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Abstra
t. We introdu
e 
lasses of graphs with bounded expansion

as a generalization of both proper minor 
losed 
lasses and degree

bounded 
lasses. Su
h 
lasses are based on a new invariant, the great-

est redu
ed average density (grad) of G with rank r, r

r

(G). For these


lasses we prove the existen
e of several partition results su
h as the

existen
e of low tree-width and low tree-depth 
olorings. This gener-

alizes and simpli�es several earlier results (obtained for minor 
losed


lasses).

1. Introdu
tion

Let us start with the following parti
ular 
ase whi
h illustrates some of

the motivation of this paper: It is well known that not only the 
hromati


number of planar graphs is bounded but so are various of its variants su
h

as a
y
li
 or star 
hromati
 number (by 5 and 20, see for instan
e [2℄ and

[1℄). For whi
h other 
lasses of graphs does this hold? While these variants

of 
hromati
 number are unbounded even for bipartite graphs, we proved

in [12℄ that any proper minor 
losed 
lass of graphs has a bounded star


hromati
 number: For any minor 
losed 
lass of graphs C ex
luding at

least one graph | what we shall 
all a proper minor 
losed 
lass | there

exists an integer N(C) su
h that any graph G 2 C has a 
olorex by N(C


olors su
h that any two 
olors indu
e a star forest. Thus also a
y
li



hromati
 number of graphs from a proper minor 
losed 
lass is bounded.

This parti
ular 
ase also follows from a re
ent result of DeVos et al. [6℄ who

proved, using the Stru
tural Theorem of Robertson and Seymour [17℄, that

for any �xed integer p � 1, any proper minor 
losed 
lass of graphs has a

bounded 
oloring su
h that any i � p parts indu
e a graph of tree-width at

most (i� 1). Su
h a 
oloring is 
alled low tree-width 
oloring.
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h Ministry of Edu
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In [15℄, we presented a strengthened version of [6℄ : we introdu
ed the

tree-depth of a graph and proved that for any �xed p, any proper minor


losed 
lass of graphs has a bounded 
oloring su
h that any i � p parts

indu
e a graph of tree-depth at most i. We also proved that tree-depth is

the best graph invariant with this property (see [15℄ and below for more

details) . Also this result uses [6℄ and thus also the Stru
tural Theorem.

Su
h a 
oloring is 
alled low tree-depth 
oloring and this naturally leads

to a sequen
e �

1

; �

2

; : : : of 
hromati
 numbers �

p

, where �

1

is the usual


hromati
 number, �

2

is the star 
hromati
 number and, more generally, �

p

is the minimum number of 
olors su
h that any i � p parts indu
e a graph

with tree-depth at most i.

It is well known that �

1

is bounded on a 
lass of graphs if the maximum

average degree of graphs in the 
lass is bounded. In [12℄, we a
tually proved

that �

2

is bounded if the graphs obtained by 
ontra
ting star forests have

bounded maximum average degree. Also, if �

2

is bounded then so is the

maximum average degree (Assume �

2

(G) � N . Then for any two 
olors

i 6= j; i; j � N , orient the edges of G su
h that any vertex has indegree at

most one in the star forest indu
ed by 
olors i and j. Then the indegree of

any vertex is at most

�

N

2

�

and thus the graph has maximum average degree

at most 2

�

N

2

�

.)

This indi
ates that the minor 
losed 
lasses are perhaps not the most

natural restri
tion in the 
ontext of graph partitions. One is naturally led

to the study of minors with bounded depth (of the 
ontra
ted forest) and

their edge densities. This in turn leads to the notion of bounded expansion

whi
h is the 
entral notion of this paper.

Very s
hemati
ally this relationship between the �

p

's and the bounded

depth minors naturally leads to the following two questions:

Do there exist integral fun
tions f

1

and f

2

su
h that, for any integer p:

� If the minors of depth at most f

1

(p) of the graphs of a 
lass C

have bounded maximum average degree then the graphs in C have

bounded �

p

,

� If the graphs in C have bounded �

f

2

(p)

then all the minors of depth

at most p of the graphs of a 
lass C have bounded maximum average

degree.

In this paper, we prove that both questions have a positive answer. This

is the main result of this paper formulated below as Theorem 8.1. It implies

the above result of [15℄. Perhaps more interestingly our proof does not rely
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on the Stru
tural Theorem and yield an e�e
tive algorithm (in fa
t a linear

algorithm, see our 
ompanion paper [13℄).

Let us des
ribe this development in a greater detail: The 
on
ept of

tree-width [8℄,[16℄,[23℄ is 
entral to the analysis of graphs with forbidden

minors done by Robertson and Seymour and gained mu
h algorithmi
 at-

tention thanks to the general 
omplexity result of Cour
elle about monadi


se
ond-order logi
 graph properties de
idability for graphs with bounded

tree-width [3℄,[4℄. This 
omputational property (and similar algorithmi
 as-

pe
ts), as well as a question of R. Thomas [20℄, motivated the study of graph

partitions where k parts indu
e a subgraph of tree-width at most (k � 1).

Su
h partitions have been proved to exists by DeVos et al. for proper minor


losed 
lasses of graphs [6℄, relying on Stru
tural Theorem of Robertson and

Seymour on the stru
ture of graphs without a parti
ular graph as a minor

[17℄. This result has been extended by the authors to tree-depth de
om-

positions in [15℄. Advan
ing the de�nition of tree depth let us re
all the

de�nition of the tree width by means of k-trees: A k-tree is a graph whi
h

is either a 
lique of size at most k or is obtained from a smaller k-tree by

adding a vertex adja
ent to at most k verti
es whi
h are pairwise adja
ent.

The tree-width tw(G) of a graph G is the smallest integer k su
h that G is

a subgraph of a k-tree, that is: a partial k-tree. The tree-depth td(G) of a


onne
ted graph G is the minimum height of a rooted tree whi
h 
losure


ontains G as a subgraph (height is de�ned here as the maximum number

of verti
es of a path from the root to a leaf of the tree; the 
losure of a

rooted tree is the graph formed by the an
estor relation). (The tree depth

of a dis
onne
ted graph G is the maximal tree depth of a 
omponent of G.)

