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Abstra
t

Spider graphs are the interse
tion graphs of subtrees of subdivi-

sions of stars. Thus, spider graphs are 
hordal graphs that form a


ommon super
lass of interval and split graphs. Motivated by pre-

vious results on the existen
e of Hamilton 
y
les in interval, split

and 
hordal graphs, we show that every 3=2-tough spider graph is

hamiltonian. The obtained bound is best possible sin
e there are

(3=2 � ")-tough spider graphs that do not 
ontain a Hamilton 
y
le.

1 Introdu
tion

We study the existen
e of Hamilton 
y
les in a spe
ial 
lass of graphs

with an additional toughness assumption. The notion of toughness is well-

established and 
losely related to hamiltonian graphs [8, 9℄. A graph G is

�-tough if for every set A of its verti
es, G n A is 
onne
ted or the num-

ber �(G n A) of its 
omponents does not ex
eed jAj=�. Clearly, if G is

�

The resear
h was 
ondu
ted while the se
ond and the third author were visiting

Institute for Theoreti
al Computer S
ien
e (ITI) at University of West Bohemia in Pilsen

in May 2005.

y

Department of Mathemati
s and Institute for Theoreti
al Computer S
ien
e (ITI),

University of West Bohemia, Univerzitn�� 8, 306 14 Pilsen, Cze
h Republi
. E-mail:

kaisert�kma.z
u.
z. Supported by the proje
t 1M0021620808 and the Resear
h Plan

MSM 4977751301 of the Cze
h Ministry of Edu
ation.

z

Department of Applied Mathemati
s, Charles University, Malostransk�e n�am�est�� 25,

118 00, Prague, Cze
h Republi
. E-mail: kral�kam.mff.
uni.
z. The author was a

postdo
toral fellow at TU Berlin within the framework of European training network

COMBSTRU from O
tober 2004 to July 2005.

x

Department of Mathemati
s, Simon Fraser University, 8888 University Drive, Burn-

aby, B.C., V5A 1S6, Canada. E-mail: lsta
ho�sfu.
a. The author a
knowledges partial

support by an NSERC (Natural S
ien
e and Engineering Resear
h Coun
il of Canada)

grant.

1



hamiltonian, then G is 1-tough (but the 
onverse does not hold). A famous


onje
ture of Chv�atal [6℄ from 1973 asserts that the 
onverse holds at least

in an approximate sense:

Conje
ture 1. There exists a 
onstant � su
h that every �-tough graph is

hamiltonian.

Conje
ture 1 was believed to be true with � = 2, but in 2000, Bauer,

Broersma and Veldman [1℄ provided a 
onstru
tion of (9=4�")-tough graphs

that are not hamiltonian (for every " > 0). The 
lose 
onne
tion between

toughness and hamiltoni
ity 
an be demonstrated on the 
on
ept of 2-walks,


losed spanning walks visiting ea
h vertex at most twi
e: every 4-tough

graph has a 2-walk and there exist (17=24 � ")-tough graphs with no 2-

walk [7℄. Let us remark that a 
onje
ture of Ja
kson and Wormald [10℄

asserts that every 1-tough graph has a 2-walk. A result of Win [15℄ in this

dire
tion asserts that every 1-tough graph 
ontains a spanning tree with

maximum degree three. In parti
ular, it has a 
losed spanning walk visiting

ea
h vertex at most three times.

Conje
ture 1 has been established for several spe
ial 
lasses of graphs

in
luding interval graphs, split graphs and 
hordal graphs. Interval graphs

are the interse
tion graphs of intervals on a line, i.e., a graph is interval

if there exists a family of intervals that 
orrespond to its verti
es and two

intervals interse
t if and only if the 
orresponding verti
es are adja
ent.

The paper of Keil [11℄ 
ontains an impli
it proof that every 1-tough interval

graph is hamiltonian. Sin
e every hamiltonian graph must be 1-tough, this

result is the best possible.

Split graphs are graphs whose vertex set 
an be partitioned into an inde-

pendent set and a 
lique. Krats
h, Lehel and Muller [12℄ showed that every

3=2-tough split graph is hamiltonian. Sin
e there exists a (3=2� ")-tough

split graph that is not hamiltonian [6, p. 223℄ (for every " > 0), their result

is the best possible. Finally, 
hordal graphs are graphs that do not 
ontain

an indu
ed 
y
le of length four or more. The best known result for this 
lass

of graphs is the result of Chen et al. [5℄ that every 18-tough 
hordal graph

is hamiltonian. On the other hand, a 
onstru
tion of (7=4� ")-tough non-

hamiltonian 
hordal graphs was given in [1℄. It was 
onje
tured in [2℄ that

every 2-tough 
hordal graph is hamiltonian. Let us noti
e at this point that


hordal graphs form a super
lass of both interval graphs and split graphs.

All the three 
lasses of graphs mentioned above (interval graphs, split

graphs and 
hordal graphs) have ni
e 
hara
terizations as interse
tion graphs

of 
onne
ted subgraphs of spe
ial 
lasses of graphs. A graph G is the in-
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terse
tion graph of subgraphs H

1

; : : : ; H

n

of a graph H if the verti
es of G

one-to-one 
orrespond to the subgraphs H

1

; : : : ; H

n

and two verti
es of G

are adja
ent if and only if the 
orresponding subgraphs interse
t. Note that

every graph is an interse
tion graph of (
onne
ted) subgraphs of a graph.

In this paper, we study a sub
lass of 
hordal graphs that is a proper

super
lass of interval and split graphs. Its de�nition is motivated by 
har-

a
terizations of interval, split and 
hordal graphs as interse
tion graphs of

spe
ial families of trees (see, e.g., [3℄): a graph is an interval graph if and

only if it is an interse
tion graph of subpaths of a path. A graph is a split

graph if and only if it is an interse
tion graph of subtrees of a star, i.e., a

graph K

1;n

. Finally, a graph is 
hordal if and only if it is an interse
tion

graph of subtrees of a tree.

