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Spring s
hool on Combinatori
s is a traditional meeting organized for members

of the Combinatorial Seminar at Charles University for nearly 30 years. By now

it is well known internationally and it is regularly visited by our 
ooperating in-

stitutions in the DIMATIA and COMBSTRU networks. In the years 1999{2001,

and again in 2004{2006, the s
hool is supported by ERASMUS{SOCRATES

Intensive Programme 503334{IC{1{2002{1{CZ{ERASMUS{IPUC{1 whi
h in-


ludes parti
ipation of universities from Bonn, Berlin, Bordeaux, Bar
elona,

Pisa and re
ently Bergen.

The Spring S
hools are organized by our undegraduate students and while the

le
tures are sele
ted by senior people of KAM and ITI and other parti
ipating

institutions, the le
tures themselves are given by students (both graduate an

undergraduate) only. This leads to unique atmosphere of the meeting whi
h

helps the students in further studies and their orientation.

This year the Spring S
hool was organized in Borov�a Lada, a mountain village

in

�

Sumava with a great variety of possibilities for hiking a biking. Some of it is

mirrored by photos in this volume.

We thank Eva Ondr�a�
kov�a and Tom�a�s Valla as the main organizers who also

edited this volume. We also thank Martin Loebl, Pavel Valtr and other 
ol-

leagues who took part both in the organization and in the Spring S
hool itself.

We hope to meet all this year's parti
ipants in 2006 again!

Jan Krato
hv��l, Jaroslav Ne�set�ril
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List of all talks (in order of appearan
e)

Petr

�

Skovro�n

xofon�kam.mff.
uni.
z

Presented paper by A. V. Kosto
hka and V. R�odl

On graphs with small Ramsey number

(J. Graph Theory 37 (2001) 198{204)

Let R(G) denote the minimum integer N su
h that for every bi
oloring of the

edges of K

N

, at least one of the mono
hromati
 subgraphs 
ontains G as a

subgraph. We show that for every positive integer d and ea
h 
, 0 < 
 < 1,

there exists k = k(d; 
) su
h that for every bipartite graph G = (W;U ;E) with

the maximum degree of verti
es in W at most d and jU j � jW j




, we have

R(G) � kjW j.

Josef Cibulka

josef.
ibulka�seznam.
z

Presented paper by P.Balister, B.Bollob�as, O.Riordan and R.H.Shelp

Graphs with large maximum degree


ontaining no odd 
y
les of a given length

(http://www.s
ien
edire
t.
om/)

There are many results showing that every graph with enough edges, or sat-

isfying some natural degree 
onditions, 
ontains long 
y
les of 
ertain lengths.

Here we added the 
ondition that the graph has at least one vertex of large

degree.

Let us write f(n;�; C

2k+1

) for the maximal number of edges in a graph on n

verti
es with maximum degree � that 
ontains no 
y
les of length 2k+1. For

n

2

� � � n � k � 1 and n suÆ
iently large we show that f(n;�; C

2k+1

) =

�(n��) and that the 
omplete bipartite graph K

�;n��

is the only one with

that many edges. The upper bound holds for smaller � as well, but in that


ase the obvious bound

n�

2

is better.

The arti
le also 
ontains a proof that for every graph jE(G)j �

1

2

P

v2V (G)

l

G

(v)

where l

G

(v) means the length of a longest path starting in v. This is an im-

provement of an old result of Erdos and Gallai.
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Christian Sloper

sloper�ii.uib.no

Fixed Parameter Complexity and Set Splitting

Basi
 Fixed Parameter Complexity Design

It is 
ommonly believed that there is no polynomial time algorithm for NP-


omplete problems and that a 
ombinatorial explosion in the running time

is inevitable. Parameterized 
omplexity is one of many re
ent inventions to


ombat this intra
tability of NP-
omplete problems. It is based on the idea

that for many problems the `natural' instan
es are not uniformly distributed

among all possible instan
es. In many 
ases we 
an single out a parameter,

that for most real-life appli
ations is kept small. This 
an be the size of the

output, the treewidth of the inputgraph or other information about the input

or the output.

What we want to do in parameterized 
omplexity is to design algorithms where

the 
ombinatorial explosion is limited to the parameter. That is, we wish to

obtain an algorithm with a running time of the type f(k)n

O(1)

where f(k) is

an arbitrary (often exponential) fun
tion. The idea is then that if k is �xed,

the running time will be polynomial. If k then in
reases mu
h slower than n

we will have an 'almost' polynomial algorithm for the problem and we might

be able to solve instan
es of 
onsiderable size. If su
h an algorithm exists

we say that the problem is Fixed Parameter Tra
table or in the 
lass FPT.

However, not all problems fall into this 
lass. While it has been known for some

time that we 
an obtain a 2k kernel for Vertex Cover [1℄, for Dominating Set

we now of nothing substantially better than an n

O(k)

algorithm trying every

possible subset of size k. We substantiate the belief that there is no FPT-

algorithm for Dominating Set and other problems by a 
ompleteness-hierar
hy

FPT �W [1℄ �W [2℄ � : : : �W [P ℄ whi
h is similar to P � NP . It is possible

to show that Dominating Set is W [2℄-
omplete and it is thus highly unlikely

that it will have a FPT-algorithm.

We will now pro
eed to demonstrate a few positive te
hniques for designing

algorithms in Fixed Parameter Complexity. Throughout this �rst part we will

fo
us on the well known problem Vertex Cover.

Vertex Cover

Instan
e: Graph G = (V;E)

Parameter: A positive integer k

Question: 9S � V , jSj � k s.t. every edge e 2 E is in
ident to a vertex

s � S?

The �rst method we will demonstrate is Bounded Sear
h Tree. In bounded

sear
h tree we show how to limit the growth of the sear
h tree. For Vertex Cover

this is based on the simple observation that for every edge one of the endpoints
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must be sele
ted. If we remove any of these verti
es we are left with a smaller

instan
e of vertex 
over. So we have an obvious re
ursive algorithm that 
he
ks

one edge, tries both possibilities to 
over the edge and solves the two remaining

subproblems. Sin
e the number of verti
es in a vertex 
over is limited by k the

depth of the re
ursion is also limited. To 
al
ulate the size of the re
ursion tree

we get the following re
ursive equation T (k) = 2 � T (k � 1); T (0) = 1. Whi
h

solves to T (k) = 2

k

, and at ea
h step algorithm does linear work, so we have

our �rst algorithm for vertex 
over with running time O(2

k

n).

An important method of obtaining FPT-algorithms is redu
tion to problem

kernel. Here we attempt to redu
e the graph in size su
h that the remainder

(the kernel) has less than g(k) verti
es, where g(k) is a fun
tion only dependent

on k. Note that given su
h a kernel we 
an trivially 
onstru
t a FPT-algorithm

by testing every possible solution.

To redu
e a graph G we 
ommonly de�ne a set of redu
tion rules. A redu
tion

rule 
an be exe
uted in polynomial time and identi�es a subgraph of G that

either is redundant, whi
h 
an be safely deleted, or ne
essary, whi
h must be in

a solution. In either 
ase the instan
e 
an be redu
ed in size. We will now give

an easy example of how to obtain a O(k

2

) kernel for the Vertex Cover problem.

We will base the argument on the observation that in any vertex 
over C either

v 2 C or N(v) 2 C. Sin
e we 
an sele
t at most k verti
es we must sele
t every

vertex of degree greater than k. From this we get a redu
tion rule stating.

Redu
tion rule. v 2 V (G); deg(v) > k has a k-vertex 
over () G

0

=

G[V � v℄ has a k � 1 vertex 
over.

We 
an now iterate this redu
tion rule until we get a redu
ed instan
e G

0

with

no vertex of size k or more. We 
an now argue that the size of G

0

is at most

O(k

2

) as follows. Sin
e maximum degree in in G

0

is k, any vertex in G 
an at

most 
over k edges. Thus G

0


annot have more than k

2

edges, and the result

follows.

Set Splitting

The se
ond part of this abstra
t will dis
uss the problem Set Splitting.

k-Set Splitting

Instan
e: A tuple (X;F ; k) where F is a 
olle
tion of subsets of a �nite

set X , and a positive integer k:

Parameter: k

Question: Is there a subfamily F

0

� F ; jF

0

j � k, and a partition of X

into disjoint subsets X

0

and X

1

su
h that for every S 2 F

0

; S \ X

0

6= ; and

S \X

1

6= ;.

To improve the running time we show that any non-trivial solution of Set

Splitting has a Set Cover of size at most k, we 
an then redu
e the problem

to 2

k

instan
es of Max Sat with k 
lauses ea
h.

Let a set 
over be a subset S � X su
h that for every set P 2 F ; P \ S 6= ;.
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We base this on a proof that an instan
e either has a set 
over of size k or it

has a k-Set Splitting.

Lemma 1. Any instan
e (X;F ; k) of Set Splitting that has a minimal set


over S, has a partitioning of X into disjoint subsets X

0

and X

1

su
h that at

least jSj sets are split.

Theorem. Set Splitting 
an be solved in time O

�

(2:6494

k

)

Proof. We obtain a minimal set 
over S by greedily sele
ting verti
es to 
over

all sets, by Lemma 1 we know that S has size less than k, otherwise we 
an

immediately answer `Yes'. Let P = fP j P 2 F ; P 6� Sg. It is 
lear that

jPj < k, otherwise the partition S;X n S splits at least k sets. The remaining

sets are only a�e
ted by how we partition S.

Observe that if S was already partitioned into disjoint subsets X

0

0

; X

0

1

every set

in P has at least one member in X

0

0

or in X

0

1

.

Assume we have a partitioning X

0

0

; X

0

1

of S. For ea
h set R 2 P , where R is

not split by X

0

0

and X

0

1

, 
reate a 
lause C

R

. If R 
ontains an element in X

0

0

add literals x

i

for ea
h element x

i

2 R � S to C

R

, if R 
ontains an element in

X

0

1

then add literals x

i

, for ea
h element x

i

2 R� S to C

R

.

Adding an element x to X

0

0

now 
orresponds to setting variable x false, and

vi
e versa. Observe that a set R 2 P is split i� its 
lause C

R

is satis�ed. We


an now employ Chen and Kanj's exa
t algorithm for Max Sat. There are

2

k

di�erent partitions of the set 
over S, for ea
h we 
onstru
t an instan
e

of Max Sat with at most k 
lauses. Thus we get a total running time of

O

�

(2

k

� 1:3247

k

) = O

�

(2:6494

k

). }

Referen
es

[1℄ J. Chen, I. Kanj, and W. Jia. Vertex 
over: Further Observations and

Further Improvements. Journal of Algorithms Volume 41, 280{301 (2001).

Ond�rej Su
h�y

ondra�s.
z

Presented paper by Peter J. Cameron and C. Y. Ku

Interse
ting families of permutations

(http://dx.doi.org/10.1016/S0195-6698(03)00078-7)

Let S

n

be the symmetri
 group on the set X = f1; 2; : : : ; ng. A subset S of S

n

is interse
ting if for any two permutations g and h in S, g(x) = h(x) for some

x 2 X (that is g and h agree on x). Deza and Frankl (J. Combin. Theory Ser.

