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Open Problems



Goodweighted graphs

Posted by Petr

�

Skovro�n

Consider a �nite set V . The pairs of elements of V have assigned real

or in�nite weights by a mapping w :

�

V

2

�

! R [ f1g. For simpli
ity of

notation we put w(a; b) = w(fa; bg). Let us agree on putting x <1 for all

x 2 R.

De�ne w to be good, if

1. in any four-element subset, if there is a stri
tly maximal w, the se
ond

greatest value is not on the two opposite elements; formally, for every

a; b; 
; d 2 V and T 2 R with w(a; b) � T , w(a; 
) � T , w(a; d) � T ,

w(b; 
) � T , w(b; d) � T and w(
; d) > T , we have w(a; b) < T ; in yet

other words, the ordering others � w(a; b) < w(
; d) is prohibited,

2. for some a; b 2 V we have w(a; b) =1.

For a good w, de�ne a basis graph of w G = (V;E) by 
onne
ting all

pairs of verti
es of in�nite w:

E = ffa; bg : w(fa; bg) =1g:

What graphs 
an we get? Is there a polynomial algorithm that for a

given graph de
ides, whether it arises from some good w?

Obviously (by the se
ond 
ondition of the de�nition of good w), a graph

with no edges is not a basis graph. A nontrivial example of a nonbasis graph


onsists of three nonadja
ent edges on six verti
es.

The problem is related to removing degenera
y in 
ertain 
ombinatorial

models of linear programming.

Aproblem in extremalmatroid

theory

Posted by Anna de Mier

A 
at F of a matroid is said to be 
y
li
 if it is a union of 
ir
uits; or,

equivalently, if F is not of the form G[x for some 
at G and some element

x 2 F . For instan
e, if M is the 
y
le matroid of some graph G, then a 
at

is 
y
li
 if the 
orresponding set of edges is bridgeless.

We are interested in the following question:
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Whi
h is the maximum number of 
y
li
 
ats that a matroid on

m elements 
an have?

This question was originally posed in the paper [1℄ devoted to several prop-

erties of 
y
li
 
ats and their latti
e stru
ture.

Current knowledge. A reasonable �rst try would be the dire
t sum

of m=2 
opies of U

1;2

(a parallel point). This gives 2

m=2


y
li
 
ats for

even m. A better bound, and the best one we know, is given by binary

spikes. Re
all that an n-spike is a rank-n matroid 
onsisting of n 3-point

lines l

1

; : : : ; l

n

that have a 
ommon point a, 
alled the tip, and su
h that

every subset of k < n su
h lines has rank k + 1. In other words, if we label

the elements in l

i

as fa; x

i

; y

i

g the only non-spanning 
ir
uits of an n-spike

are the lines fa; x

i

; y

i

g, the 4-
ir
uits fx

i

; x

j

; y

i

; y

j

g for all i 6= j and perhaps

some 
ir
uit-hyperplanes of the form fz

1

; z

2

; : : : ; z

n

g where z 2 fx; yg. The

binary n-spike is the unique n-spike that is representable over GF(2) (for

n = 3 it is the Fano plane). It has 2

n�1


ir
uit-hyperplanes, sin
e it 
an be

shown that for any 
hoi
e of (z

1

; : : : ; z

n�1

) 2 fx

1

; y

1

g � � � � � fx

n�1

; y

n�1

g

there is a unique z

n

2 fx

n

; y

n

g su
h that fz

1

; : : : ; z

n�1

; z

n

g is a 
ir
uit. The


ounting of 
y
li
 
ats for the binary n-spike goes as follows:

1+n+

�

n

2

�

+

�

n

3

�

+ � � �+

�

n

n� 2

�

+2

n�1

+1 = 2

n

�n+2

n�1

= 3 �2

n�1

�n

This is for m = 2n + 1. If m = 2n, the best example we know is

obtained by deleting the tip from the binary n-spike. In this 
ase the bound

is 3 � 2

n�1

� 2n. In terms of m, the maximum number of 
y
li
 
ats of an

m-element matroid is at least

�

3 � 2

(m�3)=2

� (m� 1)=2 if m is odd

3 � 2

(m�2)=2

�m if m is even

(Note: for m � 6 these are not the optimal values.)