Spiders form a 
lass of graphs that 
ontain both paths and stars. A

graph is a spider if it is a subdivision of a star. The vertex of the spider of

degree greater than two (if any) is 
alled the 
entral vertex and the paths

from its leaves to the 
entral vertex are legs. A graph G is a spider graph

if it is an interse
tion graph of subtrees of a spider. Clearly, every interval

graph and every split graph is a spider graph, and spider graphs are 
hordal.

We show that every 3=2-tough spider graph is hamiltonian, mat
hing the

bound obtained for the split graphs in [12℄. Sin
e there are (3=2� ")-tough

non-hamiltonian split graphs, our bound is the best possible. We obtain our

result for spider graphs using the result on the existen
e of Hamilton 
y
les

in 1-tough interval graphs as a bla
k box. Our argument employs Hall's

theorem and the matroid interse
tion theorem. In this way, we provide an

alternative proof that 3=2-tough split graphs are hamiltonian. In order to

make the paper more a

essible to the reader, we �rst show how our argu-

ments apply to split graphs, and later we generalize the proof to the 
lass of

spider graphs. We believe that our work might be useful in improving the

bound on the toughness that guarantees the existen
e of a Hamilton 
y
le

in 
hordal graphs.

2 Hamilton 
y
les in split graphs

We �rst provide a short proof that 3=2-tough split graphs are hamiltonian.

We believe that presenting our arguments �rst for split graphs will help the

reader follow the proof of the general result. The reader is also invited to


onsult Figure 1 where the steps of the proof presented in this se
tion are

visualized. We start with establishing the following auxiliary lemma:
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Lemma 1. Let G be a split graph with the parts A and B where A is the

independent set and B is the 
lique. Let G

�

be the multigraph obtained from

G by repla
ing ea
h edge of G by a pair of parallel edges. If G is 3=2-tough,

then G

�


ontains a spanning bipartite subgraph G

0

with the parts A and B

su
h that the degree of every vertex of A in G

0

is three and the degree of

every vertex of B in G

0

is at most two.

Proof. We �rst form an auxiliary bipartite graph H as follows: for every

vertex a 2 A, H 
ontains three verti
es a

1

, a

2

and a

3

, and for every vertex

b 2 B, H 
ontains two verti
es b

1

and b

2

. Verti
es a

i

and b

j

are joined by

an edge if the verti
es a and b are adja
ent in G. Let A

0

and B

0

be the parts

of G

0


omprised of the verti
es 
orresponding to A and B, respe
tively.

We show that H 
ontains a mat
hing M 
overing the verti
es of A

0

.

If this is not the 
ase, then (by Hall's theorem, see e.g. [4℄ if ne
essary)

there exists a subset A

0

0

� A

0

su
h that jN

H

(A

0

0

)j < jA

0

0

j. Let A

0

be the

set of the verti
es a su
h that A

0

0


ontains at least one vertex of the triple


orresponding to a. Clearly, jA

0

j � jA

0

0

j=3. Let B

0

= N

G

(A

0

). By the


onstru
tion of H , jB

0

j = jN

H

(A

0

0

)j=2. We infer the following:

jN

G

(A

0

)j = jB

0

j = jN

H

(A

0

0

)j=2 < jA

0

0

j=2 � 3jA

0

j=2 .

Observe that the verti
es of A

0

are isolated in the graph G n B

0

. Sin
e

jB

0

j < 3jA

0

j=2, the graph G is not 3=2-tough.

We have shown that H 
ontains a mat
hing M that 
overs the verti
es

of A

0

. Consider the following subgraph G

0

of G

�

: two verti
es a 2 A and

b 2 B are joined by an edge ifM 
ontains an edge a

i

b

j

for some i 2 f1; 2; 3g

and j 2 f1; 2g. If there are two su
h edges in M , G

0


ontains the pair of

parallel edges between a and b. The graph G

0


ontains no edges between

verti
es of B. Sin
e M 
overs the verti
es of A

0

, the degree of ea
h vertex

a 2 A is three in G

0

. On the other hand, by the 
onstru
tion of H , the

degree of ea
h vertex b 2 B is at most two in G

0

.

The 
ore of our argument is the matroid interse
tion theorem. We refer

the reader to the monographs [13, 14℄ for an introdu
tion to matroid theory.

Theorem 2 (Matroid interse
tion theorem). Let M

1

and M

2

be two

matroids on the same support set X. There exists a subset of X of size N

that is independent in both M

1

and M

2

if and only if the following holds for

all subsets Y of X:

r

M

1

(Y ) + r

M

2

(X n Y ) � N

where r

M

i

is the rank fun
tion of the matroid M

i

.
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(i) a graph G

(ii) the graph G

�

and a subgraph G

0

the edges of the 
lique of G

�

are omitted

(iii) a subgraph G

00

(iv) a Hamilton 
y
le

Figure 1: Main steps of the 
onstru
tion of a Hamilton 
y
le in a split graph.
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We now establish another auxiliary lemma:

Lemma 3. Let G be a split graph with the parts A and C where A is the

independent set and C is the 
lique. If G is 3=2-tough, then G 
ontains a

subgraph G

00


omprised of disjoint paths su
h that ea
h vertex of A is an

internal vertex of a path of G

00

.

Proof. Let G

0

be a subgraph of G

�

with the properties des
ribed in the

statement of Lemma 1. We de�ne two matroids M

1

and M

2

on the set

E(G

0

). The matroid M

1

is the 
y
le matroid of G

0

, i.e., a set Y � E(G

0

)

is independent in M

1

if and only if it is a
y
li
. In parti
ular, the set


omprised of two parallel edges is dependent. The se
ond matroid M

2

is a

spe
ial type of transversal matroid de�ned as follows: a set Y � E(G

0

) is

independent in M

2

if and only if ea
h vertex of A is in
ident with at most

two edges of Y .

If there exists a set Y � E(G

0

) of size 2jAj that is independent in both

M

1

andM

2

, then the edges of Y form a subgraph G

00

of G that is 
omprised

of disjoint paths su
h that ea
h vertex of A is an internal vertex of a path

of G

00

. Indeed, sin
e Y is independent in M

1

, G

00

is a
y
li
 (and simple).

