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By use of elementary geometri
 arguments we prove the existen
e of a spe
ial inte-

gral solution of a 
ertain system of linear equations. The existen
e of su
h a solution

then yields the NP-hardness of the de
ision problem on the existen
e of lo
ally in-

je
tive homomorphisms to Theta graphs with three distin
t odd path lengths.
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1 Introdu
tion and ba
kground

Graphs 
onsidered in this paper are �nite, undire
ted and simple,

i.e., without loops or multiple edges. The vertex set of a graph G

is denoted by V

G

, the edge set by E

G

, and edges are 
onsidered as

two-element sets of verti
es, with the notation (u; v) for the edge


onne
ting verti
es u and v. The neighborhood of a vertex is the

set of verti
es adja
ent to it, formallyN

G

(u) = fv : (u; v) 2 E

G

g

(the subs
ript is omitted if it is 
lear from the 
ontext in whi
h

graph the neighborhood if 
onsidered). The size of its neighbor-

hood is 
alled the degree of the vertex.

A graph homomorphism f : G! H is an edge-preserving vertex-

mapping, i.e., a mapping f : V

G

! V

H

su
h that (f(u); f(v)) 2

E

H

whenever (u; v) 2 E

G

. A homomorphism from a graphG into

the 
omplete graph on k verti
es 
orresponds to a k-
oloring of

G (
oloring of verti
es by k 
olors su
h that adja
ent verti
es

re
eive distin
t 
olors), a notion that �nds appli
ations in many

optimization problems (s
heduling, broad
asting et
.). In this

sense a homomorphism from a graph G to a graph H is often

referred to as an H-
oloring of G. For a thorough introdu
tion

to the theory of graph homomorphisms as an important part

of algebrai
 graph theory, the reader is referred to the re
ent

monograph [12℄.

Observe that every homomorphism f : G! H maps the neigh-

borhood N

G

(u) of ea
h vertex u 2 V

G

into the neighborhood

N

H

(f(u)) of its image in H. Based on the properties of the re-

stri
ted mappings we say that f is lo
ally inje
tive (lo
ally surje
-

tive, lo
ally bije
tive, respe
tively) if for every vertex u 2 V

G

, the

proje
t 1M0021620808.
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neighborhood N

G

(u) is mapped inje
tively (surje
tively, bije
-

tively) intoN

H

(f(u)) via the mapping f . Lo
ally inje
tive homo-

morphisms �nd appli
ation in generalized distan
e 
onstrained

graph labelings and the 
hannel assignment problem and this


onne
tion will be dis
ussed in more detail in the 
on
luding

se
tion. Lo
ally bije
tive homomorphisms have been studied in

topologi
al graph theory as graph 
overs [2℄ and lo
ally surje
-

tive ones relate to so 
alled role assignment graphs studied in

so
iologi
al appli
ations [4℄. Sin
e a graph G allows a lo
ally

inje
tive homomorphism to a graph H if and only if G is an in-

du
ed subgraph of a graph G

0

whi
h 
overs H (i.e. G

0

allows a

lo
ally bije
tive homomorphisms to H), lo
ally inje
tive homo-

morphisms are also referred to as partial 
overs.

We are interested in the 
omputational 
omplexity of the follow-

ing de
ision problem

H-LIHOM

Input: A graph G.

Question: Does there exist a lo
ally inje
tive homomorphism

f : G! H?

where the �nal goal would be a 
omplete 
hara
terization of the


omplexity this problem, depending on the parameter graph H.

This study has been initiated and partial results presented in [7℄

and [6℄. In this paper we extend the 
lassi�
ation for a variety

of so 
alled Theta graphs.

In a similar manner we refer to H-LBHOM, H-LSHOM and

H-HOM as the problems whether an input graph G allows a

lo
ally bije
tive, lo
ally surje
tive or lo
ally un
onstrained (re-

spe
tively) homomorphism to the parameter graph H.
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The 
hara
terization of the 
omplexity of the H-HOM prob-

lem was given by Hell and Ne�set�ril [11℄ who proved that the

problem is polynomially solvable for bipartite graphs H and

NP-
omplete otherwise. The 
omputational 
omplexity of lo-


ally surje
tive homomorphisms was studied by Kristiansen and

Telle [18℄ and the full 
hara
terization was 
ompleted by Fiala

and Paulusma [9℄: The H-LSHOM problem is NP-
omplete for

every 
onne
ted graph H with at least three verti
es.

