of a matrix over a �eld and

S 
onsist of all the subsets of X that are linearly independent. Then (X;S)

is a matroid (
alled ve
torial matroid).

De�nition 1.2. Let M = (X;S) be a matroid. The elements of S are


alled independent sets of M . The maximal elements of S (w.r.t. in
lusion)

are 
alled bases. Let A � X . The rank of A, r(A), equals maximum

jA

0

j;A

0

� A;A

0

2 S. The 
losure of A, �(A), equals fx; r(A[fxg) = r(A)g.

If A = �(A) then A is 
losed.

By repeated use of I3 in 1.1 we get

Corollary 1.3. � If U; V 2 S and jU j > jV j then there is Z � U�V ,

jZj = jU � V j and V [ Z 2 S.

� All bases have the same 
ardinality.

Theorem 1. A non-empty 
olle
tion B of subsets of X is the set of all

bases of a matroid on X if and only if the following 
ondition is satis�ed.
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B1 If B

1

; B

2

2 B and x 2 B

1

�B

2

then there is y 2 B

2

�B

1

su
h that

B

1

� fxg [ fyg 2 B.

Proof. Property [B1℄ is true for matroids: apply [I3℄ to B

1

� fxg; B

2

. To

show the other impli
ation we need to prove that ea
h hereditary system

satisfying [B1℄ satis�es [I3℄ too. First we observe that [B1℄ implies that no

element of B is a stri
t subset of another one, and by repeated appli
ation

of [B1℄ we observe that in fa
t all the elements of B have the same size. To

show [I3℄ let B

U

; B

V

be bases 
ontaining U; V and su
h that their symmetri


di�eren
e is as small as possible. If (B

V

\(U�V )) 6= ; then any element from

there may be added to V and [I3℄ holds. We show that (B

V

\ (U �V )) = ;

leads to a 
ontradi
tion with the 
hoi
e of B

U

; B

V

: If x 2 B

V

�B

U

�V then

[B1℄ produ
es a pair of bases with smaller symmetri
 di�eren
e. Hen
e B

V

�

B

U

� V is empty. But then ne
essarily jB

V

j < jB

U

j, a 
ontradi
tion. �
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Theorem 2. A 
olle
tion S of subsets of X is the set of all independent

sets of a matroid on X if and only if I1; I2 and the following 
ondition are

satis�ed.

I'3 If A is any subset of X then all the maximal (w.r.t. in
lusion)

subsets Y of A with Y 2 S have the same 
ardinality.

Proof. Property [I'3℄ is simply equivalent to [I3℄. �

Theorem 3. An integer fun
tion r on X is the rank fun
tion of a matroid

on X if and only if the following 
onditions are satis�ed.

R1 r(;) = 0,

R2 r(Y ) � r(Y [ fyg) � r(Y ) + 1,

R3 If r(Y [ fyg) = r(Y [ fzg) = r(Y ) then r(Y ) = r(Y [ fy; zg).

Proof. Clearly [R1,R2℄ hold for matroids. To show [R3℄ let B be maximal

independent in Y . If r(Y ) < r(Y [ fy; zg) then B is not maximal indepen-

dent in Y [ fy; zg, but any enlargement leads to a 
ontradi
tion.

To show the other dire
tion we say that A independent if r(A) = jAj.

Obviously the set of the independent sets satis�es [I1℄. If A independent

and B � A then r(B) = jBj sin
e otherwise (by [R2℄) r(A) � jB � Aj +

r(B) < jAj. Hen
e [I2℄ holds. If [I3℄ doesnot hold for U; V then by repeated

appli
ation of [R3℄ we get that r(V [ (U �V )) = r(V ), but this set 
ontains

U , a 
ontradi
tion.

�

Theorem 4. An integer fun
tion on X is the rank fun
tion of a matroid

on X if and only if the following 
onditions are satis�ed.

R'1 0 � r(Y ) � jY j,

R'2 Z � Y then r(Z) � r(Y ),

R'3 r(Y [ Z) + r(Y \ Z) � r(Y ) + r(Z). This property is 
alled sub-

modularity.