A 22 (1977) 352) proved that if S � S

n

is interse
ting then jSj � (n� 1)!. This
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bound is met by taking S to be a 
oset of a stabiliser of a point. We show that

these are the only largest interse
ting sets of permutations.

De�nition. We say that S � S

n

is a 
oset of stabiliser of a point, i� there

exist x; y 2 X , su
h that S = fgjg 2 S

n

^ g(x) = yg.

Main theorem. Let n � 2 and S � S

n

be an interse
ting set of permutations

su
h that jSj = (n� 1)!. Then S is a 
oset of a stabiliser of one point.

Alexandr Kazda

alexandr.kazda�seznam.
z

Presented paper by M. Cho, D. Kim, S. Seo, H. Shin

Colored Pr�ufer 
odes for k-edge 
olored trees

(The Ele
troni
 Journal of Combinatori
s 11/2004, #N10)

The main goal of the arti
le is to provide a bije
tive proof of the formula

k(n � 2)

�

n(k�1)

n�2

�

for the number of k-edge 
olored trees on n verti
es. These

trees on n (labelled) verti
es have their edges 
olored by k 
olors so that any

two edges sharing a vertex have di�erent 
olors. Denote by C

n;k

the set of all

su
h trees (on the vertex set f1; 2; : : : ; ng).

The main idea of this proof is to 
ount a di�erent set

e

C

n;k

of 
olored trees using

slightly modi�ed Pr�ufer 
odes. Let r be a root edge of a tree T on n verti
es.

It is 
onvinient to 
hose r as the �rst edge on the path from vertex 1 to vertex

2.* Call h the parent edge of e if it is h \ e 6= ; and h has lower distan
e from

r than e. The 
oloring f of T must satisfy the following 
onditions:

� f(r) 2 f1; 2; : : : ; kg

� f(e) 2 f1; 2; : : : ; k � 1g for e 6= r.

� If e; e

0

have a 
ommon parent edge then f(e) 6= f(e

0

).

These trees 
an be en
oded (by an one-to-one mapping) to the set P

n;k

of arrays

of the form:

�

a

1

a

2

: : : a

n�2

1




1




2

: : : 


n�2




n

�

where a

i

2 f1; : : : ; ng; 


i

2 f1; 2; : : : ; k � 1g, the pairs (a

i

; 


i

) are distin
t for

i 2 f1; 2; : : : ; n � 2g and 


n�1

2 f1; 2; : : : ; kg. Obviously, there are exa
tly

k(n� 2)!

�

n(k�1)

n�2

�

elements in P

n;k

.

En
oding: Begin with the tree T and i = 1. In ea
h step, 
ut o� the leaf b

in T with the largest number. Let a

i

be the number of b's neighbor and 


i

be

* The authors of the arti
le have 
hosen r to be the edge 
onne
ting 1 with its

minimal neighbor, whi
h 
auses problems during en
oding and de
oding that

were not adressed in the arti
le.
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the 
olor of fa

i

; bg. The last edge to be pruned is the root edge and thus the

algorimthm produ
es an array from P

n;k

.

De
oding: Start with V = f1g; E = ; and then for i from n � 2 to 1 atta
h

a leaf b to the vertex a

i+1

. There are two possible 
hoi
es of b: If it is a

i

62 V

then let b = a

i

, else put b = minfx 2 f1; 2; : : : ; ng : x 62 V g. Color the edge

fb; a

i+1

g by the 
olor 


i+1

. Finally, add the last remaining vertex b not in V to

the vertex a

1

. Color the new edge 


1

.

A bije
tion between the set

e

C

n;k

and C

n;k

is then used to �nish the proof. This

bije
tion works as follows:

C

n;k

!

e

C

n;k

Let us have a tree T with the root edge r. Let f be a 
oloring of T by k 
olors.

We will produ
e a new 
oloring g of T so that (T; g) 2

e

C

n;k

by \
ompressing"

the 
olors of non-root edges. We put g(r) = f(r) and then in ea
h step de�ne

the 
olor of the un
olored edge e with minimal distan
e from r. Let h be

the parent edge of e. Then g(e) = f(e) � 1 if f(e) > g(h) or g(e) = f(e) if

f(e) � g(h).

e

C

n;k

! C

n;k

The \de
ompression" works in a similar way: We set f(r) = g(r) and then

pro
eed with de�ning f for the yet un
olored edge e with minimal distan
e

from e. Let again h be a parent of e. Then it is eighter f(e) = g(e) + 1 if

g(e) � f(h) or f(e) = g(e) if g(e) < f(h).

We have now obtained bije
tion between P

n;k

and

e

C

n;k

and a bije
tion be-

tween

e

C

n;k

and C

n;k

. By 
omposing them we get a bije
tion between P

n;k

and

C

n;k

, meaning that there are indeed k(n � 2)!

�

n(k�1)

n�2

�

k-edge 
olored trees on

n verti
es.

Referen
es

[1℄ J.H van Lint, R. M. Wilson. A Course in Combinatori
s. Cambridge

University Press, 1992.

[2℄ R.P. Stanley. Enumerative Combinatori
s vol.2. Cambridge University

Press, 1999.

Milan Tuharsk�y

tuharsky�s
ien
e.upjs.sk

Theory of light graphs

The parti
ipant has not submitted any abstra
t.
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Ond�rej Ru
k�y

ondrej.ru
ky�seznam.
z

Ex
entri
 graphs

The talk is based mostly on the last arti
le of the series about e

entri
 di-

graphs: Joan Gimbert, Na
ho Lpez, Mirka Miller, Joseph Ryan: Chara
teri-

zation of e

entri
 digraphs, but there are also four pre
eding arti
les dealing

with this topi
: Fred Bu
kley: The E

entri
 Digraph of a Graph, where the

notion of e

entri
 digraph for graphs is introdu
ed and e

entri
 digraphs of

trees are studied; James Boland, Mirka Miller: The E

entri
 Digraph of a

Digraph, whi
h just enhan
es the notion also for digraphs and states some ba-

si
 problems; James Boland, Fred Bu
kley, Mirka Miller: E

entri
 Digraphs,

a slight extension of the previous arti
le; and Mirka Miller, Joan Gimbert,

Frank Ruskey, Joseph Ryan: Iterations of e

entri
 digraphs, where iterations

of e

entri
 digraphs are 
onsidered.

Two main obje
tives of the talk are: to state and prove a 
omplete 
hara
-

terization of e

entri
 digraphs and, se
ond, to 
hara
terize (di)graphs whose

e

entri
 digraphs are graphs (i.e. symmetri
 digraphs).

The e

entri
 digraphs des
ribe naturally the relation of the greatest distan
e

between every two verti
es in a given (di)graph G: the e

entri
ity of a ver-

tex u in G is the distan
e from u to the most remote vertex of it: e(u) :=

maxfdist(u; v) : v 2 V (G)g; then, this most distant vertex is an e

entri
 ver-

tex of u (there 
an be more than one of them, of 
ourse); e

entri
 digraph

of a digraph G (denoted by ED(G)) des
ribes this relation of being e

entri
:

ED(G) := (V (G); f(u; v) : v is e

entri
 vertex of u in Gg); and �nally a given

digraph G is e

entri
 if 9 digraph H : ED(H) = G.

Dire
tly from its de�nition, e

entri
 digraphs must have some properties, for

example, they 
annot have a vertex with out-degree zero, hen
e 
annot be

a
y
li
. But it is proved mu
h more: following two theorems give a 
omplete


hara
terization of e

entri
 digraphs (the se
ond is restri
tion of the �rst for

the undire
ted 
ase):

Theorem 1. A digraph G is e

entri
 if and only if ED(G

�

) = G.

Theorem 2. Let G be a graph of order n > 1. Then G is e

entri
 if and

only if G is self-
entered with radius 2 or G is the union of 
omplete graphs.

WhereG

�

(a redu
tion of G) is derived from the original by deleting all outgoing

ar
s from verti
es with out-degree n� 1 (where n is the order of G), radius is

the minimum e

entri
ity in a (di)graph (rad(G) := minfe(v) : v 2 V (G)g)

and a (di)graph is self-
entered if the e

entri
ity of all its verti
es is the same.

These theorems have two 
orollaries determining the e

entri
 
hara
ter of some


lasses of graphs:

12



Corollary 3.

(i) Every non-
onne
ted graph with minimum degree > 0 is e

entri
.

(ii) The e

entri
 graphs of radius 1 are the 
omplete multipartite graphs with

at least one partite set of 
ardinality 1.

(iii) Every 
onne
ted graph with radius � 3 or diameter � 4 is e

entri
.

Corollary 4. A tree is e

entri
 if and only if its diameter is not equal to 3.

Now the e

entri
 digraphs are 
hara
terized. But what 
ondition must meet

the original G to be its e

entri
 digraph symmetri
 (i.e. 
an be des
ribed as

a graph)? This problem is only partially solved: the �rst proposition gives a


hara
terization for graphs, the se
ond for non-strongly 
onne
ted digraphs.

Proposition 3. Let G be a graph. Then the e

entri
 digraph ED(G) is

symmetri
 if and only if G is self-
entered.

Proposition 4. Let G be a non-strongly 
onne
ted digraph. Then ED(G) is

a symmetri
 digraph if and only if

G = C

1

[ � � � [ C

k

(k � 2) or G = K

n

0

! (C

1

[ � � � [ C

k

) (k � 1);

where C

1

; : : : ; C

k

are strongly 
onne
ted digraphs.

The remaining unsolved 
ase are the strongly 
onne
ted but not symmetri


digraphs. At least the following simple proposition holds:

Proposition 5. Let G be a strongly 
onne
ted digraph su
h that ED(G) is

symmetri
. Then the following 
onditions hold:

(i) rad(G) > 1, unless G is a 
omplete digraph.

(ii) If diam(G) = 2 then G is a self-
entered graph.

Of 
ourse many other interesting questions and problems 
an be studied for

e

entri
 digraphs. Some of them are mentioned throughout the series, and

other will 
ertainly appear.

Robert

�

S�amal

samal�matfyz.
z

Presented paper by Matt J. DeVos, Robert

�

S�amal

Weak Pentagon Problem/Conje
ture is true

Edges of a 
ubi
 graph of girth at least 17 
an be 5-
olored so that the 
om-

plement of any 
olor 
lass is bipartite. Equivalent formulation is that any su
h

graph admits a homomorphism to the Clebs
h graph (Fig. 1).
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This is an approa
h to Ne�set�ril's Pentagon Problem, it also provides a 
oloring

version of results of Bondy and Lo
ke and of Hopkins and Staton on the size of

maximal bipartite subgraph.

Introdu
tion and Statement of Results

We start the exposition by relating our result to a theorem about max
ut and

to a 
onje
ture about homomorphism to C

5

.