The study of the 
omputational 
omplexity of lo
ally bije
tive

homomorphisms was initiated by Bodlaender et al. [3℄ (who

proved NP-hardness if H is regarded as part of the input) and

Abello et al. [1℄ (who identi�ed the �rst polynomial and NP-


omplete instan
es of the H-LIHOM problem and asked for its


hara
terization). The study was 
arried on in a series of pa-

pers of Krato
hv��l, Proskurowski and Telle [14{16℄ who proved,

among other results, that H-LBHOM is NP-
omplete for simple

regular graphs H of valen
y at least three.

It is proven in [7℄ that for every graphH, the H-LBHOM is poly-

nomially redu
ible to the H-LIHOM. Hen
e the NP-hardness

results on lo
ally bije
tive homomorphisms translate dire
tly to

hardness results on lo
ally inje
tive ones. And therefore from the

point of view of lo
ally inje
tive homomorphisms, it makes sense

to 
on
entrate on those graphs H for whi
h lo
ally bije
tive ho-

momorphisms are polynomially time solvable. The simplest su
h

graphs are those with at most two verti
es of degree greater than

2 [16℄, and the simplest of these are the Theta graphs. Surpris-

ingly, even for su
h simple graphs both NP-
omplete and non-

trivial polynomial time solvable instan
es have been identi�ed

(in [6℄ and in this paper).
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For a 
olle
tion of at least three positive integers a

1

� a

2

� : : : �

a

n

, with a

2

� 2, denote by �(a

1

; a

2

; : : : ; a

n

) the graph 
onsisting

of two verti
es of degree n, say u and v, and for ea
h i, a path of

length a

i


onne
ting u and v (apart from the end-verti
es u and

v, these paths are disjoint and sin
e a

2

� 2, the resulting graph

has no multiple edges).

If the 
olle
tion 
onsists of only two distin
t integers, say a

1

=

� � � = a

k

6= a

k+1

= � � � = a

n

, the 
omplexity of �(a

1

; : : : ; a

n

)-

LIHOM problem was fully des
ribed in [6℄ (and a polynomial/NP-


ompleteness di
hotomy holds true in this 
ase). The next 
ase,

whi
h remained open for a while, was H = �(1; 3; 5). Extend-

ing the methods developed in [5℄, we prove the following more

general theorem.

Theorem 1 For every three distin
t odd positive integers a; b; 
,

the �(a; b; 
)-LIHOM problem is NP-
omplete.

The redu
tion is based on a number theoreti
 result (Theorem 3)

whi
h we �nd interesting in its own and whi
h has previously

been asked as an open problem at several o

asions. The paper

is organized as follows. In Se
tion 2 we brie
y des
ribe the re-

du
tion from [5℄ in a more general form. Se
tion 3 
ontains the

proof of Theorem 3 and Se
tion 4 the proof of our main result

Theorem 1. Con
luding remarks are gathered in Se
tion 5.

2 The redu
tion

Lemma 2 If a < b < 
 and m are odd positive integers su
h

that
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(i) There is no integer solution x; y; z � 0 of the equation xa +

yb+z
 = m su
h that x; y and z satisfy the triangle inequalities

x+ y � z, x+ z � y and y + z � x;

(ii) There is an integer solution x; y; z � 0 of the equation xa +

yb+ z
 = m su
h that x + y = z � 1;

(iii) There is an integer solution x; y; z � 0 of the equation xa +

yb+ z
 = m su
h that y + z = x� 1;

(iv) There is an integer solution x; y; z � 0 of the equation xa +

yb+ z
 = m su
h that z + x = y � 1,

then the �(a; b; 
)-LIHOM problem is NP-
omplete.

