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Abstra
t

Motivated by the 
ommuni
ation problems in large-s
ale net-

works, we study the dominating 
liques in random graphs in this

paper. Our main result points out 
onditions for an existen
e of

dominating 
liques in random graphs G(n; p) in the terms of bounds

on the probability p.

1 Introdu
tion

Given a graph G = (V;E), a set S � V is said to be a dominating set of

G if ea
h node v 2 V is either in S or is adja
ent to a node in S. The

domination number 
(G) is the minimum 
ardinality of a dominating set

of G.

There are several alternative de�nitions of the dominating set [4℄. The

following one is important for the our purpose. Given two nodes u; v 2 V ,

let d

G

(u; v) denote the distan
e between u and v in G. Let �(u) = fv 2
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V j d

G

(u; v) � 1g denote a ball of radius 1 
entered at u. For every subset

S � V , let �(S) = [

u2S

�(u). A subset S is said to be a dominating set of

G if �(S) = V .

A 
lique in G is a maximal set of mutually adja
ent nodes of G, i.e., it is a

maximal 
omplete subgraph of G. The 
lique number, denoted 
l(G), is the

number of nodes of 
lique of G. If a subgraph indu
ed by a dominating set is

a 
lique in G then the indu
ed subgraph is 
alled a dominating 
lique in G.

Dominating sets and 
liques are basi
 stru
tures in graphs that have been

investigated very intensively. To determine whether the domination number

of a graph is at most r is an NP-
omplete problem [3℄. The maximum-
lique

problem is one of the �rst shown to be NP-hard [7℄. A well-known 
elebrated

result of B. Bollob�as, P. Erd�os et al. is a proof that the 
lique number in

random graphs is bounded by a very tight bounds [1, 2, 6, 8, 9, 10℄.

The model of random graphs is introdu
ed in the following way. Let p,

0 � p � 1, be a probability of an edge. The (probabilisti
) model of random

graphs G(n; p) 
onsists of all graphs with n-node set V = f1; : : : ; ng su
h

that ea
h graph has at most

�

n

2

�

edges being inserted independently with

probability p. Equivalently, if G is a graph with node set V and it has

jE(G)j edges, then:

Pr[G℄ = p

jE(G)j

(1� p)

(

n

2

)

�jE(G)j

;

where Pr is a probability measure de�ned on G(n; p). This model is also


alled Erd�os-R�enyi random graph model [1, 5℄.

Let A be any set of graphs from G(n; p) with a property Q. We say that

almost all graphs have the property Q i�:

Pr[A℄! 1 as n!1 :

The domination number of a random graph have been studied by B.

Wieland and A. P. Godbole in [11℄. The expe
tation of a random variable

D

r

whi
h stands for the number of dominating sets of size r in G(n; p) is

given by:

E(D

r

) =

�

n

r

�

(1� (1� p)

r

)

n�r

:

As was also 
laimed in [11℄, the domination number of the random graphs

G 2 G(n; p) with probability approa
hing to 1 is bounded as follows:

b ILn� IL[(ILn)(ln n)℄ 
+ 1 � 
(G) � b ILn� IL[(ILn)(ln n)℄ 
+ 2 ; (1)
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where ILx denotes log

1=(1�p)

x and p is a �xed 
onstant or a suitable fun
tion

[11℄. Using the logarithm with only the one base, the inequality (1) 
an be

rewritten as follows (derived from Lemma 3 of [11℄, p. 6):

b ILn�2�IL(ILn)+IL(ILe) 
+1 � 
(G) � b ILn�2�IL(ILn)+IL(ILe) 
+2 : (2)

Motivated by the 
ommuni
ation problems in large-s
ale networks, we

deal with the dominating 
liques in random graphs in this paper. The key

question posed is whether dominating 
liques really exist. And if they do,

how many dominating 
liques of a given order are in G(n; p). We answer

both these questions in this paper. We show that the existen
e of domi-

nating 
liques strongly depends on the edge probability p. Our main result

points out existen
e 
onditions in terms of bounds on p.