Call a set X � E(G) a 
ut if there is a set U � V (G) su
h that X is the set of

all edges between U and V (G) nU (we write X = Æ(U)). Let MAXCUT(G) be

the maximum number of edges in a 
ut in G, we normalize and write

b(G) =

MAXCUT(G)

jE(G)j

:

As determining MAXCUT(G) of a given graph G is known to be NP-
omplete,

some bounds were seeked for. It is an easy exer
ise to show that b(G) � 1=2

for any graph G and b(G) � 2=3 when G is a 
ubi
 (i.e. 3-regular) graph. The

former inequality is almost attained by a large 
omplete graph, the latter is

attained forG = K

4

: any triangle 
ontains at most two edges from any bipartite

subgraph, and every edge of K

4

is in the same number of triangles. This shows

triangle has a spe
ial role and rises a natural question to determine b(G) for a


ubi
 G that 
ontains no triangle, or perhaps even no short 
ir
uits. In 1980's

several authors independently 
onsidered this problem; the strongest results

being

� b(G) � 4=5 for G with maximum degree 3 and no triangle (Bondy and

Lo
ke)

� b(G) � 6=7�o(1) for 
ubi
 G with girth (the length of the shortest 
ir
uit)

tending to in�nity (Z�yka)

On the other hand, by 
onsidering random 
ubi
 graph we 
an prove that there

are 
ubi
 graphs of arbitrarily high girth with b(G) < 0:999 (M
Kay).

A 
ut 
omplement is simply a set E(G)nX for some 
ut X . The fa
t b(G) � 4=5


an be reformulated as

(9C � E(G))

jCj

jE(G)j

�

1

5

and C is a 
ut 
omplement.

We prove a strengthening { a 
oloring version of this holds when G has high

girth.

Theorem 1. Let G be a graph with maximum degree 3 and girth at least

17. Then we 
an partition the edges of G into �ve 
ut 
omplements. Moreover,

there is a linear-time algorithm that 
omputes this partition. (Unfortunately,

the 
onstant in this algorithm is too large to be pra
ti
al.)

We remark that the girth assumption is only for
ed by our proof, we have good

reasons to believe the following:
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Conje
ture 1. Let G be a triangle-free graph with maximum degree 3. Then

we 
an partition the edges of G into �ve 
ut 
omplements.

We 
on
lude the introdu
tion by relating our theorem to the Ne�set�ril's Pentagon

Conje
ture. Re
all that a mapping f : V (G) ! V (H) is a homomorphism if

f(u)f(v) is an edge of H for any edge uv of G.

Conje
ture 2. If G is a 
ubi
 graph of suÆ
iently high girth then there is a

homomorphism from G to C

5

.

When we repla
e C

5

by C

3

we get an easy 
onsequen
e of Brook's theorem. It

is known that Conje
ture 2 is false if we repla
e C

5

by C

11

(Kosto�
ka, Ne�set�ril,

Smol��kov�a) , by C

9

(Wormald and Wanless) and by C

7

(Hatami).

It is easy to prove dire
tly that Conje
ture 2, if true, implies Theorem 1. How-

ever, to explain this impli
ation more deeply, we de�ne a new 
lass of graph

mappings that provides the 
onne
tion.

Call a mapping g : E(G)! E(H) 
ut-
ontinuous if for every 
ut X � E(H) its

preimage g

�1

(X) is a 
ut in G. This 
on
ept is introdu
ed in a paper by De-

Vos, Ne�set�ril and Raspaud (as a spe
ial 
ase of tension-
ontinuous mappings).

In papers by Ne�set�ril and

�

S�amal its properties are studied in more detail, in

parti
ular the relation between statements \there is a homomorphism from G

to H" and \there is a 
ut-
ontinuous mapping from G to H" is studied in

greater detail. The �rst step in this proje
t is the following easy lemma, re-

proved here for the reader's 
onvenien
e. In the above-mentioned papers is

shown that, suprisingly, the 
onverse impli
ation is often true.

Lemma 1. Let f : V (G) ! V (H) by a homomorphism. Then mapping

f

℄

: E(G)! E(H) de�ned by f

℄

(uv) = f(u)f(v) is 
ut-
ontinuous.

Proof. Let X = Æ(U) be a 
ut in H . Then (f

℄

)

�1

(X) = Æ(f

�1

(U)), hen
e it

is a 
ut. }

Lemma 2. For any graph G the following are equivalent.

1. There is a partition of E(G) into �ve 
ut 
omplements.

2. There is a 
ut-
ontinuous mapping from G to C

5

.

Proof. Let g : E(G) ! E(C

5

) be a 
ut-
ontinuous mapping. Any four edges

of C

5

form a 
ut. Hen
e, their preimage is a 
ut in G. Consequently, if we 
olor

edge e 2 E(G) by g(e), ea
h of the 
olor 
lasses is a 
ut 
omplement.

Conversely, every partitioning of E(G) into �ve 
ut 
omplements 
orresponds

to a mapping f : E(G)! E(C

5

) su
h that preimage of every set of four edges

of C

5

is a 
ut. As 4-sets of edges of C

5

form a basis of the 
ut spa
e of C

5

, the

mapping f is 
ut-
ontinuous. }

A 
onsequen
e of Lemma 1 and 2 is that trueness of Conje
ture 2 impliess

Theorem 1, as stated above. On the other hand we probably 
an't obtain

Conje
ture 2 using Theorem 1, as for example Figure 1 shows that Petersen

graph has the desired partition (easily, it has no homomorphism to C

5

).

16



Figure 1.

Figure 1 shows Petersen and Clebs
h graph with one 
ut 
omplement empha-

sized, the respe
tive bipartition of the vertex set is depi
ted, too. The other

four 
ut 
omplements are obtained by a rotation.

This Lemma shows that Reza in his PhD thesis (using results of Guenin) proves

the same result from di�erent assumption.

Theorem. Any planar triangle-free graph admits a homomorphism to the

Clebs
h graph.

Tom�a�s Ebenlendr

ebik�artax.karlin.mff.
uni.
z

Online ma
hine 
overing

We study the problem of ma
hine 
overing, also 
alled bin 
overing. This is

related to bin pa
king, whi
h is generalized form of well known knapsa
k prob-

lem. All these problems are NP-
omplete. We 
onsider the online aproximation

of our problem.

Problem: Problem is to s
hedule jobs (put items into bins), su
h that all

ma
hines (bins) are 
overed (over�lled). In our model all ma
hines have the


overing level (bin size) equal. The jobs 
ome one by one and online algorithm

does not know the next job before it de
ides how to s
hedule the 
urrent one.

It 
annot 
hange this de
ision later.

We want the algorithm to 
over same number of ma
hines as number of ma-


hines that 
an be 
overed in o�ine. This is impossible for any online algorithm,

so we lower the 
overing level of ma
hines (sizes of bins) for it. We ask how

mu
h must be the 
overing level lowered. The ratio between the original 
ov-

ering level and the 
overing level of algorithm we 
all 
overing ratio.

Upper bound: We 
onstru
ted online algorithm that has the 
overing ratio

of 11=6, and we analysed it by standard te
hnique in bin pa
king, i.e. assigning

17



weights to the jobs, and 
ompare total weights of the ma
hines of the optimal

s
hedule and the s
hedule of algorithm. Previous algorithm was the trivial one

with 
overing ratio of 2.

Lower bound: We also prooved that no online algorithm 
an have the 
overing

ratio smaller than 43=24 by de�ning strategy for the enemy of the algorithm.

This strategy leads to situation in whi
h original s
hedule has 
overed one

ma
hine more than the algorithm.

Referen
es:

Our arti
le is not published yet. Previous lower bound of 7=4 is in Yossi Azar,

Lea Epstein: \On-line ma
hine 
overing" in Journal of S
heduling, Vol. 1, pp

67{77, 1998.

Ond�rej Pla�sil

oplasil�
entrum.
z

Graph re
urren
e

The parti
ipant has not submitted any abstra
t.

P�remysl Holub

holubpre�kma.z
u.
z

Graph 
losures

The parti
ipant has not submitted any abstra
t.

Bernard Lidi
k�y

2berny�seznam.
z

Presented paper by Hal A. Kierstead

Asymetri
 graph 
oloring games

(http://www.inters
ien
e.wiley.
om/)

We will introdu
e asymmetri
 version of graph 
oloring game and graph mark-

ing game played by Ali
e and Bob. Then we will give some bound for these

games.

18
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Graph 
oloring game is game played by Ali
e and Bob on a �nite graph G using

set of 
olors X . Ali
e is playing �rst. At the beginning all verti
es of G are

un
olored. In ea
h turn player 
hooses any un
olored vertex v and 
olors it

su
h that any 
olored neighbor of v has di�erent 
olor than v has. Ali
e wins if

they �nally 
olor all verti
es. Bob wins if at some time one of the players has

no legal move. We may de�ne game 
hromati
 number of G as the least integer

i su
h that Ali
e has a winning strategy when the game is played on G using i


olors. Game 
hromati
 number is denoted by �

g

(G).

Now we may de�ne asymmetri
 version of the graph 
oloring game. The (a,b)-


oloring game is played like 
oloring game but in ea
h turn Ali
e marks a

verti
es and Bob marks b verti
es. Simply we let players to 
olor more verti
es

in one turn. You may note that (1,1)-
oloring game is just an ordinary 
oloring

game. The (a,b)-game 
hromati
 number of G is the least integer i su
h that

Ali
e has a winning strategy when (a,b)-
oloring game is played on G using i


olors. The (a,b)-game 
hromati
 number is denoted by �

g

(G; a; b)

Graph marking game is a simpli�ed version of graph 
oloring game. It is useful

for upper bound proofs. Graph marking game is played by Ali
e and Bob on a

�nite graph G. Ali
e is playing �rst. At the beginning of the game all verti
es

are unmarked. In ea
h turn player 
hooses one unmarked vertex and marks it.

The game end when all verti
es are marked. Note that there is no winner or

looser. We de�ne 
ol

g

(G) as the least integer i su
h that Ali
e has a strategy

when played on G su
h that in ea
h turn every unmarked vertex has stri
tly

less marked neighbors than i. It is easy to see that �

g

(G) � 
ol

g

(G). Ali
e may

use same strategy for 
oloring and marking game and 
olor verti
es by �rst-�t.

We also de�ne (a,b)-marking game. Ali
e plays by marking a verti
es and Bob

plays by marking b verti
es. We also will examine (a,b)-game 
oloring number

denoted by 
ol

g

(G; a; b). It will be the least integer i su
h that after ea
h marked

vertex all unmarked verti
es has stri
tly less than i marked neighbors. It is not

suÆ
ient to 
he
k marked neighbors after end of turn but we really need to 
he
k

them when a vertex is marked. It then follows that �

g

(G; a; b) � 
ol

g

(G; a; b).

Next we show the main theorem that gives upper and lower bounds for game


oloring number and game 
hromati
 number when played on 
lass F of forests.