Referen
es

[1℄ J. Bonin and A. de Mier, The latti
e of 
y
li
 
ats of a matroid, arXiv.org

math.CO/0505689.
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Edge disjoint paths on the bri
k

wall

Posted by Petr Kolman

In the maximum edge disjoint paths problem we are given a graph G =

(V;E) and a set T = f(s

1

; t

1

); (s

2

; t

2

); : : : ; (s

k

; t

k

)g of k pairs of verti
es.

The obje
tive is to 
onne
t a maximum number of pairs from T along edge

disjoint paths.

The bri
k wall graph is depi
ted on Figure 1. The best known algorithm

for the edge disjoint paths problem on the bri
k wall has approximation

O(

p

jV j); the algorithm is simple: 
onsider the pairs one by one and if

there is a path between s

i

and t

i

of length at most 2

p

jV j that is edge

disjoint with all paths established so far, use the path for the pair. Design

an algorithm with a better approximation on the bri
k wall.

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

s s s s s s s s s s

Figure 1: Bri
k wall 9� 10.
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SetCompression

Posted by Ale�s P�r��v�etiv�y

Let F be a prime �eld Z=qZ. Let us de�ne diameter of a set A � F as

the maximal distan
e of two elements of A, i.e.

diam(A) = maxfja� bj : a; b 2 Ag;

where

ja� bj = min(a� b; b� a):

For a �xed element j of �eld F we de�ne a j-shift as a mapping whi
h

maps any subset A � F to the set 
ontaining all elements of A multiplied

in the �eld F by j, i.e.

jA = fja : a 2 Ag:

For a positive integer n, let [n℄ denote the set f0; 1; : : : ; n� 1g. For any

a 2 Z and d

1

; n

1

2 N we de�ne an arithmeti
 progression as a subset of Z

given by the formula

AP (a; d

1

; n

1

) = fa+ id

1

: i 2 [n

1

℄g:

The de�nition of arithmeti
 progression 
an be extended to a sum of k

arithmeti
 progressions, but in our problem we are interested only in sums

of two arithmeti
 progression, de�ned for a 2 Z and d

1

; d

2

; n

1

; n

2

2 N as

the set

AP

k

(a; d

1

; d

2

; n

1

; n

2

) = fa+ i

1

d

1

+ i

2

d

2

: i

1

2 [n

1

℄; i

2

2 [n

2

℄g:

Our goal is to �nd a set system S = fA

1

; A

2

; : : : ; A

m

g on F, satisfying

� everyA in S is a subset of F and a sum of two arithmeti
al progressions

with at least n elements,

� for every j 2 F there exist a set A in S su
h that diam(jA) �

1

6

jFj,

with quantity n=

p

m as large as possible.

Currently best known lower bound is from [Heb04℄, giving lower bound

n=

p

m = 


�

jFj

1=3

�

. The upper bound is due to random 
oloring from


ombinatorial dis
repan
y n=

p

m = O

�

jFj

1=2

�

.
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Referen
es
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k and V. S�os. Dis
repan
y Theory. In Handbook of Combina-

tori
s, pages 1405-1446. North-Holland, Amsterdam, 1995.
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repan
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[Mat99℄ J. Matou�sek. Geometri
 Dis
repan
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[MS96℄ J. Matou�sek and J.Spen
er. Dis
repan
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an Mathemati
 So
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[Rot64℄ K. F. Roth. Remark Con
erning Integer Sequen
es. A
ta Arith-

meti
a 9:257-260, 1964.

Coloring of arithmeti


progression

Posted by Jaroslav Ne�set�ril

This problem is originally from Ja
ob Fox from MIT.

Suppose we divide a setf1; 2; : : : ; 2Ng into two similar parts A and B.

The question is whether there exists an arithmeti
 progression of length

k su
h that 'the 
oloring' of this progression will be abababababab or

bababababa or aaaaaabbbbbb or bbbbaaaa.

The degree of 
ube graph

Posted by Jaroslav Ne�set�ril

This problem is originally from S. Lev.

Suppose we have a graph of 
ube Q

n

. It has 2

n

verti
es and indepen-

den
e number � equal to the half of that. We take a subgraph with � + 1

verti
es. This is no longer independent set. Let d be the minimum degree.