Proof: It is well known that the edges of every 
ubi
 bipar-

tite graph 
an be properly 
olored by three 
olors (i.e., so that

ea
h 
olor indu
es a mat
hing), while for general 
ubi
 graphs

the existen
e of su
h a 3-
oloring is NP-
omplete to de
ide [13℄.

However, de
iding if a pre
oloring of edges of a 
ubi
 bipartite

graph 
an be extended to a proper 3-edge-
oloring of the entire

graph is also NP-
omplete, as re
ently shown in [5℄. This problem

remains NP-
omplete if only two 
olors are used in the pre
olor-

ing (as a matter of fa
t, it would be
ome polynomially solvable

if only one 
olor were used, 
f. [17℄). We redu
e this problem to

�(a; b; 
)-LIHOM.

Given a 
ubi
 bipartite graph G with some edges pre
olored by

two 
olors, say amber and bla
k (the third 
olor will be 
yan), we


onstru
t G

0

from G by repla
ing every amber edge by a path of

length a, every bla
k edge by a path of length b, and every edge

whi
h is not pre
olored by a path of length m. As the problem

parameters a; b; 
; and m are 
onstant, the size of the graph G

0

is

linear in the size of G. If m satis�es the above stated properties,

then G

0

allows a lo
ally inje
tive homomorphism into �(a; b; 
)
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Fig. 1. Example of a mapping of a path of length m = 11 into

�(1; 3; 5) a

ording to the pattern 1 + 3 + 1 + 5 + 1 = 11.

if and only if the edge pre
oloring of G 
an be extended to a

proper 3-edge-
oloring of the whole graph. This follows from the

fa
t that the verti
es of degree 3 in G

0

must map onto u or v and

the paths joining them must ea
h map onto a sequen
e of paths

of length a; b; 
 with no two 
onse
utive paths having the same

length. (See Figure 1 for an example.)

If x; y; z are the numbers of o

urren
es of the lengths a; b; 


(respe
tively) in su
h a sequen
e for a path of length m, the


ondition (i) implies that the lengths of the initial and last seg-

ments in ea
h su
h sequen
e are the same, and 
onditions (ii-iv)

guarantee that the path of length m 
an have both the initial

and the last segment mapped onto the path of length a (and

both onto the path of length b, and as well 
). Hen
e these three

options en
ode the 
olors (a = amber, b = bla
k and 
 = 
yan).

A lo
ally inje
tive homomorphism from G

0

into �(a; b; 
) thus


orresponds to a proper 3-edge-
oloring of G, sin
e both degree-

3 verti
es of �(a; b; 
) are in
ident with exa
tly one path of length

a, one path of length b and one path of length 
. And this 
oloring

must extend the pre
oloring of G, sin
e a path of length a in G

0
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m = ax+ by + 
z

x = 0; y = z

y

z

x

Fig. 2. The geometri
 meaning of Lemma 2. The thi
k segments shall


ontain an integer point.


an only map onto the path of length a in �(a; b; 
) (and similarly

for the paths of length b). �

The geometri
 meaning of the 
ondition of Lemma 2 is illustrated

in Figure 2. The triangle determined in the plane xa+yb+z
 = m

by the triangle-inequalities 
one must 
ontain no integer points,

but ea
h segment parallel with one of its sides and shifted by 1

away must 
ontain at least one integer point. It turns out that

after performing a rotation of the 
oordinate axes su
h that this

triangle is transformed into the whole triangle determined on

xa + yb + z
 = m by the 
oordinate planes, the statement 
an

be proved by an essentially elementary geometri
 argument.
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3 The geometri
 reformulation

Theorem 3 Let A;B;C be distin
t positive integers. Then a

positive integer M exists su
h that

(I) There is no integer solution X; Y; Z � 1 of the equation

XA+ Y B + ZC =M ;

(II) There is an integer solution X; Y � 1 of the equation XA +

Y B =M ;

(III) There is an integer solution Y; Z � 1 of the equation Y B +

ZC =M ;

(IV) There is an integer solution Z;X � 1 of the equation XA +

ZC =M .