The tree depth is a minor monotone invariant. It is related to the tree-

width by tw(G) + 1 � td(G) � tw(G) log

2

n, where n is the order of G and

is a
tually equal to the vertex ranking number [5℄[18℄ and to the minimum

height of an elimination tree [5℄. For our purposes it is important that td(G)

has an alternative de�nition by means of 
entered 
oloring: a 
oloring of the

verti
es of a graph G is 
alled 
entered if in any 
onne
ted subgraph G

0

of

G some 
olor appears exa
tly on
e (thus a 
entered 
oloring is ne
essarily

proper). It may be seen then that the tree-depth of a graph G is the

minimum number of 
olors in a 
entered 
oloring of G. As well as graphs

with large tree-width may be 
hara
terized by large grid minors, tree-depth

may be 
hara
terized by ex
luded paths: a graph has large tree-depth if

and only if it in
ludes a long path.

Generalizing [6℄ we proved in [15℄ the following:
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Theorem 1.1 (Corollary 5.3 of [15℄). For any proper minor 
losed 
lass of

graphs K and for any �xed integer p � 1, �

p

(G) is bounded on K.

An alternative way to look at this result is the following: for any integer

k and any proper minor 
losed 
lass of graphs K, there exists an integer

N(K; k) su
h that any subgraph H � G gets at least min(k; td(H)) 
olors

(hen
e i < k parts indu
e graphs of tree-depth at most i).

In[15℄ we proved that this statement is optimal in the following sense:

Let � be an integral graph fun
tion (i.e. we assume that �(G) is an integer

for any graph G). Assume that for any integer k and for any proper minor


losed 
lass K there exists an integer N(K; k) su
h that any graph G 2 K

has a partition into � N(K; k) parts with the property that any subgraph

H � G gets at at least min(k; �(H)) 
olors. Then �(H) � td(H).

Here we extend Theorem 1.1 to more general 
lasses of graphs. In fa
t it

appears that proper minor 
losed 
lasses are unne
essary restri
tive for the

validity of Theorem 1.1.

Let f be a fun
tion assigning to every positive integer n a real value

f(n). Instead of dealing with proper minor 
losed 
lasses we shall work with


lasses of graphs with f -bounded expansion. This de�nition is introdu
ed

in Se
tion 4. Informally, a graph G is said to have f -bounded expansion

if every minor G

0

of G whi
h we obtain by 
ontra
ting a disjoint union of


onne
ted subgraphs of radius � r and then deleting some verti
es have

edge density bounded by f(r). The main 
onsequen
e of our approa
h here

is a generalization of Theorem 1.1 to the 
lasses of graphs with f -bounded

expansion. This is indeed a generalization as ea
h proper minor 
losed 
lass

has expansion bounded by a 
onstant. Also bounded degree graphs are �t-

ting into this s
heme (they are bounded by an exponential fun
tion). (See

Se
tion 4 where the bounded expansion is de�ned and dis
ussed in detail.)

A
tually, we not only extend Theorem 1.1 to 
lasses with bounded expan-

sion but prove that it 
annot be extended further: 
lasses with bounded

expansion may be a
tually 
hara
terized by the validity of Theorem 1.1.

It is perhaps surprising that one 
an prove the full analogy of Theorem

1.1 on this level of generality. The main reason for this is that we approa
h

the de
omposition theorem via graph orientations and their lo
al properties.

Note that triangulated graphs, like k-trees, have orientations with strong

lo
al properties. A digraph

~

G is fraternally oriented if (x; z) 2 E(

~

G) and

(y; z) 2 E(

~

G) implies (x; y) 2 E(

~

G) or (y; x) 2 E(

~

G). This 
on
ept was

introdu
ed by Skrien [19℄ and a 
hara
terization of fraternally oriented di-

graphs having no symmetri
al ar
s has been obtained by Gavril and Urrutia
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[7℄, who also proved that triangulated graphs and 
ir
ular ar
 graphs are all

fraternally orientable graphs. An orientation is transitive if (x; y) 2 E(

~

G)

and (y; z) 2 E(

~

G) implies (x; z) 2 E(

~

G). It is obvious that a graph has an

a
y
li
 transitive fraternal orientation in whi
h every vertex has indegree

at most (k � 1) if and only if it is the 
losure of a rooted forest of height

k. It follows that tree-depth and transitive fraternal orientation are 
losely

related.

This paper is organized as follows: In Se
tions 2,3,4 we introdu
e the

above notions in a greater detail. The key notion is the notion of the

greatest redu
ed average density (grad) r

r

(G) of rank r of a graph G. We

then derive several results about lo
al properties of orientations. This is the

reason why we use or introdu
e relaxed versions, like p-
entered 
olorings (in

whi
h in every subgraph, either some 
olor appears exa
tly on
e or at least

p 
olors appear), or transitive fraternal augmentations (ea
h augmentation

step 
onsists in adding the missing ar
s while applying the fraternity and

transitivity rules on the initial ar
s). The Se
tion 5 is devoted to the proof of

the stability of the notion of 
lasses with bounded expansion with respe
t

to the lexi
ographi
 produ
t with an arbitrary �xed size 
omplete graph

(Lemma 5.2). This key lemma will allow to prove in Se
tion 6 the existen
e

of transitive fraternal augmentations with indegrees bounded as a fun
tion

of the grad. These augmentations will be used in Se
tion 7 to exhibit p-


entered 
olorings, eventually leading us to Theorem 8.1 in Se
tion 8.

Further 
orollaries and appli
ations of our method will appear in the 3


ompanion papers, see [13, 14, 11℄.

2. Low tree-width 
oloring

A k-tree is re
ursively de�ned as a single vertex graph or a graph obtained

from a smaller k-tree by adding a vertex adja
ent to a 
lique of size at most

k. The tree-width tw(G) of a graph G is the minimum integer k su
h that

G is a subgraph of a k-tree.