For a 
lass of graphs C let

�

g

(C; a; b) = max

G2C

�

g

(G; a; b) and 
ol

g

(C; a; b) = max

G2C


ol

g

(G; a; b)

Theorem. Let a and b be positive integers.

� If a < b then �

g

(F ; a; b) = 
ol

g

(F ; a; b) =1.

� If b � a then b+ 2 � �

g

(F ; a; b) � 
ol

g

(F ; a; b) � b+ 3.

� If b � a < maxf2b; 3g then b+ 3 � �

g

(F ; a; b).

� If 4 � 2b � a < 3b then �

g

(F ; a; b) � b+ 2 < b+ 3 � 
ol

g

(F ; a; b).

� If 3b � a then 
ol

g

(F ; a; b) � b+ 2.

20



Proofs of upper bounds are based on Ali
e's strategy for graph 
oloring game

on a tree graph. Proofs of lower bounds shows Bob's strategy. It works on trees

with many verti
es where non-leaf verti
es has a large degree.

Sin
e the main theorem isn't easy to read arti
le provides a 
orollary of the

main theorem.

Corollary. Let a and b be positive integers.

� If b � a < 2b or (a; b) = (2; 1) then �

g

(F ; a; b) = 
ol

g

(F ; a; b) = b+ 3.

� If 2b � a < 3b and b > 1 then �

g

(F ; a; b) = b+2 and 
ol

g

(F ; a; b) = b+3.

� If 3b < a then �

g

(F ; a; b) = 
ol

g

(F ; a; b) = b+ 2.

Example of (1,2)-
oloring game with three 
olors:

Ali
e and Bob may play like drawn on the pi
ture. Ali
e lost this game be
ause

she wan't able to 
olor bla
k vertex in last pi
ture be
ause it's neighbors have all

three possible 
olors. But three 
olors are enough for Ali
e to win on this graph.

She may 
olor vertex with degree 4 in her �rst move an then all remaining

verti
es has degree stri
tly less then 3 so 3 tree 
olors will be enough for her.

So �

g

(G; a; b) � 3.

Marek Sulovsk�y

skeeve�popelka.ms.mff.
uni.
z

Presented paper by Benjamin Doerr

Latti
e approximation and linear dis
repan
y

of totally unimodular matri
es

The paper introdu
ed to the latti
e approximation problem, also known as a
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linear dis
repan
y problem and showed that this problem 
an be solved eÆ-


iently via linear programming. This method is optimal in the worst 
ase. It

seems to be the �rst time that linear programming is su

essfully used for a

dis
repan
y problem.

In parti
ular it derives an upper bound for the linear dis
repan
y of totally

unimodular m� n matrix A:

lindis
(A) � minf1�

1

n+ 1

; 1�

1

m

g

This bound is sharp. It proves Spen
er's 
onje
ture

lindis
(A) � (1�

1

n+ 1

)herdis
(A)

for totally unimodular matri
es.

Latti
e approximation problem, linear dis
repan
y

Let A 2 R

m�n

be any real matrix and b = Ap; p 2 R

n

; a point of ve
tor spa
e

generated by 
olumns of A. The latti
e approximation problem is to �nd a

point Az; z 2 Z

n

; of the latti
e AZ

n

= fAz : z 2 Z

n

g whi
h is 
losest to b

i.e. su
h that kAz � bk

1

is minimal. We also require kp � zk � 1 to hold,

that is, z evolves from p by some rounding pro
edure.For a given A and p the

approximation error of an optimal approximation is 
alled linear dis
repan
y

of A with respe
t to p. The worst 
ase of inapproximability that 
an o

ur with

the latti
e generated by A is the linear dis
repan
y of A:

linids
(A) = max

p2[0;1℄

n

lindis
(A; p) = max

p2[0;1℄

n

min

z2f0;1g

n

kA(p� z)k

1

Theorem 1. Let A 2 R

m�n

be a totally unimodular matrix and p 2 [0; 1℄

n

.

Then there is a z 2 f0; 1g

n

su
h that

kA(p� z)k

1

� min f1�

1

n+ 1

; 1�

1

m

g

This 
an be found eÆ
iently by solving a linear optimization problem in R

n

hav-

ing 2(m+n) inequalities and up to m systems of linear equations of dimension

smaller than n� n.

Theorem 2. Let A 2 R

m�n

be a totally unimodular matrix. Then the equality

lindis
(A) = 1�

1

n+1

holds if and only if there is a 
olle
tion of n+ 1 rows of

A su
h that ea
h n thereof are linarly independent. If lindis
(A; p) = 1�

1

n+1

for some p 2 [0; 1℄

n

, then p

i

2 f

1

n+1

; : : : ;

n

n+1

g for all i 2 [n℄.

The se
ond theorem shows that all the all the tight examples are similiar (some-

what generalized) to the one that lead Spen
er to his 
onje
ture.
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Petr

�

Skoda

petr.skoda�seznam.
z

Presented paper by Hamed Hatami, Xuding Zhu

The fra
tional 
hromati
 number

of graphs of maximum degree at most three

The paper shows the upperbound of fra
tional 
hromati
 number of graphs with

small degree. The fra
tional 
hromati
 number 
ould be de�ned as follows. Let

k-tuple n-
oloring of a graph G = (V;E) be a mapping f : V !

�

[n℄

k

�

, where

�

[n℄

k

�

is the set of all k-subsets of set 1 � � �n, with an additional 
ondition that for

ea
h two verti
es u; v 2 V holds f(u) \ f(v) = ;. We simply 
olor the verti
es

with sets of 
olors instead of only one 
olor. Then the fra
tional 
hromati


number �

f

of G is the minimum of

k

n

su
h that there exist a k-tuple n-
oloring

of G. We 
an easily see that the fra
tional 
hromati
 number is greater or equal

to 
lassi
al 
hromati
 number so it is more pre
ise 
hara
terization of graph.

Main Theorem. If G is triangle free with maximum degree at most three,

then �

f

(G) � 3�

3

64

So it shows there is an upperbound and the trivial 3-
oloring of the graph 
an

be improved. The prove is based on 
onstru
ting the k+1-tuple 3k-
oloring of

the graph, where k is 63, but as authors say it 
an be slightly improved with

some diÆ
ulties.

Conje
ture. Every triangle free graph with maximum degree at most three

has fra
tional 
hromati
 number at most

14

5

= 3�

1

5

The authors thinks this Conje
ture is true but the Main Theorem do not lead

any 
loser to proving it.

Ji�r�� Fink

fink�atrey.karlin.mff.
uni.
z

Presented paper by Ian Parberry

On the Computational Complexity

of Optimal Sorting Network Veri�
ation

(http://her
ule.
s
i.unt.edu/~ian/pubs/snverify.pdf)

A sorting network is a 
ombinational 
ir
uit for sorting, 
onstru
ted from


omparison-swap units. The depth of su
h a 
ir
uit is a measure of its run-

ning time. It is reasonable to hypothesize that only the fastest (that is, the

shallowest) networks are likely to be fabri
ated. It is shown that the problem

of verifying that a given sorting network a
tually sorts is 
o-NP 
omplete even
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for sorting networks of depth only 4 logn+O(1) greater than optimal. This is

shallower than previous depth bounds by a fa
tor of two.

The Redu
tion

In order to show that NONSORT is NP-
omplete, it is suÆ
ient to show that

B3SAT / NONSORT. Suppose we are given an instan
e of B3SAT, that is, a

list of 
lauses C = (C

1

; : : : ; C

n

) over a set of variables V = fv

1

; : : : ; v

n

g su
h

that every variable in V appears exa
tly three times in C. We will 
onstru
t

a 
omparator network with 5n inputs. An input x = (x

1

; : : : ; x

5n

) to the


omparator network is said to 
orrespond to assignment S for C i� for all

1 � i � n, x 2 (0

5

� 1

5

)

n

, and v

i

2 S i� x

5n�4

= 1. Our 
omparator network

will sort only inputs that do not 
orrespond to satisfying assignments for C, that

is, inputs that do not 
orrespond to any assignment, and inputs that 
orrespond

to nonsatisfying assignments. Therefore, it will be a sorting network i� C is

not satis�able.

Petr Ku�
era

ku
erap�kti.ms.mff.
uni.
z

Augmentation problems

The parti
ipant has not submitted any abstra
t.

Eva Ondr�a�
kov�a

efa�matfyz.
z

Presented paper by Nati Linial, Avi Wigderson

Expander graphs I. { Introdu
tion

(http://www.math.ias.edu/~boaz/ExpanderCourse/)

Sin
e the introdu
tion of expander graphs in the 1970's they have turned out to

be very signi�
ant. They have been used in solving problems in 
ommuni
ation

and the 
onstru
tion of error 
odes as well as a tool for proving results in

number theory and 
omputational 
omplexity.

In the following, we de�ne the notion of expansion and examine some linear

algebrai
al properties of expanders.

De�nition. The edge boundary of a set S, denoted �S, is �S = E(S;

�

S). This

is the set of edges outgoing from S.
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De�nition. The expansion parameter of G, denoted by h(G), is de�ned as

follows:

h(G) = min

fS;jSj�

n

2

g

j�Sj

jSj

:

We note that there are other notions of expansion that 
an be studied. The

most popular is 
ounting the number of neighbouring verti
es of any small set

S rather than the number of outgoing edges.

De�nition. A family of expander graphs fG

i

g, where i 2 N, is a 
olle
tion of

graphs with the following properties:

� The graph G

i

is a d-regular graph of n

i

verti
es (d is the same 
onstant for

the whole family). fn

i

g is a monotone growing series that does not grow

too fast (e.g. n

i+1

� n

2

).

� For all i, h(G

i

) � " > 0.

Now we de�ne a similar (and somewhat simpler) graph property.

De�nition. Let G be a two-sided graph with n verti
es on ea
h side. Let L be

the verti
es of the left side and R the verti
es on the right. Assume that any

vertex in L has d neighbours in R. We say that G is a (d; n)-hairy graph if it

has the following two properties:

� For any S � L su
h that jSj �

3n

d

: �(S) � jSj

d

4

� For any S � L su
h that

n

3d

< jSj �

n

2

: �(S) � jSj+

n

3d

where �(S) is the set of neighbours of S in G.

The existen
e of hairy graphs. For ea
h d � 8 and a suÆ
iently large n

there exists a (d; n)-hairy graph.

Moreover, we prove that for any 0 < " < 1 there exists an n

0

su
h that for all

n � n

0

the following is true: the graph with both L and R 
ontaining n verti
es

and with every vertex in L having d random neighbours in R, is (d; n)-hairy

with the probability

1

"

.

The spe
trum of an expander graph

The adja
en
y matrix of a graph G, denoted A(G), is an n� n matrix that for

ea
h (u; v) 
ontains the number of edges in G between the vertex u and the

vertex v. Sin
e the graph G is d-regular, the sum of ea
h row and 
olumn is d.

