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Abstra
t. Let F be a family of 
onne
ted bipartite graphs, ea
h

with at least three verti
es. A proper vertex 
olouring of a graph G

with no bi
hromati
 subgraph in F is F-free. The F-free 
hromati


number �(G;F) of a graph G is the minimum number of 
olours in

an F-free 
olouring of G. For appropriate 
hoi
es of F , several well-

known types of 
olourings �t into this framework, in
luding a
y
li



olourings, star 
olourings, and distan
e-2 
olourings. This paper

studies F-free 
olourings of the 
artesian produ
t of graphs.

Let H be the 
artesian produ
t of the graphs G

1

; G

2

; : : : ;G

d

. Our

main result establishes an upper bound on the F-free 
hromati
 num-

ber of H in terms of the maximum F-free 
hromati
 number of the

G

i

and the following number-theoreti
 
on
ept. A set S of natural

numbers is k-multipli
ative Sidon if ax = by implies a = b and x = y

whenever x; y 2 S and 1 � a; b � k. Suppose that �(G

i

;F) � k

and S is a k-multipli
ative Sidon set of 
ardinality d. We prove that

�(H;F) � 1 + 2k � maxS. We then prove that the maximum den-

sity of a k-multipli
ative Sidon set is �(1= log k). It follows that

�(H;F) � O(dk log k). We illustrate the method with numerous ex-

amples, some of whi
h generalise or improve upon existing results in

the literature.
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1. Introdu
tion

Sabidussi [30℄ proved that the 
hromati
 number of the 
artesian produ
t

of a set of graphs equals the maximum 
hromati
 number of a graph in the

set. No su
h result is known for more restri
tive 
olourings (su
h as a
y
li
,

star, and distan
e-2 
olourings). This paper investigates su
h 
olourings of


artesian produ
ts under a general model of restri
tion, in whi
h arbitrary

bi
hromati
 subgraphs are ex
luded. Our study leads to a number-theoreti


problem regarding multipli
ative Sidon sets that is of independent interest.

This problem is then solved using a 
ombination of number-theoreti
 and

graph-theoreti
 approa
hes.

Let G be a graph with vertex set V (G) and edge set E(G). (All graphs


onsidered are undire
ted, simple, and �nite.) A 
olouring of G is a fun
tion


 : V (G)! Z su
h that 
(v) 6= 
(w) for every edge vw 2 E(G). A 
olouring


 with jf
(v) : v 2 V (G)gj � k is a k-
olouring. The 
hromati
 number of G,

denoted by �(G), is the minimum integer k for whi
h there is a k-
olouring

of G.

Let F be a family of 
onne
ted bipartite graphs, ea
h with at least three

verti
es, 
alled a forbidden family. A 
olouring 
 of a graph G is F-free if

it 
ontains no bi
hromati
 subgraph in F ; that is, jf
(v) : v 2 V (H)gj � 3

for every subgraph H of G that is isomorphi
 to a graph in F . The F-free


hromati
 number of G, denoted by �(G;F), is the minimum integer k for

whi
h there is an F-free k-
olouring of G. When F = fHg is a singleton,

we write H-free instead of F-free, and refer to the H-free 
hromati
 number

�(G;H). The framework was introdu
ed by Albertson et al. [5℄; an even

more general model of restri
tive graph 
olourings is 
onsidered by Ne�set�ril

and Ossona de Mendez [25℄.

F-free 
olourings 
orrespond to many well-studied types of 
olourings.

Let P

n

and C

n

respe
tively be the path and 
y
le on n verti
es. Let C :=

fC

n

: n eveng. Then C-free 
olourings are the a
y
li
 
olourings [7, 9{

13, 37℄. Here ea
h bi
hromati
 subgraph is a forest. By a further restri
tion

we obtain the P

4

-free 
olourings, whi
h are 
alled star 
olourings, sin
e ea
h

bi
hromati
 subgraph is a 
olle
tion of disjoint stars [5, 7, 8, 12, 19, 24, 37℄.

A 
olouring is P

3

-free if and only if every pair of verti
es at distan
e at

most two re
eive distin
t 
olours (
alled a distan
e-2 
olouring). That is,

�(G;P

3

) = �(G

2

). HereG

k

is the k-th power of G, the graph with vertex set

V (G), where two verti
es are adja
ent in G

k

whenever they are at distan
e

at most k in G. Often motivated by appli
ations in frequen
y assignment,


olourings of graph powers has re
ently attra
ted mu
h attention [1{4, 22,
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23, 35℄. By de�nition,

�(G) � �(G; C) � �(G;P

4

) � �(G;P

3

) :

Let G

1

and G

2

be graphs. The 
artesian produ
t of G

1

and G

2

, denoted

by G

1

�G

2

, is the graph with vertex set

V (G

1

�G

2

) := V (G

1

)� V (G

2

) := f(a; v) : a 2 V (G

1

); v 2 V (G

2

)g ;

where (a; v)(b; w) is an edge of G

1

�G

2

if and only if ab 2 E(G

1

) and

v = w, or a = b and vw 2 E(G

2

). Assuming isomorphi
 graphs are equal,

the 
artesian produ
t is asso
iative, and G

1

�G

2

� � � � �G

d

is well-de�ned.

Sabidussi [30℄ proved that

�(G

1

�G

2

� � � � �G

d

) = maxf�(G

i

) : 1 � i � dg :

This paper studies F-free 
olourings of 
artesian produ
ts. The following

upper bound on the F-free 
hromati
 number of a 
artesian produ
t is our

main result. Here and throughout the paper, 
 = 0:5772 : : : is Euler's


onstant, and logarithms are base e = 2:718 : : : unless stated otherwise.

Theorem 1. Let F be a forbidden family. Let G

1

; G

2

; : : : ; G

d

be graphs,

ea
h with F-free 
hromati
 number �(G

i

;F) � k + 1. Then

�(G

1

�G

2

� � � � �G

d

;F) � 2k(kd� k + 1) + 1 :

Moreover, for all � > 0 and for large d > d(k; �),

�(G

1

�G

2

� � � � �G

d

;F) � 1 +

2 e




1� �

dk log k :

We a
tually prove a stronger result than Theorem 1 that is expressed in

terms of `
hromati
 span'. This 
on
ept is introdu
ed in Se
tion 2. The key

lemma of the paper, whi
h relates F-free 
olourings of a 
artesian produ
t

to so-
alled k-multipli
ative Sidon sets, is proved in Se
tion 3. In Se
-

tion 4 we study k-multipli
ative Sidon sets in their own right. The obtained

bounds establish our main 
olouring results. The remaining se
tions 
on-

tain numerous examples of the method, some of whi
h generalise or improve

upon existing results in the literature. In parti
ular, we 
onsider distan
e-2


olourings in Se
tion 5, a
y
li
 
olourings in Se
tion 6, and star 
olourings

in Se
tion 7.