A 
lass C has a low tree-width 
oloring if, for any integer p � 1, there

exists an integer N(p) su
h that any graph G 2 C may be vertex-
olored

using N(p) 
olors so that ea
h of the 
onne
ted 
omponents of the subgraph

indu
ed by any i � p parts has tree-width at most (i � 1). A

ording to

this de�nition, the result of DeVos et al. may be expressed as

Theorem 2.1 ([6℄). Any minor 
losed 
lass of graphs ex
luding at least one

graph has a low tree-width 
oloring.
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3. Low tree-depth 
oloring and p-
entered 
olorings

In [15℄, we introdu
ed the tree-depth td(G) of a graph G as follows:

A rooted forest is a disjoint union of rooted trees. The height of a vertex

x in a rooted forest F is the number of verti
es of a path from the root

(of the tree to whi
h x belongs to) to x and is noted height(x; F ). The

height of F is the maximum height of the verti
es of F . Let x; y be verti
es

of F . The vertex x is an an
estor of y in F if x belongs to the path

linking y and the root of the tree of F to whi
h y belongs to. The 
losure


los(F ) of a rooted forest F is the graph with vertex set V (F ) and edge

set ffx; yg : x is an an
estor of y in F; x 6= yg. A rooted forest F de�nes

a partial order on its set of verti
es: x �

F

y if x is an an
estor of y in

F . The 
omparability graph of this partial order is obviously 
los(F ). The

tree-depth td(G) of a graph G is the minimum height of a rooted forest F

su
h that G � 
los(F ). As a 
onsequen
e, we have:

Lemma 3.1 ([15℄). Let G be a graph and let G

1

; : : : ; G

p

be its 
onne
ted


omponents. Then:

td(G) =

8

>

<

>

:

1; if jV (G)j = 1;

1 +min

v2V (G)

td(G� v); if p = 1 and jV (G)j > 1;

max

p

i=1

td(G

i

); otherwise.

As we introdu
ed low tree-width 
oloring, we say that a 
lass C has a

low tree-depth 
oloring if, for any integer p � 1, there exists an integer N(p)

su
h that any graph G 2 C may be vertex-
olored using N(p) 
olors so that

ea
h of the 
onne
ted 
omponents of the subgraph indu
ed by any i � p

parts has tree-depth at most i. As td(G) � tw(G) � 1, a 
lass having a

low-tree depth 
oloring has a low tree-width 
oloring. In [15℄ is proved a

strengthening of Theorem 2.1:

Theorem 3.2 ([15℄). Any minor 
losed 
lass of graphs ex
luding at least

one graph has a low tree-depth 
oloring.

Notation 3.1. Following [15℄, we will make use of the notation �

p

(G) for the

minimum number of 
olors need for a vertex 
oloring of G su
h that i < p

parts indu
e a subgraph of tree-depth at most i.

Theorem 3.2 relies on p-
entered 
olorings, whi
h have also been intro-

du
ed in [15℄: A p-
entered 
oloring of a graph G is a vertex 
oloring su
h

that, for any (indu
ed) 
onne
ted subgraph H , either some 
olor 
(H) ap-

pears exa
tly on
e in H , or H gets at least p 
olors.

For the sake of 
ompleteness we re
all some lemmas of [15℄:
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Lemma 3.3 ([15℄). Let G;G

0

be graphs, let p = td(G

0

), let 
 be a q-
entered


oloring of G where q � p. Then any subgraph H of G isomorphi
 to G

0

gets at least p 
olors in the 
oloring of G. �

>From this lemma follows that p-
entered 
olorings indu
e low tree-depth


olorings:

Corollary 3.4. Let p be an integer, let G be a graph and let 
 be a p-
entered


oloring of G.

Then i < p parts indu
e a subgraph of tree-depth at most i

Proof. Let G

0

be any subgraph of G indu
ed by i < p parts. Assume

td(G

0

) > i. A

ording to Lemma 3.1, the deletion of one vertex de
reases

the tree-depth by at most one. Hen
e there exists an indu
ed subgraph

H of G

0

su
h that td(H) = i + 1 � p. A

ording to lemma 3.3 (
hoosing

G

0

= H), H gets at least p 
olors, a 
ontradi
tion. �

Lemma 3.5 ([15℄). Let p; k be integers. Then there exists an integer N(p; k)

su
h that any graph G with tree width at most k has a p-
entered 
oloring

using N(p; k) 
olors. �

The following lemma is proved in [15℄ for the parti
ular 
ase of proper

minor 
losed 
lasses of graphs and tree-width. We shall state it here in its

general form.

Lemma 3.6. Let C be a 
lass of graphs. Assume that for any integer p � 1

there exists a 
lass of graphs C

p

su
h that:

� there exists an integer N(C

p

; p), su
h that any graph G 2 C

p

has a

p-
entered 
oloring using at most N(C

p

; p) 
olors,

� there exists an integer C(p) su
h that any G 2 C has a C(p) vertex


oloring su
h that p 
lasses indu
e a graph in C

p

.

Then there exists an integer X(p), su
h that every graph in C has a p-


entered 
oloring using X(p) 
olors.

Proof. Let G 2 C. A

ording to the assumption, there exists a vertex

partition into C(p) parts, su
h that any p parts form a graph in C

p

. This

partition will be de�ned as a 
oloring �
 : V (G) �! f1; 2; : : : ; C(p)g. For

any set P of p parts let G

P

be the graph indu
ed by all the parts in P .

A

ording to the assumption, ea
h of the G

P

has p-
entered 
oloring 


P

using N(C

p

; p) 
olors. Consider the following (\produ
t") 
oloring 
 de�ned

as


(v) = (�
(v); (


P

(v); jP j = p; P � f1; 2; : : : ; C(p)g)):
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This is the produ
t of the 
oloring of G by C(p) 
olors and of the 
olorings

of the G

P

. This new 
oloring of G (with X(p) = C(p)N(C

p

; p)

(

C(p)

p

)


olors.

Let H be a 
onne
ted subgraph of G. Then, either H gets at least p + 1


olors, or V (H) is in
luded in some subgraph G

P

of G indu
ed by p parts.

In the later 
ase, some 
olor appears exa
tly on
e in H . �

Theorem 3.7. Let C be a 
lass of graphs having low tree-width 
olorings

and let p be an integer. Then there exists integer X(p), su
h that every

graph in C has a p-
entered 
oloring using X(p) 
olors.

Proof. Let C

p

be the 
lass of graphs with tree-width at most (p � 1). A
-


ording to Theorem 2.1 and Lemma 3.5, the 
onditions of Lemma 3.6 are

satis�ed hen
e X(p) exists. �

As a 
onsequen
e we have the following equivalen
e of the various (seem-

ingly unrelated) above notions:

Theorem 3.8. Let C be a 
lass of graphs. Then the following 
onditions

are equivalent:

� C has a low tree-width 
oloring,

� C has a low tree-depth 
oloring,

� for any integer p, f�

p

(G) : G 2 Cg is bounded,

� for any integer p, there exists an integer X(p) su
h that any graph

G 2 C has a p-
entered 
olorings using at most X(p) 
olors.

Our main result (Theorem 8.1) is a non-trivial extension of this equiva-

len
e.

