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Abstra
t

Let X be a set of points in general position in the plane. General

position means that no three points lie on a line and no two points

have the same x-
oordinate. Y � X is a 
up, resp. 
ap, if the points

of Y lie on the graph of a 
onvex, resp. 
on
ave fun
tion. Denote

the points of Y by p

1

, p

2

, . . . , p

m

a

ording to the in
reasing x-


oordinate. The set Y is open in X if there is no point of X above

the polygonal line p

1

, p

2

, . . . , p

m

. Valtr [12℄ showed that for every

positive integers k and l there exists a positive integer g(k; l) su
h

that any g(k; l)-point set in the plane in general position 
ontains an

open k-
up or an open l-
ap. This is a generalization of the Erd}os-

Szekeres theorem on 
ups and 
aps. We show a simple proof for this

theorem and we also show better re
urre
es for g(k; l). This theorem

implies results on empty polygons in k

0

-
onvex sets proved by K�arolyi

et. al. [5℄, Kun and Lippner [7℄ and Valtr [11℄,[12℄. A set of points is

k

0

-
onvex if it determines no triangle with more than k

0

points inside.

�
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1 De�nitions and Notations

All sets of points will be throughout this paper in general position in the

plane. By general position we mean that no three points lie on a line and

no two points have the same x-
oordinate. Let X be a set of n points and

denote its points by p

1

, p

2

, . . . p

n

a

ording to the in
reasing x-
oordinate.

Let Y � X be a set of points q

1

, q

2

, . . . q

k

again ordered by the x-
oordinate.

For i = 1,2, . . . k � 1, let s

i

be the slope of the line q

i

q

i+1

. The set Y =

fq

1

; : : : ; q

k

g is a k-
up or a k-
ap if the sequen
e s

1

, s

2

, . . . , s

k

is in
reasing

or de
reasing, respe
tively (see �gure 1). In other word if the points lie

on the graph of a 
onvex, resp. 
on
ave fun
tion. The point q

1

is the left

endpoint of Y and the point q

k

is the right endpoint of Y .

empty

4-
up

empty

5-
ap

Figure 1: The set of points on the polygonal line is open. There is also an

empty 4-
up and an empty 5-
ap in the �gure.

The set Y is open in X if there is no point p 2 X with x(q

1

) < x(p) <

x(q

k

) lying above the polygonal line q

1

q

2

: : : q

k

. The upper envelope of Y is

the polygonal line q

i

1

; q

i

2

; : : : ; q

i

t

where 1 = i

1

< i

2

< � � � < i

t

= k su
h that

it is the graph of a 
on
ave fun
tion and there is no point of Y above this

line (see �gure 2). The point p

L

is the left neighbor of the point p in set the

Y , if p

L

2 Y and there is no point q 2 Y su
h that x(p

L

) < x(q) < x(p).

Similarly is de�ned the right neighbor.

2 Introdu
tion

The Erd}os-Szekeres theorem [1℄ says that for every positive integer k there

exists a positive integer N su
h that any N -point set in the plane 
ontains

k points that are verti
es of a 
onvex polygon. There are several proofs of
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Figure 2: The bla
k polygonal line is the upper envelope of the points in

the �gure.

the theorem using Ramsey theory and a proof using 
ups and 
aps. The

latter proof gives a mu
h better upper bound on N .

De�ne f(k; l) to be the smallest positive integer for whi
h X 
ontains a

k-
up or an l-
ap wheneverX has at least f(k; l) poinst. Erd}os and Szekeres

[1℄ proved that f(k; l) =

�

k+l�4

k�2

�

+ 1.

Erd}os also asked if for every k there exists N su
h that any N -point

set X in the plane 
ontains k verti
es of an empty 
onvex polygon. Empty

polygon is a polygon with no point of X in its interior. We say that Y � X

is a k-hole if Y lies in the verti
es of an empty 
onvex k-gon. His 
onje
ture

holds up to k = 5 [3℄. In 1983 Horton [4℄ showed that it is not true for all

k � 7. The question for k = 6 was open for a long time. Using a 
omputer

Overmars [10℄ found a 
on�guration of 29 points without empty hexagon

and very re
ently Gerken [2℄ showed that the 
onje
ture holds also for k = 6.

See [8℄ or [9℄ for a survey.

What is the suÆ
ient 
ondition for the existen
e of a k-hole? The set X

is l-
onvex if and only if every triangle determined by points of X 
ontains

at most l points of X in its interior. The l-
onvex sets were introdu
ed by

Valtr [11℄ and he also showed the following theorem:

Theorem 1 (Valtr) For every positive integers k and l there exists a pos-

itive integer N su
h that any l-
onvex N-point set X in the plane 
ontains

a k-hole.