Proof. Clearly [R'1.R'2℄ hold for matroids. To show [R'3℄ let B be a max-

imal independent set in Y \ Z and let B

Y

; B

Z

be maximal independent in

Y; Z 
ontaining B. We have r(Y \Z) = jB

Y

\B

Z

j and simply r(B

Y

[B

Z

) �

jY [ Zj. Hen
e [R'3℄ follows. On the other hand, [R1,R2,R3℄ simply follow

from [R'1,R'2,R'3℄.

�

Theorem 5. �(A) is the smallest (w.r.t. in
lusion) 
losed set 
ontaining

A.
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Proof. First observe that �(A) is 
losed, sin
e r(�(A) [ fxg) = r(�(A))

implies r(A [ fxg) � r(�(A) [ fxg) = r(�(A)) = r(A). To show the se
ond

part let A � C, C 
losed and x 2 (�(A)�C). Hen
e r(C [fxg) > r(C) and

this implies r(A[fxg) > r(A) (exer
ise: why?) whi
h 
ontradi
ts x 2 �(A).

�

Theorem 6. A fun
tion � on X is the 
losure operator of a matroid on X

if and only if the following 
onditions are satis�ed.

S1 Y � �(A),

S2 Z � Y then �(Z) � �(Y ),

S3 �(�(Y )) = �(Y ),

S4 if y =2 �(Y ) but y 2 �(Y [ fzg) then z 2 �(Y [ fyg). This property

is 
alled Steinitz-Ma
lane ex
hange axiom.

We say that matroids M

i

= (X

i

; S

i

); i = 1; 2 are izomorphi
 if there is

a bije
tion f from X

1

to X

2

so that A independent if and only if f(A)

independent.

2. Basi
 Examples

We have already learned ve
torial matroids. A matroid is representable

if it is izomorphi
 to a ve
torial matroid.

Example. Let G = (V;E) be a graph and let M(G) = (E; S) and

S = fF � E;F a
y
li
 g. Then M(G) is a matroid 
alled 
y
le matroid of

G. Its rank fun
tion is r(F ) = jV j � k(V; F ), where k(V; F ) is the number

of 
onne
tivity 
omponents of (V; F ). The matroids izomorphi
 to 
y
le

matroids of graphs are 
alled graphi
 matroids. Let us repeat some basi


fa
ts about an a
y
li
 subset F of edges: (V; F ) has at least 2 verti
es of

degree 1 (this may be proved in a greedy way), If e 2 F goes to vertex x of

degree 1 then k(V; F ) = k(V � x; F � e) (obvious) and jF j = jV j � k(V; F )

(this may be proved by indu
tion using the previous fa
t).

Example. Let G = (V;E) be a graph. mat
hing matroid of G is (V; S)

where A 2 S if A may be 
overed by a mat
hing of G. This is a matroid

sin
e the basis axiom 
orresponds to the ex
hange along an alternating path

of two maximum mat
hings of G.

Example: a geometri
 representation of simple matroids of rank

3.

A matroid is simple if r(A) = jAj whenever jAj < 3. Ea
h matroid is

determined by its rank fun
tion and so ea
h simple matroid M of rank 3 is

determined by set L(M) = fA � X ; jAj > 2; r(A) = 2; A 
losed g (if jAj > 2

then r(A) = 2 i� A is a subset of an element of L(M)).
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Lemma 2.1. A;B 2 L(M) then jA \ Bj � 1.

Proof. Assume for a 
ontradi
tion fx; zg � A\B, a 2 A�B and b 2 B�A.

Then both a; b belong to �(fx; zg) and hen
e by Theorem 5 to any 
losed

set 
ontaining fx; zg...a 
ontradi
tion.

�

A set C � 2

X

is 
on�guration on X if ea
h element of C has at least 3

elements and any pair of elements of C have at most one element of X in


ommon.

Theorem 7. Ea
h 
on�guration is set L(M) of a simple matroid of rank

3 on X.

