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Abstra
t. We study restri
ted homomorphism dualities in the 
on-

text of 
lasses with bounded expansion. This presents a generaliza-

tion of restri
ted dualities obtained earlier for bounded degree graphs

and also for proper minor 
losed 
lasses. This is related to distan
e


oloring of graphs and to the \approximative version" of Hadwiger


onje
ture.

1. Introdu
tion

We motivate this paper by the following two examples.

Example1: Celebrated Gr�otzs
h's theorem (see e.g. [2℄) says that every

planar graph is 3-
olourable. In the language of homomorphisms this says

that for every triangle free planar graph G there is a homomorphism of G

into K

3

. Here a homorphism from a graph G to a graph H is a mapping

f : V (G) ! V (H) whi
h preserves adja
en
y: ff(x); f(y)g 2 E(H) when-

ever fx; yg 2 E(G). G

f //
H or f : G

//
H denotes that f is a

homomorphism from G to H . The existen
e of a homomorphism from G

to H is noted G

//
H , while the non-existen
e of su
h a homomorphism

is noted G

//�

H . It is also 
lear that the relation G � H de�ned as

G

//
H is a quasiorder on the 
lass of all �nite graphs. This quasiorder

be
ames partial order if we restri
t it to the 
lass of all minimal retra
ts

(i.e. 
ores). This partial order is 
alled homomorphism order. See [5℄ for a

re
ent introdu
tion to graphs and homomorphisms.

Using the partial order terminology the Gr�otzs
h's theorem says that

K

3

is an upper bound (in the homomorphism order) for the 
lass P

3

of

all planar triangle free graphs. As obviously K

3

62 P

3

a natural question

(�rst formulated in [9℄) suggests: Is there yet a smaller bound? The answer,

whi
h may be viewed as a strengthening of Gr�otzs
h's theorem, is positive.

Thus there exists a triangle free 3-
olorable graph H su
h that G

//
H
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for every graph G 2 P

3

. This has been proved in [15, 12℄ in a stronger

version for minor 
losed 
lasses. The 
ase of planar graphs and triangle is

interesting in its own and it has been related to the Seymour 
onje
ture

and Guenin's theorem [3℄, see [7℄ and seems to found a proper setting in

the 
ontext of TT -
ontinuous mappings, see [16℄. Restri
ted duality results

have been generalized sin
e to proper minor 
losed 
lasses of graphs and to

other forbidded subgraphs. In fa
t to any �nite set of 
onne
ted graphs, see

[15℄. This then implies that Gr�otzs
h's theorem 
an be strengthened by a

sequen
e of ever stronger bounds and that the supremum of the 
lass of all

triangle free planar graphs does not exist, see [11℄.

Example2: Let us 
onsider all sub-
ubi
 graphs (i.e. graph with max-

imum degree � 3). By Brooks theorem (see e.g. [2℄) all these graphs are

3-
olorable with the single 
onne
ted ex
eption K

4

. What about the 
lass

of all sub-
ubi
 triangle free graphs? Does there exists a triangle free 3-


olorable bound? The positive answer to this question is given in [20℄ and

[4℄. In fa
t for every �nite set F = fF

1

; F

2

; : : : ; F

t

g of 
onne
ted graphs

there exists a graph H with the following properties:

- H is 3-
hromati
;

- G

//
H for every sub
ubi
 graph G 2 Forb

h

(F).

(Here Forb

h

(F) is the 
lass of all graphs G whi
h satisfy F

i

//�

G for

every i = 1; 2; : : : ; t.) In this 
ase we brie
y say that the 
lass of all sub-


ubi
 graphs has all restri
ted dualities. (We shall motivate this terminology

below.)

It is interesting to note that while sub-
ubi
 graphs have restri
ted dual-

ities (and, more generally, this also holds for the 
lasses of bounded degree

graphs) for the 
lasses of degenerated graphs a similar statement is not true

(in fa
t, with a few trivial ex
eptions, it is never true), see [9, 11℄.

Where lies the boundary for validity of restri
ted dualities? This is the


entral question of this paper. We give a very general suÆ
ient 
ondition

for a 
lass to have restri
ted dualities. But �rst we introdu
e another sour
e

for restri
ted dualities. Chronologi
ally this is also the original 
otext.