Sin
e the size of Y is 2jAj and Y is independent in M

2

, ea
h vertex of A is

in
ident with exa
tly two edges of Y . Finally, sin
e the degrees of verti
es

of C in G

�

are at most two, the subgraph G

00

is 
omprised of one or more

disjoint paths.

We now verify the 
ondition of Theorem 2 for the existen
e of a set of

size 2jAj independent in both M

1

and M

2

. Assume that the 
ondition is

violated for a set Y � E(G

0

), i.e., r

M

1

(Y ) + r

M

2

(E(G

0

) n Y ) < 2jAj. First,

we show that we 
an assume that ea
h vertex v of A is in
ident to none

or three edges of Y . If v is in
ident with one edge, then remove this edge

from Y . This removal de
reases the rank of Y in M

1

by one and preserves

the rank of its 
omplement in M

2

. Hen
e, the new set also violates the


ondition of Theorem 2. If v is in
ident with two edges of Y , in
lude the

remaining edge in
ident with v into the set Y . This de
reases the rank of

E(G

0

) n Y in M

2

by one and in
reases the rank of Y in M

1

by at most one.

Again, the new set also violates the inequality.

Let C

1

; : : : ; C

m

be the 
omponents of the subgraph spanned by the edges

of Y . Let k be the number of verti
es of A in
ident with three edges of Y

and let k

i

be the number of su
h verti
es 
ontained in the 
omponent C

i

,

i = 1; : : : ;m. The rank of E(G

0

) n Y in M

2

is 2(jAj � k). We bound the

rank of Y in M

1

, whi
h equals to the sum of sizes of spanning trees of the


omponents C

1

; : : : ; C

m

. The 
omponent C

i


ontains k

i

verti
es of A and
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at least 3k

i

=2 verti
es of B (be
ause of the degree 
ondition). Hen
e, the

size of its spanning tree is at least d5k

i

=2e� 1 � 2k

i

. We 
an now 
on
lude

that:

r

M

1

(Y ) + r

M

2

(E(G

0

) n Y ) �

m

X

i=1

k

i

+ 2(jAj � k) = 2jAj .

This 
ontradi
ts our assumption that Y violates the 
ondition of Theorem 2

and 
onsequently the existen
e of the desired subgraph G

00

is established.

We are now ready to provide a proof that 3=2-tough split graphs are

hamiltonian:

Theorem 4. Every 3=2-tough split graph G 
ontains a Hamilton 
y
le.

Proof. Let A be the part of G 
orresponding to the independent set. By

Lemma 3, G 
ontains a subgraph G

00


omprised of disjoint paths su
h that

every vertex of A is an internal vertex of a path G

00

. Sin
e the end verti
es

of the paths are all 
ontained in the part 
orresponding to the 
lique of G,

they 
an be joined together. We 
on
lude that G is hamiltonian.

3 Hamilton 
y
les in interval graphs

When proving our main result on the existen
e of Hamilton 
y
les in spider

graphs, we will be fa
ing two obsta
les while extending the proof presented

in Se
tion 2 to spider graphs. The �rst is that the verti
es not 
ontained in

the \
entral 
lique" do not form an independent set but rather an union of

interval graphs. In this se
tion, we study hamiltoni
ity of interval graphs

in order to 
onstru
t su
h 
y
les with additional properties needed for ar-

guments later. We start by re
alling a result from [11℄ on the existen
e of

Hamilton 
y
les in interval graphs that was mentioned in Se
tion 1:

Theorem 5. An interval graph G is hamiltonian if and only if G is 1-tough.

Using Theorem 5, we show that there exist Hamilton 
y
les of a spe
ial

type in 
ertain 1-tough interval graphs:

Lemma 6. Let G be the interse
tion graph of subpaths of a path P =

w

1

� � �w

`

, ` � 2. Let v

1

; : : : ; v

n

, n � 3, be the verti
es of G and P

1

; : : : ; P

n

subpaths of P 
orresponding to the verti
es v

1

; : : : ; v

n

. Assume that the

subpath P

1


onsists of the vertex w

1

alone and P

1

is the only su
h subpath

7



among P

1

; : : : ; P

n

. Let P

�

be the shortest subpath 
ontaining w

1

that is

di�erent from P

1

, and P

�

be the longest su
h subpath. If G is 1-tough,

then G 
ontains a Hamilton 
y
le on whi
h the verti
es v

�

, v

1

and v

�

are


onse
utive.

Proof. Note �rst that � 6= � sin
e G is 1-tough. We modify G into a

di�erent interval graph G

0

. Let us de�ne a new 
olle
tion of subpaths of P :

P

0

i

=

8

<

:

P

i

if i 2 f1; �; �g,

P

i

if w

1

62 P

i

, and

P

i

nw

1

otherwise.

Let G

0

be the interse
tion graph of subpaths P

0

1

; : : : ; P

0

n

of the path P . The

verti
es of G

0


an be identi�ed with the verti
es of G, and G

0

then forms a

subgraph of G. Note that the vertex v

1

has degree two in G

0

and its only

two neighbors are the verti
es v

�

and v

�

.

We show that G

0

is 1-tough. Let A be a subset of V (G

0

). Next, we

distinguish two 
ases based on whether A 
ontains the vertex v

�

or not. If

v

�

62 A, then the 
omponents of G n A and G

0

n A are pre
isely the same:

ea
h path from whi
h w

1

was removed 
an be prolonged ba
k to w

1

without


hanging the stru
ture of G

0

nA. Sin
e G is 1-tough, �(G

0

nA) = �(GnA) �

jAj.

The other 
ase to 
onsider is that v

�

2 A. Let A

0

= A n fv

�

g and

let B be the set of all verti
es of G 
orresponding to the paths of length

at least two that 
ontain the vertex w

1

. We have already established that

�(G

0

n A

0

) � jA

0

j. Assume that �(G

0

n A) > jAj. Then, the vertex v

�

is

adja
ent to at least three di�erent 
omponents of G

0

nA. Let C

1

and C

2

be

two of the 
omponents of G

0

n A su
h that neither C

1

nor C

2


ontains the

vertex v

1

.