4. The grad of a graph and 
lasses with bounded expansion

Re
all that the maximum average degree mad(G) of a graph G is the

maximum over all subgraphs H of G of the average degree of H , that is

mad(G) = max

H�G

2jE(H)j

jV (H)j

. The distan
e d(x; y) between two verti
es x

and y of a graph is the minimum length of a path linking x and y, or 1 if

x and y do not belong to the same 
onne
ted 
omponent.

We introdu
e several notations:

� The radius �(G) of a 
onne
ted graph G is:

�(G) = min

r2V (G)

max

x2V (G)

d(r; x)

� A 
enter of G is a vertex r su
h that max

x2V (G)

d(r; x) = �(G).
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De�nition 4.1. Let G be a graph. A ball of G is a subset of verti
es

indu
ing a 
onne
ted subgraph. The set of all the families of balls of G is

noted B(G).

Let P = fV

1

; : : : ; V

p

g be a family of balls of G.

� The radius �(P) of P is �(P) = max

X2P

�(G[X ℄)

� The 
omplexity of P is �(P) = max

v2V (G)

jfi : v 2 V

i

gj.

� The quotient G=P of G by P is a graph with vertex set f1; : : : ; pg

and edge set E(G=P) = ffi; jg : (V

i

�V

j

)\E(G) 6= ; or V

i

\V

j

6= ;g.

We introdu
e several invariants that re�ne the notion of maximum aver-

age degree:

De�nition 4.2. The greatest redu
ed average density (grad) of G with rank

r and 
omplexity 
 is




r

r

(G) = max

P2B(G)

�(P)�r;�(P)�


jE(G=P)j

jPj

:

For the sake of simpli
ity, we also de�ne:

� The grad of G with rank r:

r

r

(G) =

1

r

r

(G) = max

P2B(G)

�(P)�r;�(P)=1

jE(G=P)j

jPj

� The grad of G:

r(G) = max

r

r

r

(G) = max

H�G

jE(H)j

jV (H)j

Noti
e that we have:

(1)

mad(G)

2

= r

0

(G) � r

1

(G) � � � � � r

�(G)

(G) = r(G)

and that r(G) is related to the Hadwiger number h(G) of G (that is the

maximum order of a 
omplete graph whi
h is a minor of G) by:

(2)

h(G)� 1

2

� r(G) � O(h(G)

p

logh(G));

Proof. Let h = h(G). As K

h

is a (h � 1)-regular minor of G ,

h�1

2

�

r(G). Moreover, there exists a 
onstant C su
h that if r(G) > C(h +

1)

p

log(h+ 1) then G has a minor with minimum degree at least 
(h +

1)

p

log(h+ 1) hen
e a minor K

h+1

as proved by Kosto
hka [9℄ and Thoma-

son [21℄ (extending earlier work of Mader [10℄; see [22℄ for an tight value of


onstant 
). �
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Also noti
e the following well known fa
ts (usually expressed by means

of the maximum average degree):

Fa
t 4.1. Let G be a graph. Then G has an orientation su
h that the

maximum indegree of G is at most k if and only if k � r

0

(G).

Fa
t 4.2. Let G be a graph. Then G is b2r

0

(G)
-degenerated, hen
e

b2r

0

(G) + 1
-
olorable.

The grad a
tually appears to be related to low tree-depth 
olorings:

Lemma 4.1. For any graph G and any integer r:

(3) r

r

(G) � (2r + 1)

�

�

2r+2

(G)

2r + 2

�

Proof. Consider a vertex 
oloring 
 of G with N = �

2r+2

(G) 
olors su
h

that any i � 2r + 2 
olors indu
e a subgraph of tree-depth at most i. For

any J 2

�

[N ℄

2r+2

�

, let G

J

= G[


�1

(J)℄ and let Y

J

be a rooted forest of height

td(G

J

) � 2r + 2 su
h that G

J

� 
los(Y

J

).

Let P = fX

1

; : : : ; X

p

g be a family of balls of G with radius r and 
om-

plexity 1 a
hieving the bound r

r

(G) (that is: su
h that r

r

(G) =

jE(G=P)j

jPj

).

Let x

1

; : : : ; x

k

be 
enters of X

1

; : : : ; X

k

. If X

i

and X

j

are adja
ent in G=P

then there exists a path P

i;j

of length at most 2r+1 linking x

i

and x

j

. Let

I

i;j

2

�

[N ℄

2r+2

�

be su
h that I

i;j

� 
(V (P

i;j

)). Then the path P

i;j

is in
luded

in some 
onne
ted 
omponent of G

I

i;j

. It follows that there exists in P

i;j

a vertex v

i;j

whi
h is minimum with respe
t to the partial order de�ned

by Y

I

i;j

. As fx

i

; x

j

g � V (P

i;j

) � X

i

[ X

j

and as X

i

\ X

j

= ; (be
ause

�(P) = 1), v

i;j

either belongs to X

i

or to X

j

. Depending on the 
ase, v

i;j

is a vertex of X

i

whi
h is an an
estor of x

j

in Y

I

i;j

\X

i

or a vertex of X

j

whi
h is an an
estor of x

i

in Y

I

i;j

\X

j

. Thus:

pr

r

(G) �

X

I2

(

[N℄

2r+2

)

X

1�i�p

X

1�j�p

j 6=i

jfv : v an
estor of x

i

in Y

I

\X

j

gj

�

X

I2

(

[N℄

2r+2

)

p

X

i=1

jfv : v an
estor of x

i

in Y

I

gj

�

�

N

2r + 2

�

� p� (2r + 1)
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Hen
e

r

r

(G) � (2r + 1)

�

N

2r + 1

�

�

This lemma motivates the following de�nition:

De�nition 4.3. A 
lass of graphs C has bounded expansion if there exists

a fun
tion f : N ! R su
h that for every graph G 2 C and every r holds

(4) r

r

(G) � f(r)

Theorem 4.2. If a 
lass C has low tree-width 
olorings then C has bounded

expansion.

Proof. As low tree-width 
olorings and low tree-depth 
olorings are equiv-

alent, the theorem is a dire
t 
onsequen
e of Lemma 4.1. �

The main theorem of this paper may be seen as a 
onverse of Theorem

4.2.

5. Grad stability over lexi
ographi
 produ
t

Let G;H be graphs. The lexi
ographi
 produ
t G�H is de�ned by V (G�

H) = V (G)�V (H) and E(G�H) = ff(x; y); (x

0

; y

0

) : fx; yg 2 E(G) or x =

x

0

and fy; y

0

g 2 E(H)g.