The following is a partial order formulation of an important homomor-

phism (or 
oloring) problem:

De�nition 1.1. A pair F;D of graphs is 
alled dual pair if for every graph

G holds:

(1) F

//�

G () G

//
D:

We also say that F and D form a duality, D is 
alled dual of F . Dual

pairs of graphs and even of relational stru
tures were 
hara
terized in [17℄,
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the notion itself goes ba
k to [8℄. Equivalently, one 
an des
ribe a dual pair

F;D by saying that for the 
lass Forb

h

(F ) the graph D is the maximum

graph (in the homomorphism order).

It appears (and this is the main result of [17℄) that (up to the homomor-

phism equivalen
e) all the dualities are of the form (T;D

T

) where T is a

�nite (relational) tree. Every dual D

T

is uniquelly determined by the tree

T (but its stru
ture is by far more diÆ
ult to des
ribe, see e.g. [18, 19℄).

These results imply in most 
ases in�nitely many examples. But a mu
h

ri
her spe
trum (and in fa
t a surprising ri
hness of results) is obtained by

restri
ting the validity of (1) to a parti
ular 
lass of graphs K:

De�nition 1.2. A 
lass K admits a restri
ted duality if, for any �nite set

of 
onne
ted graphs F = fF

1

; F

2

; : : : ; F

t

g, there exists a �nite graph D

K

F

su
h that F

i

//�

D

K

F

for i = 1; : : : ; t and su
h that for all G 2 K holds:

(F

i

//�

G); i = 1; 2; : : : ; t; () (G

//
D

K

F

)

.

It is easy to see that using the homomorphism order we 
an reformulate

this de�nition as follows: A 
lass K has restri
ted duality if for any �nite set

of 
onne
ted graphs F = fF

1

; F

2

; : : : ; F

t

g the 
lass Forb

h

(F)\K is bounded

in the 
lass Forb

h

(F).

In our 
ompanion papers [13, 14℄ we de�ned the notion of grad and

bounded expansion 
lass. For the bene�t of the reader we re
all these

de�nitions in Se
tion 2. The following is then the main result of this paper:

Theorem 1.1. Any 
lass of graphs with bounded expansion has all restri
ted

dualities.

As both proper minor 
losed 
lasses and bounded degree graphs form


lasses of bounded expansion this result generalizes both Examples 1. and

2. In fa
t the seeming in
omparability of bounded degree graphs and minor


losed 
lasses led us to the de�nition of bounded expansion 
lasses.

This paper is organized as follows. In Se
tion 2 we re
all basi
 de�nitions

and results of [13℄ whi
h will be needed. In Se
tion 3 we reformulate the re-

stri
ted dualities in terms of lo
al homomorphism properties and introdu
e

the basi
 
onstru
tion. In Se
tion 4 we prove Theorem 1.1 and in Se
tion

5 we list several 
orollaries. Among them is a surprising result that exa
t

odd powers of graphs in any given bounded expansion 
lass have bounded


hromati
 number.
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2. Bounded expansion 
lasses.

In [15℄, we introdu
ed the tree-depth td(G) of a graph G as follows:

A rooted forest is a disjoint union of rooted trees. The height of a vertex

x in a rooted forest F is the number of verti
es of a path from the root

(of the tree to whi
h x belongs to) to x and is noted height(x; F ). The

height of F is the maximum height of the verti
es of F . Let x; y be verti
es

of F . The vertex x is an an
estor of y in F if x belongs to the path

linking y and the root of the tree of F to whi
h y belongs to. The 
losure


los(F ) of a rooted forest F is the graph with vertex set V (F ) and edge

set ffx; yg : x is an an
estor of y in F; x 6= yg. A rooted forest F de�nes

a partial order on its set of verti
es: x �

F

y if x is an an
estor of y in

F . The 
omparability graph of this partial order is obviously 
los(F ). The

tree-depth td(G) of a graph G is the minimum height of a rooted forest F

su
h that G � 
los(F ). As a 
onsequen
e, we have an algorithmi
 de�nition

of the tree depth :

Lemma 2.1 ([15℄). Let G be a graph and let G

1

; : : : ; G

p

be its 
onne
ted


omponents. Then:

td(G) =

8

>

<

>

:

1; if jV (G)j = 1;

1 +min

v2V (G)

td(G� v); if p = 1 and jV (G)j > 1;

max

p

i=1

td(G

i

); otherwise.