The rest of this paper is organized as follows. Se
tion 2 
ontains the

preliminary results. The number of dominating 
liques in G(n; p) is esti-

mated here. The main result is proved in Se
tion 3. Several open problems

are posed in Con
lusions.

2 Preliminary results

For r > 1, let S be an r-node subset of an n-node graph G. Let A denote

the event that "S is a dominating 
lique of G 2 G(n; p)". Let in

r

be the

asso
iated 0-1 (indi
ator) random variable on G(n; p) de�ned as follows:

in

r

= 1 if G 
ontains a dominating 
lique S and in

r

= 0, otherwise. Let

X

r

be a random variable that denotes the number of r-node dominating


liques. More pre
isely, X

r

=

P

in

r

where the summation ranges over all

sets S. The following lemma expresses the expe
tation of X

r

.

Lemma 1 For the expe
tation E(X

r

) of the random variable X

r

E(X

r

) =

�

n

r

�

p

(

r

2

)

(1� p

r

� (1� p)

r

)

n�r

: (3)

Proof. The linearity of the expe
tation leads to

E(X

r

) =

X

E(in

r

) =

X

in

r

� Pr[A℄ ;

over all r-node sets S. The nodes of the S 
an be 
hosen in

�

n

r

�

ways.

Sin
e S is a 
omplete subgraph, every of its r nodes has to be adja
ent to
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the remaining r � 1 nodes of S. Hen
e, the probability of this fa
t is p

(

r

2

)

.

The last term in (3) expresses the probability that S is a 
lique spanning

a dominating set of G 2 G(n; p). More pre
isely, let v be an arbitrary but

�xed node, v =2 V (S); v is said to be a "good" node (i.e., the node whi
h

does not spoil the "
liqueness" and the "domination" of S), if it 
annot be

adja
ent neither to all nodes of S nor to none of them. It follows that v has

to be adja
ent at least to one and at most to r�1 of nodes of S. Therefore,

Pr[ v is a "good" node with respe
t to S ℄ =

X

0<j<r

�

r

j

�

p

j

(1� p)

r�j

=

=

2

4

r

X

j=0

�

r

j

�

p

j

(1� p)

r�j

3

5

� p

r

� (1� p)

r

= 1� p

r

� (1� p)

r

:

All of (n� r) nodes from V (G) nV (S) must be "good". Hen
e, the Lemma

follows. } To obtain

an upper bound on the order r of dominating 
liques in random graphs we

use the following property adopted from [9℄, pp. 501{502.

Claim 1 Let 0 < p < 1 and k = O(log n). Then:

(1� p

k

)

n

= exp(�np

k

)

�

1 +O(np

2k

)

�

= 1� np

k

+O

�

np

2k

�

:

The upper bound on r is stated in the following lemma.

Lemma 2 Let b = 1=p and

r

u

= 2 log

b

n� 2 log

b

log

b

n+ 2 log

b

e+ 1� 2 log

b

2 : (4)

A random graph from G(n; p) does not 
ontain dominating 
liques on the

order greater than r

u

with probability approa
hing to 1 as n!1.

Proof. The proof follows from the Markov's inequality [5℄, p. 8:

Pr[ X � t ℄ �

E(X)

t

; t > 0 :

Let us denote � = log

1=p

�

1

1�p

�

= � log

b

(1� p). Note that:

(1� p)

r

= p

r�

: (5)
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Let r = (2� ") log

b

n, where 0 � " < 1. A

ording to Claim 1,

(1� p

r

� (1� p)

r

)

n�r

= (1� p

r

� p

r�

)

n�r

=

= 1� n

�1+"

� n

�2�+1+"

+O(n

�4�+1+2�"

) :

It follows that:

