
ENCODING POINTED MAPS BY DOUBLE

OCCURRENCE WORDS

PATRICE OSSONA DE MENDEZ AND PIERRE ROSENSTIEHL

Hommage �a Antoine Panayatopoulos,

talentueux 
ombinatoriste 
hez Pas
al 
omme 
hez Pythagore.

Abstra
t. We show that pointed maps withm edges are in bije
tion

with standard double o

urren
e words with (m + 1) symbols.

1. Introdu
tion

1.1. Graphs, Maps and Rotation S
hemes. Re
all that a graph 
on-

sists of a set V (of verti
es) and a set E (of edges), ea
h edge having two

ends (said opposite), ea
h in
ident to a vertex. A loop is an edge whose ends

are both in
ident to a same vertex.

A 
rossing-free drawing of a graph on a surfa
e divides the surfa
e into

regions. If ea
h region is homeomorphi
 to an open disk, the graph is said

to be 
ellularly embedded on the surfa
e [9℄.

A map is a graph 
ellularly embedded in a surfa
e (up to topologi
al

equivalen
e). A map is pointed if some end of some edge of the underlying

graph has been distinguished (see Fig. 1). This will be displayed by a mark

on the 
orresponding edge end.

It is 
ommon and 
onvenient to use a polygonal representation of surfa
es.

The standard polygonal representation of the double torus is an o
tagon

whose sides are pairwise identi�ed a

ording to some labels and orientations

put on ea
h side. The use of su
h a polygonal representation allows a


rossing free representation of any map in the plane (see Fig. 2).

A rotation s
heme of a graph is a 
ir
ular order of the in
ident ends of

edges around ea
h vertex of the graph. Obviously, a map on an orientable

surfa
e typologi
ally de�nes a rotation s
heme of the embedded graph. Less

obviously, the 
onverse is true: any rotation s
heme of a 
onne
ted graph

G indu
es a unique 
ellular embedding of G on an orientable surfa
e (up to

1



Figure 1. A pointed map embedded on the double torus S

2

orientation preserving topologi
al equivalen
e). This equivalen
e of maps

and rotation s
heme, whi
h is present in a dual form in the work of He�ter

[10℄ and whi
h has been extensively used by Ringel in the 50s, have been

independently expressed in the primal form by Edmonds [7℄, popularized

by Youngs [14℄ and further generalized by Gross and Alpert [8℄. A

ording

to this equivalen
e, a map may be represented as a normal drawing in the

plane (that is: a drawing where two edges may 
ross at most on
e) where

the rotation s
heme is preserved (see Fig. 3). Noti
e that the equivalen
e

of the maps of Fig. 1, Fig. 2 and Fig. 3 may be asserted by 
he
king that

they de�ne the same rotation s
hemes.

1.2. Double O

urren
e Words. A word over an alphabet � (whi
h is

some set of symbols) is a sequen
e of symbols belonging to �. This sequen
e

is usually noted multipli
atively (a a b is a word over fa; b; 
g, for instan
e).

The 
on
atenation of two words is the word formed by the sequen
e of

symbols of the �rst word followed by the sequen
e of symbols of the se
ond
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Figure 2. The map of Fig. 1 drawn in a standard polyg-

onal representation of the double torus

one. This 
on
atenation is also noted multipli
atively, as it is nothing more

than the mere operation of putting the words \the one after the other" as

we do for symbols when we form a word. A word w over an alphabet �

is equivalent to a word w

0

over an alphabet �

0

if their exists a one-to-one

mapping whi
h sends � to �

0

and w to w

0

. Noti
e that a word w using k

symbols is equivalent to a unique word over a totally ordered alphabet of

size k where the symbols appear (for the �rst time) in the word in in
reasing

order. Su
h a word is said standard.

A double o

urren
e word is a word in whi
h any symbol appears exa
tly

twi
e. For instan
e, the word a b 
 
 a b is a double o

urren
e word.

A double o

urren
e word w that may not be fa
torized as w = w

1

w

2

,

where w

1

and w

2

are both non-empty double o

urren
e words is said to
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Figure 3. A normal drawing of the pointed map of Fig. 1

in the plane

be 
onne
ted. For instan
e, a b 
 a 
 b is 
onne
ted, but a b b a 
 d 
 d is

not, as it is the 
on
atenation of a b b a and 
 d 
 d, whi
h are both double

o

urren
e words.

1.3. Pointed Maps and Conne
ted Double O

urren
e Words. Al-

though it was known for years, in parti
ular in quantum physi
s, that the

sequen
e of the numbers of pointed maps with m edges is the same as the

sequen
e of the inde
omposable involutions (whi
h are equivalent to stan-

dard 
onne
ted double o

urren
e words) [6℄ [1℄, no bije
tive proof of this

numeri
al equivalen
e was known.

Our purpose is restri
ted to a display of our en
oding and de
oding al-

gorithms enlightened by pi
tures. So, what may be the obviousness of ea
h

step of these algorithms we refer for a 
omplete proof to the expository of

our more general result (may be a more obs
ure one) on en
oding hyper-

maps [12℄[13℄. As a �rst 
ourse, Table 1 displays the 
odes for the 10 pointed

maps with two edges.
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� a b a b �

��������
�

� a a b b �

���������

� a b b a �

��������
�

� a b � b a �������� ���������

� a � b b a �������� ��������
�

� a a b � b �������� ��������
�

� a b a � b �������� �������� �

� a b b � a �������� ��������
�

� a � b a b �������� �������� ��������
�

� a b � a b �������� �������� ��������
�

Table 1. Codes for the maps with two edges (using the

alphabet f�; a; bg ordered by � < a < b)

2. En
oding a pointed map

First, we add a loop \�" just before the pointed in
iden
e and move the

mark to the loop:
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We 
all m the edge end where the mark is, m

0

the opposite end of the

same edge, and b the edge end next to m

0

in the rotation order. Then we

list all the edge labels en
ountered while traveling from b to m

0

around the

vertex m

0

is in
ident to. So is formed a list of visited ends.

v
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Then, m is moved to the next end of the list of visited ends, whose

opposite end has not yet been visited (here the end of e

2

in
ident to v

1

):
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We iterate:
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This 
ode 
an be put in standard form using a linearly ordered alphabet:

0 1 2 3 4 0 3 5 6 1 4 6 7 8 2 9 7 5 9 8

3. De
oding a 
onne
ted double o

urren
e word

Starting from the double o

urren
e word, we will 
onne
t the two o
-


urren
es of ea
h symbol and group symbols into boxes.
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Let b be the leftmost symbol not in a box (here b is the �rst o

urren
e

of �) and let m be the leftmost �rst o

urren
e symbol whose se
ond o

ur-

ren
e m

0

is not in a box (here m and m

0

are the �rst and se
ond o

urren
es

of �)

Create a box that 
ontains all symbols from b to m

0

and then 
onne
t

ea
h �rst o

urren
e symbol in the box to its se
ond o

urren
e (wherever

it is):
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Now, b is the se
ond o

urren
e of e

1

, m and m

0

are the �rst and se
ond

o

urren
es of e

2

and we iterate:
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Now, 
reate a vertex per box and 
onne
t it to the edges symbols in the

box a

ording to their order of appearan
e:
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Last, remove the � loop, point at the �rst symbol and forget the boxes:
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4. Con
lusion

We shall noti
e that, in the de
oding pro
ess, the �rst symbol (�) plays a

spe
ial \bootstrapping" rule ne
essary to initiate the indu
tive 
onstru
tion

of the pointed map.
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