2. Chromati
 Span

Let 
 be a 
olouring of a graph G. The span of 
 is maxfj
(v) � 
(w)j :

vw 2 E(G)g. (The number of 
olours is irrelevant.) The 
hromati
 span

of G, denoted by �(G), is the minimum integer k for whi
h there is a

3




olouring of G with span k. Note that �(G) � k if and only if there is a

homomorphism from G into P

k

n

for some n.

Let [a; b℄ := [a; a + 1; : : : ; b℄ and [b℄ := [1; b℄ for all integers a � b. We


an assume that the range of a k-
olouring is [k℄. Thus �(G) � �(G) � 1

for every graph G. Conversely, given a 
olouring 
 of G with span k, let




0

(v) := 
(v) mod (k + 1) for ea
h vertex v 2 V (G). Then 


0

is a (k + 1)-


olouring of G. Thus

�(G) = �(G)� 1 :

This suggests that 
hromati
 span is pointless. Let the F-free 
hromati


span of a graph G, denoted by �(G;F), be the minimum integer k for whi
h

there is an F-free 
olouring of G with span k.

Lemma 1. Let F be a forbidden family. For every graph G,

�(G;F) + 1 � �(G;F) � 2 � �(G;F) + 1 :

Proof. Obviously �(G;F) � �(G;F) � 1. To prove that �(G;F) � 2 �

�(G;F) + 1, let 
 be an F-free 
olouring of G with span k := �(G;F).

For every vertex v 2 V (G), let 


0

(v) := 
(v) mod (2k + 1). Clearly 


0

is a

(2k + 1)-
olouring of G. For all i 2 [0; 2k℄, let V

i

:= fv 2 V (G) : 


0

(v) = ig,

and for all j 2 Z, let V

i;j

:= fv 2 V

i

: 
(v) = j(2k + 1) + ig. Thus the

V

i

's are the 
olour 
lasses of 


0

and the V

i;j

's are the 
olour 
lasses of 
.

For S; T � V (G) with S \ T = ;, let G[S; T ℄ be the subgraph of G with

vertex set S [ T and edge set fvw 2 E(G) : v 2 S;w 2 Tg. Consider

two edges vw; xy 2 E(G) with v; x 2 V

i

1

;j

1

, w 2 V

i

2

;j

2

, and y 2 V

i

2

;j

3

.

Sin
e j
(v) � 
(w)j � k and j
(x) � 
(y)j � k, we have j

2

= j

3

. It follows

that ea
h bi
hromati
 subgraph of 


0

is the union of disjoint bi
hromati


subgraphs of 
. In parti
ular, G[V

i

1

; V

i

2

℄ = [fG[V

i

1

;j

; V

i

2

;j

℄ : j 2 Zg or

G[V

i

1

; V

i

2

℄ = [fG[V

i

1

;j

; V

i

2

;j+1

℄ : j 2 Zg. Sin
e ea
h subgraph G[V

i

1

;j

; V

i

2

;j

℄

(or G[V

i

1

;j

; V

i

2

;j+1

℄ in the se
ond 
ase) is F-free, 


0

is F-free and �(G;F) �

2 � �(G;F) + 1. �

Lemma 1 
annot be improved in general, sin
e it is easily seen that

�(P

k

n

; P

3

) = k but �(P

k

n

; P

3

) = 2k + 1. Thus 
hromati
 span is of interest

when 
onsidering F-free 
olourings. We prove the following result, whi
h

with Lemma 1, implies Theorem 1.

Theorem 2. Let F be a forbidden family. Let G

1

; G

2

; : : : ; G

d

be graphs,

ea
h with F-free 
hromati
 span �(G

i

;F) � k (whi
h is implied if �(G

i

;F) �

4



k + 1). Then

�(G

1

�G

2

� � � � �G

d

;F) � k(kd� k + 1) ; and

�(G

1

�G

2

� � � � �G

d

;F) � 2k(kd� k + 1) + 1 :

Moreover, for all � > 0 and for large d > d(k; �),

�(G

1

�G

2

� � � � �G

d

;F) �

e




1� �

dk log k, and

�(G

1

�G

2

� � � � �G

d

;F) � 1 +

2 e




1� �

dk log k :

3. The Key Lemma

Our results depend upon the following number-theoreti
 
on
ept (where

N := f1; 2; : : :g and N

0

:= N [ f0g).

De�nition 1. Let k 2 N. A set A � N is k-multipli
ative Sidon

1

if for all

x; y 2 A and for all a; b 2 [k℄, we have ax = by implies a = b and x = y.

For brevity we write k-multipli
ative rather than k-multipli
ative Sidon.

Consider a 
artesian produ
t

~

G := G

1

�G

2

� � � � �G

d

to have vertex

set

V (

~

G) = f~v : ~v = (v

1

; v

2

; : : : ; v

d

); v

i

2 V (G

i

); i 2 [d℄g ;

where ~v ~w 2 E(

~

G) if and only if v

i

w

i

2 E(G

i

) for some i, and v

j

= w

j

for

all j 6= i; we say that the edge ~v ~w is in dimension i.