(1� p

r

� (1� p)

r

)

n�r

! 1 as n!1 ;

if p � 1=2 and hen
e, � � 1 (see Figure 1), and

(1� p

r

� (1� p)

r

)

n�r

� 1 ;

otherwise. The Stirling's formula (e.g. [10℄, p. 127) yields to:

�

n

r

�

p

(

r

2

)

�

�

nep

(r�1)=2

r

�

r

: (6)

Consequently,

�

n

r

u

�

p

(

r

u

2

)

! 1 and

�

n

r

u

+ 1

�

p

(

r

u

+1

2

)

�

log

b

n

n

! 0

The rest follows from the Markov's inequality (2) for t = 1. }

To obtain 
onditions for the existen
e of dominating 
liques in random

graphs it is ne
essary to estimate the varian
e V ar(X

r

). However, it seems

to be diÆ
ult problem. We 
an use the fa
t that the 
lique number in

random graphs is bounded within the tight interval. This assumption leads

to the simpli�
ation of the enumeration of the varian
e. Therefore, we

introdu
e the following notations.

Re
all that b = 1=p and let

r

0

= log

b

n� 2 log

b

log

b

n+ log

b

2 + log

b

log

b

e ; (7)

r

1

= 2 log

b

n� 2 log

b

log

b

n+ 2 log

b

e+ 1� 2 log

b

2 : (8)

J. G. Kalb
eis
h and D. W. Matula [6, 8℄ proved that a random graph from

G(n; p) does not 
ontain 
liques of the order greater than dr

1

e and less or

equal than br

0


. (See also [2, 9, 10℄.)
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Remark 1 Note that the upper bounds r

u

and r

1

are the same. The bound

r

1


omes out from the fa
t that the expe
tation of the random variable whi
h

"
ounts" the number of r-node 
liques is given by:

�

n

r

�

p

(

r

2

)

(1� p

r

)

n�r

:

Claim 1 implies (1� p

r

)

n�r

= 1� 1=n

1�"

+ O(n

�3

) for r = (2� ") log

b

n,

where 0 � " < 1. Thus, the argument for estimation of r

1

is the same as in

Lemma 2.

D. Olej�ar and E. Toman [9℄ used the bounds (7) and (8) to obtain an

estimation of the number of 
liques in random graphs. To obtain an esti-

mation of the V ar(X

r

) we will apply a similar approa
h. We also use the

following property adopted from [9℄, pp. 501{502.

Claim 2 Let k = o(

p

n), then:

n

k

= n(n� 1) � � � (n� k + 1) = n

k

�

1�

�

k

2

�

1

n

+O

�

k

4

n

2

��

:

The estimation of the varian
e V ar(X

r

) follows.

Lemma 3 Let p be �xed, 0 < p < 1 and br

0


 � r � dr

1

e. Let

� = minf 2=3; � 2 log

b

(1� p) g :

Then:

V ar(X

r

) = E(X

r

)

2

�O

�

(logn)

3

n

�

�

: (9)

Proof. We will use the following formula [9℄:

V ar(X) = E(X

2

)�E

2

(X) : (10)

The symbol E(X

2

r

) stands for the expe
tation of the number of ordered

pairs of dominating 
liques in a random graph G. The expe
tation 
an be

expressed in the following way:

E(X

2

r

) =

r

X

j=0

�

n

r

��

r

j

��

n� r

r � j

�

� p

2

(

r

2

)

�

(

j

2

)

�

6



�(1� p

r

� (1� p)

r

)

2n�4r+2j

� Pr[S

1

r

; S

2

r

℄ : (11)