Proof. Given C, for ea
h A � X de�ne r(A) = jAj if jAj � 2, and if jAj > 2

then r(A) = 2 i� A is a subset of an element of C. We show that r is a rank

fun
tion of a matroid. Note that R1; R2 are obviously satis�ed. We show

R3: If r(Y [ fyg) = r(Y [ fzg) = r(Y ) then jY j � 2 and both Y [ fyg,

Y [fzg are subsets of an element of C. They are in fa
t subsets of the same

element of C sin
e their interse
tion has size 2. Hen
e r(Y ) = r(Y [fy; zg).

�

Hen
e we 
an represent the simple matroids of rank 3 by a system of

'lines' on the plane 
orresponding to the elements of L(M). As an exer
ise,

draw the most famous pi
ture of matroid theory, the Fano matroid: it is

the ve
torial matroid over GF [2℄ (�nite �eld of two elements) of a matrix

whose 
olumns are all non-zero ve
tors of GF [2℄

3

.

3. Greedy Algorithm

Let (X;S) be a set system and 
 a weight fun
tion on X . Assume we

want to �nd J 2 S su
h that

P

x2X


(x) is maximized. The greedy algorithm

to solve this problem is as follows:

� Order elements of X so that 
(x

1

) � 
(x

2

) � : : : 
(x

n

) (n = jX j),

� J := ;,

� For i = 1; : : : ; n do: if J[fx

i

g 2 S and 
(x

i

) � 0 then J := J[fx

i

g.

Theorem 8. Let (X;S) be a hereditary non-empty set system. Then the

greedy algorithm works for any weight fun
tion 
 on X if and only if (X;S)

is a matroid.

Proof. As a homework prove that if a hereditary system is not a matroid

then there is a weight fun
tion 
 for whi
h the greedy algorithm doesnot

work. Let us prove the opposite impli
ation:
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let m be maximal su
h that x

m

� 0. Let x

0

be the 
hara
teristi
 ve
tor

of a set produ
ed by the greedy algorithm and let x be the 
hara
teristi


ve
tor of any other set of S. Let T

i

= fx

1

; : : : ; x

i

g for i � m. Noti
e that

x

0

(T

i

) � x(T

i

) for ea
h i sin
e J \ T

i

is a maximal subset of T

i

in S. We

have


x �

m

X

i=1


(x

i

)x

x

i

=

m

X

i=1

(x(T

i

)� x(T

i�1

)) =

m�1

X

i=1

(
(x

i

)� 
(x

i+1

))x(T

i

) + 
(x

m

)x(T

m

) �

m�1

X

i=1

(
(x

i

)� 
(x

i+1

))x

0

(T

i

) + 
(x

m

)x

0

(T

m

) = 
x

0

:

�

Note that the only property we used was that x

0

� 0 and x(T

i

) � x

0

(T

i

) =

r(T

i

). Hen
e the greedy algorithm solves also the following linear program:

maximize 
x

x(A) � r(A), A � X ;

x � 0.

Hen
e we get the following 
orollary.

Corollary 3.1. Edmonds Matroid Polytope Theorem: For any matroid, the


onvex hull of the 
hara
teristi
 ve
tors of the independent sets is des
ribed

by the above system of linearinequalities.

Finally note that the greedy algorithm is polynomial if there is a polyno-

mial algorithm to answer the question 'Is J independent'. It is usual for ma-

troids to be represented, for algorithmi
 purposes, by su
h an independen
e-

teting ora
le.

4. Conne
tivity

De�nition 4.1. A 
ir
uit is ea
h minimal (w.r.t. in
lusion) non-empty

dependent set.

The 
ir
uits of graphi
 matroids are the 
ir
uits of the underlying graphs.

Theorem 9. A 
olle
tion C 6= f;g of sets is the set of the 
ir
uits of a

matroid i� the following 
onditions are satis�ed.

C1 If C

1

; C

2

are distin
t 
ir
uits then C

1

is not a subset of C

2

,
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C2 If C

1

; C

2

are distin
t 
ir
uits and z 2 C

1

\ C

2

then (C

1

[ C

2

) � z


ontains a 
ir
uit.