Lemma 2. Let F be a forbidden family. Let G

1

; G

2

; : : : ; G

d

be graphs, ea
h

with F-free 
hromati
 span �(G

i

;F) � k (whi
h is implied if �(G

i

;F) �

k + 1). Let S := fs

1

; s

2

; : : : ; s

d

g be a k-multipli
ative set. Then

�(G

1

�G

2

� � � � �G

d

;F) � k �maxS :

Proof. Let

~

G := G

1

�G

2

� � � � �G

d

. For ea
h i 2 [d℄, let 


i

be an F-free


olouring of G

i

with span k. For ea
h vertex ~v 2 V (

~

G), let


(~v) :=

X

i2[d℄

s

i

� 


i

(v

i

) :

1

Erd}os [14, 15, 16℄ de�ned a set A � N to be multipli
ative Sidon if ab = 
d implies

fa; bg = f
; dg for all a; b; 
; d 2 A; see [29, 31℄. Additive Sidon sets have been more

widely studied; see the 
lassi
al papers [17, 32, 33℄ and the re
ent survey by O'Bryant

[27℄.
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For every edge ~v ~w 2 E(

~

G) in dimension i,

(1)


( ~w)�
(~v) =

0

�

X

j2[d℄

s

j

� 


j

(w

j

)

1

A

�

0

�

X

j2[d℄

s

j

� 


j

(v

j

)

1

A

= s

i

�




i

(w

i

)�


i

(v

i

)

�

:

Sin
e 1 � j


i

(w

i

) � 


i

(v

i

)j � k and s

i

� 1, 
 is a 
olouring of

~

G with span

k �maxS.

Suppose, for the sake of 
ontradi
tion, that 
 is not F-free. That is, there

is a bi
hromati
 subgraph H of

~

G that is isomorphi
 to some graph in F .

First suppose that all the edges of H have the same dimension i. By Equa-

tion (1), and sin
e H is 
onne
ted, the edges fv

i

w

i

: ~v ~w 2 E(H)g indu
e

a bi
hromati
 subgraph of G

i

that is isomorphi
 to a graph in F , whi
h is

a 
ontradi
tion. Thus not all the edges of H are in the same dimension.

Sin
e H is 
onne
ted and has at least three verti
es, H has two edges ~v~x

and ~w~x with a 
ommon endpoint that are in distin
t dimensions. Say ~v~x

is in dimension i and ~w~x is in dimension j 6= i. Sin
e H is bi
hromati
,


(~v)� 
(~x) = 
( ~w)� 
(~x). By Equation (1),

s

i

�




i

(v

i

)� 


i

(x

i

)

�

= s

j

�




j

(w

j

)� 


j

(x

j

)

�

:

Sin
e 


i

has span k, we have 1 � j


i

(v

i

) � 


i

(x

i

)j � k and 1 � j


j

(w

j

) �




j

(x

j

)j � k, whi
h implies that S is not k-multipli
ative. This 
ontradi
tion

proves that 
 is an F-free 
olouring of

~

G. �

4. k-Multipli
ative Sidon Sets

Motivated by Lemma 2, in this se
tion we study k-multipli
ative sets

in their own right. We measure the `size' of a k-multipli
ative set by its

density. The density of A � N is

Æ(A) := lim

n!1

jA \ [n℄j

n

if the limit exists (otherwise the density is unde�ned). We say A � N is

p-periodi
 if x 2 A if and only if x+ p 2 A for all x 2 N. Observe that if A

is p-periodi
 then

(2) Æ(A) =

jA \ [p℄j

p

:

The following theorem is our main result regarding k-multipli
ative sets.

6



Theorem 3. For all k 2 N, the maximum density of a k-multipli
ative set

is

�

�

1

log k

�

:

The lower and upper bounds in Theorem 3 are proved in Theorems 4 and

5, respe
tively. We start with a naive 
onstru
tion of a k-multipli
ative set.

Lemma 3. For all k 2 N, the set R

k

:= fx 2 N : x � 1 (mod k)g is

k-multipli
ative and has density Æ(R

k

) = 1=k.

Proof. Suppose that ax = by for some x; y 2 R

k

and a; b 2 [k℄. Then

x = pk+1 and y = qk+1 for some p; q 2 N. Thus (ap� bq)k = b�a. Sin
e

jb� aj � k� 1, we have a = b and ap = bq. Thus p = q and x = y. That is,

R

k

is k-multipli
ative. Sin
e R

k

is k-periodi
, Æ(R

k

) = jR

k

\ [k℄j=k = 1=k

by Equation (2). �

Fix k 2 N. Let P

k

:= fp

1

; p

2

; : : : ; p

`

g be the set of primes in [k℄. Let

P

k

:=

Y

i2[`℄

p

i

:

Every x 2 N 
an be uniquely represented as

x = �

�

(x)

Y

i2[`℄

p

�

i

(x)

i

;

where �

i

(x) 2 N

0

and �

�

(x) is not divisible by p

i

for all i 2 [`℄. That is,

g
d(�

�

(x); P

k

) = 1. Let �(x) be the ve
tor (�

1

(x); �

2

(x); : : : ; �

`

(x)). For all

x; y 2 N,

(3) �(x � y) = �(x) + �(y) and �

�

(x � y) = �

�

(x) � �

�

(y) :

Lemma 4. For all k 2 N, if ax = by for some a; b 2 [k℄ and x; y 2 N, then

�

�

(x) = �

�

(y).

Proof. By Equation (3), we have �

�

(a) ��

�

(x) = �

�

(b) ��

�

(y). Sin
e a; b � k,

we have �

�

(a) = �

�

(b) = 1. Thus �

�

(x) = �

�

(y). �

Theorem 4. For all k 2 N, the set S

k

:= fs 2 N : g
d(s; P

k

) = 1g is

k-multipli
ative and has density

Æ(S

k

) =

Y

i2[`℄

�

1�

1

p

i

�

�

e

�


log k

:
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Proof. Suppose that ax = by for some a; b 2 [k℄ and x; y 2 S

k

. Thus

�

�

(x) = �

�

(y) by Lemma 4. Sin
e g
d(x; P

k

) = g
d(y; P

k

) = 1, we have

�

i

(x) = �

i

(y) = 0 for all i 2 [`℄. Hen
e x = y, whi
h implies that a = b,

and S

k

is k-multipli
ative.

It remains to 
ompute the density of S

k

. Let ' be Euler's totient fun
tion,

'(x) := jfy 2 [x℄ : g
d(x; y) = 1gj. If q

1

; q

2

; : : : ; q

r

are the prime fa
tors of

x (with repetition), then

'(x) = x

Y

i2[r℄

�

1�

1

q

i

�

:

Observe that S

k

is P

k

-periodi
. By Equation (2),

Æ(S

k

) =

jS

k

\ [P

k

℄j

P

k

=

'(P

k

)

P

k

=

Y

i2[`℄

�

1�

1

p

i

�

:

By Mertens' Theorem (see [20℄), Æ(S

k

) � e

�


= log k; see Table 1. �

The following 
orollary is a straightforward 
onsequen
e of Theorem 4.