Let us note at this pla
e that the lexi
ographi
 produ
t (or blowing up

of verti
es) is an operation whi
h is in
ompatible with the minors. One 
an

see easily that every graph is a minor of a graph of the form G �K

2

for a

planar graph G. But the lexi
ographi
 produ
t is naturally related to the

notion of 
omplexity we have introdu
ed for grad:

Lemma 5.1. For any graph G and any integers 
; r, we have:




r

r

(G) = r

r

(G �K




)

Proof. Let P = fV

1

; : : : ; V

p

g be a ball family of G with 
omplexity 
 = �(P)

and radius r = �(P). As �(P) = 
 there exists a fun
tion f : V (G) �

f1; : : : ; pg ! f1; : : : ; 
g su
h that if x 2 V

i

\ V

j

then f(x; i) 6= f(x; j).

For 1 � i

0

� p, de�ne V

0

i

= f(x; f(x; i)) : x 2 V

i

g. Then P

0

=

fV

0

1

; : : : ; V

0

p

g has radius r and 
omplexity 1. Moreover,G=P is obviously iso-

morphi
 to a subgraph of (G�K




)=P

0

. It follows that r

r

(G�K




) �




r

r

(G).
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Conversely, let P

0

= fV

0

1

; : : : ; V

0

q

g be a ball family of G �K




, de�ne the

ball family P = fV

1

; : : : ; V

q

g of G by x 2 V

i

if there exists � 2 f1; : : : ; 
g

su
h that (x; �) 2 V

0

i

. Then �(P) � �(P

0

) and �(P) � 
. It follows that




r

r

(G) � r

r

(G �K




). �

The remaining of the se
tion will be dedi
ated to the proof of the follow-

ing key lemma:

Lemma 5.2. There exist polynomials P

i

(i � 0) su
h that for any graph G

and integers r and 
:

(5)




r

r

(G) � P

r

(
;r

r

(G))

In the following, a dire
ted graph

~

G may not have a loop and for any two

of its verti
es x and y,

~

G in
ludes at most one ar
 from x to y and at most

one ar
 from y to x.

If a dire
ted path

~

P has starting vertex x and end vertex y, we note

x

~

P

+3/o/o
y.

If x

~

P

1

+3/o/o
z, y

~

P

2

+3/o/o
z and if no internal vertex or edges of

~

P

1

belongs to

~

P

2

nor the 
onverse, we note x

~

P

1 +3/o/o
z

~

P

2ks o/ o/
y. In su
h a 
ase, either

~

P

1

[

~

P

2

is a path, or

~

P

1

[

~

P

2

is a 
y
le and x = y. Moreover, if x 6= y, j

~

P

1

j � a and

j

~

P

2

j � b, we say that y is (a; b)-rea
hable from x.

De�nition 5.1. Let

~

G be a dire
ted graph, let a; b be integers. A set

~

�

of ar
s with endpoints in V (

~

G) is an (a; b)-augmentation of

~

G if, for any

x; y 2 V (

~

G) with y (a; b)-rea
hable from x, either (x; y) or (y; x) belongs to

~

�.

The maximum indegree of

~

� is

�

{

(

~

�) = max

y2V (

~

G)

jfx 2 V (

~

G) : (x; y) 2

~

�gj

Noti
e that if a or b is at least 1, E(

~

G) is obviously in
luded in any

(a; b)-augmentation of

~

G.

Lemma 5.3. Let

~

G be a dire
ted graph, let a; b be integers and let

~

� be an

(a; b)-augmentation of

~

G.

Then there exists a vertex 
oloring 


~

�

using at most 2�

{

(

~

�) + 1 
olors

su
h that for any vertex x, 


~

�

(y) 6= 


~

�

(x) for any vertex y (a; b)-rea
hable

from x.
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Proof. Let

~

H be the dire
ted graph with vertex set

~

G and ar
 set

~

�. If y

is (a; b)-rea
hable from x in

~

G then (x; y) or (y; x) belongs to E(

~

H). As

~

H

has maximum indegree �

{

(

~

�), it is (2�

{

(

~

�) + 1)-
hoosable. Any proper


oloration of

~

H will do. �

Lemma 5.4. Let

~

G be a dire
ted graph with maximum indegree �

{

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G.

Then there exists an edge 
oloring �

~

�

using at most (2�

{

(

~

�)+1)�

{

(

~

G)


olors su
h that for any x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y with j

~

P

1

j � a+1 and j

~

P

2

j � b+1,

all the edges of

~

P

1

[

~

P

2

get di�erent 
olors.

Proof. Consider an edge 
oloring 


0

su
h that two edges having the same

end vertex have di�erent 
olors (this is a
hieved with �

{

(

~

G) 
olors) and

the vertex 
oloring 


~

�

de�ned in Lemma 5.3. Then for any ar
 e = (x; y)

de�ne �

~

�

(e) = (


0

(e); 


~

�

(y)). Then if e = (x; y) and f = (x

0

; y

0

) are two

di�erent ar
s in

~

P

1

[

~

P

2

where either y 6= y

0

thus y

0

is (a; b)-rea
hable from

y or y is (a; b)-rea
hable from y

0

hen
e 


~

�

(y

0

) 6= 


~

�

(y), or y = y

0

hen
e




0

(e) 6= 


0

(f). �

Notation 5.2. Let � be an ar
-
oloring of a dire
ted graph

~

G and let

~

P be

a dire
ted path of

~

G of length l. We note �(

~

P ) = ~� = (�

1

; : : : ; �

l

) the

sequen
e of the 
olors �(e) of the ar
s of

~

P , taken in the order in whi
h

they appear on

~

P .

Lemma 5.5. Let

~

G be a dire
ted graph with maximum indegree �

{

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge


oloring de�ned in Lemma 5.4.

Let

~

P

1

;

~

P

2

be two dire
ted paths of length l � max(a; b)+ 1, su
h that the

initial vertex of one of them is di�erent from the end vertex of the other

one. If �

~

�

(

~

P

1

) = �

~

�

(

~

P

2

) then either

~

P

1

and

~

P

2

do not interse
t, or they

share the same initial vertex and there exists 0 � a � l su
h that

~

P

1

and

~

P

2

share their a �rst edges and do not interse
t thereafter.

Proof. Without loss of generality, we may assume a � b. Let ~� = �

~

�

(

~

P

1

).