By de�nition the matrixA(G) is symmetri
, and therefore it has an orthonormal

base v

0

, v

1

, : : : , v

n�1

, with eigenvalues �

0

, �

1

, : : : , �

n�1

. The eigenvalues of

A(G) are 
alled the spe
trum of G.

The spe
trum 
ontains a lot of information regarding the graph. Here are

some examples of observations that demonstrate this 
onne
tion between the

spe
trum of a d-regular graph and its properties:

Spe
tral properties of a d-regular graph.

� �

0

= d
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� the graph is 
onne
ted i� �

0

> �

1

� the graph is bipartite i� �

0

= ��

n�1

:

In the rest, we will examine the 
onne
tion between the expansion of a graph

and its spe
trum. In parti
ular, the graph's se
ond eigenvalue is related to the

expansion parameter of the graph.

The spe
tral gap bounds.

d� �

1

2

� h(G) �

p

2d(d� �

1

)

This theorem proves that d � �

1

, also known as the spe
tral gap, 
an give a

good estimate on the expansion of a graph. Moreover, the graph is an expander

(h(G) > ") if and only if the spe
tral gap is bounded (d� �

1

> "

0

).

The expander mixing theorem. Denote � = max(j�

1

j; j�

n�1

j). Then for

all S, T � V :

�

�

�

�

jE(S; T )j �

djSjjT j

n

�

�

�

�

� �

p

jSjjT j:

The lower bound for �. For every d-regular graph the following is true:

� � 2

p

d� 1� o

n

(1):

V��t Jel��nek

jelinek�kam.mff.
uni.
z

Presented paper by V. Jel��nek, J. Kyn�
l, R. Stola�r, T. Valla

Mono
hromati
 triangles in a two-
olored plane

We investigate the following general problem, suggested by Erd}os, Graham,

Montgomery, Roths
hild, Spen
er and Straus [1,2,3℄ in 1973: Let T be a given


on�guration of three points. Is it true that for every two-
oloring � of the

plane we 
an �nd a mono
hromati
 translated and rotated 
opy of T ? It 
an

be easily 
he
ked that if T is the vertex set of an equilateral triangle, and �

�

is

a 
oloring of the plane 
onsisting of alternating half-open parallel strips whose

width is equal to the height of T , then �

�

does not 
ontain a mono
hromati



opy of T . Erd}os et al.[3℄ have 
onje
tured that this example is essentially

unique; more pre
isely, they made the following two 
onje
tures:

Weaker 
onje
ture. If T is the vertex set of a non-equilateral triangle, then

every 
oloring of the plane 
ontains a mono
hromati
 
opy of T .
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Stronger 
onje
ture. If a 
oloring � avoids a mono
hromati
 
opy of a

triple of points T , then T is the vertex set of an equilateral triangle and � is

equal to the 
oloring �

�

de�ned above, up to a possible re
oloring of the points

on the boundary of the strips.

In the past, it has been shown that the (weaker) 
onje
ture holds for spe
ial


lasses of triangles, e.g. right triangles [4℄, but the general 
onje
ture remains

open.

In our resear
h, we fo
used on testing whether the two 
onje
tures hold for

spe
ial 
lasses of plane 
olorings. We obtained the following results:

First result. If � is a two-
oloring of the plane su
h that the points 
olored

with one of the 
olors form a 
losed set, then � 
ontains a mono
hromati
 
opy

of every point triple T .

Se
ond result. The weaker 
onje
ture holds for 
olorings � that partition the

plane into a tiling of mono
hromati
 plygonal regions (i.e. regions whose bound-

ary is a union of segments). The regions may be unbounded and their boundary

may 
onsist of in�nitely many segments, but we assume that every bounded

subset of the plane is interse
ted by only �nitely many boundary segments. We

make no assumptions about the 
oloring of the boundary.

Third result: Among the polygonal 
olorings des
ribed in the previous para-

graph, there are some 
ounterexamples to the stronger 
onje
ture of Erd}os et

al. We are able to give a 
omplete 
hara
terization of these \polygonal" 
oun-

terexamples, and we prove that every polygonal 
oloring � 
an be either turned

into su
h 
ounterexample by re
oloring some of the points on the boundary of

the regions, or � 
ontains a mono
hromati
 
opy of any triple T in su
h a way

that the verti
es of the 
opy avoid the boundary.
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Expander graphs II. { Appli
ations

Metri
 spa
e with arbitrary metri
s 
an be embedded into Eu
lidian spa
e

with 
ommon metri
s. Generally there is some distortion of the distan
es. The

expanders with 
ommon graph metri
s are metri
 spa
es hardest to embed into

Eu
lidian spa
e.

De�nition. We 
all the tuple (X; d) a metri
 spa
e if X is set and d is a metri


fun
tion su
h that

� d : X �X ! R

+

� d(x; y) = 0 i� x = y

� d(x; y) = d(y; x)

� d(x; y) = d(x; z) + d(z; y)

De�nition. Metri
 spa
e L2 (R

n

; jj:jj) is an Eu
lidian metri
 spa
e with 
om-

mon metri
s.

Given the metri
 spa
es (X; d) and (R

n

; jj:jj) and a transformation f : X ! R

n

we de�ne:

expansion(f) = max

x

1

;x

2

2X

jjf(x

1

)� f(x

2

)jj

d(x

1

; x

2

)


ontra
tion(f) = max

x

1

;x

2

2X

d(x

1

; x

2

)

jjf(x

1

)� f(x

2

)jj

distortion(f) = expansion(f) � 
ontra
tion(f)

Finding the Minimal Distortion

Given a metri
 spa
e (X; d) we denote its minimal distortion by C

2

(X; d).

Theorem 1 (Bourgain 1985). Any n-point metri
 spa
e (X; d) 
an be

embedded into O(log n) dimensional Eu
lidean spa
e with O(log n) distortion.

Theorem 2 (Linial, London, and Rabinovi
h 1995). There is a polyno-

mial time algorithm whi
h 
omputes C

2

(X; d).

Theorem 3. There exists expli
it formula for �nding C

2

(X; d).

Embedding expander graphs in L2

Let G = (V;E) be a k-regular graph, jV j = n. From theorem 2 this graph 
an

be embedded with distortion O(log n) in L2. Indeed, take the expander and

put it as a simplex in R

n

. Sin
e every two nodes of the simplex have distan
e 1

we get that ex(G) = 1, and 
o(G) = dis(G) = diam(G). Sin
e G is an expander
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then diam(G) = O(log n). As up
oming Theorem 3 says we 
an not embed G

with lower distortion than log(n).

Lemma. Let H = (V;E) be a graph with the same vertex set as G. Two

verti
es are adja
ent in H if their distan
e in G is at least log k(n) � 2. Then

there exists mat
hing in H on n=2 edges.

Theorem. Let G = (V;E) be a k-regular graph, jV j = n. Then C

2

(G) =

O(log n).

Ond�rej Zaj���
ek

santiago�mail.
z

Presented paper by Omer Reingold, Salil Vadhan, Avi Wigderson

Expander graphs III. { The zig-zag 
onstru
tion

The Constru
tion of Constant Degree Expanders

With The Zig-Zag Produ
t

The seminar is based on de�nition of zig-zag graph produ
t. Using zig-zag

graph produ
t on small and large graph, the resulting graph is larger than the

large one, but its degree only depends on the small one. Expanding property

of produ
t result is inherited from both. The heart of arti
le (and seminar) is

the proof of this property of zig-zag produ
t. Iteration of this produ
t (with


ombination of 
ommon graph operations like graph squaring and tensor graph

podu
t) on �xed graph gives family of 
onstant degree expanders.

De�nitions

(N;D; �)-graph is aD-regular graph onN verti
es, whose normalized adja
en
y

matrix has se
ond eigenvalue (in absolute value) at most �.

Rot

G

- Rotation map of graph, fun
tion from N �D to N �D, whi
h des
ribes

a graph G. Having �xed numbering of verti
es and neighours of every vertex,

Rot

G

(a; b) = (
; d) means that b-th neighbour of vertex a is vertex 
 and d-th

neigbour of vertex 
 is vertex a.

i'th power of graph G is graph on same set of verti
es whi
h has edge for every


onne
ted edge sequen
e of length i.

Given D

1

-regular graph G

1

on [N

1

℄ and D

2

-regular graph G

2

on [N

1

℄, then

G

1


 G

2

(tensor produ
t of graphs G

1

and G

2

) is (D

1

� D

2

)-regular graph on

[N

1

�N

2

℄, whose rotation map is as follows:

To 
ompute Rot

G

1


G

2

((v; w); (i; j)):

1. Let (~v;

~

i) = Rot

G

1

(v; i)

2. Let ( ~w;

~

j) = Rot

G

2

(w; j)
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3. Output ((~v; ~w); (

~

i;

~

j))

Straightforward idea { for �rst dimension use �rst graph and for se
ond dimen-

sion use se
ond graph.

Given D

1

-regular graph G

1

on [N

1

℄ and D

2

-regular graph G

2

on [D

1

℄, then

G

1


z G

2

(zig-zag produ
t of graphs G

1

and G

2

) isD

2

2

-regular graph on [N

1

�D

1

℄,

whose rotation map is as follows:

To 
ompute Rot

G

1


z

G

2

((v; w); (i; j)):

1. Let (k; l) = Rot

G

2

(w; i)

2. let (m;n) = Rot

G

1

(v; k)

3. Let (o; p) = Rot

G

2

(n; j)

4. Output ((m; o); (p; l))

Intuition is that every vertex of G

1

is expanded to 
loud { 
opy of G

2

. (i; j)-th

edge from vertex v makes a step in a 
loud (by i), then jump a
ross 
louds

(position in 
loud is used to sele
t edge in G

1

) and �nally step in a 
loud (by

j).

Theorem 1. If G

1

is an (N

1

; D

1

; �

1

)-graph, then G

2

1

is an (N

1

; D

2

1

; �

2

1

)-graph.

Theorem 2. If G

1

is an (N

1

; D

1

; �

1

)-graph and G

2

is a (N

2

; D

2

; �

2

)-graph,

then G

1


G

2

is a (N

1

�N

2

; D

1

�D

2

;max(�

1

; �

2

))-graph.

Main theorem 1. If G

1

is an (N

1

; D

1

; �

1

)-graph and G

2

is a (D

1

; D

2

; �

2

)-

graph, then G

1


z G

2

is a (N

1

�D

1

; D

2

2

; f(�

1

; �

2

))-graph, where f(�

1

; �

2

) � �

1

+

�

2

+ �

2

2

and f(�

1

; �

2

)) � 1 when �

1

� 1 and �

2

� 1. Rot

G

1


z

G

2


an be


omputed in time poly(logN; logD

1

; logD

2

) with one ora
le query to Rot

G

1

and

two ora
le queries Rot

G

2

.