Proof. First we show that a matroid satis�es the above properties. The

�rst one is obvious. For the se
ond one we have r(C

1

[ C

2

) � r(C

1

) +

r(C

2

) � r(C

1

\ C

2

) = jC

1

j + jC

2

j � jC

1

\ C

2

j � 2 = jC

1

[ C

2

j � 2. Hen
e

(C

1

[C

2

)� z must be dependent. On the other hand we de�ne S to be the

set of all subsets whi
h do not 
ontain an element of C and show that (X;S)

is a matroid. Axioms I1,I2 are obvious and we show I3': let A � X and

for a 
ontradi
tion let J

1

; J

2

be maximal subsets of A that belong to S and

jJ

1

j < jJ

2

j, and let jJ

1

\ J

2

j be as large as possible. Let x 2 J

1

� J

2

and C

unique 
ir
uit of J

2

[x. Ne
essarily there is f 2 C�J

1

and J

3

= (J

2

[x)�f

belongs to S by uniqueness of C. J

3

is 
loser to J

1

, a 
ontradi
tion. �

Corollary 4.2. If A is independent then A [ fxg 
ontains at most one


ir
uit.

Proposition 4.3. A stronger statement than [C3℄ is true for matroids: If

C

1

; C

2

are distin
t 
ir
uits, z 2 C

1

\ C

2

; y 2 C

1

� C

2

then (C

1

[ C

2

) � z


ontains a 
ir
uit through y.

Theorem 10. Let A � X and x =2 A. Then x 2 �(A) i� there is a 
ir
uit

C with x 2 C � A [ fxg.

Proof. If x 2 �(A) and B maximal independent in A then B [ x dependent

and hen
e 
ontains a 
ir
uit. On the other hand let D be maximal inde-

pendent set in A 
ontaining C �x. Then D is also maximal independent in

A [ x and hen
e x 2 �(A). �

De�nition 4.4. A matroid is 
onne
ted if for ea
h x; y in X , there is a


ir
uit 
ontaining both x; y.

Proposition 4.5. Graphi
 matroid M(G) is 
onne
ted i� G is 2-
onne
ted.

Proposition 4.6. Let A � X. There is a 
ir
uit C su
h that C \A 6= ; 6=

C \ (X �A) i� r(A) + r(X �A) > r(X).

Proof. If C is su
h a 
ir
uit and B

A

; B

X�A

maximal independent subsets in

A;X�A 
ontaining C \A;C \ (X�A) then B

A

[B

X�A

dependent sin
e it


ontains a 
ir
uit, and �(B

A

[B

X�A

) = X by the 
hoi
e of B

A

; B

X�A

. On

the other hand if B

A

; B

X�A

maximal independent subsets in A;X�A then

the 
ondition r(A)+r(X�A) > r(X) implies that their union is dependent

and hen
e 
ontains the desired 
ir
uit. �
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De�nition 4.7. If M = (X;S) then M � A = M j(X � A) is the matroid

on X�A su
h that I is independent in M j(X�A) i� I 2 S and I � X�A.

It is very simple to verify that M�A is matroid. This operation is 
alled

'deletion of A'. Matroid M jA is 
alled 'restri
tion' of M to A.

Theorem 11. M 
onne
ted i� for ea
h A � X, r(A) + r(X �A) > r(X).

Proof. The 
ondition is ne
essary by 4.6. On the other hand let x 2 X and

let A be the set of all y su
h that x; y belong to a 
ommon 
ir
uit. For a


ontradi
tion assume that X 6= A and jX j is as small as possible. Let C

be a 
ir
uit interse
ting both A;X � A. Let y 2 C \ A and D be a 
ir
uit


ontaining x; y. Note that M � (X � (C [D)) satis�es the 
ondition of the

theorem. Hen
e if X 6= (C [ D) we 
an use the minimality of X to get

a 
ir
uit 
ontaining x and any other element of (C [ D), a 
ontradi
tion.

Hen
e X = (C [D)...

not �nished �

5. Basi
 Operations

De�nition 5.1. A trun
ation of M is matroidM

0

on X su
h that for some

k, A is independent i� jAj < k and A independent in M .