Denote by n(k; l) the smallest positive integer N su
h that any l-
onvex

N -point set 
ontains a k-hole. In 2001 K�arolyi, Pa
h and Toth [5℄ proved

this theorem for l = 1. Later Karolyi, Valtr [6℄ determined the exa
t value of

n(k; 1). The �rst proof for general l was given by Valtr [11℄. He was followed

by Kun and Lippner [7℄ who improved the bound to n(k; l) � (l+2)

(l+2)

k

�1

.

Finally Valtr [12℄ again improved the bound to n(k; l) � 2

(

k+l

l+2

)

�1

+ 1. The
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last Valtr's proof generalizes the result on 
ups and 
aps used in the proof

of Erd}os-Szekeres theorem to open 
ups and open 
aps.

Theorem 2 (Valtr) For every positives integers k and l there exits a pos-

itive integer N su
h that any N-point set in the plane 
ontains an open

k-
up or an open l-
ap.

We show a simple proof of theorem 2 in se
tion 3. Theorem 1 for l-
onvex

sets is a 
orrolary of theorem 2. If we have an (l � 3)-
onvex N -point set

X and we want to �nd a (k+1)-hole, we use the proje
tive transformation,

whi
h sends the horizontal line l passing through the highest point of the


onvex hull of X to the in�nity. We 
an assume that there is exa
tly one

point of X on the line l, otherwise we 
an rotate the point set X a little.

We obtain an (N � 1)-point set

�

X. We apply theorem 2 on the set

�

X and

re
eive either an open k-
up or an open l-
ap. In the ba
kward proje
tive

transformation the open k-
up 
orresponds to a (k + 1)-hole and the open

l-
ap 
orresponds to a triangle 
ointaing at least (l � 2)-points, but that


ontradi
ts the (l� 3)-
onvexity of the set X . See Valtr [12℄ for the details.

We de�ne g(k; l) as the smallest number N su
h that any N -point set in

general position 
ontains an open k-
up or an open l-
ap. Valtr [12℄ showed

the following bounds:

2

(

bk=2
+bl=2
�2

bk=2
�1

)

� g(k; l) � 2

(

k+l�2

l�1

)

�1

:

In se
tion 4 we show the re
urren
es estimating g(k; l) from above (lemma

2). As a 
orrolary of the re
urren
es we 
al
ulate some upper bounds

(lemma 3 and lemma 4), but they do not give us as good bounds as the re-


urren
es themselves. At the end of the se
tion we give a tight upper bound

for l = 4 (lemma 5). In se
tion 5 we show the re
urren
es estimating g(k; l)

from below (lemma 6). We also remark, that this re
urren
e is not tight

and show the idea, how it 
an be improved. The summary of the previous

lemmas is in the following theorem.

Theorem 3 (re
urren
es) g(k; 2) = 2, g(2; l) = 2, g(k; 3) = k, g(3; l) =

l, g(k; 4) = 2

k�1

and for k; l � 4 we have

g(k; l) � g(k � 2; l) � [2g(k; l� 1)� 3℄ + 2

g(k; l) � g(k � 2; l) � (g(k; l � 2)� 2) + 2g(k � 1; l):
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3 The very short proof of Theorem 2

De�ne h(k; l;m) to be the largest number N su
h that there is an N -point

set in general position whi
h 
ontains neither an open k-
up nor an open

l-
ap nor an open m-
ap ending in the rightmost point. It is easy to see

that h(k; l; 2) = 1 and h(k; l; l) = g(k; l)� 1.

Lemma 1 h(k; l;m) � h(k � 1; l; l) � h(k; l;m� 1) + 1 for k; l � 3.

Proof: Let P be the set of points in general position maximizing h(k; l;m).

That means that P is h(k; l;m)-point set whi
h 
ontains neither an open

k-
up nor an open l-
ap nor an open m-
ap ending in the rightmost point.

Denote the rightmost point of P by r. We 
onstru
t sets T

i

by the following

algorithm. The 
onstru
tion is ilustrated in the following �gure.

r

o

4

o

3

o

2

o

1

T

1

T

2

T

3

Q := P ; i := 1;

while Q 6= ; do

Find the upper envelope of Q;

o

i

:= the left neighbor of r

on the upper envelope of Q;

T

i

:= the points of Q lying to

the left of o

i

in
luding o

i

;

Q := Q� T

i

; i := i+ 1;

Any open 
ap in T

i

ending in the point o

i


an be extended by the point

r and be
omes an open 
ap in P ending in the rightmost point of P . Thus

jT

i

j � h(k; l;m� 1).