Assume there exists a vertex v having one in
oming edge in

~

P

1

(the ith of

~

P

1

, hen
e 
olored �

i

) and one (di�erent) in
oming edge in

~

P

2

(the jth of

~

P

2

, hen
e 
olored �

j

). Without loss of generality, we may assume i � j.

Then the (j+1)th vertex u of

~

P

1

has an in
oming edge in

~

P

1


olored �

j

and

belong to the initial subpath of

~

P

1

ending at v. It follows that v is (a; 0)
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rea
hable from u. Hen
e an in
oming edge of u may not have the same


olor of an in
oming edge of v, 
ontradi
tion. Similarly, the initial vertex of

one of the path may not be internal to the se
ond one. As the 
ase where

the initial vertex of one of the path is the end vertex of the other one, we


on
lude that either the two paths do not interse
t or they share their a

�rst edges. �

Lemma 5.6. Let

~

G be a dire
ted graph with maximum indegree �

{

(

~

G), let

a; b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge


oloring de�ned in Lemma 5.4. Let ~� be a sequen
e of l � max(a; b) + 1

distin
t edge 
olors. Then the union T

~

�

(~�) of all the dire
ted paths

~

P su
h

that �

~

�

(

~

P ) = ~� is a dire
ted rooted forest.

Proof. This is a dire
t 
onsequen
e of Lemma 5.5. �

Lemma 5.7. Let

~

G be a dire
ted graph with maximum indegree �

{

(

~

G),

let a � b be integers and let

~

� be an (a; b)-augmentation of

~

G. Let �

~

�

be the edge 
oloring de�ned in Lemma 5.4. Let ~� and

~

� be sequen
es of

respe
tive lengths p � a+ 1 and q � b+ 1. Let �

~

�

(~�;

~

�) be the union of all

the

~

P

1

[

~

P

2

where �

~

�

(

~

P

1

) = ~�, �

~

�

(

~

P

2

) =

~

� and there exists three distin
t

verti
es x; y; z so that x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y.

Then a dire
ted tree Y

1

in �

~

�

(~�;

~

�) \ T

~

�

(~�) and a dire
ted tree Y

2

in

�

~

�

(~�;

~

�) \ T

~

�

(

~

�) with di�erent roots may only interse
t at a leaf of both of

them.

Proof. Let r

1

; r

2

be the roots of Y

1

and Y

2

. If Y

1

and Y

2

interse
ts, there

exists r

1

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y and x

0

~

P

0

1

+3/o/o
z

0

~

P

0

2

ks o/ o/
r

2

, so that �

~

�

(

~

P

1

) = �

~

�

(

~

P

0

1

) =

~�, �

~

�

(

~

P

2

) = �

~

�

(

~

P

0

2

) =

~

�, and

~

P

0

2

interse
ts

~

P

1

at a vertex v (up to an

ex
hange of Y

1

and Y

2

). As r

1

6= r

2

, v has in

~

P

2

an in
oming edge e of


olor �

i

for some 1 � i � b+ 1. Let w be the vertex of

~

P

2

having in

~

P

2

an

in
oming edge of 
olor �

i

. If w 6= v, we are led to a 
ontradi
tion, a

ording

to Lemma 5.4, as w is then (p; q)-rea
hable from v. Hen
e v = w and v is

the end vertex of

~

P

1

and

~

P

2

. Thus v is also the end vertex of

~

P

0

1

and

~

P

0

2

. It

follows that v is a leaf of both Y

1

and Y

2

. �

Lemma 5.8. Let

~

G be a dire
ted graph with maximum indegree �

{

(

~

G), let

r be an integer and let

~

� be an (r; r � 1)-augmentation of

~

G.
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Then

~

� may be extended into an (r + 1; r)-augmentation

~

�

0

su
h that

�

{

(

~

�

0

) � �

{

(

~

�) + ((2�

{

(

~

�) + 1)�

{

(

~

G))

2r+1

r

r

(G).

Proof. Let �

~

�

be the edge 
oloring de�ned in Lemma 5.4.

For two sequen
es ~� and

~

� of respe
tive lengths p � r +1 and q � r, let

�

~

�

(~�;

~

�) be the union of all the

~

P

1

[

~

P

2

where �

~

�

(

~

P

1

) = ~�, �

~

�

(

~

P

2

) =

~

� and

there exists three distin
t verti
es x; y; z so that x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y. Also, let

G

~�;

~

�

be the graph obtained from G by 
ontra
ting all the edges of �

~

�

(~�;

~

�)

but those 
olored �

p

.

Let x; y be verti
es of G so that y is (r + 1; r)-rea
hable from x, as wit-

nessed by x

~

P

1

+3/o/o
z

~

P

2

ks o/ o/
y. Let ~� = �

~

�

(

~

P

1

) and

~

� = �

~

�

(

~

P

2

). The verti
es

x; y are the roots of dire
ted trees in �

~

�

(~�;

~

�)\T

~

�

(~�) and �

~

�

(~�;

~

�)\T

~

�

(

~

�),

respe
tively, hen
e to two adja
ent distin
t verti
es in G

~�;

~

�

. Similarly,

two distin
t verti
es of G

~�;

~

�

adja
ent by an edge of 
olor �

p

(where p =

j~�j) 
orrespond uniquely to the roots of a tree in �

~

�

(~�;

~

�) \ T

~

�

(~�) and

�

~

�

(~�;

~

�) \ T

~

�

(

~

�), respe
tively.

It follows that there exists an (r + 1; r)-augmentation

~

�

0

of

~

G extending

~

� su
h that

�

{

(

~

�

0

)��

{

(

~

�) �

X

j~�j�r+1

j

~

�j�r

r

0

(G

~�;

~

�

) � ((2�

{

(

~

�) + 1)�

{

(

~

G))

2r+1

r

r

(G)

�

Lemma 5.9. For any integer r, there exists a polynomial �

r

su
h that

any dire
ted graph

~

G has a (r + 1; r)-augmentation

~

�, where �

{

(

~

�) �

�

r

(�

{

(

~

G);r

r

(G)), where G is the underlying simple graph of

~

G.

Proof. This is a dire
t 
onsequen
e of Lemma 5.8. �

Proof of Lemma 5.2. De�ne P

r

(x; y) = �

r

(x+ y; y).

Consider a family P of balls of G with radius at most r and 
omplexity at

most 
. We 
onstru
t a dire
ted graph

~

G with underlying undire
ted graph

G. Re
all that

~

G may have, for ea
h edge of G, one ar
 in ea
h dire
tion.