Again ea
h trun
ation of a matroid is a matroid.

De�nition 5.2. Let M

1

;M

2

be matroids and X

1

\ X

2

= ;. M

1

+ M

2

(dire
t sum of M

1

;M

2

) is the matroid on X

1

[X

2

su
h that A independent

i� A \X

1

independent in M

1

and A \X

2

independent in M

2

.

De�nition 5.3. Let X be a disjoint union of X

i

; i = 1; : : : ; n and let S

i

=

fA � X

i

; jAj � 1g. Then

P

i

(X

i

; S

i

) is 
alled partition matroid.

Proposition 5.4. De�ne a relation x � y i� x; y belong to the same 
ir
uit.

Then this relation is an equivalen
e on X.

Proof. Observe: If C;D are 
ir
uits with non-empty interse
tion then M

restri
ted to C [D is 
onne
ted (by Theorem 11). �

De�nition 5.5. Let A be a 
lass of

0

�

0

. Then M jA is 
alled 
onne
tivity


omponent of M .

Proposition 5.6. Ea
h matroid is the sum of its 
onne
tivity 
omponents.

Proof. The following observation is simple and suÆ
ient to prove the propo-

sition: if r(A) + r(X �A) = r(X) then for ea
h Y � X , r(A) + r(Y �A) =

r(Y ). �
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De�nition 5.7. Let T � X and let J be a maximal independent subset of

X � T . M:T (
ontra
tion of M on T ) is matroid on T de�ned so that A is

independent i� A [ J independent in M .

Theorem 12. M:T is a matroid and its rank fun
tion r

0

satis�es r

0

(A) =

r(A [ T )� r(T ). Hen
e M:T doesnot depend on the 
hoi
e of J .

Proof. Obviously M:T satis�es I1, I2. Let A � T and let J

0

be maximal

subset of A that is independent in M:T . Observe that J [ J

0

is maximal

independent in A [ T , by the 
hoi
es if J; J

0

. �

6. Duality

De�nition 6.1. Let M = (X;S) be a matroid. Its dual matroid M

�

is

(X;S

�

) su
h that I 2 S

�

i� r(X � I) = r(X) (r is rank of M).

Proposition 6.2. M

�

is a matroid and its rank fun
tion r

�

satis�es r

�

(A) =

jAj � r(X) + r(X �A).

Proof. Again the only nontrivial property is I3'. Let A � X and let J

maximal subset of A whi
h belongs to S

�

. Let B be maximal independent

(in M) subset of X � A and let B

0

be a basis of M 
ontaining B and

B

0

� X � J . If there is x 2 (A � J) � B

0

then J was not maximal (a


ontradi
tion). Hen
e A� J � B

0

and the formula for r

�

follows. �

The obje
ts (bases, 
ir
uits, 
losed sets) of M

�

are 
alled dual obje
ts

or 
oobje
ts, e.g. dual bases or 
obases, 
o
ir
uits... Realise some simple

fa
ts: M

��

= M . The dual bases are exa
tly 
omplements of the bases.

The 
o
ir
uits are minimal (w.r.t. in
lusion) sets interse
ting ea
h basis.

The 
o
ir
uits are exa
tly 
omplements of hyperplanes (A hyperplane of M

is a 
losed set whose rank is one less than r(X)).

Proposition 6.3. Let G be a graph. Then the 
o
ir
uits are exa
tly minimal

(w.r.t. in
lusion) edge 
uts.

Proof. Note that edge-
uts are exa
tly the sets of edges interse
ting ea
h

basis of M(G). �

De�nition 6.4. M is 
alled minor of N ifM is obtained from N by several

deletions and 
ontra
tions.

Let G be a graph. Minor of G is a graph obtained from G by deletions

and 
ontra
tions. Observe the following: H minor G if and only if M(H)

minor M(G).
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The following series of propositions is proved by 
omparing the rank fun
-

tions (remember that the rank fun
tion uniquelly determines the matroid).

Proposition 6.5.

