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Abstra
t. We apply the algebrai
 approa
h to in�nite-valued 
onstraint

satisfa
tion to 
lassify the 
omputational 
omplexity of all 
onstraint

languages where the 
onstraint types are Boolean 
ombinations of the

equality relation. We show that su
h a 
onstraint language is tra
table

if it admits a 
onstant unary or an inje
tive binary polymorphism, and

is NP-
omplete otherwise.

1 Introdu
tion

In a 
onstraint satisfa
tion problem we are given a set of variables and a set

of 
onstraints on that variables, and want to �nd an assignment of values to

the variables su
h that all the 
onstraints are satis�ed. We are interested in

the 
omputational 
omplexity of the 
onstraint satisfa
tion problem depending

on the 
onstraint language that we are allowed to use in the instan
es of the


onstraint satisfa
tion problem; see e.g. [6℄ for an introdu
tion to the state-of-the-

art of the te
hniques used to study the 
omputational 
omplexity of 
onstraint

satisfa
tion problems.

Formally, we 
an de�ne 
onstraint satisfa
tion problems (CSPs) as homo-

morphism problems for relational stru
tures. Let � be a (not ne
essarily �nite)

stru
ture with a relational signature � . Then the 
onstraint satisfa
tion problem

CSP(� ) is a 
omputational problem, where we are given a �nite � -stru
ture

S and want to know whether there is a homomorphism from S to � ; for the

detailed de�nitions, see Se
tion 2. It is easy to see that the 
lass of 
onstraint

satisfa
tion problems equals the 
lass of problems that is 
losed under so-
alled

inverse homomorphisms (if we add 
onstraints to an unsatis�able instan
e it

stays unsatis�able) and disjoint unions (two satis�able 
onstraints on distin
t

variables have a joint solution). We show two examples.

? ? ?
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Example 1. Let � be the relational stru
ture (N; =; 6=). Then CSP(� ) is the


omputational problem to de
ide for a given set of equalities and inequalities

on a �nite set of variables whether the variables 
an be mapped to the natural

numbers su
h that variables with a 
onstraint x = y are mapped to the same,

and variables with a 
onstraint x 6= y are mapped to distin
t values.

This problem is tra
table: we sket
h a simple algorithm that solves this prob-

lem in polynomial time. The algorithm iteratively identi�es variables with an

equality 
onstraint. If it has to identify two variables with an inequality 
on-

straint, it outputs that the 
onstraint has no solution. Otherwise, we know that

we 
an �nally map all the remaining variables to distin
t values and satisfy all

the 
onstraints.

Example 2. Let � be the relational stru
ture (N; 6=; Q), where Q is the relation

Q := f(x; y; z) 2 N

3

j x = y _ y = zg. Here the problem CSP(� ) turns out to be

NP-
omplete (see Se
tion 3).

In this paper we 
onsider 
onstraint satisfa
tion problems with templates of

the form � = (V ;R

1

; : : : ; R

k

) where V is a 
ountably in�nite domain and ea
h

relation R

1

; : : : ; R

k

is a Boolean 
ombination of atoms of the form x = y. (A

Boolean 
ombination is a relation built from atomi
 relations with the usual

operations of interse
tion, union, and 
omplementation.) We say that su
h a

relational stru
ture de�nes an equality 
onstraint language. Later, we also dis
uss

the 
ase where the template has in�nitely many relation symbols R

1

; R

2

; : : : .

Note that Example 1 and 2 are both equality 
onstraint languages. The main

result of this paper is the following (again, for de�nitions of the involved 
on
epts

see Se
tion 2).

Theorem 1. An equality 
onstraint language with template � is tra
table if �

has a 
onstant endomorphism or an inje
tive homomorphism from �

2

to � .

Otherwise it is NP-
omplete.

In Theorem 1, the 
ontainment in NP is easy to see: a nondeterministi
 algo-

rithm 
an guess whi
h variables in an instan
e S denote the same element in � ,

and 
an verify whether this gives rise to a solution for S. Both the hardness result

and the algorithmi
 tra
tability result in Theorem 1 are nontrivial. The hard-

ness proof presented in Se
tion 3 relies on the algebrai
 approa
h to 
onstraint

satisfa
tion, whi
h was previously mainly applied to 
onstraint satisfa
tion with

�nite templates.

