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Abstra
t. A 
olored graph is a 
omplete graph in whi
h a 
olor has

been assigned to ea
h edge, and a 
olorful 
y
le is a 
y
le in whi
h

ea
h edge has a di�erent 
olor. We �rst show that a 
olored graph

la
ks 
olorful 
y
les i� it is Gallai, i.e., la
ks 
olorful triangles. We

then show that, under the operation m Æ n � m+ n� 2, the lengths

of omitted 
y
les in a 
olored graph form a monoid isomorphi
 to a

submonoid of the natural numbers whi
h 
ontains all integers past

some point. We 
onje
ture that all su
h monoids are realized, and

prove that several are.

We then 
hara
terize exa
tly Gallai graphs, i.e., graphs in whi
h

every triangle has edges of exa
tly two 
olors. We show that these

are pre
isely the graphs whi
h 
an be iteratively built up from three

simple 
olored graphs, having 2, 4, and 5 elements, respe
tively. We

then 
hara
terize, in two quite di�erent ways, the mono
hromes, i.e.,

the 
onne
ted 
omponents of maximal mono
hromati
 subgraphs, of

exa
t Gallai graphs. The �rst 
hara
terization is in terms of their

redu
ed form, a notion whi
h hinges on the important idea of a full

homomorphism. And the se
ond 
hara
terization is by means of a

homomorphism duality

Contents

Introdu
tion 2

1. Ground 
learing 3

2. The spe
trum of a 
olored graph 4

2000 Mathemati
s Subje
t Classi�
ation. Primary 05C15; Se
ondary 05C55.

Key words and phrases. Complete graph, 
y
le, 
oloring, tree.

The �rst author would like to express his thanks for support by proje
t LN 00A056

of the Ministry of Edu
ation of the Cze
h Republi
.

The se
ond author would like to express his thanks for support by proje
t LN 00A056

of the Ministry of Edu
ation of the Cze
h Republi
, by the NSERC of Canada and by

the Gudder Trust of the University of Denver.

1



3. Gallai 
liques 7

4. Exa
t Gallai 
liques 11

5. Full homomorphisms 14

6. Homomorphism dualities 16

Referen
es 19

Introdu
tion

For the purposes of 
onstru
ting 
oprodu
ts of distributive latti
es, the

�rst two authors found 
ertain edge-
olorings of 
omplete graphs to be use-

ful. The spe
i�
 
olorings of use were those la
king 
olorful 
y
les of par-

ti
ular lengths. It turns out that su
h 
olorings exhibit a stru
ture whi
h

may be of interest in its own right. We investigate that stru
ture here.

The absen
e of short 
olorful 
y
les implies the absen
e of 
ertain longer

ones, and this fa
t leads to the 
on
ept of the spe
trum, de�ned and an-

alyzed in Se
tion 2, 
ulminating in Conje
ture 2.6. Gallai 
olorings, i.e.,


olorings whi
h la
k 
olorful 3-
y
les, 
onstitute an extreme example of this

phenomenon, for they have no 
olorful 
y
les at all (Proposition 2.2).

We therefore turn our attention to Gallai 
olorings. These 
olorings are

known to have a simple and pleasing stru
ture, whi
h we review and elab-

orate in Se
tion 3. We then impose the additional hypothesis of exa
tness,

i.e., the hypothesis that every 3-
y
le has edges of exa
tly two 
olors. The

resulting stru
tural des
ription, given in Se
tion 4, is espe
ially sharp, and,

in fa
t, the analysis 
an be 
onsidered to be 
omplete. In Se
tion 5 we

re
all the important notion of a full homomorphism, and some of its prop-

erties. Using this notion, together with the stru
tural results from Se
tion

4, we are able to 
hara
terize the mono
hromes, i.e., the 
omponents of

the mono
hromati
 subgraphs. We then elaborate this 
hara
terization in

Se
tion 6 by means of a homomorphism duality.