Let O = fo

1

; o

2

; : : : g. The set O is open in P . O 
ontains neither an

open k-
up nor an open l-
ap, be
ause it would be the open 
up or the open


ap in P . Moreover O does not 
ontain an open (k � 1)-
up, be
ause this


up 
an be extended by the point r. It is be
ause the point r lies above

every line determined by two points of O. Hen
e jOj � h(k � 1; l; l).

There are at most jOj � h(k � 1; l; l) sets T

i

ea
h 
ontaining at most

h(k; l;m�1) points and the rightmost point r. That gives us the re
urren
e.

Now it is easy to solve the re
urren
e. We know that h(k; l; 2) = 1 and

h(k � 1; l; l) = g(k � 1; l) � 1. Denote g(k � 1; l) � 1 by a. By applying
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the re
urren
e from lemma 1 (l � 2)-times we get g(k; l) � 1 = h(k; l; l) �

a(a(a : : : (a � 1 + 1) � � � + 1) + 1) + 1 = a

l�2

+ a

l�3

+ a

l�4

+ � � � + a + 1 =

(a

l�1

� 1)=(a� 1). Assuming that a � 2 whi
h means k � 4 and l � 3 we

get g(k; l) � 1 < a

l�1

� 1 < g(k � 1; l)

l�1

� 1. Be
ause g(3; l) = l we get

g(k; l) � l

(l�1)

k�3

. That �nishes the �rst proof.

4 The proof of better upper bound

In the �rst part (lemma 2 and 
laim 3) we show the re
urren
es for g(k; l)

and in the se
ond part we solve the re
urren
es (lemma 3 and lemma 4).

At the end of the se
tion we show the proof of the tight upper bound for

g(k; 4) (lemma 5).

Lemma 2 g(k; l) � g(k � 2; l) � [2g(k; l� 1)� 3℄ + 2 for k; l � 3.

Proof: Let X = fx

1

; x

2

; : : : ; x

n

g be a set of n = g(k; l)�1 points in general

position with neither an open k-
up nor an open l-
ap.

Maximal open 
up is the open 
up whi
h 
annot be extended to a larger


up in X . Let L be the set of left endpoints of maximal open 
ups with at

least 2 points. So for every open 
up with the left endpoint x 62 L, there is a

point in X to the left of x, whi
h extends the open 
up. The leftmost point

of X is in L, be
ause the two leftmost points of X form an open 2-
up.

Denote the size of L by t and the points of L by r

1

, r

2

, . . . , r

t

. The

points of L divide the set X into t + 1 verti
al strips. Denote the sets

of points stri
tly 
ontained in ea
h strip by X

i

for i = 0; 1; 2; : : : ; t. The

leftmost strip is empty, be
ause r

1

is the leftmost point of X .

Claim 1 Every open 
up in X

i


an be extended in X by one point to the

left and therefore jX

i

j � g(k � 1; l)� 1.

The left endpoint of an open 
up in X

i

is not in L and thus there is a

point in X extending the open 
up. Hen
e there is no open (k � 1)-
up in

X

i

and we get jX

i

j � g(k � 1; l)� 1.

For i = 1; 2; : : : ; t � 1 denote the set of points of the upper envelope of

X

i

[fr

i

; r

i+1

g by U

i

(see the following �gure). Let Y be the union of U

i

for

i = 1; 2; : : : ; t� 1. The set Y is open in X . That's why if there is an open

k-
up resp. an open l-
ap in the set Y , then there is the same open k-
up

resp. l-
ap in the whole set X (see �gure 1).
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X

1

X

2

X

3

U

1

U

2

U

3

r

1

r

2

r

3

r

t

Claim 2 The set Y does not 
ontain an open (l � 1)-
ap. Thus jY j �

g(k; l� 1)� 1.

Let us prove it by 
ontradi
tion. Assume that there is an open (l�1)-
ap

C = fs

1

; : : : ; s

l�1

g in Y . By the width of the 
ap we mean jx(s

1

)�x(s

l�1

)j.

From all the open (l � 1)-
aps in Y 
hoose su
h a one whose width is the

smallest.

Now we show that either there is a narrower open (l � 1)-
ap in Y or

the open 
ap C 
an be extended in X to the right by one point so we have

an open l-
ap in X .