The algorithm introdu
ed in Se
tion 4 that solves all problems with an inje
-

tive binary polymorphism is of a new type, as 
ompared to the known algorithms

that are used to solve tra
table 
onstraint satisfa
tion problems with �nite tem-

plates. Note that the `simple' algorithm that was des
ribed in the beginning and

solves Problem 1 does not work in general for problems that are 
losed under an

inje
tive binary polymorphism. Consider for example the problem CSP(N;R),

where R is the 4-ary relation de�ned as follows.

R := f(x

1

; y

1

; x

2

; x

3

) j (x

1

= y

1

^ x

1

6= x

2

6= x

3

6= x

1

) _ x

1

= y

1

= x

2

= x

3

g
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Let S be the following instan
e of this problem on �ve variables denoted by

a; b; 
; d; e, where the 
onstraint R is imposed on (a; b; 
; d) and on (b; 
; d; e).

These 
onstraints indu
e the equalities a = b = 
. But assigning di�erent values

to ea
h equivalen
e 
lass is not a 
orre
t assignment for S, be
ause the �rst


onstraint is violated. The only 
orre
t assignment here is to assign the same

value to all the variables.

The algebrai
 approa
h. A formula is 
alled primitive positive, if it has the form

9x

1

: : : x

k

: 

1

^� � �^ 

l

, where  

i

is an atomi
 formula that might 
ontain free vari-

ables and existentially quanti�ed variables from x

1

; : : : ; x

k

. A formula is 
alled

existential positive, if it is a disjun
tive 
ombination of primitive positive formu-

las (equivalently, if it is a �rst-order formula without universal quanti�ers and

negations). Every formula with k free variables de�nes on a stru
ture � a k-

ary relation. Primitive positive de�nability of relations is an important 
on
ept

in 
onstraint satisfa
tion, be
ause primitive positive de�nable relations 
an be

'simulated' by the 
onstraint satisfa
tion problem. The following is frequently

used in hardness proofs for 
onstraint satisfa
tion problems; see e.g. [11℄.

Lemma 1. Let � be a relational stru
ture, and let R be a relation that has a

primitive positive de�nition in � . Then the 
onstraint satisfa
tion problems of

� and of the expansion of � by R have the same 
omputational 
omplexity.

The algebrai
 approa
h to 
onstraint satisfa
tion (see e.g. [4, 5, 11℄) is based

on the following preservation statements that 
hara
terize synta
ti
 restri
tions

of �rst-order de�nability. For a formal de�nitions of all the involved 
on
epts,

see Se
tion 2.

Theorem 2 (from [3,8,12℄). Let � be a �nite relational stru
ture. Then

1. A relation R has a �rst-order de�nition in � if and only if it is preserved by

all automorphisms of � ;

2. A relation R has an existential positive de�nition in � if and only if it is

preserved by all endomorphisms of � ;

3. A relation R has a primitive positive de�nition in � if and only if it is

preserved by all homomorphisms from �

k

to � , for all k � 1.

These statements do not hold for in�nite stru
tures in general. However, we have

the following.

Theorem 3 (from [1, 2℄). Let � be a 
ountably in�nite relational stru
ture.

Then Statement 1 of Theorem 2 holds if and only if � is !-
ategori
al, i.e., if

the �rst-order theory of � has only one 
ountable model up to isomorphism. For

!-
ategori
al � , Statements 2 and 3 hold as well.

The templates for equality 
onstraint languages are easily seen to be !-
ategori
al,

sin
e they all have a �rst-order de�nition in the !-
ategori
al empty stru
ture

on a 
ountable set of verti
es; see e.g. [10℄.
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2 Fundamental Con
epts for the Algebrai
 Approa
h

We introdu
e 
lassi
al 
on
epts that are fundamental for the algebrai
 approa
h

to 
onstraint satisfa
tion.