Gallai initiated the investigation of the 
olored graphs, whi
h now bear

his name, in his foundational paper [3℄. Sin
e then, these graphs have

appeared in several di�erent 
ontexts, and for di�erent reasons. We mention

only two of the more re
ent investigations: Gy�arf�as and Simonyi showed the

existen
e of mono
hromati
 spanning brushes in [4℄; Chung and Graham

found the bound on the maximum number of verti
es for a given number

of 
olors in exa
t Gallai 
liques in [2℄ (see Theorem 5.9). A good general

ba
kground referen
e is the survey arti
le [6℄.
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1. Ground 
learing

Graphs will be assumed to be �nite, symmetri
 (undire
ted), and without

loops. We denote a graph G by (V

G

; E

G

), where V

G

and E

G

designate the

sets of verti
es and edges of G, respe
tively. Symbols u, v, and w are

reserved for verti
es, with the edge 
onne
ting verti
es u and v designated

by uv. The symbol K is reserved for 
omplete graphs.

An edge 
oloring of a graph G, or simply a 
oloring of G, is an assignment

of an element of a �nite set � of 
olors to ea
h edge of G. We use lower-
ase

Greek letters to designate the individual 
olors, upper-
ase Greek letters to

designate sets of 
olors, uv to designate the 
olor assigned to the edge uv,

and � to designate the 
oloring map itself. A 
olored graph is an obje
t of

the form G = (V;E; �), where (V;E) is a graph and � : E ! � is a 
oloring.

In any graph, a 
lique is a 
omplete subgraph indu
ed by a nonempty

subset of verti
es. We denote 
liques by symbols a, b, 
, d, and for 
liques

a and b, we denote the set of edges joining their verti
es by

ab � fuv 2 E : u 2 a; v 2 bg :

In most instan
es, our graphs will be 
omplete, so that the 
liques 
ould be

identi�ed with the 
orresponding vertex subsets. Still, we prefer to speak

of 
liques to emphasize that we deal with edges rather than with verti
es.

In a 
olored graph G, a 
lique is regarded as a 
olored graph under the

restri
tion of the 
oloring of G. For 
liques a and b, we designate by ab the

set of 
olors of the edges of ab; note that aa = ; if jaj = 1.

In any graph, an n-
y
le, n � 2, is a sequen
e (v

1

; v

2

; : : : ; v

n

) of distin
t

verti
es. Two 
y
les are regarded as identi
al if they 
an be made to 
oin
ide

by a 
y
li
al permutation (v

i

7�! v

j+i

) of their elements, where all subs
ript

arithmeti
 is performed modn. 3-
y
les are 
alled triangles, 4-
y
les are


alled squares, and so forth. The edges of a 
y
le (v

1

; v

2

; : : : ; v

n

) are those

of the form v

i

v

i+1

.

In a 
olored graph, a 
y
le (v

1

; v

2

; : : : ; v

n

) is 
olorful if all its edges have

di�erent 
olors, i.e., if

v

i

v

i+1

= v

j

v

j+1

() i = jmodn:

Note that a 2-
y
le is never 
olorful. A Gallai 
lique is a 
lique whi
h has

no 
olorful triangles. An exa
t Gallai 
lique is a Gallai 
lique in whi
h every

triangle has edges of exa
tly two 
olors.
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2. The spe
trum of a 
olored graph

In 
omplete 
olored graphs, the absen
e of 
olorful 
y
les of a parti
ular

length implies the absen
e of 
ertain longer 
olorful 
y
les. In parti
ular,

the absen
e of 
olorful triangles implies the absen
e of 
olorful 
y
les of any

length. In this se
tion we prove this fa
t (Proposition 2.2) and more, and

make the general Conje
ture 2.6. The running assumption throughout this

se
tion is that we are dealing with a 
omplete 
olored graph K.

The spe
trum of a 
oloring � is the set of prohibited lengths of 
olorful


y
les, designated

S (�) � fn � 2 : there are no 
olorful n-
y
lesg :

Obviously, every spe
trum 
ontains 2, and 
ontains all integers n > jKj.