The equation (11) follows from the next analysis. The nodes of the �rst

dominating 
lique S

1

r


an be 
hosen in

�

n

r

�

ways. The dominating 
liques

S

1

r

, S

2

r


an be (but need not) have j 
ommon nodes. These nodes 
an be


hosen in

�

r

j

�

ways. The remaining (r � 1) nodes of the se
ond dominating


lique S

2

r

have to be 
hosen from (n � r) nodes of V (G) n V (S

1

r

). Now

we shall 
hoose edges: both dominating 
liques are r-node 
omplete graphs

and therefore they 
ontain 2

�

r

2

�

edges. But S

1

r

, S

2

r


an have a nonempty

interse
tion - a 
omplete j-node subgraph. Therefore

�

j

2

�

edges were 
ounted

twi
e. Both subgraphs S

1

r

, S

2

r

are dominating 
liques and so all n� 2r + j

nodes of the set V (G) n [V (S

1

r

) [ V (S

2

r

)℄ are "good" with respe
t to both

S

1

r

, S

2

r

. The last term, Pr[S

1

r

; S

2

r

℄ denotes the probability that the nodes of

V (S

1

r

) nV (S

2

r

) are good with respe
t to S

2

r

and the nodes of V (S

2

r

) nV (S

1

r

)

are good with respe
t to S

1

r

. It is suÆ
ient to estimate Pr[S

1

r

; S

2

r

℄ by 1.

Sin
e we need to prove that V ar(X

r

) is asymptoti
ally less than E

2

(X

r

),

we extra
t the expression E

2

(X

r

) in front of the sum stated by the equation

(11). We have:

E(X

2

r

) � E

2

(X

r

) �

r

X

j=0

�

n

r

�

�1

�

r

j

��

n� r

r � j

�

� p

�

(

j

2

)

�Q(p; r; j) ; (12)

where Q(p; r; j) = (1� p

r

� (1� p)

r

)

�2r+2j

.

First we estimate the expression Q(p; r; j). Let us denote � = � log

b

(1�

p), as before. Re
all that (1� p)

r

= p

r�

. Let us also denote:

� = minf1;� log

b

(1� p)g : (13)

Therefore, from br

0


 � r � dr

1

e (
f. [9℄), Claim 1 and (5), it follows:

Q(p; r; j) < [1� p

r

0

� p

�r

0

℄

�2r

�

�

�

1�

(log

b

n)

2

2n � log

b

e

�

�

(log

b

n)

2

2n � log

b

e

�

�

�

�4 log

b

n

=

= exp

�

4 log

b

n �

�

(log

b

n)

2

2n � log

b

e

+

�

(log

b

n)

2

2n � log

b

e

�

�

��

�

�

 

1 +O

 

(logn)

1+2�

n

2�

!!

=
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= exp

�

2(log

b

n)

3

n � log

b

e

�

� exp

�

4(log

b

n)

2�+1

(2n � log

b

e)

�

�

�

�

1 +O

�

(logn)

1+2�

n

2�

��

;

where � = minf1; �g. Sin
e

2(log

b

n)

3

n � log

b

e

! 0 and

4(log

b

n)

2�+1

(2n � log

b

e)

�

! 0

as n!1, the value of Q(p; r; j) is 1 + o(1) or, more pre
isely:

Q(p; r; j) = 1 +O

�

(log n)

2�+1

n

2�

�

: (14)

Now we 
an 
on
entrate our e�ort on the estimation of the sum

r

X

j=0

�

n

r

�

�1

�

r

j

��

n� r

r � j

�

� p

�

(

j

2

)

; (15)

where:

br

0


 � r � dr

1

e :

We use the similar approa
h as D. Olej�ar and E. Toman in [9℄, pp. 504{506.

This sum was also estimated in Subse
tion 5.3. of [10℄ (pp. 77{80), but

we need more a

urate 
al
ulation here. First we introdu
e the following

notation:

S(n; r; 
; d) =

d

X

j=


�

n

r

�

�1

�

r

j

��

n� r

r � j

�

� b

(

j

2

)

:

Our solution is based on the idea to divide the sum S(n; r; a; b) into three

parts by the following way:

S(n; r; 0; r) � S(n; r; 0; 1) + S(n; r; 2; r

2

) + S(n; r; r

2

; r) ; (16)

where:

r

2

= (1 + �) log

b

n for 0 < � < 1 :