Stru
tures. A relational signature � is a (here always at most 
ountable) set

of relation symbols R

i

, ea
h asso
iated with a �nite arity k

i

. A (relational)

stru
ture � over relational signature � (also 
alled � -stru
ture) is a 
ountable

set D

�

(the domain) together with a relation R

i

� D

k

i

�

for ea
h relation symbol

of arity k

i

. For simpli
ity, we use the same symbol for a relation symbol and

the 
orresponding relation. If ne
essary, we write R

�

to indi
ate that we are

talking about the relation R belonging to the stru
ture � . For a � -stru
ture �

and R 2 � it will also be 
onvenient to say that R(u

1

; : : : ; u

k

) holds in � i�

(u

1

; : : : ; u

k

) 2 R. If we add relations to a given stru
ture � we 
all the resulting

stru
ture �

0

an expansion of � , and � is 
alled a redu
t of �

0

.

Homomorphisms. Let � and �

0

be � -stru
tures. A homomorphism from � to

�

0

is a fun
tion f from D

�

to D

�

0

su
h that for ea
h n-ary relation symbol R in

� and ea
h n-tuple (a

1

; : : : ; a

n

), if (a

1

; : : : ; a

n

) 2 R

�

, then (f(a

1

); : : : ; f(a

n

)) 2

R

�

0

. In this 
ase we say that the map f preserves the relation R. Isomorphisms

from � to � are 
alled automorphisms, and homomorphisms from � to � are


alled endomorphisms. The set of all automorphisms of a stru
ture � is a group,

and the set of all endomorphisms of a stru
ture � is a monoid with respe
t to


omposition.

Polymorphisms. Let D be a 
ountable set, and O be the set of �nitary operations

on D, i.e., fun
tions from D

k

to D for �nite k. We say that a k-ary operation

f 2 O preserves an m-ary relation R � D

m

if whenever R(x

i

1

; : : : ; x

i

m

) holds for

all 1 � i � k in � , then R

�

f(x

1

1

; : : : ; x

k

1

); : : : ; f(x

1

m

; : : : ; x

k

m

)

�

holds in � . If f pre-

serves all relations of a relational � -stru
ture � , we say that f is a polymorphism

of � . In other words, f is a homomorphism from �

k

= � � : : :� � to � , where

�

1

� �

2

is the (
ategori
al- or 
ross-) produ
t of the two relational � -stru
tures

�

1

and �

2

. Hen
e, the unary polymorphisms of � are the endomorphisms of � ,

and the unary bije
tive polymorphisms are the automorphisms of � .

Clones. An operation � is a proje
tion if for all n-tuples, �(x

1

; : : : ; x

n

) = x

i

for some �xed i 2 f1; : : : ; ng. The 
omposition of a k-ary operation f and k

operations g

1

; : : : ; g

k

of arity n is an n-ary operation de�ned by

f(g

1

; : : : ; g

k

)(x

1

; : : : ; x

n

) = f

�

g

1

(x

1

; : : : ; x

n

); : : : ; g

k

(x

1

; : : : ; x

n

)

�

:

A 
lone F is a set of operations from O that is 
losed under 
ompositions

and that 
ontains all proje
tions. We write D

F

for the domain D of the 
lone F .

It is easy to verify that the set Pol(� ) of all polymorphisms of � is a 
lone with

domain D

�

. Moreover, Pol(� ) is also 
losed under interpolations: We say that

an operation f 2 O is interpolated by a set F � O if for every �nite subset B of

4



D there is some operation g 2 F su
h that f j

B

= gj

B

(f restri
ted to B equals g

restri
ted to B, i.e., f(t) = g(t) for every t 2 B

k

). The set of operations that are

interpolated by F is 
alled the lo
al 
losure of F ; if F equals its lo
al 
losure, we

say that F is lo
ally 
losed. For a set of operations F from O we write hF i for

the smallest lo
ally 
losed 
lone 
ontaining all operations in F (the 
lone lo
ally

generated by F ). The following is a well-known fa
t:

Proposition 1 (see e.g. [15℄). A set F � O of operations is lo
ally 
losed if

and only if F is the set of polymorphisms of � for some relational stru
ture � .