The set of all spe
tra will be denoted by S.

On the set f2; 3; : : :g de�ne an operation Æ by setting

m Æ n = m+ n� 2:

The monoid so obtained is isomorphi
 to the additive monoid N = f0; 1; : : :g

of natural numbers via n 7! n� 2; we denote it N(2).

Proposition 2.1. Every spe
trum S 2 S is a submonoid of N(2) whi
h is

eventually solid, i.e., 
ontains all integers k � n for some n.

Proof. Let C be an (m+ n� 2)-
y
le. There is a 
hord of C that makes C

into an m-
y
le 
onjoined with an n-
y
le along the 
hord. Sin
e m 2 S (�),

the 
olor of the 
hord must mat
h the 
olor of some other edge from the

m-
y
le, and likewise that of some other edge of the n-
y
le. This means

that C is not 
olorful. �

Sin
e 3 is the unique generator of N(2) 
orresponding to 1 in N, we obtain

the following insight.

Proposition 2.2. If 3 2 S 2 S then S is the whole of N(2). In other words,

if a 
olored graph 
ontains no 
olorful triangles then it 
ontains no 
olorful


y
les at all.

Proposition 2.3. Assume that S 2 S satis�es 4 2 S. Then there is an

odd integer m � 3 su
h that

S = f2; 4; 6; 8; : : : ;m� 1;m;m+ 1;m+ 2; : : : g:

Proof. The submonoid of N(2) generated by 4 
onsists of all positive even

integers. Let m be the smallest positive odd integer in S. Then m + 2 =

4+m� 2 = 4 Æm 2 S, m+ 4 = 4 Æ (m+ 2) 2 S, and so forth. �
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Corollary 2.4. If a 
olored graph has no 
olorful squares and no 
olorful

pentagons then it has no 
olorful n-
y
les for any n > 3.

The simplest question suggested by Proposition 2.3 is whether the integer

m mentioned there 
an be any odd number, i.e., whether 
olored graphs

without 
olorful squares 
an admit 
olorfulm-gons for arbitrary odd integers

m. The answer to this question is positive.

Proposition 2.5. For every odd integer m > 1 there is a 
olored graph

with m verti
es having a 
olorful m-gon but no 
olorful squares.

Proof. Let m = 2k + 1, and label the verti
es v

i

, �k � i � k. We employ

a palette 
onsisting of distin
t 
olors � and �

i

, �k � i � k, i 6= 0. For

distin
t indi
es i and j, set

v

i

v

j

�

�

� if i and j have the same parity,

�

i

if i and j have di�erent parity and jij > jjj :

The 
y
le (v

�k

; v

�k+1

; : : : ; v

k

) is 
olorful, with the 
olor of the edges in order

being

�

�k

; �

�k+1

; : : : ; �

�1

; �

1

; : : : ; �

k�1

; �

k

; �:

It remains to show that there are no 
olorful squares. Let (v

i

; v

j

; v

k

; v

l

)

be a square. Assume that the following happens at least twi
e around the

square:

(�) two 
onse
utive verti
es have the same parity.

Then at least two of the four edges are 
olored by �, and the square is

not 
olorful. We 
an therefore assume that (�) happens at most on
e. But

(�) 
annot happen pre
isely on
e sin
e odd and even indi
es must alternate

but the square has four verti
es, and so it never happens. Without loss of

generality, let i have the maximum absolute value among the four indi
es.

Sin
e (�) never happens, we 
on
lude that jjj < jij and jkj < jij. But then

v

i

v

j

= v

i

v

k

= �

i

. �

Figure 1 shows a 
olorful pentagon without 
olorful squares obtained by

the 
onstru
tion of Proposition 2.5.

We have shown that if S is an eventually solid submonoid of N(2) 
on-

taining 3 or 4 then S 2 S. We therefore 
onje
ture that this simple pattern

persists.