We 
laim that B � A: otherwise, 
onsider a vertex b 2 BnA. Sin
e P

�

is

the shortest path 
ontaining w

1

among P

2

; : : : ; P

n

, it holds that N

G

(v

�

) �

N

G

(b). Consequently, N

G

0

(v

�

) n fv

1

g � N

G

0

(b), b is adja
ent to a vertex of

C

1

as well as to a vertex of C

2

in G

0

and C

1

and C

2

are not two distin
t


omponents of G

0

nA. We 
on
lude that A 
ontains all verti
es v

i

su
h that

P

i


ontains w

1

. Hen
e, B � A and the 
omponents of G n A and G

0

n A

are the same. The assumption that G is 1-tough yields that �(G

0

n A) =

�(G nA) � jAj.

Sin
e G

0

is 1-tough, it has a Hamilton 
y
le by Theorem 5. Su
h a

Hamilton 
y
le is also a Hamilton 
y
le of G and the verti
es v

�

, v

1

and v

�

are 
onse
utive in the 
y
le sin
e the only two neighbors of v

1

in G

0

are the

verti
es v

�

and v

�

. The lemma has been established.
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In our 
onsiderations in Se
tion 4, we will be adding new verti
es to

interval graphs in order to in
rease their toughness. If G is the interse
tion

graph of subpaths P

1

; : : : ; P

n

of a path P = w

1

� � �w

`

, there are several

di�erent ways of adding new paths su
h that the resulting interse
tion graph

is 1-tough. However, if we assume that all the new paths 
ontain the vertex

w

1

, then there is a unique minimal set of paths with this property. We state

more pre
isely and prove this 
laim in what follows. In order to simplify

our notation, we write [w

i

; w

j

℄ for the subpath of P between the verti
es

w

i

and w

j

(in
lusively) and hP

1

; : : : ; P

n

i denotes the interse
tion graph of

subpaths P

1

; : : : ; P

n

.

Lemma 7. Let G be the graph hP

1

; : : : ; P

n

i for a family of subpaths P

1

; : : : ; P

n

of a path P = w

1

� � �w

`

, ` � 2, su
h that G is not 1-tough and assume that

P

1

= [w

1

; w

1

℄. There exist integers ` � k

1

� � � � � k

r

� 2 with the following

property: the graph hP

1

; : : : ; P

n

; Q

1

; : : : ; Q

r

i for Q

1

� � � � � Q

r

� [w

1

; w

1

℄

is 1-tough if and only if [w

1

; w

k

i

℄ � Q

i

for every i = 1; : : : ; r.

Note that it 
an be assumed that P

1

= [w

1

; w

1

℄ without loss of generality

sin
e every interse
tion graph of subpaths of a path 
an be modi�ed to an

interse
tion graph satisfying this 
ondition.

The integers k

1

; : : : ; k

r


an be 
omputed in the following way: for i =

2; : : : ; `, let �

i

be the following maximum:

�

i

=

8

>

>

>

>

<

>

>

>

>

:

max

A�V (G)

�(hP

1

; : : : ; P

n

; [w

1

; w

i�1

℄i nA)� jAj

if hP

1

; : : : ; P

n

; [w

1

; w

i�1

℄i is dis
onne
ted, and

max

A�V (G);A6=;

�(hP

1

; : : : ; P

n

; [w

1

; w

i�1

℄i nA)� jAj otherwise.

It is important that the maximum is taken over subsets of the verti
es of G,

not of the verti
es of hP

1

; : : : ; P

n

; [w

1

; w

i�1

℄i. It is easy to see that all �

i

are

non-negative integers and �

2

� �

3

� � � � � �

`

� 0. Moreover, if the graph

hP

1

; : : : ; P

n

; Q

1

; : : : ; Q

r

i from Lemma 7 is 1-tough, then at least �

i

of the

paths Q

1

; : : : ; Q

r

must 
ontain the subpath [w

1

; w

i

℄, i.e., it must hold that

k

�

i

� i. In fa
t, this fully determines the integers k

1

; : : : ; k

r

(see Figures 2

and 3 for an example) as stated in the next lemma. Let us re
all that

two sequen
es a

1

; : : : ; a

A

and b

1

; : : : ; b

B

of integers are 
onjugate if A = b

1

,

B = a

1

, a

i

is the number of b

j

's greater or equal to i and b

i

is the number

of a

j

's greater or equal to i.

9



Lemma 8. Let G = hP

1

; : : : ; P

n

i as in Lemma 7 and let �

2

; : : : ; �

`

be the

numbers de�ned as above. The sequen
e k

1

; : : : ; k

r

from Lemma 7 is 
on-

jugate to the sequen
e �

2

; �

2

; : : : ; �

`

, i.e., the number r is equal to �

2

and

exa
tly �

i

� �

i+1

of the numbers k

j

are equal to i.

Sin
e the sequen
es k

1

; : : : ; k

r

and �

2

; �

2

; : : : ; �

`

are 
onjugate, the fol-

lowing lemma immediately follows:

Lemma 9. It holds that �

k

i

+1

� i� 1 for every i = 1; : : : ; r (setting �

`+1

=

0).

In order to further simplify the notation used in the proof of Lemmas 7

and 8, we set P = fP

1

; : : : ; P

n

g and Q = fQ

1

; : : : ; Q

r

g and write, e.g.,

hP ;Qi for the interse
tion graphs of paths 
ontained in the sets P and Q.