Where does the point s

l�1

lie? If it lies in L then s

l�1

is also the left

endpoint of maximal open 
up in X . See the following �gure. Either the

open 
up or the open 
ap 
an be extended by one point.

s

l�1

Thus s

l�1

2 U

i

�L for some i (it is an interior point of U

i

). If there are

at least two points of C in U

i

then the 
ap 
an be extended by the right

neighbor of s

l�1

in U

i

. See the following �gure on the left. There must be

some right neighbor be
ause s

l�1

62 L.

s

l�1

U

i

s

l�1

s

l�2

q

U

i

U

j
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In the remaining 
ase s

l�1

is the only point of C in U

i

. The point s

l�2

lies in U

j

for some j < i. See previous �gure on the right. Denote the left

neighbor of s

l�1

in Y by q. If the triangle s

l�2

s

l�1

q is empty then we have

the open (l � 1)-
ap s

1

, . . . , s

l�2

, q whi
h is narrower than C. Otherwise


hoose w 2 X to be the point in the triangle qs

l�2

s

l�1

with the largest

angle

6

qs

l�2

w. The open l-
ap s

1

, . . . , s

l�2

, w is again narrower than C.

This �nishes the proof of the 
laim.

Claim 3 g(k; l) � g(k � 1; l) � g(k; l � 1) for k; l � 2.

By the previous 
laims there are t � jY j � g(k; l� 1)� 1 verti
al strips

ea
h 
ontaining at most g(k� 1; l)� 1 points plus one for the point r

i

. The

leftmost strip is empty. We get g(k; l)�1 � [g(k�1; l)�1+1℄�[g(k; l�1)�1℄

and the 
laim follows.

Using another tri
k we 
an get a better re
urren
e. Similarly as we

de�ned L to be the set of all left endpoints of maximal open 
ups with at

least two points, we 
an de�ne R to be the set of all right endpoints of

maximal open 
ups with at least two points. For the set R we have similar


laims as for the set L be
ause of symmetry.

Denote the points of R[L by P = fp

1

; : : : ; p

�

t

g. The points of P split the

plane into

�

t+1 verti
al strips. Denote the set of points stri
tly 
ontained in

ea
h strip by Z

0

; Z

1

; : : : ; Z

�

t

. Sin
e the leftmost point of X is in L and the

rightmost point of X in R, the outer strips are empty. For every set Z

i

the

�rst 
laim hold, be
ause Z

i

� X

j

for some j. So every open 
up in Z

i


an

be extended in X by one point to the left. From the symmetri
 arguments

it 
an also be extended by one point to the right. Thus the set Z

i

does not


ontain an open (k � 2)-
up and we have jZ

i

j � g(k � 2; l)� 1.

The number of strips is

�

t+1 = jLj+ jRj+1. The outer strips are empty

and the others 
ontain at most g(k� 2; l)� 1 points. By 
laim 2 the size of

L, resp. R is at most jY j � g(k; l�1)�1. Altogether we get the re
urren
e:

g(k; l)� 1 � [2g(k; l� 1)� 3℄ � [g(k� 2; l)� 1+1℄+ 1. Don't forget to 
ount

the points of P .

Lemma 3 g(k; l) � 2

(

k+l�4

k�2

)

for k; l � 2.

Proof: We prove the formula by indu
tion on k and l. For k = 2 or l = 2

we have g(k; l) = 2 and the formula holds. From the re
urren
e in 
laim 3

we get g(k; l) � g(k � 1; l) � g(k; l� 1) � 2

(

k�1+l�4

k�3

)

� 2

(

k+l�1�4

k�2

)

= 2

(

k+l�4

k�2

)

8



Lemma 4 g(k; l) � 2

(

k=2+l�3

k=2�1

)

+2

k=2+l�3

�1

for k even and k; l � 2.

Proof: We prove the formula by indu
tion on k and l. For k = 2 or

l = 2 we have g(k; l) = 2 and the formula holds. For k; l � 3 apply

re
urren
e from lemma 2 and get g(k; l) � g(k�2; l) � [2g(k; l�1)�3℄+2�

2 � g(k � 2; l) � g(k; l� 1). Now apply the indu
tion hypothesis and get

g(k; l) � 2 � 2

(

k=2�1+l�3

k=2�2

)

+2

k=2�1+l�3

�1

� 2

(

k=2+l�1�3

k=2�1

)

+2

k=2+l�1�3

�1

from whi
h the lemma follows.

Lemma 5 g(k; 4) � 2

k�1

for k � 2.