We ask for the value of d. The hypothesis is

p

n.
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Plurality of symmetri


di�eren
e

Posted by Jaroslav Ne�set�ril

Suppose that X is large set and M is system of subsets of X su
h

that ea
h subset of X is a symmetri
 di�eren
e of two sets from M. It

is possible to �nd out any Y � X su
h that Y 
an be de�ned as su
h

symmetri
 di�eren
e in at least k di�erent ways. In more formal way we


an ask ourself whether for every k there exists X su
h that for every M

with the above mentioned properties exists Y .

The 
ore ofM-graph

Posted by Robert

�

S�amal

LetM be a �nite abelian group|even the 
aseM = Z

2

is not known and

interesting. We will say that a graph G is anM -graph if it is a Cayley graph

on some power of M ; expli
itly, if there is an integer k and S � M

k

n f0g

satisfying S = �S, su
h that V (G) = M

k

and E(G) = fuv; v � u 2 Sg.

(Z

2

-graphs are also 
alled 
ube-like graphs; they have been introdu
ed by

Lov�asz as an example of graphs, for whi
h every eigenvalue is an integer.)

The 
ore of a graph G is a graph G

0

� G su
h that G maps homomor-

phi
ally to G

0

and G

0

is minimal with this property.

Question 1 Is the 
ore of ea
h M-graph an M-graph?

Let G be a dire
ted graph, M an abelian group and B � M su
h that

B = �B. A mapping ' : E(G) ! M is a 
ow if it `sums to zero around

ea
h vertex'. If a 
ow ' uses only values from B, we 
all it an (M;B)-


ow. Let Cay(M;B) be the Cayley graph with verti
es M and B as the


onne
tion set.

Conje
ture 1 (DeVos) Let M , M

0

be abelian groups, let B � M , B

0

�

M

0

satisfy B = �B, B

0

= �B

0

. Let there be a homomorphism from

Cay(M;B) to Cay(M

0

; B

0

). Then every graph with (M;B)-
ow admits an

(M

0

; B

0

)-
ow.
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Outdegree of vertex-disjoint

subgraphs

Posted by Robert

�

S�amal

Conje
ture 1 (Thomass�e) Let D be a digraph with minimum outdegree

d and with dire
ted girth at least g. Then D has a (dire
ted) path of length

(g � 1)d.

(Even the 
ase g = 3 is open.) If true, this 
onje
ture may be hard

to prove sin
e it implies the Ca

etta-H�aggkvist 
onje
ture. (Let D be a

digraph of order n in whi
h every vertex has outdegree at least d. Then D


ontains a dire
ted 
y
le of length g su
h that (g � 1)d < n.)

Question 2 (Alon) Does every dire
ted graph, where ea
h vertex has out-

degree at least 10

1000


ontain two vertex-disjoint subgraphs, in whi
h ea
h

vertex has outdegree at least 2?

Computational 
omplexity of

CSP for a des
ription of redu
ts

Posted by Manuel Bodirsk�y

What is the 
omputational 
omplexity of the following problem.

INPUT: A 4-uniform hypergraph with vertex set V and edge set E.

QUESTION: Is there a graph G on the vertex set V su
h that every

edge fv

1

; v

2

; v

3

; v

4

g from E of the input indu
es one of the following graphs

in G

1. two isolated points and an edge,

2. one isolated point and a 3-vertex path P

3

,

3. the 4-vertex path P

4

,

4. an edge atta
hed to the triangle K

3

,
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5. K

4

without an edge.

BACKGROUND: The relation E is a relation that appears in the study

of the redu
ts of the the 
ountably in�nite random graph by Simon Thomas.

It shows, that the permutation group F 
onsisting of the automorphisms,

anti-automorphisms, and "swit
hing-permutations" of the random graph is

not 4-transitive. The above 
omputational problem is a 
lassi
al 
onstraint

satisfa
tion problem (CSP) for a des
ription of the redu
t of the random

graph that has F as its automorphism group.

The 
entre of points in plane

Posted by Ji�r�� Fiala

We have n points in a plane and we want to �nd su
h a point k (a


entre) su
h that the size of all angles determined by half lines lead from

su
h 
entre k to parti
ular points will be as 
lose as possible to value

2�

n

.