Oligomorphi
 
lones. A permutation group G on a 
ountably in�nite set D is


alled oligomorphi
, if it has only �nitely many orbits of G in its natural a
tion

on n-tuples from D, for all n � 1; see [7℄. Similarly, we now de�ne oligomorphi



lones.

De�nition 1. A 
lone on a 
ountably in�nite set is 
alled oligomorphi
, if its

bije
tive unary operations form an oligomorphi
 permutation group.

De�nition 2. A 
ountable relational stru
ture � is 
alled !-
ategori
al, if all


ountable models of the �rst-order theory of � are isomorphi
 to � .

The next theorem 
an be seen as a reformulation of the theorem of Ryll-

Nardzewski, Engeler, and Svenonius (see [10℄), and is also equivalent to the �rst

part of Theorem 3.

Theorem 4 (See [7℄). Let � be a relational stru
ture. Then the following are

equivalent.

{ � is !-
ategori
al;

{ the set of polymorphisms of � forms an oligomorphi
 
lone;

{ every k-ary �rst-order de�nable relation in � is the union of a �nite number

of orbits of k-tuples of the automorphism group of � .

3 A Generi
 Hardness Proof

We return to the 
lass of equality 
onstraint languages, whi
h is a sub
lass of the

satisfa
tion problems with !-
ategori
al templates. Throughout this se
tion, �

is a relational stru
ture (V ;R

1

; R

2

; : : : ) on a 
ountably in�nite domain V where

every relation R

i

is a Boolean 
ombination of atoms of the form x = y. Note

that the automorphism group of � is the full symmetri
 group on V , whi
h is


learly oligomorphi
.

Lemma 2. If � has a non-inje
tive endomorphism f , then � also has a 
onstant

endomorphism.

5



Proof. Let f be an endomorphism of � su
h that f(x) = f(y) for two distin
t

points x; y from V. Let a

1

; a

2

; : : : be an enumeration of V . We 
onstru
t an

in�nite sequen
e of endomorphisms e

1

; e

2

; ::: where e

i

is an endomorphism that

maps the points a

1

; : : : ; a

i

to a

1

, and maps all other points to values di�erent

from a

1

. This suÆ
es, sin
e by lo
al 
losure the mapping de�ned by e(x) = a

1

for all x is an endomorphism of � .

For e

1

we take the identity map, whi
h 
learly is an endomorphism with the

desired properties. To de�ne e

i

for i � 2 let h be an automorphism of � that

maps a

1

= e

i�1

(a

1

) = � � � = e

i�1

(a

i�1

) to x, and e

i�1

(a

i

) to y. Then the endo-

morphism f(h(e

i�1

)) is 
onstant on a

1

; : : : ; a

i

. There is also an automorphism h

0

that maps f(h(e

i�1

(a

1

))) to a

1

. Then e

i

:= h

0

(f(h(e

i�1

))) is an endomorphism

with the desired properties. ut

Lemma 2 holds in general for !-
ategori
al stru
tures � that have only one

orbit of 2-element subsets in the automorphism group of � . Similarly, the follow-

ing holds for !-
ategori
al stru
tures � with only one orbit of pairs of distin
t

elements in the automorphism group of � .

Lemma 3. If � does not have a 
onstant endomorphism, then there is a prim-

itive positive de�nition of the relation x 6= y in � .

Proof. If � does not have a 
onstant endomorphism, Lemma 2 implies that all

endomorphisms preserve the inequality relation. By Theorem 3, inequality has

an existential positive de�nition. Sin
e the inequality relation is formed by a

single orbit of the automorphism group on pairs of elements (and ea
h primitive

positive term adds at least one orbit on tuples), we do not need disjun
tions in

its existential positive de�nition, and therefore the inequality relation even has

a primitive positive de�nition. ut

Lemma 4. If the relation S := f(x; y; z) j x = y 6= z _ x 6= y = zg has a

primitive positive de�nition in � , then CSP(� ) is NP-hard.