We say that a 
lass C has a low tree-depth 
oloring if, for any integer

p � 1, there exists an interger N(p) su
h that any graph G 2 C may be

vertex-
olored using N(p) 
olors so that ea
h of the 
onne
ted 
omponents

of the subgraph indu
ed by any i � p parts has tree-depth at most i. As

it obviously holds td(G) � tw(G) � 1 any 
lass having a low-tree depth


oloring has also low tree-width 
oloring (in the sense of [1℄.

The existen
e of low-tree depth 
olorings is related to the ntion of p-


entered 
oloring, whi
h have also been introdu
ed in [15℄: A p-
entered


oloring of a graph G is a vertex 
oloring su
h that, for any 
onne
ted

subgraph H , either some 
olor 
(H) appears exa
tly on
e in H , or H gets

at least p 
olors. For the sake of 
ompleteness we re
all some results of

[15℄. These statements establish the relationship of 
entered 
olorings and

low tree/depth 
olorings. They are easy to prove (with the ex
eption of

Theorem 2.4 whi
h is the 
entral result of [15℄):

Lemma 2.2 ([15℄). Let G;H be graphs, let p = td(H), let 
 be a q-
entered


oloring of G where q � p. Then any subgraph H

0

of G isomorphi
 to H

gets at least p 
olors in the 
oloring 
 of G. �
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>From this lemma follows that p-
entered 
olorings indu
e low tree-depth


olorings:

Corollary 2.3. Let p be an integer, let G be a graph and let 
 be a p-
entered


oloring of G.

Then i < p parts indu
e a subgraph of tree-depth at most i

Proof. Let G

0

be any subgraph of G indu
ed by i < p parts. Assume

td(G

0

) > i. A

ording to Lemma 2.1, the deletion of one vertex de
reases

the tree-depth by at most one. Hen
e there exists an indu
ed subgraph H

of G

0

su
h that td(H) = i+1 � p. A

ording to lemma 2.2, H gets at least

p 
olors, a 
ontradi
tion. �

Theorem 2.4. Any graph G has p-
entered 
oloring for any p � td(G).

The following was established in [15℄ for the 
ase of proper minor 
losed


lasses of graphs. We prove it here in full generality.

Theorem 2.5. Let C be a 
lass of graphs having low tree-depth 
olorings

and let p be an integer. Then there exists integer X(p), su
h that every

graph in C has a p-
entered 
oloring using X(p) 
olors.

Proof. Let G 2 C. A

ording to the assumption, there exists a vertex par-

tition into C(p) parts, su
h that any p parts form a graph of tree-depth

at most p. This partition will be de�ned as a 
oloring �
 : V (G) �!

f1; 2; : : : ; C(p)g. For any set P of p parts let G

P

be the graph indu
ed

by all the parts in P . It is easy to see that any graph G with td(G) � p has

a p-
entered 
oloring 
 by td(G( 
olors: we simply assign to any 
onne
ted

subgraph H of G the minimal level of a vertex of H in the tree F satisfy-

ing H � 
los(F ) (see the de�nition of tree depth at the beginning of this

se
tion. Consider the following (\produ
t") 
oloring 
 de�ned as


(v) = (�
(v); (


P

(v); jP j = p; P � f1; 2; : : : ; C(p)g)):

Take the produ
t of the 
oloring of G by C(p) 
olors and of the 
olorings

of the G

P

as a new 
oloring of G (with X(p) = C(p)N(p; p�1)

(

C(p)

p

)


olors).

Let H be a 
onne
ted subgraph of G. Then, either H gets at least p + 1


olors, or V (H) is in
luded in some subgraph G

P

of G indu
ed by p parts.

In the later 
ase, some 
olor appears exa
tly on
e in H . �

Re
all that the maximum average degree mad(G) of a graph G is the

maximum over all subgraphs H of G of the average degree of H , that is

mad(G) = max

H�G

2jE(H)j

jV (H)j

. The distan
e d(x; y) between two verti
es x
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and y of a graph is the minimum length of a pth linking x and y, or 1 if x

and y do not belong to same 
onne
ted 
omponent.