We now pro
eed with the postponed proof:

Proof of Lemmas 7 and 8. First, we establish that if the 
ondition of Lemma 7

is violated, then hP ;Qi is not 1-tough. Assume that the path Q

i

does not


ontain [w

1

; w

k

i

℄. Sin
e the sequen
es �

2

; �

2

; : : : ; �

`

and k

1

; : : : ; k

r

are 
on-

jugate, less than �

k

i

of the paths Q

1

; : : : ; Q

r


ontain [w

1

; w

k

i

℄. Let A

0

be

the set of the verti
es 
orresponding to the subpaths Q

j

that 
ontain the

vertex w

k

i

. Note that jA

0

j < �

k

i

.

By the de�nition of �

k

i

, there exists a set A � V (G) su
h that the graph

hP ; [w

1

; w

k

i

�1

℄i n A has at least jAj + �

k

i


omponents. Note that it must

hold that jAj + �

k

i

� 2: if the graph hP ; [w

1

; w

k

i

�1

℄i is dis
onne
ted, then

�

k

i

� 2 follows dire
tly from the de�nition, and if the graph is 
onne
ted,

then jAj � 1 (the maximum in the de�nition is taken only over non-empty

sets A) and �

k

i

� 1 (if �

k

i

= 0, all the numbers k

1

; : : : ; k

r

would be at

least k

i

+ 1). Sin
e A

0


ontains all the paths among Q

1

; : : : ; Q

r

that are

superpaths of [w

1

; w

k

i

℄, it follows that

�(hP ;Qi n (A [A

0

)) � �(hP ; [w

1

; w

k

i

�1

℄i nA).

The inequalities �(hP ; [w

1

; w

k

i

�1

℄i nA) � jAj+ �

k

i

and jA[A

0

j < jAj+ �

k

i

together yield that the graph hP ;Qi is not 1-tough.

Assume now that the 
ondition of Lemma 7 is satis�ed. Clearly, it is

enough to show that the graph hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄i is 1-tough. Let us


onsider a subset A of the verti
es of the graph hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄i.

Let i be the smallest index su
h that the vertex 
orresponding to the path

[w

1

; w

k

i

℄ is not 
ontained in A. If there is no su
h i, set i = r + 1 (and for


ompleteness, de�ne k

r+1

= 1). If k

i

= `, then hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄in
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w

1

w

2

w

3

w

4

w

5

P =

(i) the graph G = hP

1

; : : : ; P

7

i and its interse
tion representation

(ii) the representaion of the graph hP

1

; : : : ; P

7

; [w

1

; w

1

℄i

�

2

= 5� 2 = 3

(iii) the representaion of the graph hP

1

; : : : ; P

7

; [w

1

; w

2

℄i

�

3

= 4� 2 = 2

(iv) the representaion of the graph hP

1

; : : : ; P

7

; [w

1

; w

3

℄i

�

4

= 2� 1 = 1

(v) the representaion of the graph hP

1

; : : : ; P

7

; [w

1

; w

4

℄i

�

5

= 2� 1 = 1

(vi) the representation of the \minimal" 1-tough supergraph of G

k

1

= 5, k

2

= 3 and k

3

= 2

Figure 2: An example of 
omputation of the integers k

1

; : : : ; k

r

and

�

2

; �

2

; : : : ; �

`

from Lemmas 7 and 8 (also see Figure 3). The subpaths

P

1

; : : : ; P

7

are depi
ted by ovals, the added subpaths by bold ovals and the

elements of sets witnessing the equalities in the maximum in the de�nition

of �

i

by dashed ovals.
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�

2

= 3 �

2

= 3 �

3

= 2 �

4

= 1 �

5

= 1

k

1

= 5

k

2

= 3

k

3

= 2

Figure 3: The 
onjugation of the sequen
es k

1

; : : : ; k

r

and �

2

; �

2

; : : : ; �

`

from

the example in Figure 2.

A is 
onne
ted and there is nothing to prove. By the 
hoi
e of i, the set A


ontains at least i� 1 verti
es 
orresponding to the subpaths [w

1

; w

k

j

℄.

Let A

0

= A \ V (G). By the 
hoi
e of i, we have the following:

�(hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄i nA) = �(hP ; [w

1

; w

k

i

℄i nA).

If the graph hP ; [w

1

; w

k

i

℄i is 
onne
ted and the set A

0

is empty, then the

graph hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄i n A is 
onne
ted and there is nothing to

prove. If hP ; [w

1

; w

k

i

℄i is dis
onne
ted or A

0

is non-empty, then the following

holds by Lemma 9:

�(hP ; [w

1

; w

k

i

℄i nA

0

) � jA

0

j+ �

k

i

+1

� jA

0

j+ i� 1 � jAj.

We 
on
lude that the graph hP ; [w

1

; w

k

1

℄; : : : ; [w

1

; w

k

r

℄i is 1-tough.

4 Hamilton 
y
les in spider graphs

The proof of our main result 
onsists of three steps as in the 
ase of the proof

presented in Se
tion 2. In the �rst step (that 
orresponds to Lemma 1), we

assign ea
h leg of a spider verti
es 
orresponding to subtrees 
ontaining the


entral vertex in su
h a way that ea
h leg is assigned a suÆ
ient number of

su
h verti
es but ea
h su
h vertex is assigned to at most two legs. In the

12



se
ond step (the 
ounterpart of Lemma 3), we use the assignment to build

paths 
overing all the verti
es 
orresponding to subtrees not 
ontaining the


entral vertex of the spider. In the �nal step, we 
onne
t the paths to obtain

a Hamilton 
y
le. The next lemma des
ribes the �rst step of the proof:

Lemma 10. Let G be the interse
tion graph of subtrees T

1

; : : : ; T

n

of a

spider S with m legs of lengths `

1

; : : : ; `

m

. Let L

i

= w

i

1

� � �w

i

`

i

be the legs

of S where w

1

1

= � � � = w

m

1

is the 
entral vertex of the spider. Assume that

exa
tly the �rst n

0

subtrees among T

1

; : : : ; T

n


ontain the 
entral vertex of

S. Let G

i

, i = 1; : : : ;m, be the interse
tion graph formed by the subtrees of

S fully 
ontained in the path w

i

2

� � �w

i

`

i

and the single-vertex subtree formed

by the vertex w

i

1

. Finally, let 2 � k

i

1

� � � � � k

i

r

i

be the numbers from the

statement of Lemma 7 for the graph G

i

.