Proof. First observe that by identi�
ation of arguments x and y, if S has a

primitive positive de�nition in � , then the inequality relation has a primitive

positive de�nition in � as well. We prove the NP-hardness by redu
tion from the

NP-hard problem 3-
oloring. Let G = (V;E) be a graph that is an instan
e of

3-
oloring. We 
onstru
t an instan
e of CSP(� ) that has a polynomial size in

jV j and jEj and is satis�able if and only if G has a proper 3-
oloring. Lemma 1

asserts we 
an use inequality 
onstraints and the relation S to formulate this

instan
e. The set of variables in this instan
e is V [V

0

[f


1

; 


2

; 


3

g, where V

0

is

a 
opy of V , and 


1

; 


2

; 


3

are three new variables representing 
olors. We impose

inequality 
onstraints on ea
h pair in 


1

; 


2

; 


3

and on ea
h pair (u; v) for uv 2 E.

We impose the 
onstraint S on (


1

; v

0

; 


2

) for ea
h v

0

2 V

0

, and on (v

0

; v; 


3

) for

ea
h v 2 V where v

0

is the 
opy of v in V

0

. It is now straightforward to 
he
k

that in every solution to these 
onstraints ea
h v 2 V equals one of the values for




1

; 


2

; 


3

, and hen
e solutions of the 
onstru
ted problem one-to-one 
orrespond

to the proper 3-
olorings of G. ut
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Theorem 5. If � has no 
onstant unary and no inje
tive binary polymorphism,

then CSP(� ) is NP-
omplete.

Proof. Assume that � has no inje
tive binary and no 
onstant unary polymor-

phism. We 
laim that in this 
ase every polymorphism is essentially unary. Sup-

pose there is an at least binary polymorphism f that depends on at least two

of its arguments, say on the �rst and the se
ond argument. Then the operation

g(x; y) := f(x; y; : : : ; y) is a binary polymorphism, whi
h 
annot be inje
tive by

assumption, and hen
e there are two distin
t pairs t and t

0

su
h that g(t) = g(t

0

).

We show that the operation g does not depend on the arguments where t and t

0

di�er, a 
ontradi
tion.

Let s and s

0

be two pairs where s and s

0

di�er in the arguments where t and t

0

di�er. We have to show that the di�eren
e does not a�e
t the value of g, i.e., that

g(s) = g(s

0

). For that, note that for i = 1; 2 there is an automorphism h

i

that

maps s(i) to t(i) and s

0

(i) to t

0

(i). Then g(s) = g(s

0

) i� g(h

1

(s(1)); h

2

(s(2)))) =

g(h

1

(s

0

(1)); h

2

(s

0

(2)))) i� g(t) = g(t

0

), whi
h holds by assumption. Hen
e, every

polymorphism is essentially unary.

If there is no 
onstant unary polymorphism, then Lemma 2 asserts that every

essentially unary operation is inje
tive, and therefore in parti
ular preserves the

relation S. Therefore all polymorphisms preserve this relation, and by Theorem 3

it has a primitive positive de�nition. Lemma 4 implies that CSP(� ) is NP-hard.

ut

4 Tra
tability Results

The 
ase that � 
ontains a 
onstant unary polymorphism gives rise to trivially

tra
table 
onstraint satisfa
tion problems: If an instan
e of su
h a 
onstraint

satisfa
tion problem has a solution, then there is also a solution that maps all

variables to a single point. In this 
ase an instan
e of CSP(� ) is satis�able if and

only if it does not 
ontain a 
onstraint R where R denotes the empty relation

in � . Clearly, this 
an be tested eÆ
iently. To �nish the 
lassi�
ation of the


omplexity of equality 
onstraint languages we are left with the 
ase that � has

a binary inje
tive polymorphism.