A stri
t value of � will be determined later. All these three parts will be

estimated separately. Using Claim 2, the �rst part is estimated as follows:

S(n; r; 0; 1) =

�

n� r

r

��

n

r

�

�1

+ r �

�

n� r

r � 1

��

n

r

�

�1

=

8



=

�

1�

r

2

n

��

1 +O

�

(logn)

4

n

2

��

+

r

2

n

+O

�

(logn)

3

n

2

�

=

= 1 +O

�

(logn)

4

n

2

�

: (17)

To estimate the se
ond part, it is ne
essary to analyze the binomial 
oe-

Æ
ients. (See also [10℄, pp. 79{80.)

�

n

r

�

�1

�

r

j

��

n� r

r � j

�

=

r!

n

r

�

r

j

j!

�

(n� r)

r�j

(r � j)!

=

=

r

j

� (r � j)!

(r � j)!

�

r

j

j!

�

(n� r)

r�j

n

j

� (n� j)

r�j

�

r

j

� r

j

j! � n

j

�

r

2j

j! � n

j

�

r

2j

j! � n

j

We use the Stirling's formula in the following form:

j! �

�

j

e

�

j

:

Consequently,

�

n

r

�

�1

�

r

j

��

n� r

r � j

�

� b

(

j

2

)

�

�

r

2

� b

j=2

� e

j � n �

p

b

�

j

: (18)

The members of the sum S(n; r; 2; r

2

) attain their asymptoti
 maximum for

j = r

2

. More pre
isely, letting j = r

2

= (1 + �) log

b

n we have:

r

2

� b

j=2

� e

j � n �

p

b

= O

�

logn

n

1=2��=2

�

:

Thus,

S(n; r; 2; r

2

) �

�




1

� logn

n

1=2��=2

�

2

+

�




1

� logn

n

1=2��=2

�

3

+ : : :+

�




1

� logn

n

1=2��=2

�

r

2

for a suitable 
onstant 


1

. It yields:

S(n; r; 2; r

2

) = O

�

(logn)

2

n

1��

�

: (19)
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To estimate the sum S(n; r; r

2

; r) we extra
t the term

�

n

r

�

�1

� b

(

r

2

)

:

S(n; r; r

2

; r) =

�

n

r

�

�1

� b

(

r

2

)

�

r

X

j=r

2

�

r

r � j

��

n� r

r � j

�

� p

(

r

2

)

�

(

j

2

)

:

To obtain the upper bound on the right-hand side sum, we substitute dr

1

e

for r in its upper border and dr

1

e + 1 for r in all the summands. The

reasoning of su
h a substitution is the assertion of Lemma 2 and Remark 1.

We have:

S(n; r; r

2

; r) �

�

n

r

�

�1

�b

(

r

2

)

�

dr

1

e

X

j=r

2

�

dr

1

e+ 1

dr

1

e+ 1� j

��

n� dr

1

e � 1

dr

1

e+ 1� j

�

�p

(

dr

1

e+1

2

)

�

(

j

2

)

:

Let us put k = dr

1

e+ 1� j. Consequently,

S(n; r; r

2

; r) � (20)

�

�

n

r

�

�1

� b

(

r

2

)

�

dr

1

e�r

2

+1

X

k=1

�

dr

1

e+ 1

k

��

n� dr

1

e � 1

k

�

� p

k[dr

1

e�(k�1)=2℄

:

Note that

�

dr

1

e+ 1

k

��

n� dr

1

e � 1

k

�

�p

k[dr

1

e�(k�1)=2℄

�

�

(dr

1

e+ 1) � np

dr

1

e�(k�1)=2

�

k

;

and

dr

1

e � (k � 1)=2 � dr

1

e=2 + r

2

=2 =

= (3=2 + �=2) log

b

n� log

b

log

b

n+O(1) :

It yields:

(dr

1

e+ 1) � np

dr

1

e�(k�1)=2

= O

�

(logn)