There are few results already known. If we assume that all angles are

same we 
an solve the problem in linear time. However in this 
ase su
h a


entre does not need to exists.

The numbers of graphs


ontaining no k-
rossing and no

k-nesting

Posted by V��t Jel��nek

Assume not oriented simple graphs on vertex set f1; 2; : : : ; ng. Next we

assume two disjoint edges fi; jg and fk; lg with i < j, k < l and i < k. We

say that these two edges 
ross themselves if i < k < j < l and we say that

these two edges are nested if i < k < l < j. Then k-
rossing is k-tuple

of edges from whi
h ea
h two 
ross themselves. Analogously k-nesting is

k-tuple of edges from whi
h ea
h two are nested.

The problem is to prove or disprove that for every n and k is the num-

ber of graphs 
ontaining no k-
rossing the same as the number of graphs


ontaining no k-nesting.

There are some already known results.
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1. There exist similar relations for spe
i�
 
lasses of graphs. For example

for perfe
t mat
hing (i.e. only graphs with all degrees equal to one)

this proposition holds. This proposition also holds for graphs of whi
h

ea
h vertex is 
onne
ted with at most on larger vertex and at most

one small vertex (i.e. only disjoint union of monotone paths). Both

proofs are diÆ
ult.

2. It is true if n = 2k + 1 (and for n � 2k it is trivial).

3. Atilla Por has tested this problem by 
omputer and he has not found

any 
ounterexample.

Complexity of no-rainbow


oloring problem

Posted by Jan K�ara

Let H = (V;E) be a 3-uniform hypergraph. We say that a 
oloring 


of verti
es of H is no-rainbow if for ea
h hyperedge e 2 E there are two

verti
es u; v 2 e with 
(u) = 
(v). What is the 
omplexity of de
ision of the

following question: does H have a no-rainbow 
oloring using 3 
olors (every


olor must be used at least on
e)? Can you solve the problem for k 
olors?

Complexity of re
ognizing

interse
tions graphs of


ongruent triangles

Posted by Jan Krato
hv��l

The following problem re
e
ts a question of Ale�s Pultr asked after Jan

Krato
hv��l's talk at Workshop on Graph Classes, Width Parameters and

Optimization held in Prague on O
tober 17-19, 2005. The answer is still

not 
lear to me and 
ould result in an interesting problem.

What is the 
omputational 
omplexity of re
ognizing interse
tions graphs

of 
ongruent triangles, whose bases are pla
ed in two parallel lines? (If the

bases lie in one line, then we get exa
tly interval graphs.)
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On graphswith large

independent sets everywhere

Posted by Ji�r�� Matou�sek

It is true that for every � > 0 there exists � > 0 su
h that if G is a

graph in whi
h every subset S � V (G) 
ontains an independent set of size

at least �jSj and ! : V (G)! [0;1) is a weight fun
tion on vertex set, then

every subset S � V (G) 
ontains an independent subset of weight at least

�!(S)? Here !(S) =

P

v2S

!(S).

Comments: The �rst property, that every subset S of verti
es 
ontain

an independent subset of size at least �S, is sometimes 
alled a Pisier-

type property (for independent sets). So here we ask whether a Pisier-type

property for independent sets implies a weighted Pisier-type property for

independent sets. The �rst thing to realize is perhaps that there are graphs

with a Pisier-type property for independent sets, for suitable �xed � > 0,

and with an arbitrarily large 
hromati
 number. (If no su
h graph existed,

a positive answer to the question will be easy.).

Geometri
 blo
king sets

Posted by Ji�r�� Matou�sek

Let P be an n-point set in the plane in general position (no three points

on a 
ommon line). Let b(P ) denote the smallest size of a point set B su
h

that B \ P = ; and for every two points p; q 2 P the segment pq 
ontains

a point of B. Let b(n) be the maximum of b(P ) over all n-point sets P

in general position. The problem is to obtain any nontrivial asymptoti


estimates of b(n). This problem is inspired by Ramsey-type question of

K�ara et al.