The algorithm that we are going to present uses a spe
ial representation of

the relations in � . Theorem 4 implies that every k-ary relation in � is a union

of orbits of k-tuples of the automorphism group of � . Let t be a k-tuple from

one of these orbits. We de�ne the equivalen
e relation � on the set f1; : : : ; kg

that 
ontains those pairs fi; jg where t(i) = t(j). Clearly, all tuples in the orbit

lead to the same equivalen
e relation �. Hen
e, every k-ary relation R in �


orresponds uniquely to a set of equivalen
e relations on f1; : : : ; kg, whi
h we


all the representation of R. Sometimes we identify a relation R from � with its

representation, and for example freely write � 2 R if � is an equivalen
e relation

from the representation of R. Let jRj denote the number of orbits of k-tuples


ontained in R. Hen
e, jRj also denotes the number of equivalen
e relations in

the representation of R. Next, we de�ne several notions for equivalen
e relations

that will be useful to formulate our algorithm.
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De�nition 3. Let � and �

0

be equivalen
e relations on a set X. We say that �

is �ner than �

0

, and write � � �

0

, if �(x; y) implies �

0

(x; y) for ea
h x; y 2 X.

We also say that �

0

is 
oarser than �. The interse
tion of these two equivalen
e

relations, denoted by �\ �

0

, is the equivalen
e relation � su
h that �(x; y) if and

only if �(x; y) and �

0

(x; y).

Lemma 5. If � has a binary inje
tive polymorphism, then for every relation R

from � the 
orresponding set of equivalen
e relations is 
losed under interse
-

tions, i.e., � \ �

0

2 R for all equivalen
e relations �; �

0

2 R.

Proof. Let R be a k-ary relation in � , and let � and �

0

be two equivalen
e rela-

tions from the representation of R. Pi
k two k-tuples t and t

0

in R that lie in the

orbits that are des
ribed by � and �

0

. If f is the inje
tive binary polymorphism

of � , then by inje
tivity of f the k-tuple t

00

:= (f(t(1); t

0

(1)); : : : ; f(t(k); t

0

(k)))

satis�es t

00

(i) = t

00

(j) if and only if �(i; j) and �

0

(i; j). Hen
e we found a tuple

in R that lies in the orbit that is des
ribed by � \ �

0

, whi
h is therefore also


ontained in the representation of R. ut

We would like to remark that if the 
on
lusion of Lemma 5 holds for all

relations R is � , then � has a binary inje
tive polymorphism. In fa
t, it is easy

to verify that in this 
ase any inje
tion from �

2

to � preserves all relations.

Lemma 6. Let � be 
losed under a binary inje
tive polymorphism, and let R

be a k-ary relation from � . Then for every equivalen
e relation � on f1; : : : ; kg

either there is no � 2 R that is 
oarser than �, or there exists an equivalen
e

relation � 2 R su
h that � is 
oarser than � and � is �ner than any �

0

2 R


oarser than �. Furthermore, � 
an be 
omputed in time O(k

2

jRj).

Proof. First we 
ompute the set R

0

of equivalen
e relations of R that are 
oarser

than �. The set R

0


an be 
omputed straightforwardly in time O(k

2

jRj) by


he
king ea
h equivalen
e relation in R. If R

0

is empty we are done. Otherwise,

be
ause R is 
losed under interse
tions, we know that � = \

�

0

2R

0

�

0

is in R. It

is even in R

0

, sin
e if two equivalen
e relations are both 
oarser than another,

then so is their interse
tion. We 
an �nd � with the following pro
edure.

{ We start with an arbitrary equivalen
e relation � in R

0

.

{ For ea
h �

0

2 R

0

, if �

0

is �ner than � , then set � to be �

0

.

The pro
edure 
learly runs in time O(k

2

jRj). ut

Theorem 6. Let � be 
losed under a binary inje
tive polymorphism, and let

S be an instan
e of CSP(� ) with n variables and q 
onstraints. Let k be the

maximal arity of the 
onstraints, and let m be the maximal number of equivalen
e

relations in the representations for the 
onstraints. Then there is an algorithm

that de
ides the satis�ability of S in time O(qm(qmk

2

+ n)).