We introdu
e several notations:

� The radius �(G) of a 
onne
ted graph G is:

�(G) = min

r2V (G)

max

x2V (G)

d(r; x)

� A 
enter of G is a vertex r su
h that max

x2V (G)

d(r; x) = �(G).

De�nition 2.1. Let G be a graph. A ball of G is a subset of verti
es in-

du
ing a 
onne
ted subgraph. The set of all the families of pairwise disjoint

balls of G is noted B(G).

Let P = fV

1

; : : : ; V

p

g be a family of pairwise disjoint balls of G.

� The radius �(P) of P is �(P) = max

X2P

�(G[X ℄)

� The quotient G=P of G by P is a graph with vertex set f1; : : : ; pg

and edge set E(G=P) = ffi; jg : (V

i

�V

j

)\E(G) 6= ; or V

i

\V

j

6= ;g.

We introdu
e several invariants that generalize the one of maximum av-

erage degree:

De�nition 2.2. The greatest redu
ed average density (grad)of G with rank

r is

r

r

(G) = max

P2B(G)

�(P)�r

jE(G=P)j

jPj

For the sake of simpli
ity, we also de�ne:

The grad of G:

r(G) = max

r

r

r

(G) = max

H�G

jE(H)j

jV (H)j

Noti
e the two following well known fa
ts (usually expressed by mean of

the maximum average degree):

Lemma 2.6. Let G be a graph. Then G has an orientation su
h that the

maximum indegree of G is at most k if and only if k � r

0

(G).

Lemma 2.7. Let G be a graph. Then G is b2r

0

(G)
-degenerated, hen
e

b2r

0

(G) + 1
-
olorable.

The following is our key de�nition:

De�nition 2.3. A 
lass of graphs C has bounded expansion if there exists

a fun
tion f : N ! N su
h that for every graph G 2 C and every r holds

(2) r

r

(G) � f(r):
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f is 
alled the expansion fun
tion.

The following is a spe
ial 
ase of the main result of [13℄

Theorem 2.8. For a 
lass C of graphs are the following statements equiv-

alent

� C has bounded expansion,

� C has low tree-depth 
olorings,

� C has p-
entered 
oloring for every p � 1.

3. A 
onstru
tion

De�nition 3.1. Let G;H be graphs and let P be a system of subsets

of V (G). We say that G is P-lo
ally homomorphi
 to H and we denote

G

P //
H if for every subset A 2 P :

G[A℄

//
H

.

We shall deal mostly with the following systems: If � : V (G) �! X

is a fun
tion and p a positive integer then we 
an 
onsider the system

P = fA � V (G); j�(A)j � pg. This system will be denoted by P

(�;p)

. In

this 
ase we also say that G is (�; p)-lo
ally homomorphi
 to H (instead of

P

(�;p)

-lo
ally homomorphi
). This is also denoted by G

(�;p) //
H .

Example 1. For H = K

2

and � an identi
al map V (G) �! V (G) a graph

G is (�; p)-lo
ally homomorphi
 to H i� the odd-girth of G is > p.

The following is a modi�
ation of a 
onstru
tion introdu
ed in [12℄:

De�nition 3.2. Let G;H be �nite graphs and let 1 � p < jV (H)j be an

integer. For v 2 V (H), de�ne A

v

= f(I; v); I 2

�

V (H)

p

�

: v 2 Ig, where

�

V (H)

p

�

stands for the subsets of V (H) with 
ardinality p. De�ne the sets

V

v

= V (G)

A

v

;W =

S

v2V (H)

V

v

and the fun
tion � : W ! V (H) by

�(z) = v if z 2 V

v

.

The p-trun
ated H-power G

*

H

p

of G is the graph with vertex set W and

with the edge set F de�ned as follows: fz; z

0

g 2 F i� z 2 V

v

; z

0

2 V

v

0

and

for every I 2 A

v

\ A

v

0

holds fz

(I;v)

; z

0

(I;v

0

)

g 2 E(G).

Remark 3.1. K

*

H

1

1

is isomorphi
 to H .

Remark 3.2. The order of G

*

H

p

is jV (H)j:jV (G)j

(

jV (H)j�1

p�1

)

.
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The fun
tion � : V (G

*

H

p

) ! V (H) is 
alled the 
olor proje
tion of G

*

H

p

.