First we orient the edges of G with indegree r

0

(G) (thus obtaining one

ar
 per edge). For ea
h X 2 P , let v be the 
enter of G[X ℄. Let Y be a

minimum distan
e tree of G[X ℄ with root v. If

~

G does not in
lude the ar
s


orresponding to an orientation of Y from its root v, we add the missing
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ar
s. We also add if ne
essary all the ar
s going from a leaf of Y to a vertex

out of X .

Noti
e that the verti
es of

~

G have indegree at most r

0

(G)+
. Moreover,

if r

1

; r

2

are the roots of the trees Y

1

and Y

2


orresponding to some parts

X

1

; X

2

2 P whi
h are adja
ent in G=P then r

2

is (r+1; r)-rea
hable from r

1

in

~

G (by a dire
ted path of length at most r in Y

1

, possibly followed by an ar


between the parts and a dire
ted path of length at most r in Y

2

in opposite

dire
tion). Hen
e r

1

and r

2

are adja
ent in any (r + 1; r)-augmentation of

~

G. A

ording to Lemma 5.9, there exists su
h an augmentation

~

� with

�

{

(

~

�) � �

r

(r

0

(G) + 
;r

r

(G)). As G=P is isomorphi
 to a subgraph of

the graph with vertex set V (G) and edge set

~

�. As this subgraph has an

orientation with indegree at most �

{

(

~

�) we have, a

ording to Fa
t 4.1 and

Lemma 5.9:




r

r

(G) = r

0

(G=P) � �

{

(

~

�) � �

r

(r

0

(G) + 
;r

r

(G)) � P

r

(
;r

r

(G)):

�

6. Transitive fraternal augmentation

De�nition 6.1. Let

~

G be a dire
ted graph. A 1-transitive fraternal aug-

mentation of

~

G is a dire
ted graph

~

H with the same vertex set, in
luding

all the ar
s of

~

G and su
h that, for any verti
es x; y; z,

� if (x; z) and (z; y) are ar
s of

~

G then (x; y) is an ar
 of

~

H (transi-

tivity),

� if (x; z) and (y; z) are ar
s of

~

G then (x; y) or (y; x) is an ar
 of

~

H

(fraternity).

A transitive fraternal augmentation of a dire
ted graph

~

G is a sequen
e

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

�

~

G

i+1

� � � � , su
h that

~

G

i+1

is a 1-transitive

fraternal augmentation of

~

G

i

for any i � 1.

The main key lemma here is that the notion of 
lasses of bounded ex-

pansion is stable under 1-fraternal augmentations. More pre
isely:

Lemma 6.1. Let

~

G be a dire
ted graph and let

~

H be a 1-transitive fraternal

augmentation of

~

G. Then

(6)




r

r

(H) �


(�

{

(

~

G)+1)

r

2r+1

(G) � P

2r+1

(
(�

{

(

~

G) + 1);r

2r+1

(G)):

Proof. Consider a ball family P = fV

1

; : : : ; V

p

g of H with radius at most

r and 
omplexity 
. Let P

0

= fV

0

1

; : : : ; V

0

p

g, where V

0

i

= V

i

[ fz : 9x 2
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V

i

; (x; z) 2 E(

~

G)g. Then for any x; y 2 V

i

whi
h are adja
ent in H , either

x and y are adja
ent in G or there exists z 2 V

0

i

so that fx; zg and fy; zg

are edges of G. Hen
e V

0

i

is a ball of G with radius at most 2r + 1. Any

vertex v of G belongs to a most 
 + �

{

~

G balls of P

0

for v belongs to V

0

i

if and only if either v belongs to V

i

(there are at most 
 su
h V

i

) or there

exists an ar
 from a vertex z 2 V

i

to v in

~

G (there are at most �

{

(

~

G) su
h

z hen
e at most 
�

{

(

~

G) su
h V

i

). Hen
e the 
omplexity of P

0

is at most


(�

{

(

~

G) + 1). As H=P is isomorphi
 to a subgraph of G=P

0

jE(H=P)j �

jE(G=P

0

)j thus




r

r

(H) =

jE(H=P)j

jPj

�

jE(G=P

0

)j

jP

0

j

�


(�

{

(

~

G)+1)

r

2r+1

(G). We


on
lude using Lemma 5.2. �

Corollary 6.2. There exists polynomials Q

i

(i � 1), su
h that any dire
ted

graph

~

G has a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � where

(7) �

{

(

~

G

i

) � Q

i

(�

{

(

~

G);r

2

i+1

�1

(G))

We also dedu
e:

Corollary 6.3. Let C be a 
lass with bounded expansion. Then there exists

a fun
tion g su
h that ea
h graph G 2 C has a transitive fraternal augmen-

tation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � where �

{

(

~

G

i

) � g(i).

7. Ba
k to p-
entered 
olorings

The aim of this se
tion is to prove that transitive fraternal augmentations

allow us to 
onstru
t p-
entered 
olorings.

Lemma 7.1. Let N(p; t) = 1 + (t � 1)(2 + dlog

2

pe), let

~

G be a dire
ted

graph and let

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � be a transitive fraternal

augmentation of

~

G.

Then

~

G

N(p;td(G))

either in
ludes an a
y
li
ally oriented 
lique of size p

or a rooted dire
ted tree

~

Y su
h that G � 
los(Y ) and 
los(

~

Y ) �

~

G

N(p;td(G))

.

Proof. We �x the integer p and prove the lemma by indu
tion on t = td(

~

G).

The base 
ase t = 1 
orresponds to a graph without edges, for whi
h the

property is obvious. Assume the lemma has been proved for dire
ted graphs

with tree-depth at most t and let

~

G be a dire
ted graph with tree-depth

t+1. As we may 
onsider ea
h 
onne
ted 
omponent of

~

G independently, we

may assume that

~

G is 
onne
ted. Then there exists a vertex s 2 V (

~

G) su
h

that the 
onne
ted 
omponents

~

H

1

; : : : ;

~

H

k

of G�s have tree-depth at most

17



t. As

~

H

i

=

~

G

1

[V (

~

H

i

)℄ � � � � �

~

G

j

[V (

~

H

i

)℄ � � � � is a transitive fraternal

augmentation of

~

H

i

we have, a

ording to the indu
tion hypothesis, that,

for ea
h 1 � i � k, there exists in

~

H

i

either an a
y
li
ally oriented 
lique

of size p or a rooted tree

~

Y

i

rooted at r

i

su
h that H

i

� 
los(Y

i

) and


los(

~

Y

i

) �

~

G

N(p;td(G))

[V (

~

H

i

)℄. If the �rst 
ase o

urs for some i, then

~

G

in
ludes an a
y
li
ally oriented 
lique of size p. Hen
e assume it does not.