Corollary 1. For all k 2 N, � > 0, and suÆ
iently large n > n(k; �),

(1� �)n

e




log k

� jS

k

\ [n℄j �

(1 + �)n

e




log k

:

Table 1. The �rst 15 elements of the set S

k

for ea
h k � 30.

k S

k

density

2 f1; 3; 5; 7; 9; 11; 13; 15; 17; 19; 21; 23; 25; 27; 29; : : : g 1=2

3; 4 f1; 5; 7; 11; 13; 17; 19; 23; 25; 29; 31; 35; 37; 41; 43; : : : g 1=3

5; 6 f1; 7; 11; 13; 17; 19; 23; 29; 31; 37; 41; 43; 47; 49; 53; : : : g 4=15

7; : : : ; 10 f1; 11; 13; 17; 19; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; : : : g 8=35

11; 12 f1; 13; 17; 19; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; : : : g 16=77

13; : : : ; 16 f1; 17; 19; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; : : : g 192=1001

17; 18 f1; 19; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; 73; : : : g 3072=17017

19; : : : ; 22 f1; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; 73; 79; : : : g 55296=323323

23; : : : ; 28 f1; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; 73; 79; 83; : : : g 110592=676039

29; 30 f1; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; 73; 79; 83; 89; : : : g 442368=2800733
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We 
an now prove Theorem 2.

Proof of Theorem 2. Lemma 3 implies that R := fik + 1 : i 2 [0; d � 1℄g

is k-multipli
ative. Sin
e jRj = d and maxR = dk � k + 1, by using R

as a k-multipli
ative set in Lemma 2, we have �(G

1

�G

2

� � � � �G

d

;F) �

k(dk � k + 1) . This proves the �rst part of the theorem.

Let n be the minimum integer su
h that jS

k

\ [n℄j � d. By Corollary 1,

for d > d(k; �),

maxfS

k

\ [n℄g � n �

e




1� �

d log k :

Using S

k

\ [n℄ as a k-multipli
ative set in Lemma 2, we have

�(G

1

�G

2

� � � � �G

d

;F) �

e




1� �

dk log k :

The �nal 
laim in Theorem 2 follows from Lemma 1. �

4.1. Proof of Optimality. We now prove that the lower bound in The-

orem 4 is asymptoti
ally optimal, whi
h in turn 
ompletes the proof of

Theorem 3.

Theorem 5. For all k 2 N, � > 0, and suÆ
iently large n > n(k; �), every

k-multipli
ative set A � [n℄ satis�es

jAj �

(2 + �)n

e




log k

+

2n

4

p

k

= (2 + o(1))jS

k

\ [n℄j :

To prove Theorem 5, we model k-multipli
ative sets using graphs. Let

G

n;k

be the graph with vertex set V (G

n;k

) := [n℄, where xy 2 E(G

n;k

)

whenever ax = by for some a; b 2 [k℄. Observe that a set A � [n℄ is k-

multipli
ative if and only if A is an independent set of G

n;k

. For ea
h

s 2 S

k

\ [n℄, let G

n;k;s

be the subgraph of G

n;k

indu
ed by X

n;k;s

:= fx 2

[n℄ : �

�

(x) = sg.

Lemma 5. The 
onne
ted 
omponents of G

n;k

are fG

n;k;s

: s 2 S

k

\ [n℄g.

Proof. If xy 2 E(G

n;k

), then �

�

(x) = �

�

(y) by Lemma 4, whi
h implies

that x; y 2 X

n;k;s

for some s 2 S

k

\ [n℄. Thus distin
t sets X

n;k;s

and X

n;k;t

are not joined by an edge of G

n;k

. It remains to prove that ea
h subgraph

G

n;k;s

is 
onne
ted. For ea
h pair of verti
es x; y 2 X

n;k;s

, let

f(x; y) :=

X

i2[`℄

j�

i

(x) � �

i

(y)j:

9



We 
laim that x and y are 
onne
ted by a path of f(x; y) edges in G

n;k;s

.

The proof is by indu
tion on f(x; y). If f(x; y) = 0 then x = y (sin
e

�

�

(x) = �

�

(y) = s) and we are done. Say f(x; y) > 0. Without loss of

generality, �

i

(x) < �

i

(y) for some i. Let z := p

i

x. Then z 2 X

n;k;s

and

xz is an edge of G

n;k;s

. Moreover, �

i

(z) = �

i

(x) + 1, whi
h implies that

f(z; y) = f(x; y)� 1. By indu
tion, there is a path of f(z; y) edges from z

to y. Thus there is a path of f(z; y) + 1 = f(x; y) edges from x to y. �

Lemma 6. Let G

n;k;s

be a 
onne
ted 
omponent of G

n;k

with r verti
es.

Then the minfk; rg smallest elements of X

n;k;s

are fs; 2s; 3s; : : : ;minfk; rg�

sg, and they form a 
lique of G

n;k;s

.

Proof. Every element of X

n;k;s

is a multiple of s and is at least s. Now

is 2 X

n;k;s

for ea
h i 2 [minfk; rg℄. Thus the minfk; rg smallest elements

of X

n;k;s

are fs; 2s; 3s; : : : ;minfk; rg � sg, whi
h 
learly form a 
lique of

G

n;k;s

. �

For all x 2 [n℄, let N

k

(x) be the 
losed neighbourhood of x in G

n;k

. That

is, y 2 N

k

(x) if and only if y 2 [n℄ and ay = bx for some a; b 2 [k℄.

Lemma 7. Let G

n;k;s

be a 
onne
ted 
omponent of G

n;k

with at least k

verti
es. Then jN

k

(x)j � b

p

k
 for every x 2 X

n;k;s

.

Proof. By Lemma 6, the k smallest elements ofX

n;k;s

are fs; 2s; 3s; : : : ; ksg,

and they form a 
lique of G

n;k;s

. In parti
ular, ks � n.

Case (a). x �

p

ks: For ea
h a 2 [b

p

k
℄, we have ax � ks � n. Thus

ax 2 N

k

(x) and jN

k

(x)j � b

p

k
.