This is justi�ed by

Lemma 3.3. The 
olor proje
tion � of G

*

H

p

is a homomorphism from G

*

H

p

to H:

� : G

*

H

p

//
H

Proof. By de�nition, for any edge fz; z

0

g of G

*

H

p

, there exists an edge fv; v

0

g

of H su
h that z 2 A

v

and z

0

2 A

v

0

, i.e. v = �(z) and v

0

= �(z

0

). �

Lemma 3.4. Let � be the 
olor proje
tion of G

*

H

p

. Then the graph G

*

H

p

is

(�; p)-lo
ally homomorphi
 to G:

G

*

H

p

(�;p) //
G

.

Proof. Let A be a subset of V (G

*

H

p

) su
h that j�(A)j � p. Let I be any

subset of V (H) of 
ardinality p su
h that �(A) � I . A

ording to the

de�nition of G

*

H

p

, fz

(I;�(z))

; z

0

(I;�(z

0

))

g 2 E(G) for any fz; z

0

g 2 E(G

*

H

p

[A℄).

It follows that the mapping z 7! z

(I;�(z))

is a homomorphism from G

*

H

p

[A℄

to G. �

Lemma 3.5. Let G;H;U be �nite graphs, let p be an integer. Assume that


 : G

//
H is a homomorphims and that G is (
; p)-lo
ally homomorphi


to U . S
hemati
ally:

Assume

G


 //

(
;p)

��

H

U

Then there exists a homomorphism f : G

//
U

*

H

p

su
h that 
 = f Æ�.

Moreover, U

*

H

p

is (�; p)-lo
ally homomorphi
 to U .

S
hemati
ally, this 
an be expressed by the following s
heme:

G


 //

(
;p)

��

f

$$J

J

J

J

J

J

J

J

J

J

H

U

U

*

H

p

�

OO

(�;p)

oo
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Proof. For I 2

�

V (H)

p

�

put G

I

= G[


�1

(I)℄ and let g

I

be a homomorphism

from G

I

to U . De�ne f as follows: Given x 2 V (G) we de�ne f(x) 2

gamma(x) by the following formula f(x)(I; 
(x)) = g

I

(x) (see the above

de�nition of *

H

p

). Obviously f Æ� = 
. We prove that f is a homomorphism.

Let fx; yg be any edge. It is f
(x); 
(y)g 2 E(H) as 
 : G

//
H . For

any I whi
h 
ontains both 
(x) and 
(y) holds ff(x)

(I;
(x))

; f(y)

(I;
(y)

=

fg

I

(x); g

I

(y)g 2 E(U). It follows that ff(x); f(y)g is an edge of U

*

H

p

and

thus f is a homomorphism. �

This lemma highlights a fundamental property of G

*

H

p

whi
h we will

state as follows:

Lemma 3.6. Let G;H;U be �nite graphs and let p be an integer. Then:

there is a homomorphism G

//
U

*

H

p

i� there exists a homomorphism


 : G

//
H and G is (
; p)-lo
ally homomorphi
 to U . S
hemati
ally,

this may be depi
ted as follows:

G

//
U

*

H

p

()

G


 //

(
;p)

��

H

U

Proof. First, assume f : G

//
U

*

H

p

. Let � be the 
olor proje
tion of

U

*

H

p

to H . Put 
 = � Æ f . We have 
 : G

//
H . Let A � V (G).

The 
ondition j
(A)j � p is equivalent to the 
ondition j�(f(A))j � p.

Hen
e the homomorphism f : G

//
U

*

H

p

together with the (�; p)-lo
al

homomorphism of *

H

p

to U implies (
; p)-lo
al homomorphism of *

H

p

to U .

The reverse impli
ations follows from the previous lemma. �

It is interesting to note that if we 
onsider G = U we get:

Corollary 3.7. G

//
G

*

H

p

() G

//
H. In parti
ular, G is

homomorphism-equivalent to G

*

G

p

.

Theorem 3.8. A 
lass of graphs C has restri
ted dualities i� for any �nite

set F of graphs there exist a graph H and a graph U 2 Forb

h

(F) su
h that

for every G 2 C\Forb

h

(F) there exists a homomorphism 
 : G

//
H for

whi
h G is (
; p)-lo
ally homomorphi
 to U , where p = maxfjV (F )j;F 2

Fg.