The geometri
 meaning of this theorem is that there always exists

a shift of the plane XA + Y B + ZC = 0 su
h that the triangle

(further referred to as �

M

) determined in the translated plane by

the halfspa
es X � 0; Y � 0; Z � 0 
ontains at least one integer

point inside ea
h of its sides, but none inside the triangle. (See

Figure 3.)

Proof: Let � be the plane of points (X; Y; Z) for whi
h XA +

Y B+ZC = 0. Denote by L the 2-dimensional latti
e that is the

interse
tion of � and the 3-dimensional latti
e of integer points.

Every translate of � interse
ts the 3-dimensional integer latti
e

either in a translate of L, or in the empty set. Let l

X

be the

interse
tion line of � and the 
oordinate plane X = 0. De�ne

similarly l

Y

and l

Z

. Note that l

X

; l

Y

and l

Z

are parallel to the

sides of the triangle �

M

for every M 6= 0. The lines l

X

, l

Y

and

l

Z

interse
t in the origin.

Let P

Y

be (one of) the latti
e point(s) of L lying in the angle

9



M = AX +BY + CZ

X

Y

Z

Fig. 3. The triangle �

M

.

determined by l

X

and l

Z

and being on the 
losest line parallel

to the line l

Y

(for every line parallel to l

Y

, this triangle 
ontains

only �nite number of integer points). Shift the line l

Y

into l

0

Y

that passes through P

Y

, thus obtaining a triangle �

0

with latti
e

points inside the sides lying on l

X

and l

0

Y

, but with no latti
e

points in its interior. Similarly, let P

Z

be a point of L lying in

the angle determined by l

X

and l

0

Y

and 
losest to the line l

Z

.

Shift l

Z

to l

0

Z

passing through P

Z

, obtaining a triangle �

00

with

latti
e points inside ea
h of its sides, but with no latti
e points

in its interior. (See Figure 4.)

Let P

Y

= (y

1

; y

2

; y

3

) and P

Z

= (z

1

; z

2

; z

3

) be the 
oordinates of

these points. For M = �By

2

� Cz

3

(an integer), the triangle

�

M

is the translate of �

00

by the integer ve
tor (0;�y

2

;�z

3

),

and hen
e it 
ontains the integer point (0;�y

2

;�z

3

) on its side

parallel to l

X

, the integer point (y

1

; 0; y

3

� z

3

) on its side parallel

to l

y

and the integer point (z

1

; z

2

� y

2

; 0) on its side parallel to

l

Z

, but no integer point in the interior. Thus M = �By

2

� Cz

3

satis�es (I-IV). �
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l

X

II.

I.

P

Y

l

0

Z

P

Z

l

Y

l

0

Y

�

00

l

Z

Fig. 4. Finding points P

Y

and P

Z

in the plane �.

4 Proof of the main theorem

We show that for every three distin
t odd positive integers a; b; 
,

there exists a positive odd integer m su
h that the 
onditions (i-

iv) of Lemma 2 are satis�ed. Given a < b < 
, set

A = b + 
; B = a+ 
; C = a+ b:

Let M be the number guaranteed by Theorem 3.

Lemma 4 This M satis�es (I-IV) of Theorem 3 if and only if

m =M � a� b� 
 satis�es (i-iv) of Lemma 2.

Proof: Note �rst that sin
e a; b; 
 are odd, A;B;C are all even

and so is M . It follows that m =M � a� b� 
 is odd. Consider
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the dual transformations given by

(X; Y; Z)! (x = Y + Z � 1; y = Z +X � 1; z = X + Y � 1)

and

(x; y; z)! (X =

y + z � x + 1

2

; Y =

z + x� y + 1

2

; Z =

x + y � z + 1

2

):

A simple 
al
ulation shows that

AX +BY + CZ =

(b+ 
)(y + z � x + 1)

2

+

(a+ 
)(z + x� y + 1)

2

+

(a + b)(x+ y � z + 1)

2

=

a+ b + 
+ xa + yb+ z


and hen
e

AX +BY + CZ =M if and only if ax + by + 
z = m:

Obviously, x; y; z are integers if X; Y; Z are. On the other hand,

if x; y; z are integers solving xa+yb+z
 = m, then x+y+z � 1

mod 2 and X; Y; Z are also integers. Thus the transformations

provide a bije
tion among integer solutions of xa+ yb+ z
 = m

and XA+ Y B + ZC =M .