Case (b). x >

p

ks: First suppose that there is a prime p that divides

x and

p

k � p � k. Then

ax

p

2 [x℄ for ea
h a 2 [p℄. Thus

ax

p

2 N

k

(x)

and jN

k

(x)j � p �

p

k. Now suppose that there is no prime divisor p of

x with

p

k � p � k. Let p

1

� p

2

� � � � � p

t

be the prime fa
tors of x

with dupli
ation. Sin
e x >

p

k, for some ` 2 [t℄, the integer q :=

Q

i2[`℄

p

i

divides x and

p

k � q � k. Thus

ax

q

2 [x℄ for ea
h a 2 [q℄. Thus

ax

q

2 N

k

(x)

and jN

k

(x)j � q �

p

k. �

Proof of Theorem 5. Let k

0

:= b

p

k
 and k

00

:= b

p

k

0


. Note that k

00

� 1

and k

00

>

1

2

4

p

k. We pro
eed by studying the size of A within ea
h 
onne
ted


omponent of the graph G

n;k

0

. That is, we 
onsider A as the union of the

disjoint sets fA \X

n;k

0

;s

: s 2 S

k

0

\ [n℄g.

First 
onsider s 2 S

k

0

\ [n℄ for whi
h jX

n;k

0

;s

j � k

0

. By Lemma 6, X

n;k

0

;s

is a 
lique of G

n;k

0

. Sin
e A is k-multipli
ative, A is k

0

-multipli
ative, and A

10



is an independent set of G

n;k

0

. Thus jA\X

n;k

0

;s

j � 1. The set S

k

0

\ [n℄ has

exa
tly one element in X

n;k

0

;s

. Thus j[fA\X

n;k

0

;s

: s 2 S

k

0

\[n℄; jX

n;k

0

;s

j �

k

0

gj � jS

k

0

\ [n℄j. By Corollary 1,

(4)

�

�

�

[

fA \X

n;k

0

;s

: s 2 S

k

0

\ [n℄; jX

n;k

0

;s

j � k

0

g

�

�

�

�

(1 + �)n

e




log k

0

�

(2 + �)n

e




log k

:

Now 
onsider s 2 S

k

0

\ [n℄ for whi
h jX

n;k

0

;s

j > k

0

. We 
laim that

N

k

0

(x)\N

k

0

(y) = ; for distin
t x; y 2 A. Suppose that z 2 N

k

0

(x)\N

k

0

(y)

for some x; y 2 A. Then a

1

x = b

1

z and a

2

y = b

2

z for some a

1

; a

2

; b

1

; b

2

2

[k

0

℄. Thus

a

1

x

b

1

=

a

2

y

b

2

and (a

1

b

2

)x = (a

2

b

1

)y. Sin
e a

1

b

2

; a

2

b

1

2 [k℄ and A

is k-multipli
ative, x = y. This proves the 
laim. Now N

k

0

(x) � X

n;k

0

;s

for ea
h x 2 X

n;k

0

;s

by Lemma 5, and jN

k

0

(x)j � k

00

by Lemma 7. Thus

jA \X

n;k

0

;s

j � k

00

� jX

n;k

0

;s

j, and

(5)

�

�

�

[

fA \X

n;k

0

;s

: s 2 S

k

0

\ [n℄; jX

n;k

0

;s

j > k

0

g

�

�

�

�

n

k

00

<

2n

4

p

k

:

Corollary 1 and Equations (4) and (5) imply that

jAj �

(2 + �)n

e




log k

+

2n

4

p

k

�

(2 + o(1))n

e




log k

= (2 + o(1))jS

k

\ [n℄j :

�

4.2. An Improved Constru
tion. While S

k

\ [n℄ is a k-multipli
ative set

whose 
ardinality is within a 
onstant fa
tor of optimal, larger k-multipli
ative

sets in [n℄ 
an be 
onstru
ted. Re
all that P

k

= fp

1

; p

2

; : : : ; p

`

g is the set

of primes in [k℄. Let �

i

:= blog

p

i

k
+ 1 for ea
h p

i

2 P

k

. De�ne

T

k

:= fx 2 N : �

i

(x) � 0 (mod �

i

); i 2 [`℄g :

Lemma 8. For ea
h k 2 N, the set T

k

is k-multipli
ative.

Proof. Suppose that ax = by for some a; b 2 [k℄ and x; y 2 T

k

. By Equa-

tion (3),

�

i

(a) + �

i

(x) = �

i

(b) + �

i

(y)

for all i 2 [`℄. Now �

i

(x) � �

i

(y) � 0 (mod �

i

) sin
e x; y 2 T

k

. Thus

�

i

(a) � �

i

(b) (mod �

i

). Now p

�

i

(a)

i

� a � k. Thus �

i

(a) � blog

p

i

k
 =

�

i

� 1. Similarly �

i

(b) � �

i

� 1. Hen
e �

i

(a) = �

i

(b) for all i 2 [`℄. Thus

a = b and x = y. Therefore T

k

is k-multipli
ative. �

We now set out to determine the density of T

k

. Observe that S

k

= fx 2

N : �

i

(x) = 0; i 2 [`℄g � T

k

. Thus (if it exists) the density of T

k

is at least

that of S

k

.
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Consider A;B � N with A \ B = ;. If Æ(A) and Æ(B) exist, then

Æ(A [ B) = Æ(A) + Æ(B). The following lemma extends this idea to an

in�nite union, where

Æ(A) := sup

n!1

jA \ [n℄j

n

:

Lemma 9. Let A

1

; A

2

; : : : � N su
h that A

i

\ A

j

= ; whenever i 6= j.

Suppose that for ea
h i 2 N, Æ(A

i

) exists and Æ(A

i

) � 
 � Æ(A

i

) for some


onstant 
 � 1. Let A :=

S

i

A

i

. Then Æ(A) =

P

i

Æ(A

i

).