If the graph G is 3=2-tough and ea
h G

i


onsists of pre
isely two 
om-

ponents, then there exists an assignment of subtrees T

1

; : : : ; T

n

0

to the legs

of S with the following properties (it is allowed to assign the same subtree

twi
e to the same leg):

1. ea
h leg L

i

is assigned at least 3j � 2 subtrees 
ontaining the vertex

w

i

k

i

j

for j = 1; : : : ; r

i

� 1,

2. ea
h leg L

i

is assigned at least 3r

i

� 3 subtrees 
ontaining the vertex

w

i

2

= w

i

k

i

r

i

, and

3. ea
h subtree T

i

is assigned at most twi
e.

At the �rst sight, one would expe
t that a leg L

i

should be assigned

3j subtrees 
ontaining the vertex w

i

k

i

j

, i.e., three subtrees per ea
h vertex

w

i

k

i

j

. However, this requirement is too strong and there are 3=2-tough spider

graphs that do not admit su
h an assignment. We will over
ome the de�
it

in the number of assigned subtrees using Lemma 6 later.

Proof of Lemma 10. As in the proof of Lemma 1, the 
ore of our argument

is Hall's theorem. We �rst 
onstru
t an auxiliary bipartite graph H with

parts A and B. The part A 
onsists of

P

m

i=1

(3r

i

� 3) verti
es u

i

j

where

i = 1; : : : ;m and j = 1; : : : ; 3r

i

� 3 (they 
orrespond to the demands of

the legs). The part B 
onsists of n

0

verti
es u

0

1

; : : : ; u

0

n

0


orresponding to

the subtrees T

1

; : : : ; T

n

0

. A vertex u

i

j

is joined by an edge to a vertex

u

0

i

0

if the subtree T

i

0


ontains the vertex w

i

k

i

d

j+2

3

e

, i.e., the subtree T

i

0


an

13



ful�l the demand 
orresponding to the integer k

i

d

j+2

3

e

. Clearly, the desired

assignment exists if and only if H 
ontains a subgraph H

0

su
h that the

degree of ea
h vertex of A is one in H

0

and the degree of ea
h vertex of

B is at most two (assign ea
h leg L

i

the subtrees mat
hed to the verti
es

u

i

1

; : : : ; u

i

3r

i

�3

). By Hall's theorem, the existen
e of the subgraph H

0

is

equivalent to the following:

jA

0

j=2 � jN

H

(A

0

)j for every subset A

0

� A.

Assume that the inequality is violated for a subset A

0

of A. Under this

assumption, we 
onstru
t a non-empty subset V of verti
es of G su
h that

�(G n V ) > 3jV j=2 > 1.

Let V

0

be the set of verti
es of G 
orresponding to the verti
es of H


ontained in N

H

(A

0

). In the following paragraphs, for ea
h i = 1; : : : ; k,

we 
onstru
t a subset V

i

of the verti
es 
orresponding to subpaths of the

path w

i

2

� � �w

i

`

i

and de�ne a number d

i

. Consider an integer i = 1; : : : ;m.

If A

0


ontains none of the verti
es u

i

1

; : : : ; u

i

3r

i

�3

, set V

i

= ; and d

i

= 0.

Otherwise, let d

i

= jA

0

\fu

i

1

; : : : ; u

i

3r

i

�3

gj. By the 
onstru
tion ofH , we may

assume without loss of generality that A

0

\fu

i

1

; : : : ; u

i

3r

i

�3

g = fu

i

1

; : : : ; u

i

d

i

g.

Moreover, d

i


an be assumed to be equal to either 3j�2 for some j or 3r

i

�3.

We deal with these two 
ases separately.

We �rst 
onsider the 
ase when d

i

= 3j� 2 for some j 2 f1; : : : ; r

i

� 1g.

It 
an be assumed without loss of generality that k

i

j

> 2 (otherwise, add the

verti
es u

i

d

i

+1

; : : : ; u

i

3r

i

�3

to A

0

; sin
e this preservesN

H

(A

0

), we 
an pro
eed

with the enlarged set A

0

). Let G

0

i

be the interse
tion graph of subpaths of

the path w

i

2

� � �w

i

`

i

(fully 
ontained in this path) and the paths [w

i

1

; w

i

1

℄ and

[w

i

1

; w

i

k

i

j

�1

℄. Sin
e k

i

j

> 2 and G

0

i

is 
omprised of two 
omponents (one of

them being the isolated vertex 
orresponding to the subpath [w

i

1

; w

i

1

℄), G

0

i

is 
onne
ted. By Lemma 8, there exists a non-empty subset V

i

of verti
es

of G

i

su
h that j � �(G

0

i

nV

i

)�jV

i

j. Clearly, V

i

does not 
ontain the added

vertex 
orresponding to the trivial path [w

i

1

; w

i

1

℄. The graph G n (V

0

[ V

i

)


ontains at least j + jV

i

j � 1 
omponents 
omprised only of the verti
es


orresponding to the subpaths of the path w

i

2

� � �w

i

`

i

. A simple 
al
ulation

yields that the number of su
h 
omponents is at least the following (re
all

that V

i

is non-empty):

j + jV

i

j � 1 = d

i

=3 + 2=3 + jV

i

j � 1 � d

i

=3 + 2jV

i

j=3 .

In the latter 
ase, d

i

= 3r

i

� 3. Sin
e G

i

is dis
onne
ted, r

i

� 2. By

Lemma 8, there exists a set V

i

of verti
es ofG

i

su
h that r

i

= �(G

i

nV

i

)�jV

i

j.
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Clearly, V

i

does not 
ontain the added vertex 
orresponding to the trivial

path [w

i

1

; w

i

1

℄. Note that the graphGn(V

0

[V

i

) 
ontains at least r

i

+jV

i

j�1 �

d

i

=3+ jV

i

j 
omponents 
omprised only of the verti
es 
orresponding to the

subpaths of the path w

i

2

� � �w

i

`

i

.