Main theorem 2 { Family of expanders. Let H be an (D

8

; D; �)-graph

for some D and �. De�ne:

1. G

1

= H

2

2. G

2

= H 
H

3. G

n

=

�

G

d(t�1)=2e


G

b(t�1)=2


�

2


z H

Then every G

n

is an (D

8t

; D

2

; �

t

)-graph, where �

t

= � + O(�

2

). Moreover,

Rot

G

t


an be 
omputed in time poly(t; logD), with poly(t) ora
le queries to

Rot

H

.
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Hall's Theorem for Hypergraphs

(J Graph Theory 35: 83{88, 2000)

We prove a hypergraph version of Hall's theorem. The proof is topologi
al.

Systems of disjoint representatives

Hypergraph is set of subset (
alled edges) on some ground set (set of verti
es).

Let's 
onsider some hypergraph G. Mat
hing (in G) is set of disjoint edges of

G.

Let H � G is mat
hing. Then width(H) is minfjM j;M � G is mat
hing and

every edge from H is interse
ted by some edge from Mg.

Let H = fH

1

; H

2

; : : : ; H

n

g; H

1

; H

2

; : : : ; H

n

� G. Then System of disjoint rep-

resentatives of H is a mapping f : H �!

S

H su
h that for every i 6= j 2 N

there is f(H

i

) 2 H

i

and f(H

i

) \ f(H

j

) = ;.

Theorem (if version). Let G be a hypergraph and H = fH

1

; : : : ; H

n

g su
h

that H

1

; : : : ; H

n

� G. Let for every B � H exists a mat
hing M

B

� [B su
h

that width(M

B

) � jBj. Then there exists a system of disjoint representatives of

H.

Theorem (if and only if version). 8G hypergraph 8H = fH

1

; H

2

; : : : ; H

n

g,

H

1

; H

2

; : : : ; H

n

� G: (8B � H: 9 mat
hing M

B

� [B : (8D � C � H : for all

jCj � 1 edges from M

D

there exists an edge from M

C

whi
h is disjoint with all

of them.)) , 9 System of disjoint representatives.

Jan Hladk�y

hladk�seznam.
z

Presented paper by R. Aharoni, E. Berger, R. Ziv

A Version of K�onig's Theorem

(Combinatori
a, Volume 22 (p. 335{343))

De�nition. De�nitions: Let H and F be two hypergraphs on the same vertex

set. A subset C of F is said to be H-
overing if every edge in H meets some

edge from C. The F -width w(H;F ) of H is the minimal size of an H-
overing

set of edges from F . The F -mat
hing width mw(H;F ) of H is the maximum,

over all mat
hings M in H , of w(M;H). We write w(H) for w(H;H), mw(H)

for mw(H;H).
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The de�
ien
y def(A) of a family A of hypergraphs is the minimal natural

number d su
h that mw(

S

B) � jBj � d for every subfamily B of A.

We used the version of Hall's theorem by Aharoni and Haxell (the one presented

at SSC05 by Marek Kr�
�al) and extended it into following:

Theorem 1. Every family A of hypergraphs has a subfamily D of size at most

def(A), su
h that A nD has a 
hoi
e fun
tion of disjoint edges.

Theorem 2. Let H

1

� H

2

be two families of subtrees of a tree. Then

mw(H

1

; H2) = w(H

1

; H

2

).

Theorem 2 follows immediately from Lemma 1:

Lemma 1. Let H

1

� H

2

be families of subtrees of a given tree, let 
; d 2 H

1

be any two interse
ting edges. Then w(H

1

n f
g; H2) = w(H

1

; H

2

) or w(H

1

n

fdg; H2) = w(H

1

; H

2

).

Lemma 1 is proved by 
ontradi
tion: we 
onsider the minimal H

1

-
overing C,

and suppose that w(H

1

n f
g; H2) = w(H

1

; H

2

) � 1 and w(H

1

n fdg; H2) =

w(H

1

; H

2

)� 1, and obtain 
ontradi
tion with the minimality of C.

De�nition. A hypergraph H is a point-tree hypergraph if, for some set X and

a tree T whose vertex set is disjoint from X , ea
h edge e 2 H is of the form

x [ V (t), where x = x(e) [ X and t = t(e) is a subtree of T . For su
h a

hypergraph we denote by �(H) the number w(H;F ), where F = x(e) : e 2 H [

V (t(e)) : e 2 H . The mat
hing number �(H) of a hypergraph H is the maximal

size of a mat
hing in H.

The main result is Theorem 3 whi
h follows quite straightforward from Theo-

rem 1 and Theorem 2. This extends K�onig's theorem:

Theorem 3. Let H be a point-tree hypergraph. Then �(H) � �(H)

Using Theorem 3 a 
onjun
ture of B. Reed for 
hordal graphs is proved.

Jakub

�

Cern�y

kuba�kam.mff.
uni.
z

Beautiful proofs of geometri
 theorems

In the talk we presented several geometri
 theorems whi
h seems to be hard

and have 
ompli
ated proofs, but there were dis
overd very simple proofs using

beautiful tri
ks.

The �rst is so 
alled Slope problem. We have n points in the plane, not all

lying on the line. How many slopes 
an be determined by the lines passing

through ea
h two points? Many of these lines 
an be parallel so they determine

the same slope. There are 
onstru
tions of n points in the plane determining

36



at least n � 1 slopes for n odd and at least n slopes for n even. We show

that it 
annot be less. In the proof we redu
e the slope problem to another


ombinatorial problem { to so 
alled allowable sequen
es. In the se
ond step of

the proof we easily show, that the sequen
e has the lenght at least n.

The se
ond theorem is about Geometri
 graphs. Geometri
 Graph is a graph

drawn in the plane that the verti
es are points in the plane and edges are

straight line segments. There are many problems on geometri
 graphs. One of

the big 
lass of problems are extremal questions (Turan type questions). How

many edges 
an have a geometri
 graph on n verti
es without 
ontaining a

forbidden sub
on�guration? I.e. geometri
 graphs with no two 
rossing edges

are plane graphs. They have at most 3n�6 edges. What about similar question.

How many edges 
an a geometri
 graph with no two disjoint edges have? By

a ni
e dis
hargeing te
hnique it 
an be shown, that at most n. Moreover there

are geometri
 graphs on n verti
es with n edges. So this result is tight. A

little more general question is the following. How many edges 
an a geometri


graph on n verti
es with no k + 1 pairwise disjoint edges have? It 
an have at

most k

4

n edges. This bound is not the best possible, but it has a very ni
e

proof using Dilworth theorem. We introdu
e an order relation on disjoint edges,

apply Dilworth theorem to partition the edge set to at most k anti
hains and

for ea
h anti
hain we apply the previos result for two disjoint edges, be
ause

every anti
hain doesn't 
ontain disjoint edges.

The two disjoint edges are parallel i� their 
onvex hull is quadrilateral. The

third theorem says that a geometri
 graph on n verti
es with no two paral-

lel edges 
an have at most 2n � 2 edges. Its proof uses Davenport-S
hinzel

sequen
es of order two.

The �rst proof 
an be found in [1℄, the se
ond in [2℄ and the third one in [3℄.
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Presented paper by Ji�r�� Matou�sek

Sixteen miniatures

The parti
ipant has not submitted any abstra
t.
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t.

Rudolf Stola�r

riv�email.
z

Fra
tal sequen
es and restri
ted nim

The parti
ipant has not submitted any abstra
t.

Tom�a�s Vysko�
il

tiger�matfyz.
z

Edge partition of planar graphs

into two outerplanar graphs

The parti
ipant has not submitted any abstra
t.
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Presented paper by Va�sek Chv�atal

Expander appli
ation: Optimal sorting networks

Introdu
tion

First we will des
ribe the 
on
ept of sorting networks. A sorting network 
onsist

of n wires whi
h hold n input numbers to be sorted. Then it 
ontains elementary

devi
es 
alled 
omparators atta
hed to exa
tly two wires whi
h rearranges the

numbers on the wires su
h that the lesser is pla
ed on the left wire and the

greater on the right wire. Some 
omparators 
an be pla
ed on the same level,

some not. The 
omputation of a sorting network is parallel, the input bubbles
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down through the 
omparators and the time 
omplexity is measured by this

number of parallel steps, thus in the number of levels, also 
alled the depth.

Every 
orre
t sorting network has to have at least 
(logn) levels. To see this


onsider arbitrary sorting network with depth d. Choose one wire and note

that on every level the number of possible input wires doubles. Therefore, to


over all n input wires one needs d = logn levels. First we presented the simple

bitoni
 sorter s
heme that yields the time �(log

2

n).

In the main part of the talk we showed the basi
 
omponents of the �(logn)

sorting network. The �rst O(log n) sorting network was built in 1983 by Ajtai,

Koml�os and Szemer�edi [1℄ but was terribly 
ompli
ated. In 1990 Paterson [2℄

des
ribed a mu
h simpler s
heme whi
h was later more simpli�ed and some

details were �lled in by Chv�atal.

The Network

A perfe
t halver is a devi
e, whi
h reads a wires and outputs the smaller a=2

number at the �rst a=2 output wires and the bigger a=2 number at the se
ond

a=2 output wires. Given a perfe
t halver 
onstru
tion we 
ould design a sorting

network 
onsisting of a balan
ed tree of logn depth and at ea
h node having a

perfe
t halver as a subroutine. Unfortunaly, one 
an show that also this module

needs 
(log a) levels, thus resulting into an 
(log

2

n) network.

Instead, we will 
onstru
t an imperfe
t halver. Like the output wires of a

perfe
t halver, the output wires of the weaker module are split into blo
ks

B

L

; B

R

su
h that jB

L

j = jB

R

j = a=2. Unlike a perfe
t halver, the weaker

module may misdire
t a small fra
tion of the smaller a=2 input keys into B

R

and it may misdire
t a small fra
tion of the larger a=2 input keys to B

L

. A

partial 
ompensation for this defe
t is an expli
itly designated set F of output

wires (typi
ally about 5% of their total) su
h that for every input of a distin
t

keys, most of the smallest keys end up in F \ B

L

and most of the largest keys

end up in F \ B

R

.

At ea
h time t, ea
h node that holds any wires at all uses them as input wires

of an imperfe
t module; between times t and t+1, it sends all the wires of the

output blo
k F to its parent, it sends all the wires of the output blo
k B

L

n F

to its left 
hild and it sends all the wires of the ouput blo
k B

R

n F to its right


hild. The n wires are distributed throughout the tree in su
h a way that the

a
tual number of wires held in a node x depends only on t and on the depth i

of x; we let a(i; t) denote this number. To relo
ate wires between times t and

t + 1, ea
h node on level i sends �(i; t) wires to its parent and it sends �(i; t)

wires to ea
h of its two 
hildren.

Of 
ourse one has to 
arefully set all these numbers. We omit the details.

Then, we have to prove that the network really sorts and that it sorts fast. Let

�(t) and !(t) denote the top and the bottom level, respe
tively, that 
ontain

nonempty nodes at time t. It 
ould be proven that �(t) �rst os
illate between

0 and 1 and then begins a periodi
 zig-zag des
ent with period four and the
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average speed of one level per two iterations. Similarly, !(t) des
ends steadily

in a periodi
 zig-zag movement with period 3 and the average speed of one level

per three iterations. We omit all te
hni
al proofs and details, as well as the

extremely 
ompli
ated analysis of the body, therefore having

Theorem. The designed network is 
orre
t and works in O(log n) time.