Proper edge 
olorings ofK

n

with


olorfulK

4

's

Posted by Ji�r�� Matou�sek

This is 
ombinatorial abstra
tion of previous problem (whi
h may or

13



may not be useful). What is the smallest number f(n) of 
olors su
h that

there exists a 
oloring of the edge set of 
omplete graph K

n

by f(n) 
olors,

su
h that, �rst, no two edges sharing a vertex have the same 
olor, and

se
ond, at least 5 
olors are used on the edges of every subgraph of K

n

indu
ed by 4 verti
es.

It may be that the answer is known. A simple upper bound isO(n log(n)).

If we require only the se
ond 
ondition, there is a 
oloring by O(n) 
olors.

Mapping of plannar graphwith

girth 9

Posted by Nigussie Yared

Let C

8

be the the 
ir
ular graph on 8 verti
es. Is it true that every

planar graph with girth 9 maps to C

8

? How about girth 7?

k-EPT graphs

Posted by Martin Pergel

Let k-EPT graphs be interse
tion graphs of paths in a tree with inter-

se
tion de�ned only for graphs with at least k 
ommon edges.

It is known that 
hara
terization of k-EPT graph is NP-
omplete. There

are also some results about 
oloring, but there is still one open question. It

is about the in
lusion of k-EPT and (k + 1)-EPT. It is known [Golumbi
,

Lipshteyn, Stern℄ that there exist (k+1)-EPT graphs whi
h are not k-EPT.

It is also known that k-EPT graph is also k

0

-EPT graph for k

0

� k

2

�2k+2.

The question is to �nd the better estimate of k

0

or to �nd graphs whi
h are

k-EPT and whi
h are not k

00

-EPT for k < k

00

< k

0

.

Opti
ally all k-EPT is also 2k-EPT (subdivision of ea
h edge), but how

the situation 
hange for 2k + 1-EPT? The question [Jamison, Mulder℄ is if

the k

0

= k + 1 is enough.

Coloring of points in plane

Posted by Moshe Rosenfeld

Is it possible to 
olor the points of the plane in a �nite number of 
olors

14



so that two points whose Eu
lidean distan
e is an odd integer get distin
t


olors?

Note: If you take 4 points in the plane then at least 1 of the 6 distan
es

determined by them will not be an odd integer.

Hamiltonity of prism

Posted by Moshe Rosenfeld

Is the prism over a 4-
onne
ted, 4-regular graph hamiltonian?

Tightness of edge-
riti
al

k-forest

Posted by Ri
ardo Strausz

The question is short. Are edge-
riti
al k-forest tight? For better insight

into that problem there are some previous results.

A k-graph is a uniform hypergraph of rank k; i.e, a set of verti
es V and

a family E of subsets of V , 
alled the edges, all of order k (E �

�

V

k

�

). For

k = 2 we have a simple graph. Let H = (V;E) be a k-graph. The 
ardinal

n = jV j is the order and the 
ardinal m = jEj is the size.

H is said to be tight if for every k-
oloring of its verti
es (not ne
essarily

proper, what ever that means), there exists an edge whi
h uses the k 
olors.

Clearly a 2-graph |or a simple graph, if you will| is tight if and only if it

is 
onne
ted.

Theorem 1 (Aro
ha, Bra
ho and Neumann-Lara) The minimum size

of a tight 3-graph of order n is n(n-2)/3. (This 
an be generalised for all

k.)

H is said to be a k-forest if for every edge, there exists a k-
oloring

(again, not ne
essarily proper) in whi
h ONLY su
h an edge uses the k


olors. Again, a 2-graph is a 2-forest if and only if it is a forest (it is

a
y
li
).

A k-forest whi
h is tight is 
alled a k-tree.

Observation 1 If H is an edge-
riti
al (minimal) tight k-graph, then it is

a k-tree.
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Theorem 2 (Lovasz) The maximum size of a 3-forest of order n is

n(n�1)

2

.

(Again, this 
an be generalised to all k.)

Theorem 3 (Strausz) If H is a k-forest of order n and size

�

(n�1)

(k�1)

�

then

it is tight (and therefore a k-tree).

Are all edge-
riti
al (maximal) k-forests tight (and therefore k-trees)?

Observe that there are maximal k-forest of size stri
tly less that the

maximum proved by Lovasz. Even for k = 3, as far as I know, the question

remains open for

n(n�2)

3

< m <

n(n�1)

2

.
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