1. M 
onne
ted i� M

�


onne
ted,

2. (M:T )

�

=M

�

jT ,

3. (M jT )

�

=M

�

:T ,

4. M is minor of N i� M

�

is a minor of N

�

,

5. M is minor of N i� M may be obtained from N by a restri
tion

(
ontra
tion) followed by a 
ontra
tion (restri
tion).

MatroidM is 
alled 
ographi
 if it is izomorphi
 toM

�

(G) for some graph

G. It is also 
alled 
o
y
le matroid of G. U

2

4

is not 
ographi
.

Next we relate the duality in matroids with planar graphs. Re
all the

basi
 theorem of Kuratowski: G is planar i� G has no minor izomorphi
 to

K

5

or K

3;3

.

Proposition 6.6. M(K

5

) and M(K

3;3

) are not 
ographi
.

Proof. Assume M(K

3;3

) = M

�

(G). Then jE(G)j = 9, and ea
h edge 
ut

of G has at least 4 edges. Hen
e ea
h degree of G is at least 4 and we get

4jV (G)j � 18.... a 
ontradi
tion.

For K

5

go on analogously and use the fa
t that su
h a graph G has no


ir
uit of length 3. �

The following is a basi
 theorem of Whitney.

Theorem 13. G planar i� its 
y
le matroid is 
ographi
.

Proof. G planar then M(G) = M

�

(G

�

) where G

�

is the geometri
 dual of

G. To show the other dire
tion, using the Kuratowsky theorem it suÆ
es to

observe that a minor of a 
ographi
 matroid is 
ographi
 (this is dualising

the statement that a minor of a graphi
 matroid is graphi
), and use 6.6. �

Here is an equivalent formulation: Matroid M is both graphi
 and 
o-

graphi
 i� M is a 
y
le matroid of a planar graph.

In the end of this se
tion let us introdu
e a linear algebra duality between

edge-
uts and 
ir
uits of a graph G = (V;E). Let D = (V;D(E)) be an

arbitrary orientation of G. De�ne V � E(D) matrix A(D) by a

v;e

= 1 if v

is the tail of e, a

v;e

= �1 if v is the head of e, and a

v;e

= 0 otherwise.

Theorem 14. A(D) represents M(G) over arbitrary �eld.

Proof. Note that a set of 
olumns is linearly dependent i� its index set


ontains a 
ir
uit of G. �

10



Let A(G) = A(D) over GF [2℄. Hen
e A(G) is the standard in
iden
e

matrix of G. A subset A of edges is 
alled even if (V;A) has ea
h degree

even (possibly zero).

Theorem 15.

1. Ker

2

(A(G)) = fx;A(G)x = 2(mod2)g (the kernel over GF [2℄) is a

ve
tor spa
e over GF [2℄; it is the set of the 
hara
teristi
 ve
tors of

even subsets of edges.

2. Its basis may be 
onstru
ted as follows: let T � E be a maximal

a
y
li
 set of edges in G. For e =2 T let C

e

be the unique 
ir
uit in

T [ feg. Then the 
hara
teri
ti
 ve
tors of the sets C

e

; e =2 T form

a desired basis.

Proof. To observe the �rst part note that if x is the 
hara
teristi
 ve
tor of

A � E then [A(G)x℄

v

equals the number of edges of A in
ident with v. To

show the se
ond part �rst note that the 
onstru
ted ve
tors are obviously

linearly independent. LetD be an even set of edges and letW be an even set

of edges su
h that its 
hara
teristi
 ve
tors equals the sum of C

e

, e 2 D�T .

Then the symmetri
 di�eren
e of D;W is a subset of T hen
e a
y
li
 hen
e

the empty set hen
e D =W . �

Corollary 6.7. The number of even subsets of edges is 2

E�V+k

where k is

the number of 
onne
tivity 
omponents of G.

Theorem 16. The orthogonal 
omplement of Ker

2

(A(G)) is the set of the


hara
teristi
 ve
tors of edge-
uts of G.