2

n

1=2+�=2

�

: (21)

A

ording to (20) and (21),

S(n; r; r

2

; r) �

�

n

r

�

�1

� b

(

r

2

)

�O

�

(log n)

2

n

1=2+�=2

�

:

The term

�

n

r

�

�1

� b

(

r

2

)


an be estimated using the Stirling's formula. The

estimation is the same as in the proof of Lemma 2, see (6). Thus,

�

n

r

1

�

�1

b

(

r

1

2

)

! 1 ;

10



�

n

r

�

�1

b

(

r

2

)

�

(log

b

n)




n




� 1 ;

if r = dr

1

e � 
, where 
 � 1. Hen
e,

S(n; r; r

2

; r) = O

�

(logn)

2

n

1=2+�=2

�

: (22)

Let us 
hoose � in su
h a way that denominators of the expressions (19)

and (22) will be asymptoti
ally equivalent. Namely, for � = 1=3 it holds

1� � = 1=2 + �=2 and we have:

S(n; r; 2; r

2

) = O

�

(logn)

2

n

2=3

�

; (23)

S(n; r; r

2

; r) = O

�

(logn)

2

n

2=3

�

: (24)

Consequently, (16), (17), (23) and (24) imply:

S(n; r; 0; r) = 1 +O

�

(logn)

2

n

2=3

�

: (25)

Formulae (12),(14) and (25) lead to:

E(X

2

r

) = E

2

(X

r

) �

�

1 +O

�

(log n)

2

n

2=3

��

�

"

1 +O

 

(logn)

2�+1

n

2�

!#

= E

2

(X

r

) �

"

1 +O

 

(logn)

3

n

�

!#

;

where � = minf 1;� log

b

(1� p) g and � = minf 2=3; � 2 log

b

(1� p) g .

Substituting into (10) we obtain the estimation of V ar(X

r

). }

The following 
laim expresses the number of the dominating 
liques in

random graphs.

Lemma 4 Let p, r and � be as before, and

X

r

=

�

n

r

�

p

(

r

2

)

(1� p

r

� (1� p)

r

)

n�r

�

�

1 +O

�

(log n)

3

n

�=2

��

: (26)

With probability 1 � O

�

(logn)

�3

�

, a random graph from G(n; p) 
ontains

X

r

dominating 
liques on r nodes.

11



Proof. It follows from the Chebyshev's inequality [5℄: if V ar(X) exists,

then:

Pr[jX �E(X)j � t℄ �

V ar(X)

t

2

; t > 0 :

Letting t = E(X

r

) � (log n)

3

� n

��=2

and using Lemma 3, we obtain the

assertion of Lemma 4. }

3 Statement of the main result

For r > 1, let Y

r

be the random variable on G(n; p) whi
h denotes the

number of r-node 
liques. A

ording to [9℄,

Y

r

=

�

n

r

�

p

(

r

2

)

(1� p

r

)

n�r

�

�

1 +O

�

(logn)

3

p

n

��

: (27)

The ratio X

r

=Y

r

expresses the relative number of dominating 
liques to all


liques in G(n; p) and it attains the value within the interval [0, 1℄. By

analysis of 
ases whether X

r

=Y

r

tends to 0 or 1, we obtain the main result

of this paper. The term "almost surely" stands for "with the probability

approa
hing to 1 as n!1".