Conje
ture 2.6. Every eventually solid submonoid of N(2) appears as the

spe
trum of some 
olored graph.
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Figure 1. A 
olorful pentagon without 
olorful squares.
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Figure 2. Constru
tion of Proposition 2.7.
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We 
lose this se
tion with another 
onstru
tion supporting the 
onje
-

ture:

Proposition 2.7. For every m > 2 there is a 
olorful 2m-gon without


olorful (2m� 1)-gons.

Proof. Draw the 
omplete graph K on 2m verti
es in the usual way, as a


onvex 2m-gon P on the perimeter and all remaining inner edges as straight

line segments inside P . We say that two inner edges 
ross if they have a

point in 
ommon that is not a vertex of K. Color P by 2m distin
t 
olors.

Pi
k four 
onse
utive verti
es on P , say v

�2

, v

�1

, v

1

, v

2

, and assume that

v

�2

v

�1

= �

�1

, v

�1

v

1

= �

0

, v

1

v

2

= �

1

. Color inner edges as follows:

v

�2

v

1

= �

1

, v

�1

v

2

= �

�1

, all remaining inner edges are 
olored �

0

. The


lique fv

�2

, v

�1

, v

1

, v

2

g is depi
ted in Figure 2.
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Let H be a 
olorful (2m� 1)-gon in the above 
oloring, and let n be the

number of 
rossings among the edges of H . If n = 0, then H lies on P with

the ex
eption of one edge e that skips a vertex on P . If e skips v

�1

then

H has two edges 
olored �

1

, namely v

�2

v

1

and v

1

v

2

. If e skips v

1

then H

has two edges 
olored �

�1

, namely v

�2

v

�1

and v

�1

v

2

. If e skips any other

vertex, then H has two edges 
olored �

0

, namely e and v

�1

v

1

.

We 
laim that v

�2

v

1

and v

�1

v

2


annot both lie in H . Assume they

do. If v

�1

v

1

is also in H , then H has two edges 
olored �

0

, sin
e it must

have another inner edge besides v

�2

v

1

, v

�1

v

2

. So v

�1

v

1

is not in H . Sin
e

v

�2

v

�1

= �

�1

, H must 
ontinue from v

�1

via some inner edge 
olored �

0

.

Sin
e v

1

v

2

= �

1

, H must 
ontinue from v

1

via some edge 
olored �

0

, a


ontradi
tion. We have proved the 
laim.

Assume n = 1. Sin
e the 
rossing edges of H have distin
t 
olors, say �

and �, either the 
olor � is �

1

or �

�1

. There are therefore three s
enarios:

(i) � = �

1

and � = �

�1

. Then both v

�2

v

1

, v

�1

v

2

are in H , 
ontrary to the


laim. (ii) � = �

1

and � = �

0

. Then v

�2

v

1

is in H . But then H 
annot


ontinue from v

1

, sin
e all edges 
ontaining v

1

are 
olored �

1

or �

0

. (iii)

� = �

�1

and � = �

0

. Then we are in a situation dual to (ii). Assume

n � 2. Then H has at least three inner edges, sin
e two edges only 
ross

on
e. Hen
e all three 
olors �

�1

, �

0

, �

1

must be assigned to inner edges of

H , and we have on
e again violated the 
laim. �

3. Gallai 
liques

The basi
 building blo
ks of Gallai 
liques are the 2-
liques, i.e., 
liques

a su
h that jaaj � 2, for a 
lique is Gallai i� it 
an be iteratively built up

from 2-
liques. We 
esh out this result in Theorem 3.7, in more detail than

would be stri
tly ne
essary if that theorem were our only purpose. But the

additional detail, and in parti
ular the 
on
ept of fa
tor 
lique, is ne
essary

for the subsequent analysis of exa
t Gallai 
liques in the following se
tions.

The fa
t that Gallai 
liques 
an be iteratively built up from 2-
liques

follows from Theorem 3.1. Following [4℄, we attribute this result to Gallai,

for it is impli
it in [3℄. This theorem 
an also be found among the results

of Cameron and Edmonds in [1℄, and a ni
e proof is in [4℄.