The Modules

By bipartite (n; d; �)-expander, we shall mean a bipartite graph G su
h that

(i) G has n verti
es in ea
h part,

(ii) the edge-set is the union of d mat
hings,

(iii) every nonempty set S of verti
es in one part of G has

jN

G

(S)j > minf�jSj; n� jSjg:

Theorem. If � and d are positive integers su
h that

(�+ 1)e

�+2

�

�

�+ 1

�

d

<

1

3

;

then, for every positive integer n, there is a bipartite (n; d; �)-expander.

The proof is probabilisti
. We des
ribe an algorithm that is able to generate

all graphs 
onsisting of all unions of d mat
hings, whi
h are not expanders. We


ount the number B of these graphs and we prove that the probability there

exist an expander is stri
tly less than 1, thus a
tually proving the existen
e of

arbitrary large expander.

As a �rst step, we 
onstru
t a simpler devi
e than it is a
tually used. By

and strong (2n; ")-halver, we shall mean a 
omparator network on 2n wires

with the output wires 
olle
ted in equally sized blo
k B

L

; B

R

so that, for every

k = 1; 2; : : : ; n,

(i) the network pla
es at most "k of its k smallest input keys into output blo
k

B

R

and

(ii) the network pla
es at most "k of its k largest input keys into output blo
k

B

L

.

Theorem. For every positive " there is a positive integer d su
h that, for

every positive integer n, there is a strong (2n; ")-halver of depth d.

The 
onstru
tion is quite straighforward from the expander graph G. The

2n wires are identi�ed with the 2n verti
es of G. The t-th layer in the series

de
omposition of E(G) into d layers is de�ned by the t-th mat
hingM

t

of E(G):

its 
omparators are pre
isely the edges of M

t

. It is quite easy to show that this

method yield a valid (2n; ")-halver.

41



Finally, we re
ursively 
onstru
t the really used devi
e, 
alled (a; f; "

B

; "

F

)-

separator (the 
onstants here 
ontrol the quality of the module). We omit the


onstru
tion details.

Theorem. For every 
hoi
e of positive "

B

; "

F

and Æ, there is a positive

integer d su
h that, for every 
hoi
e of positive even integers a and f su
h that

Æa � f � a, there is and (a; f; "

B

; "

F

)-separator of depth d.

Referen
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[1℄ M. Ajtai, J. Koml�os, E. Szemer�edi (1983a), An O(log n) sorting network,
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. 15th Ann. ACM symp. on Theory of Computing, pp. 1{9.

[2℄ M.S. Paterson (1990), Improved sorting networks with O(log n) depth, Al-

gorithmi
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The Loebl 
onje
ture

Loebl 
onje
tured that, if a graph of order n has at least half of its verti
es

of degree at least

n

2

, then it 
ontains, as a subgraph, any tree with at most

n

2

edges.

My talk was divided into two parts: the �rst part was about a result by myself

and Maya Stein, the se
ond part was about a result by Ajtai, Koml�os and

Szemer�edi.

Theorem (D. P. and Maya Stein). The Loebl 
onje
ture is true for trees

with diameter at most 5, where we understand the diameter of a graph as the

maximum distan
e between two of its verti
es.

The main idea of the proof is the following: we subdivide the set of verti
es of

that graph G into two sets V

1

and V

2

, where V

1

is the set of verti
es of degree

at least

n

2

and V

2

is its 
omplement, i.e. V

2

:= V n V

1

. We set also the set

B � V

1

as the set of verti
es in V

1

that have at least

n

4

neighbours in V

1

and

C � V

2

as the set of verti
es in V

2

that have at least

n

4

neighbours in V

1

. Then

we show that if there exists an edge fx; yg that either

{ jN(x) \ V

1

j �

n

4

, y 2 V

1

and jN(y) \ (V

1

[ C)j �

n

4

or { x 2 B, y 2 V

1

and

jN(y) \ V

1

j �

n

8

,

then we 
an embed in the graph any tree T with diam(T ) � 5. The se
ond

part of the proof is to show that the graph G 
ontains an edge with one of the

mentioned properties. A more detailed proof of the result should soon appear

in ITI and KAM-series.
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The se
ond part of the talk was on a paper from Ajtai, Koml�os and Szemer�edi:

On a 
onje
ture of Loebl (Preprint). The result of this paper is the following

theorem:

Theorem (Ajtai, Koml�os, Szemer�edi). For any � > 0, there exists an

n

0

su
h that for any n � n

0

, the following holds: If G is a graph of order n

su
h that at least (1 + �)

n

2

of its verti
es have degree at least (1 + �)

n

2

, then G


ontains as a subgraph any tree with at most

n

2

edges.

The main tool in the proof is Szemer�edi's regularity lemma.

Theorem (Szemer�edi). For any "; � > 0 and m 2 N, there exists an

n

0

;M 2 N su
h that for any graph G = (V;E) on n � n

0

verti
es, there

exists a partition V = V

0

[ V

1

[ : : : [ V

N

of its verti
es with m � N � M

su
h that 1) jV

0

j � "n, 2) jV

1

j = jV

2

j = : : : = jV

N

j, 3) all but at most "N

2

pairs (V

i

; V

j

); i; j 6= 0 are regular. We say that (V

i

; V

j

) is regular if for any

U

i

� V

i

; U

j

� V

j

su
h that jU

i

j; jU

j

j � �jV

i

j, we have that

�

�

�

�

e(U

i

; U

j

)

jU

i

jjU

j

j

�

e(V

i

; V

j

)

jV

i

jjV

j

j

�

�

�

�

< ";

where e(A;B) is the number of edges between A and B.

After stating this theorem, I showed some typi
al use of it: to erase \ugly"

edges, i.e. edges that: {are 
ontained inside a 
luster (partition 
lasses are


alled 
lusters), {have non-empty interse
tion with V

0

, {are 
ontained in non-

regular pairs, {are 
ontained in regular pairs with low density (< p).

There are so few su
h edges (
hoosing ";m; p in a proper way) that the resulting

graph G

p

has similar property as the graph G: at least (1 +

�

2

)

n

2

verti
es have

degree at least (1 +

�

2

)

n

2

. Also I showed that we 
an estimate the degree of

most verti
es of a 
luster in G

p

by knowing the average degree of this 
luster.

I �nished my talk by showing the basi
 ideas of the rest of the proof, i.e. that

we partition the tree T into T

A

and T

B

in a parti
ular way, that we �nd two

neighbouring 
lusters A and B in G

p

with high average degree su
h that a

mat
hing M 
overs almost all of their neighbours, that we partition M into

M

A

and M

B

depending on jT

A

j and jT

B

j and that, at the end, we embed the

tree T su
h that T

A

is embedded into A[M

A

and T

B

is embedded into B[M

B

.

Julia B�ott
her

boett
he�informatik.hu-berlin.de

3-
oloring sparse 3-
olorable graphs

in polynomial expe
ted time

The parti
ipant has not submitted any abstra
t.
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Presented paper by Jan K�ara, Jan Krato
hv��l, David R. Wood

On the 
omplexity of the balan
ed

vertex ordering problem

Introdu
tion

We study the 
omplexity of �nding a `balan
ed' ordering of the verti
es of

the graph that is used by a several graph drawing algorithms as a starting

point. Here balan
ed means that neighbours of ea
h vertex v are as evenly

distributed to the left and right of v as possible. The problem of determining

su
h an ordering was re
ently studied by Biedl [1℄. We solve a number of open

problems from [1℄ and study a few other related problems.

Let G = (V;E) be a multigraph without loops. An ordering of G is a bije
tion

� : V ! f1; : : : ; jV jg. For u; v 2 V with �(u) < �(v), we say that u is to the

left of v and that v is to the right of u. The imbalan
e of v 2 V in �, denoted

by B

�

(v), is

�

�

jfe 2 E : e = fu; vg; �(u) < �(v)gj � jfe 2 E : e = fu; vg; �(u) > �(v)gj

�

�

:

When the ordering � is 
lear from the 
ontext we simply write B(v) instead of

B

�

(v). The imbalan
e of ordering �, denoted by B

�

(G), is

P

v2V

B

�

(v). The

minimum value of B

�

(G), taken over all orderings � of G, is denoted by M(G).

An ordering with imbalan
e M(G) is 
alled minimum. Clearly the following

two fa
ts hold for any ordering:

E very vertex of odd degree has imbalan
e at least one.

T he two verti
es at the beginning and at the end of any ordering have im-

balan
e equal to their degrees.

These two fa
ts imply the following lower bound on the imbalan
e of an order-

ing. Let odd(A) denote the number of odd degree verti
es among the verti
es of

A � V . Let (d

1

; : : : ; d

n

) be the sequen
e of vertex degrees of G, where d

i

� d

i+1

for all 1 � i � n� 1. Then

B

�

(G) � odd(V )� (d

1

mod 2)� (d

2

mod 2) + d

1

+ d

2

:

An ordering � is perfe
t if the above inequality holds with equality. Perfe
t

ordering is the de
ision problem whether a given multigraph G has a perfe
t

ordering. This problem is 
learly in NP.

Results

Whether the balan
ed ordering problem is eÆ
iently solvable for planar graphs

with maximum degree four is of parti
ular interest sin
e a number of algorithms
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for produ
ing orthogonal drawings of planar graphs with maximum degree four

start with a balan
ed ordering of the verti
es. We answer this question in the

negative:

Theorem. The perfe
t ordering problem is NP-
omplete for planar graphs

with maximum degree four.

As the problem we redu
e from we use the planar 2-in-4sat. The NP-
omplete-

ness of this problem is also shown in our paper. Next we study the 
ase of

regular graphs and prove:

Theorem. The perfe
t ordering problem is NP-
omplete for 5-regular multi-

graphs.

Using a few lemmas we also show that:

Corollary. It is NP-hard to �nd a minimum ordering for 5-regular simple

graphs.

In the end we des
ribe algorithms solving at least some spe
ial 
ases in a poly-

nomial time. The algorithms are base on the following lemma:

Lemma. There is an O(n +m) time algorithm to test whether a multigraph

G with n verti
es and m edges has an ordering in whi
h a given list of verti
es

imbalan
ed = (v

1

; : : : ; v

k

) are the only imbalan
ed verti
es, and �(v

i

) < �(v

i+1

)

for all 1 � i � k � 1.

The following theorem is a 
onsequen
e of the previous lemma:

Theorem. There is an algorithm that, given an n-vertex m-edge multigraph

G, 
omputes a minimum ordering of G with at most k imbalan
ed verti
es (or

answers that there is no su
h ordering) in time O(n

k

� (m+ n)).

Corollary. There is a polynomial time algorithm to determine whether a

given multigraph G has an ordering with imbalan
e less than a �xed 
onstant 
.