Proof. Let Æ :=

P

i

Æ(A

i

). Let � > 0 be an arbitrary positive number. Let

r

�

be the least integer su
h that

X

i>r

�

Æ(A

i

) <

�




:

Let n

�

be the minimum integer su
h that for all n > n

�

and for all i 2 [r

�

℄,

�

�

�

�

jA

i

\ [n℄j

n

� Æ(A

i

)

�

�

�

�

<

�

r

�

:

Let n > n

�

, X := A\ [n℄, X

i

:= X \A

i

and X

�

:= [fX

i

: i > r

�

g. We have

jX

i

j < 
 � Æ(A

i

)n. Thus

jX

�

j < 
n

X

i>r

�

Æ(A

i

) < �n :

Therefore

�

�

�

�

jX j

n

� Æ

�

�

�

�

=

�

�

�

�

�

�

0

�

X

i2[r

�

℄

jX

i

j

n

� Æ(A

i

)

1

A

+

jX

�

j

n

�

X

i>r

�

Æ(A

i

)

�

�

�

�

�

�

<

X

i2[r

�

℄

�

�

�

�

jX

i

j

n

� Æ(A

i

)

�

�

�

�

+

jX

�

j

n

+

X

i>r

�

Æ(A

i

)

< r

�

�

r

�

+

�n

n

+

�




< �

�

2 +

1




�

< 3� :

This proves that Æ(A) = Æ. �

Theorem 6. The set T

k

is k-multipli
ative with density

Æ(T

k

) = Æ(S

k

)

Y

i2[`℄

�

1 +

1

p

�

i

i

� 1

�

=

Y

i2[`℄

�

1�

1

p

i

��

1 +

1

p

�

i

i

� 1

�

:
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Proof. For all A � N and t 2 N, let t �A := fta : a 2 Ag. If Æ(A) exists then

(6) Æ(t �A) =

Æ(A)

t

:

Now, for all v 2 N

`

0

, let

S

v

k

:=

0

�

Y

i2[`℄

p

v

i

�

i

i

1

A

� S

k

:

Note that S

v

k

\ S

w

k

= ; for distin
t v; w 2 N

`

0

. For all v 2 N

`

0

we have

Æ(S

v

k

)

Æ(S

v

k

)

=

Æ(S

k

)

Æ(S

k

)

. Now T

k

=

S

fS

v

k

: v 2 N

`

0

g. By Lemma 9,

Æ(T

k

) =

X

v2N

`

0

Æ(S

v

k

) :

By Equation (6) with A = S

k

and t =

Q

i

p

v

i

�

i

i

,

Æ(T

k

) =

X

v2N

`

0

Æ(S

k

)=

Y

i2[`℄

p

v

i

�

i

i

:

Thus

Æ(T

k

) = Æ(S

k

)

X

v2N

`

0

Y

i2[`℄

p

�v

i

�

i

i

= Æ(S

k

)

Y

i2[`℄

p

�

i

i

p

�

i

i

� 1

= Æ(S

k

)

Y

i2[`℄

�

1 +

1

p

�

i

i

� 1

�

:

The result follows by substituting the expression for Æ(S

k

) from Theorem 4;

see Table 2. �

Table 2. The �rst 15 elements of the set T

k

for ea
h k � 15.

k T

k

density

2 f1; 3; 4; 5; 7; 9; 11; 12; 13; 15; 16; 17; 19; 20; 21; : : : g 2=3

3 f1; 4; 5; 7; 9; 11; 13; 16; 17; 19; 20; 23; 25; 28; 29; : : : g 1=2

4 f1; 5; 7; 8; 9; 11; 13; 17; 19; 23; 25; 29; 31; 35; 37; : : : g 3=7

5; 6 f1; 7; 8; 9; 11; 13; 17; 19; 23; 25; 29; 31; 37; 41; 43; : : : g 5=14

7 f1; 8; 9; 11; 13; 17; 19; 23; 25; 29; 31; 37; 41; 43; 47; : : : g 5=16

8 f1; 9; 11; 13; 16; 17; 19; 23; 25; 29; 31; 37; 41; 43; 47; : : : g 7=24

9; 10 f1; 11; 13; 16; 17; 19; 23; 25; 27; 29; 31; 37; 41; 43; 47; : : : g 7=26

11; 12 f1; 13; 16; 17; 19; 23; 25; 27; 29; 31; 37; 41; 43; 47; 49; : : : g 77=312

13; 14; 15 f1; 16; 17; 19; 23; 25; 27; 29; 31; 37; 41; 43; 47; 49; 53; : : : g 11=48

We now show that Æ(T

k

) approa
hes Æ(S

k

) for large k.
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Proposition 1. For all k 2 N,

Æ(S

k

) < Æ(T

k

) = 


k

� Æ(S

k

) ;

for some 
onstant 


k

! 1 for large k.

Proof. By the Prime Number Theorem, ` � O(k= log k). Thus




k

=

Y

i

�

1 +

1

p

�

i

i

� 1

�

<

Y

i

�

1 +

1

k � 1

�

�

�

1 +

1

k � 1

�

O(k= log k)

� exp(O(1= log k)) ! 1 : �

The 
ase k = 2 was previously studied by Tamura [34℄ and Allou
he et al.

[6℄. Observe that T

2

= f2

2i

(2j + 1) : i; j 2 N

0

g. Theorem 6 with k = 2 was

proved by Allou
he et al. [6℄, who also proved that T

2

has the maximum

density out of all 2-multipli
ative sets. Interesting relationships with the

Thue-Morse sequen
e were also dis
overed.

Proposition 2 ([6℄). The set T

2

is 2-multipli
ative and has density 2=3.

For all d 2 N, the d-th smallest element of T

2

is at most

3

2

d+O(log d).

Theorem 7. Let F be a forbidden family. Let G

1

; G

2

; : : : ; G

d

be graphs,

ea
h with �(G

i

;F) � 2 or �(G

i

;F) � 3. Let t be the d-th smallest element

of T

2

. Then

�(G

1

�G

2

� � � � �G

d

;F) � 2t � 3d+O(log d) ; and

�(G

1

�G

2

� � � � �G

d

;F) � 4t+ 1 � 6d+O(log d) :

Proof. By Lemma 1, �(G

i

;F) � 3 implies �(G

i

;F) � 2. The result follows

by applying Lemma 2 with the d smallest elements of the 2-multipli
ative

set T

2

from Proposition 2. �

5. P

3

-free Colourings

Re
all that a 
olouring is P

3

-free if verti
es at distan
e at most two re
eive

distin
t 
olours. Let �(G) be the maximum degree of the graph G. Sin
e

a vertex and its neighbours re
eive distin
t 
olours in a P

3

-free 
olouring,

(7) �(G;P

3

) � �(G) + 1 :

Let Q

d

:= K

2

�K

2

� � � � �K

2

be the d-dimensional hyper
ube. P

3

-free


olourings of Q

d

(and more generally, 
olourings of powers of Q

d

) have been

extensively studied [21, 26, 28, 36℄. Wan [36℄ proved that

d+ 1 � �(Q

d

; P

3

) � 2

dlog

2

(d+1)e

:
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While our methods are not powerful enough to obtain the above upper

bound, for grid graphs we have the following result that was �rst proved by

Fertin et al. [18℄.