Let a be a 
lique in a 
olored graph, and let � � �. A �-relation on a

is an equivalen
e relation R � a� a su
h that for all u; v 2 a,

(u; v) =2 R =) uv 2 �:
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A 2-relation on a is a �-relation on a for some � � � su
h that j�j � 2.

A �-relation is said to be homogenous if for all u

i

, v

i

2 a,

((u

1

; u

2

) ; (v

1

; v

2

) 2 R and (u

1

; v

1

) =2 R) =) u

1

v

1

= u

2

v

2

:

The des
riptive adje
tives of the relations apply to the partitions they in-

du
e, giving the terms �-partition, 2-partition, and homogenous partition.

To rephrase the de�nition, a �-partition of a is a pairwise disjoint family

A of 
liques whose union is a and whi
h satis�es

[

fa

1

a

2

: a

i

2 A; a

1

6= a

2

g � �;

and the relation is homogeneous if ja

1

a

2

j = 1 for all a

i

2 A su
h that

a

1

6= a

2

.

Theorem 3.1. A nonsingleton Gallai 
lique admits a nontrivial homoge-

neous 2-partition.

It is already 
lear from Theorem 3.1 that Gallai 
liques are iteratively

built up from 2-
liques. What is ne
essary now is to identify, 
on
eptually

and notationally, the parti
ular 2-
liques used in the formation of a given

Gallai 
lique. Thus we are led to the notions of hereditary 2-
lique and of

tree 2-
lique.

We indu
tively de�ne a hereditary 2-
lique as follows. A singleton 
lique

is a hereditary 2-
lique. If a 
lique admits a homogeneous 2-partition whose

parts are hereditary 2-
liques then the 
lique itself is a hereditary 2-
lique.

A tree is a �nite poset T in whi
h every pair of unrelated elements has

a 
ommon upper bound but no 
ommon lower bound. In su
h a poset we

de�ne

s � t() (s < t and 8 r (s � r � t =) r = s or r = t)) ;

and we say that t is the parent of s, and that s is a 
hild of t. We say that

s is an o�spring of t, and that t is an an
estor of s, if s < t. Elements s

and t of T are said to be siblings if they are unrelated but share a parent.

Note that every pair of unrelated elements are the o�spring of siblings. A


hildless element is 
alled a leaf, and the set of leaves is 
alled the yield of

the tree,

K (T ) � ft : t is a leafg :

The largest element of a tree is referred to as its root, and the height of a

tree is the length of a longest path from a leaf to the root.

With a given tree T we asso
iate two graphs. The sibling graph S (T ) has

as verti
es the elements of T and as edges all those of the form st, where

8



s and t are siblings. The leaf graph K (T ) is the 
omplete graph on the

yield of T . An edge 
oloring of S (T ), or simply a 
oloring of S (T ), is an

assignment of a 
olor, denoted

b

st, to ea
h edge st. We use
b
� to denote the


olor map itself. If
b
� has the additional property that for every t 2 TrK (T )

jf brs : r and s are distin
t 
hildren of tgj � 2;

then we say that
b
� is a 2-
oloring of S (T ).

Proposition 3.2. Let T be a tree. Any 
oloring
b
� of S (T ) gives rise to a


oloring � of K (T ) by the rule

st � 
uv;

where u and v are the respe
tive sibling an
estors of s and t. Su
h a 
oloring

satis�es

st = rt

whenever s and r have a 
ommon an
estor unrelated to t, and any 
oloring

of K (T ) with this property arises by this rule from a 
oloring of S (T ).

We refer to a 
lique a as a tree 
lique if there is some tree T and some


oloring of S (T ) su
h that, when K (T ) is 
olored as in Proposition 3.2, a is

isomorphi
 to K (T ). This means that there is a bije
tion from a onto the

leaves of T whi
h preserves the 
olor of the edges. If the 
oloring of S (T )

is a 2-
oloring, we refer to a as a tree 2-
lique.