Proof. The orthogonal 
omplement of the kernel is generated by the rows

of A(G). The rows are the in
iden
e ve
tors of N(v); v 2 V where N(v) =

fe; v 2 eg. Note that C is the 
hara
teristi
 ve
tor of an edge-
ut de�ned

by V

0

� V i� C is the sum of the rows of the verti
es of V

0

. �

7. Matroid interse
tion

Given two matroids on the same set X , the matroid interse
tion problem

is to �nd a maximum 
ardinality 
ommon independent set. Let us mention

two spe
ial 
ases: maximum mat
hing in bipartite graphs (here the two

matroids are partition matroids), and maximum bran
hing in a digraph

(bran
hing is a forest in whi
h ea
h node has in-degree at most one); here

one of the matroids is the 
orresponding graphi
 matroid and the se
ond

one is a partition matroid of the set-system of sets of the in
oming ar
s to

the same vertex.

11



Theorem 17. For matroids S

1

; S

2

on X, maximum jJ j su
h that J 2

S

1

\ S

2

equals minimum of r

1

(A) + r

2

(X �A), over all A � X.

Proof. If J 2 S

1

\S

2

then for ea
h A � X , J\A 2 S

1

and J\(X�A) 2 S

2

.

Hen
e jJ j � r

1

(A) + r

2

(X � A). The se
ond part is proved by indu
tion

on jX j. Let k equal minimum of r

1

(A) + r

2

(X � A) and let x be su
h

that fxg 2 S

1

\ S

2

. Note: if there is no su
h x then k = 0, and if we take

A = fx; r

1

(fxg) = 0 and we are done. Let X

0

= X�x. If the minimum over

A � X

0

of r

1

(A)+r

2

(X�A) equals k too then we are done by the indu
tion

assumption. Let S

0

i

denote S

i


ontra
ted on X � x. If the minimum over

A � X

0

of r

0

1

(A)+r

0

2

(X�A) is at least k�1 then indu
tion gives a 
ommon

independent set of S

0

1

; S

0

2

of size k�1 and adding x gives the desired 
ommon

independent set of S

1

; S

2

. If none of these happen then there are A;B � X

0

so that

r

1

(A) + r

2

(X

0

�A) � k � 1

and

r

1

(B [ fxg)� 1 + r

2

((X

0

�B) [ fxg)� 1 � k � 2:

Adding and applying submodularity we get

r

1

(A[B[fxg)+r

1

(A\B)+r

2

(X�(A\B))+r

2

(X�(A[B[fxg)) � 2k�1:

It follows that the sum of the middle two terms or the outer two terms is

at most k � 1, a 
ontradi
tion. �

Note that the above theorem gives a good 
hara
terization. A polynomial

algorithm exists, even for the weighted 
ase, but we do not in
lude it here.

8. Matroid union

Matroid union (sometimes 
alled matroid partitioning)is 
losely related

to matroid interse
tion, as you will see. Let us start with a basi
 theorem

of Edmonds:

Theorem 18. Let M

0

= (X

0

; S

0

) be a matroid and f an arbitrary fun
tion

from X

0

to X. Let S = ff(I); I 2 S

0

g. Then (X;S) is a matroid with rank

fun
tion

r(U) = min

T�U

(jU � T j+ r

0

(f

�1

(T ))):

Proof. It suÆ
es to show the formula for the rank fun
tion sin
e obviously

S is non-empty and hereditary. Note that r(U) equals maximum size of a


ommon independent set in M

0

and the partition matroid (X

0

;W ) indu
ed

by the family (F

�1

(s); s 2 U). �
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De�nition 8.1. IfM

i

= (X

i

; S

i

); i = 1; : : : ; k are matroids then their union

is the set-system ([

i

X

i

; fI

1

[ I

2

� � � [ I

k

; I

i

2 S

i

g.

Corollary 8.2. Matroid union (partitioning) theorem: The union of ma-

troids is again a matroid, with its rank fun
tion given by

r(U) = min

T�U

(jU � T j+ r

1

(T \X

1

) + : : : r

k

)T \X

k

)):

De�nition 8.3. Let G = (V;W;E) be a bipartite graph. For ea
h x 2 V

de�ne matroidM

x

on the set of neighbours of x so that a set is independent

i� its 
ardinality is at most one. Then the union of M

x

; x 2 V is 
alled

transversal matroid.