Example 1 ([18℄). Every d-dimensional grid graph G := P

n

1

�P

n

2

� � � � �P

n

d

satis�es �(G;P

3

) � 2d+ 1, with equality if every n

i

� 3.

Proof. The lower bound follows from Equation (7) sin
e �(G) = 2d if every

n

i

� 3. Colour the i-th vertex in P

n

by i. We obtain a P

3

-free 
olouring

of P

n

with span 1. Thus �(P

n

; P

3

) = 1, and the upper bound follows from

Theorem 2 with k = 1. �

Example 1 highlights the utility of 
hromati
 span. A weaker bound on

�(G;P

3

) is obtained if the P

3

-free 
hromati
 number, �(P

n

; P

3

) = 3, is used

rather than the the P

3

-free 
hromati
 span, �(P

n

; P

3

) = 1.

Example 2. Let G be the d-dimensional graph G := P

2

n

1

�P

2

n

2

� � � � �P

2

n

d

.

Let t be the d-th smallest element of T

2

. Then

�(G;P

3

) � 4t+ 1 � 6d+O(log d) ;

and if ea
h n

i

� 5 then �(G;P

3

) � 4d+ 1.

Proof. Equation (7) implies the lower bound sin
e �(G) = 4d if ea
h n

i

� 5.

Obviously �(P

2

n

; P

3

) � 2. Thus the upper bound follows from Theorem 7;

see Table 3. �

Table 3. Upper bound on �(G;P

3

) for G :=

P

2

n

1

�P

2

n

2

� � � � �P

2

n

d

or G := C

n

1

�C

n

2

� � � � �C

n

d

.

d 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 : : :

�(G;P

3

) � 5 13 17 21 29 37 45 49 53 61 65 69 77 81 85 : : :

Example 3. Let G be the graph P

k

n

1

�P

k

n

2

� � � � �P

k

n

d

. If there exists

n

i

; n

j

� k then �(G;P

3

) � k

2

, and if every n

i

� 2k + 1 then �(G;P

3

) �

2dk + 1. For an upper bound, we have

�(G;P

3

) � 2k(kd� k + 1) + 1 :

Moreover, for all � > 0 and for large d > d(k; �),

�(G;P

3

) � 1 +

2 e




1� �

dk log k :
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Proof. If n

i

; n

j

� k then G

2


ontains a k

2

-vertex 
lique, and �(G;P

3

) =

�(G

2

) � k

2

. The se
ond lower bound follows from Equation (7) sin
e

�(G) = 2dk if every n

i

� 2k + 1. Obviously �(P

k

n

; P

3

) � k. Thus the

upper bounds follow from Theorem 2. �

Example 4. The d-dimensional Hamming graph G := K

n

�K

n

� � � � �K

n

satis�es

maxfn

2

; d(n� 1) + 1g � �(G;P

3

) � 2n(nd� n+ 1) + 1 :

Moreover, for all � > 0 and for large d > d(n; �),

�(G;P

3

) � 1 +

2 e




1� �

d � n logn :

Proof. Sin
e G

2


ontains an n

2

-vertex 
lique, �(G;P

3

) = �(G

2

) � n

2

. The

se
ond lower bound follows from Equation (7) sin
e �(G) = d(n� 1). Ob-

viously �(K

n

; P

3

) = n. Thus the upper bounds follow from Theorem 2. �

Example 5. The d-dimensional toroidal grid G := C

n

1

�C

n

2

� � � � �C

n

d

satis�es

2d+ 1 � �(G;P

3

) � 4t+ 1 � 6d+O(log d) ;

where t is the d-th smallest element of T

2

.

Proof. The lower bound follows from Equation (7) sin
e G is 2d-regular.

Say C

n

= (v

1

; v

2

; : : : ; v

n

). By 
onsidering the vertex ordering

(v

1

; v

n

; v

2

; v

n�1

; : : : ; v

i

; v

n�i+1

; : : : ; v

bn=2


; v

dn=2e

) ;

of C

n

, we see that C

n

� P

2

n

. Thus the upper bound follows from Example 2.

�

Fertin et al. [19℄ studied P

4

-free 
olourings of toroidal grids, and proved

that the minimum number of 
olours is at most 2d

2

+ d + 1, and at most

2d+1 in the 
ase that 2d+1 divides ea
h n

i

. Thus Example 5 gives a linear

upper bound on the P

3

-free 
hromati
 number of toroidal grids, where even

for the weaker notion of P

4

-free 
olourings, only a quadrati
 upper bound

was previously known.

Example 6. Let G be the graph C

k

n

1

�C

k

n

2

� � � � �C

k

n

d

. If there exists

n

i

; n

j

� k then �(G;P

3

) � k

2

, and if every n

i

� 2k + 1 then �(G;P

3

) �

2dk + 1. For an upper bound, we have

�(G;P

3

) � 4k(2kd� 2k + 1) + 1 :

16



Moreover, for all � > 0 and for large d > d(k; �),

�(G;P

3

) � 1 +

4 e




1� �

d � k log(2k) :

Proof. The lower bounds are the same as in Example 3. As proved in

Example 5, C

n

� P

2

n

. Thus C

k

n

� P

2k

n

, and the upper bound follows from

Example 3. �

For p 2 N, an L(p; 1)-labelling of a graph G is a P

3

-free 
olouring of G

with the additional property that the 
olours given to adja
ent verti
es di�er

by at least p. Su
h 
olourings arise in frequen
y assignment problems. It is

easily seen that Lemmata 1 and 2 
an be generalised for L(p; 1)-labellings.

Thus the above examples for P

3

-free 
olourings 
an be generalised to this

setting|we omit the details.