Proposition 3.3. A tree 2-
lique is Gallai.

Proof. We indu
t on the height of the tree. Consider verti
es u

i

, 1 � i � 3,

in a = K (T ), where the edges of a derive their 
olors from a 2-
oloring of

S (T ) as in Proposition 3.2. Label the root of T as t

0

, and its 
hildren t

1

,

t

2

, . . . , t

n

. If all three verti
es are o�spring of a single t

i

, the triangle they

form lies in V (#t

i

), the tree 2-
lique of the subtree rooted at t

i

. Sin
e this

subtree has height less than that of T , the triangle is not 
olorful by the

indu
tion hypothesis. If two of the verti
es, say u

1

and u

2

, are o�spring of

one t

i

, while the third vertex u

3

is the o�spring of another t

j

, i 6= j, then

u

1

u

3

=

d

t

i

t

j

= u

2

u

3

:

If all three verti
es are o�spring of distin
t 
hildren, say u

i

� t

j

i

for distin
t

j

i

, 1 � i � 3, then be
ause S (T ) 
arries a 2-
oloring,

jfu

i

u

k

: 1 � i 6= k � 3gj =

�

�

�

n

[

t

j

i

t

j

k

: 1 � i 6= k � 3

o

�

�

�

� 2:

Thus in any 
ase the triangle formed by the u

i

's is not 
olorful. �

9



Proposition 3.4. A 
lique a is a tree 2-
lique i� it is a hereditary 2-
lique.

Proof. Given a hereditary 2-
lique a, we build its tree indu
tively. If a is a

singleton, its tree 
onsists of a single root node. If a admits a homogeneous

2-partition into hereditary 2-
liques a

1

, a

2

, : : :, a

k

, then for ea
h i there

is, by the indu
tive hypothesis applied to a

i

, a tree T

i

and a 2-
oloring of

S (T

i

) su
h that a

i

is isomorphi
 to K (T

i

). Denote the root of ea
h T

i

by

t

i

. Form the tree T for a by using a new root node t

0

, by de
laring the


hildren of t

0

to be the t

i

's, and by 
oloring the sibling edges of the root by

the rule

d

t

i

t

j

� a

i

a

j

; i 6= j:

The result is a 2-
oloring of S (T ) whi
h provides a natural isomorphism

from a onto K (T ).

Now let a tree T be given, along with a 2-
oloring of S (T ) and the


orresponding 
oloring ofK (T ) as in Proposition 3.2. We show by indu
tion

on the height of T that K (T ) is a hereditary 2-
lique. If the height of T is

0 then T 
onsists of the root alone, and K (T ) is a singleton and therefore

a hereditary 2-
lique. So suppose we have established the result for trees

of height at most n, and 
onsider a tree T of height n+ 1 with root t

0

and


hildren of the root t

1

, t

2

, . . . , t

k

. Let T

i

be #t

i

, the subtree of T rooted at

t

i

. Then a

i

� K (T

i

) is a hereditary 2-
lique by the indu
tive hypothesis,

and the partition into the a

i

's makes a � K (T ) into a hereditary 2-
lique

as well. �

Corollary 3.5. A hereditary 2-
lique is Gallai.

The expression of a given hereditary 2-
lique as a tree 2-
lique is by no

means unique. However, every su
h expression 
an be maximally re�ned,

and this is the 
ontent of Proposition 3.6. This proposition will be required

for the analysis in Se
tion 4 of exa
t Gallai 
liques.

When a 
lique a is expressed as a tree 
liqueK (T ), for ea
h t 2 TrV (T )

we refer to the 
lique of S(T ) of the form

fs : s � tg

as the fa
tor of a at t. For t

1

< t

2

in T r V (T ), we say that the fa
tor at

t

2

is higher than the fa
tor at t

1

.

A 
lique is said to be irredu
ible if it admits no nontrivial homogeneous

partition. A 
lique is said to be a hereditarily irredu
ible 2-
lique provided

that it 
an be represented as a tree 2-
lique with irredu
ible fa
tors.