Let us summarize the properties of V

0

; : : : ; V

m

and the numbers d

i

:

� jV

0

j < jA

0

j=2 =

P

m

i=1

d

i

=2 (by the de�nitions of V

0

and d

i

), and

� the graph G n (V

0

[ V

i

) 
ontains at least 2jV

i

j=3 + d

i

=3 
omponents


omprised only of verti
es 
orresponding to the subpaths of the path

w

i

2

� � �w

i

`

i

.

Set now V = V

0

[ � � � [ V

m

. The size of V is bounded by the following:

jV j <

m

X

i=1

(jV

i

j+ d

i

=2) (1)

On the other hand, the graph GnV 
onsists of at least the following number

of 
omponents:

m

X

i=1

(2jV

i

j=3 + d

i

=3) (2)

Comparing (1) and (2) yields an immediate 
ontradi
tion to the fa
t that

G is 3=2-tough.

In the se
ond step of the proof, we 
onne
t Hamilton 
y
les to the ver-

ti
es of the 
entral 
lique to obtain a set of disjoint paths as in the proof for

split graphs. The general idea behind this step of the proof is the following:

we remove the verti
es of the 
entral 
lique from the resulting Hamilton


y
les and obtain several paths (whose end-verti
es are adja
ent to the ver-

ti
es of the 
entral 
lique). However, we need to be 
areful to enter and

leave the resulting paths at their di�erent ends. In order to a
hieve this,

we will pro
eed similarly as in Lemma 3 but we require in addition that a


ertain mat
hing of H is 
ontained in the paths:

Lemma 11. Let H be a bipartite multigraph with parts A and B and let

F � E(H) be a mat
hing 
overing the verti
es of A. If ea
h vertex of A has

degree three and ea
h vertex of B has degree at most two, then there exists

a subgraph H

0

of H 
omprised of disjoint paths su
h that F � E(H

0

) and

the degree of every vertex of A in H

0

is two.
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Proof. As in the proof of Lemma 3, we de�ne two matroids M

1

and M

2

on

the set E(H). The matroid M

1

is again the 
y
le matroid H . The se
ond

matroidM

2

is a spe
ial type of transversal matroid de�ned as follows: a set

Y � E(H) is independent in M

2

if and only if ea
h vertex of A is in
ident

with at most one edge of Y n F . If Y � E(H) is a set of size 2jAj that is

independent in bothM

1

andM

2

, then ea
h vertex of A is in
ident with two

edges of Y . In parti
ular (see the proof of Lemma 3), the edges of Y form

the desired subgraph H

0

.

We now verify the 
ondition of Theorem 2 for the existen
e of a set of size

2jAj that is independent in both M

1

and M

2

. Assume that the 
ondition is

violated for a set Y � E(H), i.e., r

M

1

(Y ) + r

M

2

(E(H) n Y ) < 2jAj. First,

we show that we 
an assume that ea
h vertex v of A is in
ident to none or

three edges of Y . If v is in
ident with one edge, then remove this edge from

Y . This de
reases the rank of Y in M

1

by one and in
reases the rank of

its 
omplement in M

2

by at most one. If v is in
ident with two edges of Y ,

in
lude the remaining edge in
ident with v into the set Y . This de
reases

the rank of E(H) n Y in M

2

by one and in
reases the rank of Y in M

1

by

at most one. In both the 
ases, the new set violates the 
ondition.

The rest of the proof is the same as the proof of Lemma 3: we 
onsider

the 
omponents C

1

; : : : ; C

m

of the subgraph spanned by Y . Let k

i

be the

number of verti
es of A 
ontained in the 
omponent C

i

, i = 1; : : : ;m. The

rank of Y in M

1

is the sum of sizes of spanning trees of the 
omponents

C

1

; : : : ; C

m

that are at least 2k

i

ea
h (see the proof of Lemma 3). The rank

of E(H) n Y in M

2

is 2(jAj �

P

m

i=1

k

i

). We 
an now 
on
lude that:

r

M

1

(Y ) + r

M

2

(E(H) n Y ) �

 

m

X

i=1

2k

i

!

+ 2(jAj �

m

X

i=1

k

i

) = 2jAj .

Hen
e, the 
ondition of Theorem 2 is ful�lled and the existen
e of a subgraph

H

0

is established.

We are now ready to prove our main theorem:

Theorem 12. Every 3=2-tough spider graph G is hamiltonian.

Proof. We use the notation of Lemma 1: G is the interse
tion graph of

subtrees T

1

; : : : ; T

n

of a spider S with m legs L

i

= w

i

1

� � �w

i

`

m

where w

1

1

=

� � � = w

m

1

is the 
entral vertex of S. Assume that exa
tly the �rst n

0

subtrees 
ontain the 
entral vertex and let V




be the set of the verti
es

of G 
orresponding to these subtrees. We 
an also assume without loss
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of generality that the subgraph of G that is the interse
tion graph of the

subtrees that are subpaths of the path w

i

2

� � �w

i

`

k

is 
onne
ted for every

i = 1; : : : ; k: if this is not the 
ase, the spider S 
an be modi�ed to a spider

with more legs representing ea
h 
onne
ted 
omponent in a single leg. In

addition, we 
an also assume that there is a subtree T

j

for ea
h leg L

i

that

is a subpath of L

i

and T

j

does not 
ontain the 
entral vertex (if this is not

the 
ase, the leg L

i


an be 
ut without 
hanging the stru
ture of the graph

G).

Let G

i

be the interval graph de�ned in Lemma 10. Observe that ea
h G

i


onsists of exa
tly two 
omponents, and one of them is the isolated vertex


orresponding to the single-vertex path [w

i

1

; w

i

1

℄. Let r

i

and k

i

1

; : : : ; k

i

r

i

be

the integers as in Lemma 10. Sin
e G is 3=2-tough, ea
h leg of S 
an be

assigned a non-empty set of the subtrees T

1

; : : : ; T

n

0

in the way that is

des
ribed in Lemma 10. Sin
e r

i

� 2 for every i (this follows from the

fa
t that ea
h L

i


ontains a subpath T

j

that does not 
ontain the 
entral

vertex), ea
h leg is assigned some of the subtrees.