Proof: We prove it by indu
tion on k. For k = 2, the maximal set with

neither an open 2-
up nor an open 4-
ap is just one point. So g(2; 4) = 2.

Let X

k;4

be a maximal set with neither an open k-
up nor an open 4-
ap.

The upper envelope of X

k;4

must have three points. If it has more points

then we have an open 4-
ap. If it has only two points then we 
an pla
e one

new point to the left of X

k;4

and deep below. This set also 
ontain neither

an open k-
up nor an open 4-
ap and is larger. That 
ondradi
t with the

maximality of X

k;4

.

Let p be the middle point of the upper envelope of X

k;4

. Denote the set

of points to the left of p by L and the set of points to the right of p by R.

Every line determined by two points of L goes below p. Otherwise we have

an open 4-
ap. So every open 
up in L 
an be extended by the point p.

Thus L 
ontains neither an open (k�1)-
up nor an open 4-
ap. The size of

L is at most 2

k�2

� 1 from the indu
tion hypothesis. Similarly the size of R

is at most 2

k�2

� 1. Altogether with the point p we have 2

k�1

� 1 points,

that is what we wanted to prove.

The lower bound obtained from lemma 6 is g(k; 4) � 2

k�1

and hen
e

the bound is tight.

5 Lower bound

5.1 The re
urren
e

Lemma 6 g(k; l) � g(k � 2; l) � (g(k; l � 2)� 2) + 2g(k � 1; l) for k; l � 3.

9



Proof: Valtr [12℄ shows the 
onstru
tion proving the re
urren
e g(k; l) �

g(k; l� 2) � g(k � 2; l). This 
onstru
tion 
an be slightly improved.

The set Y

k;l

with no open k-
up and no open l-
ap 
an be 
onstru
ted

indu
tively from the sets L = Y

k;l�2

, S = Y

k�2;l

as follows.

The points of L divide the plane into t = jLj + 1 verti
al strips. For

i = 1; : : : ; t pla
e a tiny 
opy S

i

of S into the strip i in su
h a way that

all lines determined by a pair of points in S

i

go below L and all lines

determined by a pair of points in L go above S

i

. See Valtr [12℄ for details.

The modi�
ation is su
h that instead of the outer sets S

1

and S

t

we 
an

pla
e tiny 
opies of Y

k�1;l

.

The lower bound g(k; l) � 2

(

k=2+l=2�2

k=2�1

)

for k, l even 
an be proved by

indu
tion from the re
urren
e g(k; l) � g(k; l� 2) � g(k� 2; l). See Valtr[12℄.

5.2 Other improvements

Let X

k;l

be the maximal set of points with neither open k-
up nor open

l-
ap.

Lemma 7 Every point p 2 X

k;l

is either the left end point of open (k� 1)-


up or the right end point of open (l � 1)-
ap.

Let us note, that p 
annot be both the left end point of open (k�1)-
up

and the right end point of open (l� 1)-
ap, be
ause we would have an open

k-
up or open l-
ap. See the se
ond �gure in the proof of lemma 2.

Proof: Assume that there is a point p for whi
h none of the 
onditions

hold. Then we 
an double the point p to the points p and p

0

. Consider the

verti
al line passing thought p and rotate it very slightly 
ounter 
lo
kwise.

Denote this line by l. Line l is mu
h steeper than any other line determined

by two points in X

k;l

. Now shift p

0

for very small � along l. Denote the set

by X

0

k;l

.

The set X

0

k;l


ontains neither an open k-
up nor an open l-
ap. If there

will be su
h a 
up, resp. 
ap then it has to 
ontain both points p and

p

0

, otherwise it 
orrespond to to an open k-
up, resp. open l-
ap in X

k;l

.

Denote this 
up, resp. 
ap by C. Sin
e p and p

0

are neigbours in X

0

k;l

, they

must be neighbours also in C. The line pp

0

is mu
h steeper than any other

line in X

0

k;l

so the points p, p

0


an be only on the left end of an open 
up or

on the right end of an open 
ap. If there is an open k-
up or an open l-
ap

10



in X

0

k;l

then we have an open (k� 1)-
up, resp. open (l� 1)-
ap in original

set X

k;l

.

By this 
onstru
tion we got the set X

0

k;l

with neither an open k-
up

nor an open l-
ap and with more points than X

k;l

. That 
ontradi
t its

maximality.

There is a symmetri
 version of this lemma where you 
hange the words

left to right and vi
e-versa. The lower bound on g(k; l) 
an be further

improved by an appli
ation of lemma 7 or by its symmetri
 version.
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