As

~

G is 
onne
ted, the vertex s has at least a neighbor x

i

in

~

H

i

(for ea
h

1 � i � k). Let x be any neighbor of s in

~

H

i

. If y is an an
estor of x

in

~

Y

i

, (y; x) is an ar
 of

~

G

N(p;t)

hen
e s and y are adja
ent in

~

G

N(p;t)+1

.

Moreover, if (x; s) is an ar
 of

~

G

N(p;t)

then (y; s) is an ar
 of

~

G

N(p;t)+1

.

Let D

i

be the subset of V (

~

H

i

) of the verti
es x su
h that (x; s) belongs to

~

G

N(p;t)

and of their an
estors in

~

Y

i

and let D =

S

k

i=1

D

i

. Then D in
ludes

a 
lique in

~

G

N(p;t)+2

. Thus there exists a dire
ted Hamiltonian path

~

P in

~

G

N(p;t)+2

[D℄.

Let r be the start vertex of

~

P . De�ne � : V (G)� r ! V (G) as follows:

� if x 2 D, the �(x) is the prede
essor y of x in

~

P (the ar
 (y; x)

belongs to

~

G

N(p;t)+2

);

� otherwise, if x = s, �(x) is the end vertex y of

~

P (the ar
 (y; x)

belongs to

~

G

N(p;t)+1

);

� otherwise, if x = r

i

then �(x) = s (the ar
 (s; r

i

) belongs to

~

G

N(p;t)+2

);

� otherwise, if the father of x 2 V (

~

H

i

)nD does not belong to D, then

�(x) is the father of x in

~

Y

i

;

� otherwise, if no des
endant of x in

~

Y

i

has an ar
 
oming from s in

~

G

N(p;t)+1

, �(x) is the father of x in

~

Y

i

;

� otherwise, �(x) = s (the ar
 (s; x) belongs to

~

G

N(p;t)+2

).

It is easily 
he
ked that the so de�ned \father mapping" � a
tually de�nes

a dire
ted rooted tree

~

Y of

~

G

N(p;t)+2

with root r and that G � 
los(

~

Y ).

Moreover, either

~

Y has height at least p and

~

G

N(p;t)+2+dlog

2

pe

in
ludes

an a
y
li
ally oriented 
lique of size p or 
los(

~

Y ) �

~

G

N(p;t)+2+dlog

2

pe

. As

N(p; t+ 1) = N(p; t) + 2 + dlog

2

pe, the indu
tion follows. �

Lemma 7.2. Let p be an integer, let

~

G be a dire
ted graph and let

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � be a transitive fraternal augmentation of

~

G. Then

either

~

G

N(p;p)

in
ludes an a
y
li
ally oriented 
lique of size p or td(G) �

18



p�1 and there exists in

~

G

N(p;p)

a rooted dire
ted tree Y so that G � 
los(Y )

and 
los(

~

Y ) �

~

G

N(p;p)

.

Proof. If td(G) > p we may 
onsider a 
onne
ted subgraph of H of tree-

depth p. A

ording to Lemma 7.1, there will exists in

~

G

N(p;p)

[V (H)℄ an

a
y
li
ally oriented 
lique of size p or a rooted dire
ted tree

~

Y so that

H � 
los(Y ) and 
los(

~

Y ) �

~

G

N(p;p)

[V (H)℄. In the later 
ase, if td(G) = p

then the height of

~

Y is at least td(H) = p and 
los(

~

Y ) in
ludes an a
y
li
ally

oriented 
lique of size p. �

Corollary 7.3. Let R(p) = 1 + (p� 1)(2 + dlog

2

pe) = O(p log

2

p).

For any graph G, for any transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � of G and for any integer p:

(8) �

p

(G) � 2�

{

(

~

G

R(p)

) + 1

And also:

Corollary 7.4. Let C be a 
lass of graphs. Assume there exists a fun
tion

f su
h that ea
h graph G 2 C has a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � su
h that �

{

(

~

G

i

) � f(i). Then, for any integer p

there exists an integer X(p) su
h that every G 2 C has a p-
entered 
oloring

using at most X(p) 
olors.

8. Con
lusion

All previous results are gathered in the following equivalen
e:

Theorem 8.1. Let C be a 
lass of graphs. The following 
onditions are

equivalent:

� C has low tree-width 
olorings,

� C has low tree-depth 
olorings,

� for any integer p, f�

p

(G) : G 2 Cg is bounded,

� for any integer p, there exists an integer X(p) su
h that any graph

G 2 C has a p-
entered 
olorings using at most X(p) 
olors,

� C has bounded expansion,

� for any integer 
, the 
lass C �K




= fG �K




: G 2 Cg has bounded

expansion,

� for any integer k, the 
lass C

0

of the 1-transitive fraternal augmen-

tations of dire
ted graphs

~

G with �

{

(

~

G) � k and G 2 C form a 
lass

with bounded expansion,
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� there exists a fun
tion F su
h that any orientation

~

G of a graph

G 2 C has a transitive fraternal augmentation

~

G =

~

G

1

�

~

G

2

�

� � � �

~

G

i

� � � � where �

{

(

~

G

i

) � F (�

{

(

~

G); i),

� there exists a fun
tion f su
h that any graph G 2 C has a transitive

fraternal augmentation

~

G =

~

G

1

�

~

G

2

� � � � �

~

G

i

� � � � where

�

{

(

~

G

i

) � f(i).

Now that we know that bounded expansion is the more general 
ondi-

tion for low tree-depth 
oloring to exist and that low tree-width 
oloring

(although seemingly weaker) does not relax this 
ondition, we may wonder

what may be the weakest 
oloring 
ondition equivalent to low tree-width


oloring. It appears that this is a dire
t 
onsequen
e of Lemma 3.6 and

Theorem 8.1:

Corollary 8.2. Let C be a 
lass of graphs. Then C has bounded expansion

if, and only if, for every integer p � 1 there exists a 
lass of graphs C

p

and

an integer C(p) su
h that:

� C

p

has bounded expansion,

� any graph G 2 C has a C(p) vertex-
oloring su
h that any p parts

indu
e a graph in C

p

.
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