6. A
y
li
 Colourings

Re
all that a 
olouring with no bi
hromati
 
y
le is a
y
li
. The following

elementary lower bound is well known, where half the average degree of a

graph G is denoted by

d(G) :=

jE(G)j

jV (G)j

:

Lemma 10. Every graph G (with at least one edge) has a
y
li
 
hromati


number �(G; C) > d(G) + 1.

Proof. Say G has an a
y
li
 k-
olouring. Let n

i

be the number of verti
es

in the i-th 
olour 
lass. Let m

i;j

be the number of edges between the i-th

and j-th 
olour 
lasses. Thus m

i;j

� n

i

+ n

j

� 1. Hen
e

jE(G)j =

X

1�i<j�k

m

i;j

�

X

1�i<j�k

n

i

+n

j

�1 =

X

1�i�k

(k�1)n

i

�

�

k

2

�

= (k�1)jV (G)j�

�

k

2

�

:

Now k � 2 sin
eG has at least one edge. Thus k � (jE(G)j+1)=jV (G)j+1 >

d(G) + 1. �

It is easily seen that a 
artesian produ
t satis�es

(8) d(G

1

�G

2

� � � � �G

d

) =

X

i2[d℄

d(G

i

) :

The following theorem, whi
h was proved for paths by Fertin et al. [18℄,

gives a spe
ial 
ase when a (k+1)-
olouring 
an be obtained from a 
olouring

with span k, rather than the (2k + 1)-
olouring guaranteed by Lemma 1.
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Proposition 3. For all trees T

1

; T

2

; : : : ; T

d

, the a
y
li
 
hromati
 number

�(T

1

�T

2

� � � � �T

d

; C) � d+ 1 ;

with equality if every jV (T

i

)j � d.

Proof. Let

~

G := T

1

�T

2

� � � � �T

d

. First we prove the lower bound. By

Lemma 10 and Equation (8), and sin
e jV (T

i

)j � d,

�(

~

G; C) > d(

~

G) + 1 = 1+

X

i2[d℄

jV (T

i

)j � 1

jV (T

i

)j

= d+1�

X

i2[d℄

1

jV (T

i

)j

� d :

Hen
e �(

~

G; C) � d+ 1.

Now we prove the upper bound. Root ea
h tree T

i

at some vertex r

i

.

For ea
h vertex v 2 V (T

i

), let 


i

(v) be the distan
e between r

i

and v in T

i

.

Then 


i

is a 
olouring of T

i

with span one. For ea
h vertex ~v 2 V (

~

G), let


(~v) :=

X

i2[d℄

i � 


i

(v

i

) :

For ea
h edge ~v ~w 2 E(

~

G) in dimension i,

(9)


( ~w)�
(~v) =

0

�

d

X

j=1

j � 


j

(w

j

)

1

A

�

0

�

d

X

j=1

j � 


j

(v

j

)

1

A

= i

�




i

(w

i

)�


i

(v

i

)

�

= �i :

Thus 
 is a 
olouring of

~

G with span d. Let 


0

(~v) := 
(~v) mod (d+ 1).

Obviously 


0

is a (d+ 1)-
olouring of

~

G. We 
laim that 


0

is a
y
li
.

Consider ea
h edge of T

i

to be oriented away from the root r

i

. Orient

ea
h edge ~v ~w 2 E(

~

G) in dimension i a

ording to the orientation of v

i

w

i

.

That is, orient ~v to ~w so that 


i

(w

i

)� 


i

(v

i

) = 1. Clearly the orientation of

~

G is a
y
li
.

Suppose that on the 
ontrary there is a vertex ~v 2 V (

~

G) that has two

in
oming edges ~u~v and ~w~v for whi
h 


0

(~u) = 


0

( ~w). Thus 
(~u) � 
( ~w)

(mod (d+ 1)) and


(~u)� 
(~v) � 
( ~w)� 
(~v) (mod (d+ 1)) :

Let i and j be the dimensions of ~u~v and ~w~v, respe
tively. By Equation (9),

i(


i

(u

i

)� 


i

(v

i

)) � j(


j

(w

j

)� 


j

(v

j

)) (mod (d+ 1)) :

By the orientation of edges, 


i

(u

i

) � 


i

(v

i

) = 1 and 


j

(w

j

) � 


j

(v

j

) = 1.

Thus i � j (mod (d + 1)), whi
h implies that i = j. Hen
e ~u = ~w sin
e

v

i

has only one in
oming edge in T

i

(from its parent). Thus every vertex

18



of

~

G has at most one in
oming edge in ea
h bi
hromati
 subgraph H (with

respe
t to the 
olouring 


0

). Hen
e H has an a
y
li
 orientation with at

most one in
oming edge at ea
h vertex. Therefore H is a forest, and 


0

is

the desired a
y
li
 
olouring of

~

G. �

7. P

4

-free Colourings

Re
all that a 
olouring with no bi
hromati
 P

4

is a star 
olouring.

Example 7. For trees T

1

; T

2

; : : : ; T

d

, the star 
hromati
 number

�(T

1

�T

2

� � � � �T

d

; P

4

) � 2d+ 1 :

Proof. Root ea
h tree T

i

at some vertex r

i

. For ea
h vertex v 2 V (T

i

), let




i

(v) be the distan
e between r

i

and v in T

i

. (This is the same 
olouring

used in Proposition 3.) Obviously 


i

is a P

4

-free 
olouring of T

i

with span

one. The result follows from Theorem 2 with k = 1. Also note that the same

lower bound from Proposition 3 applies for the star 
hromati
 number. �

Example 8. Let G be a minor-
losed graph family that is not the 
lass

of all graphs. Then there is a 
onstant 
 = 
(G) su
h that for all graphs

G

1

; G

2

; : : : ; G

d

2 G,

�(G

1

�G

2

� � � � �G

d

; P

4

) � 
d :

Proof. Ne�set�ril and Ossona de Mendez [24℄ proved that there is a 
onstant 


1

(bounded by a small quadrati
 fun
tion of the maximum 
hromati
 number

of a graph in G) su
h that every graph G 2 G has star-
hromati
 number

�(G;P

4

) � 


1

. By Theorem 1, there is 
onstant 


2

(bounded by a small

quadrati
 fun
tion of 


1

) su
h that �(G

1

�G

2

� � � � �G

d

; P

4

) � 


2

d. �
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