Corollary. The perfe
t ordering problem is solvable in time O(n

2

(n+m)) for

any n-vertex m-edge multigraph with all verti
es of even degree.

[1℄ Therese Biedl, Timothy Chan, Yashar Ganjali, Mohammad Taghi Haji-

aghayi, David R. Wood, Balan
ed vertex-orderings of graphs, Dis
rete Applied

Mathemati
s 148(1), pp. 27{48, 2005.

Jan Foniok

foniok�kam.mff.
uni.
z

The homomorphism order of graphs

By a `graph', we mean a simple undire
ted graph without loops.
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Let G = (V;E), H = (W;F ) be two graphs. A mapping f : V !W is a homo-

morphism from G to H if for every edge fx; yg 2 E the image ff(x); f(y)g 2 F ,

i.e. if the mapping preserves edges. In su
h a 
ase we write f : G! H .

It is obvious that the identity mapping on the vertex set is a homomorphism

from an arbitrary graph to itself, and that the 
omposition of two homomor-

phisms is a homomorphism as well.

Therefore the binary relation! on the 
lass of all graphs, de�ned by G! H i�

there exists a homomorphism from G to H , is a re
exive and transitive relation,

a quasiorder. If G! H , we say that G is homomorphi
 to H .

If G ! H and H ! G, we say that G and H are homomorphi
ally equivalent

and write G$ H . Clearly, this relation is an equivalen
e relation on the 
lass

of graphs. The quasiorder! indu
es a partial order on the set of$-equivalen
e


lasses; this partial order is 
alled the homomorphism order and denoted by C.

When talking about this order, we (somewhat 
arelessly) speak about the order

of graphs, while we in fa
t mean the order of equivalen
e 
lasses. We also use

the notation G � H instead of G ! H and we write G < H if G ! H and

H 6! G. If both G 6! H and H 6! G, we write G k H .

Besides the quasiorder of graphs and the partial order of equivalen
e 
lasses,

there is yet another point of view for C. In ea
h equivalen
e 
lass there exists

a unique (up to isomorphism) distinguished graph 
alled a 
ore.

We say that a graph G is a 
ore if it is not homomorphi
 to any proper subgraph

of itself.

It 
an be shown that two 
ores are isomorphi
 if and only if they are homo-

morphi
ally equivalent. Moreover, every graph is homomorphi
ally equivalent

to a 
ore (
onsider the smallest of images of all homomorphisms from G to G).

Consequently, every graph G is homomorphi
ally equivalent to a unique 
ore;

it is 
alled the 
ore of G.

The homomorphism order is a latti
e: every 2-element subset fG;Hg has its

supremum G[H and its in�mum G�H . The �rst is the disjoint union of the

two graphs and the latter the 
ategori
al produ
t of graphs; for G = (V;E) and

H = (W;F ) we have V (G �H) = V �W and E(G �H) =

�

f(u; v); (x; y)g :

fu; xg 2 E; fv; yg 2 F

	

.

Now, let's show the existen
e of an in�nite anti
hain in C. In fa
t, it is a


onsequen
e of the following mu
h stronger statement.

Theorem 1. Whenever G

1

, G

2

, : : : , G

m

are non-bipartite graphs that are

mutually in
omparable, i.e. for all 1 � k < l � m we have G

k

k G

l

, then there

exists a graph G su
h that G k G

k

for all 1 � k � m.

For the proof, we make use of the following famous theorem by Erd}os (1959).

Theorem 2 (Erd}os Magi
). For arbitrary positive integers g and k, there

exists a graph G of girth at least g and 
hromati
 number at least k.
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Note that �(G) � k if and only if G ! K

k

. Therefore, if �(H) < �(G), then

G 6! H . Also note that C

2k+1

! C

2l+1

if and only if k � l. Consequently, we

have that G! H implies that the odd girth of G is at least as large as the odd

girth of H .

Thus, to prove Theorem 1 it suÆ
es to let Erd}os Magi
 produ
e a graph G hav-

ing both 
hromati
 number and (odd) girth greater than all of the graphs G

k

.

Another interesting property of the homomorphism order is its universality.

Theorem 3. Every 
ountable partially ordered set is isomorphi
 to a subposet

of C.

The proof of this theorem is 
ompli
ated, but it is easy to show universality for

�nite posets. It is well-known that every �nite poset is isomorphi
 to a suborder

of (2

X

;�) for a �nite set X . We may assume that X = f1; 2; : : : ;mg. Let G

1

,

G

2

, : : : , G

m

be mutually in
omparable graphs su
h that the odd girth of G

k

is 2k + 1 and the 
hromati
 number of G

k

is k. We 
onstru
t a suborder of C

isomorphi
 to (2

X

;�) by assigning to ea
h subset M of X the graph

G

M

=

[

k2M

G

k

:

One 
an easily 
he
k that M � N if and only if G

M

! G

N

.

Finally, we 
hara
terise all gaps in C. A gap is a pair of graphs (F;H) su
h

that F < H and su
h that there is no graph G with F < G < H .

Theorem 4. The only gap in the homomorphism order is (K

1

;K

2

).

It is enough to prove that whenever F , H are 
ores, F < H and H is not

bipartite, there exists a graph G su
h that F < G < H .

Let J be an (Erd}os Magi
) graph with odd girth greater than the odd girth

of H and �(J) > jV (F )j

jV (H)j

. Let G = F [ (J �H).

Obviously, F ! G and G ! H (re
all that J � H is the in�mum of the two

graphs).

Assume H ! G. This implies the existen
e of a 
onne
ted 
omponent C of H

su
h that C ! J �H (otherwise H would be homomorphi
 to F , 
ontrary to

our assumptions). Therefore C ! J , be
ause J �H ! J (the produ
t is the

in�mum). This is a 
ontradi
tion, sin
e the odd girth of J is bigger than the

odd girth of C.

Now suppose that G ! F . Let f : J � H ! F . For every vertex u of J

de�ne the mapping f

u

: V (H) ! V (F ) by f

u

(x) = f(u; x). The number of

all mappings from V (H) to V (F ) is jV (F )j

jV (H)j

< �(J), so there exist two

adja
ent verti
es u, v of J su
h that f

u

= f

v

. We 
laim that this mapping

f

u

= f

v

is a homomorphism from H to F , 
ontradi
ting that F < H . Indeed,

if fx; yg is an edge of H ,

ff

u

(x); f

u

(y)g = ff

u

(x); f

v

(y)g = ff(u; x); f(v; y)g 2 E(F );
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be
ause f(u; x); (v; y)g is an edge of J �H and f is a homomorphism.

That �nishes the proof of Theorem 4.

Ale�s P�r��v�etiv�y

privetivy�kam.mff.
uni.
z

Presented paper by B. Barak, R. Impagliazzo, A. Wigderson

Extra
ting randomness using few independent sour
es

In this work we give the �rst deterministi
 extra
tors from a 
onstant number of

weak sour
es whose entropy rate is less than 1=2. Spe
i�
ally, for every Æ > 0

we give an expli
it 
onstru
tion for extra
ting randomness from a 
onstant

(depending polynomially on 1=Æ) number of distributions over f0; 1g

n

, ea
h

having min-entropy Æn. These extra
tors output n bits, whi
h are 2

�n


lose to

uniform. This 
onstru
tion uses several results from additive number theory,

and in parti
ular a re
ent one by Bourgain, Katz and Tao and of Konyagin.

We also 
onsider the related problem of 
onstru
ting randomness dispersers.

For any 
onstant output length m, our dispersers use a 
onstant number of

identi
al distributions, ea
h with min-entropy 
(logn) and outputs every pos-

sible m-bit string with positive probability. The main tool we use is a variant

of the "stepping-up lemma" used in establishing lower bound on the Ramsey

number for hypergraphs (Erd}os and Hajnal).

De�nition. U

n

denotes the uniform distribution over the set f0; 1g

n

and

dist(X ;Y) denotes the statisti
al distan
e of two distributions X and Y . That

is,

dist(X ;Y) =

1

2

X

i2Supp(X )[Supp(Y)

�

�

�

Pr[X = i℄� Pr[X = i℄

�

�

�

:

De�nition. The min-entropy of a random variable X , denoted by H

1

(X ) is

de�ned as

H

1

(X ) = min

i2Supp(X )

� logPr[X = i℄:

Theorem (Existen
e of a multiple sample extra
tor). For every 
on-

stant Æ > 0 there exists a 
onstant l = (1=Æ)

O(1)

and a polynomial time 
om-

putable fun
tion Ext : f0; 1g

n�l

! f0; 1g

n

su
h that for every independent ran-

dom variables X

1

;X

2

; : : : ;X

l

over f0; 1g

n

satisfying H

1

(X

i

) > Æn for every

i = 1; : : : ; l, it holds that

dist(Ext(X

1

;X

2

; : : : ;X

l

); U

n

) < 2

�
(n)

:
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Presented paper by Reinhard Diestel, Christof Rempel

Dense minors in graphs of large girth

(Combinatori
a 25 (1) (2005) pages 111{116)

Theorem (Thomassen 1983). For any integer k, every graph G of girth

g(
) > 4k � 3 and Æ(G) � 3 has a minor H with Æ(H) > k.

Our Main aim is to redu
e the upper bound for the required girth to the 
orre
t

order of magnitude:

Theorem. For any integer k, every graph G of girth g(
) > 6 log k + 3 and

Æ(G) � 3 has a minor H with Æ(H) > k.

Corollary. There exists a 
onstant 
 2 < su
h that every graph G of girth

g(
) � 6 log r + 3 log log r + 
 and Æ(G) � 3 has a K

r

minor.

Lemma (Mader). In a graph of girth g(G) > 2d+1 and Æ(G) � 3 the d-ball

around a vertex x is a tree T

x

sending at least jT

x

j � 2 edges to the rest of G.

Lemma. Let T be a tree with root r in whi
h no vertex has exa
tly one

su

essor, and let d 2 N . Then

P

i�d

2

d�i

�

�

L

i

T

�

�

�

�

�

V

d

T;r

�

�

.

Breef overview of the proof: Put blog k
 =: d and let X be a maximal set of

verti
es su
h that d(x; y) > 2d for all distin
t x; y 2 X . Starts from T

0

x

:= fxg

for all x 2 X and using indu
tion we 
onstru
t trees T

x

whi
h partition the

entire vertex set of G. So T

x


ontain all the verti
es of G at distan
e at most

d from x, T

x

are indu
ed subgraphs in G and d(w; y) � d(v; x) + 1 whenever

vw 2 E(G) with v 2 T

x

and w 2 T

y

.

Let us use Lemma to estimate the number of edges leaving a tree T

x

. Let T

0

x

denote the subgraph of G indu
ed by T

x

and all its neighbours in G whi
h is

again a tree.

Now we show using lemmas and simple observations that if T

x

sends edges to

at least 2

d+1

other trees T

y

, 
ontra
ting all the trees T

x

with x 2 X we then

obtain a minor of G of minimum degree at least 2

d+1

> k, as desired.
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