Proof. If C has restri
ted dualities and a set F of graphs has a dual D

C

F

then we may put U = H = D

C

F

.

9



Now assume that graphs U;H and a homomorphism 
 exist. Put p =

maxfjV (F )j;F 2 Fg. In this situation we prove that U

*

H

p

is a dual of

F . Then for every F 2 F holds F

//�

U

*

H

p

. (Suppose 
ontrary, let

F

g //
U

*

H

p

. By Lemma 3.5 U

*

H

p

is (p; p)-lo
ally homomorphi
 to U and

this together with jg(V (F ))j � jV (F )j � p would imply F

//
U . If

F

//�

G for every F 2 F then G

//
U

*

H

p

a

ording to Lemma 3.6. If

G

//
U

*

H

p

then F

//�

G as F

//
G would imply F

//
U

*

H

p

. �

4. Restri
ted dualities

We shall need one more (\�nitness") result proved in [15℄, Corollary 3.3:

Lemma 4.1. For any positive integer p there exists a number z(G)) any

graph G with td(G) � p is hom-equivalent to one of its indu
ed subgraph of

order at most z(td(G)).

Theorem 4.2. Let F be a �nite set of �nite 
onne
ted graphs. Then, for

any 
lass of graph K with bounded expansion there exists a �nite graph

U(K;F) 2 Forb

h

(F) su
h that any graph of K\ Forb

h

(F) has a homomor-

phism to U(K;F).

Proof. Let p = max

F2F

jV (F )j + 1. There exists an integer N , su
h that

any graph G 2 K has a proper N -
oloring in whi
h any p 
olors indu
e a

graph of tree depth at most p. A

ording Lemma 4.1, there exists a �nite

set

^

D

k

of graphs with tree depth at most k, so that any graph with tree-

depth at most k is hom-equivalent to one graph in the set. Let U(D

k

; F )

be the disjoint union of the graphs in

^

D

k

\ Forb

h

(F ). In this situation we


an use Theorem 3.8 and put U(K;F) = U(D

k

; F )

*(p+1):::*N

. �

5. Con
luding remarks

1. On Hadwiger 
onje
ture

Let us list the following 
orollary of Theorem 4.2

Corollary 5.1. Let K be a proper minor 
losed 
lass of graphs. Let F

be a �nite set of �nite 
onne
ted graphs. Then there exists a �nite graph

U(K;F) 2 Forb

h

(F) su
h that any graph of K\ Forb

h

(F) has a homomor-

phism to U(K;F).

It is well known ([5℄) that one 
an reformulate the Hadwiger 
onje
ture as

the existen
e of a maximum (in the homomorphism order) for every proper

minor 
losed 
lass. Let h = h(K) be the Hadwiger number of the 
lass K.

10



Then K

h+1

62 K and Corollary 5.1 gives at least a K

h+1

-free bound of the


lass K. In fa
t we 
an get a bound with any set of the same lo
al properties

as the 
lass K itself.

2. On bounded expansion 
lasses

Let K be the 
lass of all graphs G whi
h have bounded expansion with

the expansion fun
tion f . Formally, K = fG;r

r

(G) � f(r); r = 1; 2; : : :g.

Assume that p is minimal with K

p

62 K. Then r

0

(G) � p � 1 for every

G 2 K. Thus every G 2 K is p�1-degenerated, If f is monotonne then also

K

p

2 K and thus K has maximum. Thus Hadwiger 
onje
ture holds for

bounded expansion 
lasses determined by a monotonne expansion fun
tion.

Note also that for 
onstant expansion fun
tions the bounded expansion


lasses are proper just minor 
losed 
lasses. This may be seen as follows:

Assume that K is bounded expansion 
lass bounded by a 
onstant fun
-

tion C. Expli
itely, we assume that for every G 2 K holds r

r

(G) � C

and thus also r(G) � C. Let H be a minor of G. Then obviously

r(H) � r(G) � C and thus K is minor 
losed. It follows that K

2C+1

is a forbidden minor of K.