Proof. To see that it is a matroid, make X

i

�rst disjoint and then use the

previous theorem. For the rank fun
tion also use the previous theorem. �

Corollary 8.4. Maximum size of a union of k independent sets of a matroid

M is

min

T�X

(jX � T j+ kr(U)):

Corollary 8.5. X 
an be 
overed by k independent sets if and only if for

ea
h U � X,

kr(U) � jU j:

Proof. X 
an be 
overed by k independent sets if and only if there is a union

of k independent sets of size jX j.

�

Corollary 8.6. There are k disjoint bases if and only if for ea
h U � X,

k(r(X)� r(U)) � jX � U j:

Proof. There are k disjoint bases if and only if the maximum size of the

union of k independent sets is kr(X).

�

Corollary 8.7. A �nite subset X of a ve
tor spa
e 
an be 
overed by k

linearly independent sets if and only if for ea
h U � X,

kr(U) � jU j:

13



9. Representable matroids

Matroid is 
alled binary if representable over GF [2℄. It is 
alled regular if

representable over arbotrary �eld. Let A be a matrix representing matroid

M and let A

0

be obtained from A by an elementary row operation. Then

again A

0

represents M . A representation of matroid M is 
alled standard

w.r.t. a basis B if it has form I jA, where I is the identity matrix of r(M)

rows whose 
olumns are idexed by the elements of B. Sin
e the elementary

row operations do not 
hange the matroid, we get that ea
h representable

matroid has a standard representation w.r.t. an arbitrary basis.

Theorem 19. Let I jA be a standard representation of M . Then A

T

jI is a

representation of M

�

.

Proof. standard linear algebra

�

Corollary 9.1. If M representable over F and N is minor of M then N

is representable over F .

Proof. Deletion 
learly 
orresponds to deletion of the 
orresponding 
olumn

in a representation. For 
ontra
tion use the above theorem and the duality

between 
ontra
tion and deletion. �

Corollary 9.2. If N is not representable over F and N is minor of M then

M is not representable over F .

Theorem 20. U

4

2

is not binary. Hen
e binary matroids do not have U

4

2

as

a minor.

Proof. It is easy to show that a standard representation 
annot exist. �

Next we list some basi
 theorems of Tutte, 
hara
terising 
lasses of ma-

troids by a few forbidden 'pi
tures'.

Theorem 21. M binary if and only if M does not have U

4

2

as a minor.

Theorem 22. M regular if and only if M binary and does not have F

7

or

F

�

7

as a minor.

Remember that F

7

is the famous Fano matroid.

Theorem 23. M graphi
 if and only if M regular and does not have

M(K

5

)

�

or M(K

3;3

)

�

as a minor.
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10. Submodular fun
tions

Fun
tion f on subsets of X is submodular if f(T ) + f(U) � f(T \ U) +

f(T [ U).

Theorem 24. Fun
tion f is submodular if and only if

f(U [ fsg) + f(U [ ftg) � f(U) + f(U [ fs; tg)

Proof. We show suÆ
ien
y by indu
tion on jUÆT j. If jUÆT j � 2 we have

it from the assumption. If jUÆT j � 3 then we may assume w.l.o.g. that

jT � U j � 2; let t 2 T � U . Then, by indu
tion,

f(T [ U)� f(T ) � f(T � ftg [ U)� f(T � ftg) � f(U)� f(T \ U);

as jTÆ((T � ftg) [ U)j < jTÆU j.

�

De�ne two plyhedra asso
iated with a set fun
tion f :

� Polymatroid: P

f

= fx 2 R

X

;x � 0; x(U) � f(U) for ea
h U � Xg,

� Extended polymatroid: EP

f

= fx 2 R

X

;x(U) � f(U) for ea
h

U � Xg.

Edmonds showed that it is possible to optimize a linear fun
tion w

T

x

over an (extended) polymatroid by an extension of the greedy algorithm.

Moreover, there is a strongly polynomial algorithm to �nd the minimum

value of a submodular fun
tion, given by a value-giving ora
le.
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