Next, we 
onstru
t another auxiliary interval graph G

0

i

for ea
h i =

1; : : : ;m. G

0

i

is the interse
tion graph of the subpaths that form the graph

G

i

and the paths [w

i

1

; w

i

k

i

1

℄; : : : ; [w

i

1

; w

i

k

i

r

i

℄. By Lemma 7, G

0

i

is 1-tough. Let

u

i

1

; : : : ; u

i

r

i

be the verti
es of G

0

i


orresponding to the paths [w

i

1

; w

i

k

i

1

℄; : : : ;

[w

i

1

; w

i

k

i

r

i

℄ and u

i

0

be the vertex 
orresponding to the single-vertex path

[w

i

1

; w

i

1

℄. By Lemma 6, G

0

i


ontains a Hamilton 
y
le C

i

in whi
h the verti
es

u

i

r

i

, u

i

0

and u

i

1

are 
onse
utive.

The verti
es 
orresponding to the subtrees assigned to the leg L

i

are

partitioned into (multi)sets U

i

1

; : : : ; U

i

r

i

as follows (the reader is invited to


onsult Figure 4): The set U

i

1


onsists of the vertex 
orresponding to the

subtree 
ontaining the vertex w

i

k

1

, ea
h U

i

j

for j = 2; : : : ; r

i

� 1 
ontains

three verti
es 
orresponding to subtrees that 
ontain the vertex w

i

k

j

and

U

i

r

i


onsists of the two verti
es 
ontaining w

i

k

r

i

. The partitioning is always

possible by the properties stated in Lemma 10. Note that the partitioning

does not need to be unique.

Next, we modify the 
y
les C

i

. Let us orient the edges of ea
h C

i

in su
h

a way that the ar
 from u

i

r

i

leads to u

i

0

(and thus the ar
 from u

i

0

leads to

u

i

1

). The 
y
le C

i

is modi�ed as follows:

� the verti
es u

i

0

, u

i

1

and u

i

r

i

are removed from the 
y
le,

� a blue edge is added from the prede
essor of u

i

r

i

in C

i

to ea
h of the
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C

1

u

1

0

u

1

1

u

1

2

C

2

u

2

0

u

2

1

u

2

2

u

2

3

C

3

u

2

0

u

2

1

u

2

3

u

2

2

u

2

4

(i) Hamilton 
y
les in graphs G

0

1

, G

0

2

and G

0

3




�

�

U

1

1

U

1

2

�

�

�

 

 

�

U

2

1

U

2

2

U

2

3

Æ

Æ

"

'

'

"




!

!

U

2

1

U

2

3

U

2

2

U

2

4

(ii) partitioning V




into sets U

i

j




�

�

�

�

�

 

 

�

Æ

Æ

"

'

'

"




!

!

(iii) the 
olle
tion of paths (red edges are dashed)

Figure 4: An example of the 
onstru
tion of paths in the proof of Theo-

rem 12. Verti
es 
ontained in the 
entral 
lique (i.e., those of the set V




)

are represented by Greek letters. Verti
es 
orresponding to subtrees fully


ontained in the legs of the spider are drawn as solid 
ir
les.
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�

Æ

�

'

!

(i) the auxiliary graph H

�




Æ

'

!

�  

�

"

(ii) the obtained 
olle
tion of paths in G and the Hamilton 
y
le

Figure 5: The auxiliary graph H from the proof of Theorem 12 
onstru
ted

from the paths depi
ted in the example in Figure 4. The edges of the

subgraph H

0

are drawn bold, the red edges are dashed, and the edges in-

ter
onne
ting resulting paths are drawn with dots.

two verti
es 
ontained in U

i

r

i

(in 
ase the same vertex is 
ontained

twi
e in U

i

r

i

, add two parallel edges),

� a red edge is added from the (single) vertex 
ontained in U

i

1

to the

su

essor of u

i

1

in C

i

,

� ea
h of the verti
es u

i

j

, j = 2; : : : ; r

i

�1, is removed from C

i

, a red edge

is added from one of the verti
es of U

i

j

to the su

essor of u

i

j

in C

i

and

two blue edges are added from the prede
essor of u

i

j

to the remaining

two verti
es 
ontained in U

i

j

(adding parallel edges if appropriate).

We have obtained a 
olle
tion of paths in G su
h that the internal verti
es

of the paths are all the verti
es of V (G)nV




. Ea
h of the paths starts with a

red edge leading from a vertex of V




and ends with a fork of two blue edges

leading to two verti
es of V




. Sin
e ea
h subtree was assigned to at most

two legs, ea
h vertex of V




is in
ident with at most two 
olored edges. Let

N be the number of these paths. Note that N � m.

We now 
onstru
t an auxiliary graph H . Consider the subgraph of G

formed by the N 
onstru
ted paths. Contra
t all the inner verti
es of ea
h

path to a single vertex and remove all the edges that are neither red nor

19



blue. The resulting graph is H (see Figure 5). Note that H is a bipartite

graph with a part A formed by the verti
es 
orresponding to the N paths

and a part B formed by the verti
es of V




. Ea
h vertex of A is in
ident with

a single red edge and two blue edges. Let F be the set of red edges. By

Lemma 11, there exists a subgraph H

0

of H that is 
omprised of paths su
h

that every vertex of A has degree two and is in
ident with a single red and

a single blue edge. After de
ontra
ting the paths, we obtain a 
olle
tion of

(disjoint) paths in G with the following property:

� ea
h vertex of V (G) n V




is 
ontained in a path, and

� every path starts and ends in a vertex of V




.

Sin
e the verti
es of V




form a 
lique in G (the subtrees 
orresponding to

them 
ontain the 
entral vertex of the spider), it is trivial to 
onne
t the

resulting paths into a Hamilton 
y
le of G.
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