3. On distal 
olorings - exa
t powers

We now explain a parti
ular 
onsequen
e of our main result in a greater

detail. Let G be a graph, p a positive integer. Denote by G

\p

the graph

(V;E

\p

) where fx; yg is an edge of E

\p

i� there exists a path P in G from x

to y of length p. The graph G

\p


ould be 
alled exa
t p-power of G. Clearly

graphs G

\2

and all graphs G

\p

; p even, may have unbounded 
hromati


number even for the 
ase of trees (
onsider subdivision stars), and the only

(obvious) bound is �(G

\p

) � �(G)

p

+ 1. Similarly, for any odd p there

are 3-
olorable graphs G for whi
h is the 
hromati
 number �(G

\p

) may

be arbitrarily large. However for p odd and arbitrary proper minor 
losed


lass and even 
lass with bounded expansion we have the following (perhaps

surprising):

Theorem 5.2. For any 
lass K with bounded expansion and for every odd

integer p � 1, there exists an integer N = N(K; p) su
h that all the graphs

G

\p

; G 2 K and odd�girth(G) > p have 
hromati
 number � N : For any

G 2 K,

odd�girth(G) > p =) �(G

\p

) � N

Theorem 5.2 follows immediately from Theorem 4.2. It suÆ
es to 
on-

sider F = fC

p

g. In this 
ase any graph U(K;F) 2 Forb

h

(F) and any

homomorphism 
 : G

//
U(K;F) gives a desired 
oloring by N =

j(jV (U(K;F)) 
olors.

11



With a little more 
are one 
an prove the following result whi
h we state

without proof (as it may be generalized in yet another dire
tion, see [10℄.

We take time for a de�nition of exa
t distan
e graph: Let G be a graph,

p a positive integer. Denote by G

[\p℄

the graph (V;E

[\p℄

) where fx; yg is an

edge of E

[\p℄

i� the distan
e of x and y in G is p.

Theorem 5.3. For any 
lass K with bounded expansion and for every odd

integer p � 1, there exists an integer N

0

= N(K; p) su
h that all the graphs

G

[\p℄

; G 2 K have 
hromati
 number � N .

Note that in both Theorems 5.2,5.3 we 
annot repla
e the 
onditions

in the de�nition of powers G

\p

; G

[\p℄

by the existen
e of a path (or even

indu
ed path) of length p. See [10℄ for a more detailed diss
ussion).

4. On universality of posets. It follows from [6℄ that the 
lass SPG

of all �nite series paralel graphs is universal partial ordered 
lass. What this

means (using non-trivial result that the homomorphism order of all �nite

graphs is universal, [6, 5℄) is that to every �nite graph G we 
an asso
iate

a series parallel graph �(G) su
h that for any two graphs G;H

G � H () �(G) � �(H):

Thus bounded tree width graphs form a homomorphism universal 
lass.

Note that for the tree depth su
h a statement is deeply not true as we


annot even �nd an in�nite anti
hain. In fa
t up to homomorphism equiv-

alen
e the 
lass of all graphs with a bounded tree depth is a �nite 
lass (see

Lemma 4.1). Also this indi
ate that low tree-depth partitions are mu
h

more restri
tive than low tree width partitions.

5. Regular partitions.

Impli
it in our proof of restri
ted dualities is the following partition re-

sult. By Lemma 4.1 there exists a �nite set

^

D

p

of graphs with tree depth p,

so that any graph with tree-depth p is hom-equivalent to one graph in the

set. This implies:

Theorem 5.4. For every 
lass K with bounded expansion and for every

positive integer p there exists a positive integer N = N(K; p) su
h that for

every graph G 2 K there exists a 
oloring V (G) = V

1

[ : : :[V

N

su
h that the

subgraph G

J

of G indu
ed by any j = jJ j 
lasses has the following property:

� ea
h 
omponent of G

J

is homomorphism aequivalent to one of the

graphs in the �nite set

^

D

p

.

This stronger de
omposition theorem may be used for an alternative

proof of Theorem 4.2. Finally note that our results may be regarded as

12



(very) regular partitions of graphs with bounded expansion. While the 
el-

ebrated Szemeredi regularity lemma [21℄ applies to dense graphs the 
lasses

of bounded expansion are on the other side of spe
trum: their edge densities

are (hereditarily) small. For these 
lasses one 
an the a
hieve a very regular

partitions, essentially des
ribing all 
omponents whi
h may o

ur in graphs

indu
ed by a few 
olor 
lasses.
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