Theorem 1 Let 0 < p < 1 be �xed, let r be an order of the 
lique su
h that

br

0


 � r � dr

1

e and re
all that ILn denotes log

1=(1�p)

n. Let Æ(n) : IN! IN

be an arbitrary slowly in
reasing fun
tion su
h that Æ(n) = o(log n) and let

G 2 G(n; p) be a random graph. Then it holds:

1. If p > 1=2, then an r-node 
lique is dominating in G almost surely;

2. If p � (3�

p

5)=2, then an r-node 
lique is not dominating in G almost

surely;

3. If (3�

p

5)=2 < p � 1=2, then an r-node 
lique:

� is dominating in G almost surely, if r � ILn+ Æ(n),

� is not dominating in G almost surely, if r � ILn� Æ(n),

� is dominating with probability exp(�p




) and it is nondominating

with probability 1 � exp(�p




), where r = ILn + O(1) and 
 is a

suitable 
onstant.
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Proof. Let us examine the limit value of the ratio X

r

=Y

r

:

X

r

Y

r

=

�

1� p

r

� (1� p)

r

1� p

r

�

n�r

�

�

�

1 +O

�

(log n)

3

p

n

��

�

�

1 +O

�

(logn)

3

n

�=2

��

: (28)

The most important term of the expression (28) is the �rst one, sin
e the

last two terms both tend to 1 as n!1. Re
all that (1� p)

r

= p

r�

, where

� = � log

1=p

(1� p). A

ording to Claim 1 and (5) we have:

�

1� p

r

� (1� p)

r

1� p

r

�

n�r

=

�

1�

p

r�

1� p

r

�

n�r

=

= exp

�

�np

r�

1� p

r

�

�

�

1 +O

�

np

2r�

�

�

�

1 +O

�

(logn)

2+�

n

���

=

= exp

�

�np

r�

1� p

r

�

�

�

1 +O

�

np

2r�

��

:

The ratio X

r

=Y

r

expresses the relative number of dominating 
liques to all


liques in G(n; p) and it attains the value within the interval [0, 1℄. By

analysis of whether X

r

=Y

r

tends to 0 or 1, we obtain the following two


ases:

1. np

r�

!1, or

2. np

r�

! 0.

The inequality br

0


 � r � dr

1

e yields:

�

(log

b

n)

2

n

2

�

�

� p

r�

�

�

(log

b

n)

2

n

�

�

:

Let us 
onsider � = �(p) = � log

1=p

(1 � p) as a fun
tion on p, where

0 < p < 1. (See Figure 1.) We have:

� X

r

=Y

r

! 1 if p > 1=2 ;

(In this 
ase � > 1 and np

r�

! 0.)

13



� X

r

=Y

r

! 0 if p � (3�

p

5)=2 .

(In this 
ase � � 1=2, hen
e p � (1� p)

2

and np

r�

!1.)

Finally, we examine the 
ase (3�

p

5)=2 < p � 1=2 separately. Letting

r = ILn� � for an arbitrary 
onstant � � 0, we have:

p

r�

=

�

1

p

�

log

b

n

�1

� p

����

= n

�1

� p

����

;

sin
e � � ILn = log

b

n for b = 1=p. Thus, X

r

=Y

r

! exp(�p

����

), sin
e

np

r�

! p

����

. This idea 
an be extended by letting r � ILn� Æ(n), where

Æ(n) = o(log n) su
h that Æ(n)!1 as n!1. A

ordingly, we obtain the

following 
ases:

� X

r

=Y

r

! 1 if r � ILn+ Æ(n),

� X

r

=Y

r

! 0 if r � ILn� Æ(n),

� X

r

=Y

r

! exp(�p




) if r = ILn+O(1) and 
 is a suitable 
onstant.

The proof is 
omplete. }

4 Con
lusions and open problems

We have 
laimed the 
onditions for the existen
e of dominating 
liques in

random graphs. In parti
ular, we have showed that for every �xed p > 1=2,

a random graph from G(n; p) 
ontains a dominating 
lique almost surely.

We have also 
al
ulated the number of dominating 
liques in random graphs.

For the further works, we pose the following open questions:

� whether the assertion of the Theorem 1 
an be generalized also for

ea
h p > (3�

p

5)=2 � 0:382, and

� whether a random graph from G(n; p) 
ontains at least one dominating


lique of the order equal to its domination number.

14



Figure 1: Graph of the fun
tion �(p) = � log

1=p

(1� p).
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