Proof. We start by assigning ea
h variable a unique value. Then we 
he
k whether

ea
h 
onstraint is satis�ed. If we �nd an unsatis�ed k-ary 
onstraint R, let

8



x

1

; : : : ; x

l

be the variables of that 
onstraint. Let � be the equivalen
e relation

on the elements f1; : : : ; lg that 
ontains all pairs fi; jg where x

i

got the same

value as x

j

. Using the algorithm from Lemma 6 we either �nd that there is no

� 2 R 
oarser than �, in whi
h 
ase we answer that the problem does not have a

solution. Otherwise we �nd the unique �nest equivalen
e relation �. In this 
ase

we reassign the values to the variables in the following way: If �(i; j), we assume

without loss of generality that i < j, and 
hange the value of all variables with

the value of x

j

to the value of x

i

. Finally we restart the pro
edure with the new

assignment for the variables. If all the 
onstraints are satis�ed we have 
omputed

a solution.

To show the 
orre
tness of this algorithm we prove by indu
tion that ea
h

of the introdu
ed equalities holds in every solution of the problem. In the be-

ginning we introdu
ed no equality (all the values were mutually di�erent). We

introdu
e an equality only if we �nd an unsatis�ed 
onstraint. In that 
ase we

have 
omputed the set of equalities (an equivalen
e relation) that is 
ontained in

every other set of equalities a

eptable for the 
onstraint. Be
ause the 
onstraint

must be satis�ed in every solution we introdu
e only the equalities that hold in

every solution.

Be
ause the set of a

eptable equivalen
e relations is made smaller ea
h time

the 
onstraints are not yet satis�ed, we have to re
ompute the assignment at

most qm times. Finding the unsatis�ed 
onstraint 
an take O(qmk

2

) and 
hang-

ing the assignment 
an take O(n). Putting the terms together yields the 
laimed

bound on the time 
omplexity. ut

Note that the asymptoti
 running time of the algorithm 
an be substantially

improved by using better data stru
tures. In the standard 
ase that the signature

of � is �nite, the algorithm 
learly establishes the tra
tability of CSP(� ) for

inje
tive binary polymorphisms, sin
e in this 
ase k and m are bounded by


onstants that only depend on � .

If � has a 
ountable signature, there are various possibilities to de�ne tra
tabil-

ity of CSP(� ). We refer to the dis
ussion in [6℄. The de�nition of tra
tability


hosen there is to require that for every redu
t �

0

of � with a �nite signature

the problem CSP(�

0

) is tra
table. If � has an inje
tive binary polymorphism,

this requirement is 
learly ful�lled, be
ause we 
an again use the above algo-

rithm with the same argument. If we allow that the instan
es 
ontain arbitrary

relations from the signature, we have to dis
uss how to represent the 
onstraints

in the instan
e.

For equality 
onstraint languages, one natural 
andidate to represent the


onstraints in the instan
e is the representation that we already used in the

formulation of the algorithm: a 
onstraint is represented by a list of equivalen
e

relations on its arguments. Now, the detailed 
omplexity analysis given above

shows that we even obtain tra
tability in the stronger sense where instan
es

might 
ontain arbitrary 
onstraints in the above representation.
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5 Con
lusion and Remarks

Combining the results obtained in Se
tions 3 and 4 we proved Theorem 1, whi
h


an be reformulated as follows in the terminology of the algebrai
 approa
h to


onstraint satisfa
tion.

Theorem [Reformulation of Theorem 1℄. An equality 
onstraint language

with template � is tra
table if � has a 
onstant unary or an inje
tive binary

polymorphism. Otherwise it is NP-
omplete.

We would like to 
on
lude with a remark on the relationship of the pre-

sented results with questions from universal algebra. Clones that 
ontain all the

permutations are a re
ent resear
h fo
us in universal algebra [9, 13, 14℄, and a

full 
lassi�
ation seems to be out of rea
h. However, the latti
e of lo
ally 
losed


lones that 
ontain the set of all permutations S

!

is 
onsiderably simpler. The

latti
e has the smallest element, the 
lone that is lo
ally generated by S

!

. Above

this 
lone, we have seen that it has exa
tly two minimal 
lones that 
orrespond

to the maximal tra
table equality 
onstraint languages. Is it possible to give a

full des
ription of the lo
ally 
losed 
lones that 
ontain all the permutations?
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