It is straightforward that X = 0 if and only if y+ z = x� 1, and

that under this assumption Y � 1; Z � 1 imply x � 0; y � 0

and z � 0, as well as x; y; z � 0 imply Y =

z+x�y+1

2

=

2z+1

2

> 0

and Z =

x+y�z+1

2

=

2y+1

2

> 0. Hen
e the 
onditions (ii-iv) of

Lemma 2 of and (II-IV) of Theorem 3 are equivalent.

Similarly, X > 0 if and only y + z > x � 1, and sin
e all the

involved variables are integers, this means thatX � 1 if and only

12



if y+z � x. Sin
e the inequalities are symmetri
, the equivalen
e

of the 
onditions (i) of Lemma 2 and (I) of Theorem 3 follows.

�

5 Con
luding remarks

The re
ently intensively studied notion of L(2; 1)-labelings of

graphs stems from the appli
ations in the frequen
y assignment

and radio 
oloring problems. It asks for labeling the verti
es of

a given graph by nonnegative integers so that adja
ent verti
es

are assigned labels that di�er by at least two, while verti
es

at distan
e two must be assigned distin
t labels. This notion

was generalized in several ways (L(p

1

; : : : ; p

k

)-labelings, the so


alled 
hannel assignment problem, et
.) to 
apture more 
om-

plex 
hannel environments.

A natural generalization is the notion of H(2; 1)-labelings [7℄,

where it is assumed that the frequen
y spa
e is equipped with a

metri
 des
ribed by a graph H. An H(2; 1)-labeling of a graph

G is a vertex mapping f : V

G

! V

H

su
h that dist

G

(u; v) +

dist

H

(f(u); f(v)) � 3 for all pairs of verti
es u; v 2 V

G

. To ex-

plain the parameters (2; 1) observe that the 
ondition requires

that neighbors in G are mapped onto verti
es non-adja
ent in

H, i.e., onto verti
es whi
h are at least 2 apart. At the same

time verti
es with a 
ommon neighbor are mapped onto distin
t

verti
es of H, i.e., on verti
es that are at least 1 apart. Hen
e, as

noted in [7℄, f is an H(2; 1)-labeling if and only if it is a lo
ally

inje
tive homomorphism from G to H, the 
omplement of H.

An L(2; 1)-labeling of span k is thus a P

k

(2; 1)-labeling where P

k

13



denotes the path of length k. The original optimization problem

of minimizing the span of an L(2; 1)-labeling of G was shown

NP-
omplete in [10℄. The �xed parameter version, i.e., assuming

that the span k is bounded, leads to the 
lass of de
ision prob-

lems on the existen
e of P

k

(2; 1)-labelings. These were shown

NP-
omplete in [8℄ for every k � 4. The 
ase of the smallest NP-

hard span, i.e., and path of length k = 4, is nothing else but the

�(1; 2; 3)-LIHOM problem, sin
e P

4

= �(1; 2; 3). This provides

another 
onne
tion to partial 
overs of Theta graphs.

Distan
e 
onstrained labelings in the 
ir
ular metri
 
onsidered

by van den Heuvel et al. [20℄ and Liu and Yhu [19℄ 
orrespond to

C

k

(2; 1)-labelings. There NP-
ompleteness for every �xed k � 6

(as shown in [7℄) follows from the fa
t that C

k

is a regular graph

of valen
y k� 3 � 3 for k � 3, and the already mentioned result

C

k

-LBHOM _ C

k

-LIHOM.

The natural question to 
hara
terize the 
omputational 
omplex-

ity of de
iding the existen
e of an H(2; 1)-labeling, depending on

the parameter graph H, is thus equivalent to 
hara
terizing the


omputational 
omplexity of the H-LIHOM problems. However,

the full 
hara
terization is not yet in sight. Still we believe that

the 
ore of the hardness of this 
hara
terization problem will

prove to be the Theta graphs.
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