10



Proposition 3.6. Every hereditary 2-
lique is a hereditarily irredu
ible 2-


lique.

Proof. By a pro
ess of su

essive re�nement, the 
liques whi
h arise in ex-

pressing a given hereditary 2-
lique as a tree 2-
lique 
an be rendered irre-

du
ible. Of 
ourse, the height of the tree typi
ally in
reases. �

We summarize our results to this point.

Theorem 3.7. The following are equivalent for a 
omplete 
lique a in a


olored graph.

(1) a is Gallai, i.e., a has no 
olorful triangles.

(2) a has no 
olorful 
y
les.

(3) a is a hereditary 2-
lique.

(4) a is a hereditarily irredu
ible 2-
lique.

(5) a is a tree 2-
lique.

(6) For disjoint sub
liques b and 
 of a,

�

�

b
r bb

�

�

� j
j :

(7) For any sub
lique b of a,

�

�

bb

�

�

� jbj � 1:

Proof. The equivalen
e of (1) and (2) is Proposition 2.2, that of (3) and (4)

is Proposition 3.6, that of (3) and (5) is Proposition 3.4, the impli
ation

from (3) to (1) is Corollary 3.5, and the impli
ation from (1) to (3) yields to

a simple indu
tion based on Theorem 3.1. (6) implies (1) by taking jbj = 2

and j
j = 1, and (1) implies (6) by a simple indu
tion on j
j. Finally, (7)

implies (1) by taking jbj = 3, and (1) implies (7) by a simple indu
tion on

jbj based on (6). �

4. Exa
t Gallai 
liques

Now we turn our attention to exa
t Gallai 
liques, i.e., 
omplete 
liques

in whi
h every triangle has edges of exa
tly two 
olors. Their analysis

requires 
onsideration of the mono
hromati
 subgraphs of a 
olored graph

G = (V;E; �). More expli
itly, for ea
h 
olor � we have the (un
olored)

graph

G (�) � (V; fe 2 E : e = �g) :

A subgraph ofG is 
alledmono
hromati
 if it is a subgraph of G (�) for some

�. A mono
hrome of G is a 
omponent of one of the H (�)'s, i.e., a maximal


onne
ted mono
hromati
 subgraph of G, 
onsidered as an un
olored graph.

11



Although the mono
hromes in Gallai 
liques 
an be as 
ompli
ated as one

wishes (Proposition 4.1), the mono
hromes in exa
t Gallai 
liques are fairly

simple (Proposition 5.6), and the mono
hromes of the irredu
ible fa
tors of

exa
t Gallai 
liques are simple indeed (Proposition 4.4).

A subgraph is said to span a graph if every vertex of the graph is a vertex

of the subgraph. The nontrivial part of the next result is due to Gallai [3℄.

Proposition 4.1. A Gallai 
lique has a spanning mono
hrome, and every


onne
ted graph is a spanning mono
hrome in a Gallai 
lique.

Proof. Given a nonsingleton Gallai 
lique a, use Theorem 3.7 to represent

it as a tree 2-
lique K (T ). The fa
tor b at the root is a 2-
lique whi
h may

be assumed to have at least two nodes. By a remark of Erd�os, one of the

mono
hromes b (�) spans b. When we re
all that the edges of a inherit their


olors from the edges of b as in Proposition 3.2, it then follows that a (�)

spans a. Finally, a 
onne
ted graph 
an be made into a mono
hrome by


oloring its edges with one 
olor, then adding the missing edges and giving

them a se
ond 
olor. This makes a 2-
lique, whi
h is Gallai. �

Corollary 4.2. A 
lique is Gallai i� every sub
lique has a spanning mono-


hrome.

Proof. A triangle is a sub
lique. �

We will need to refer to several spe
i�
 un
olored graphs.

Notation 4.3. The k-path is

P

k

� (fv

i

: 0 � i � kg ; fv

i

v

i+1

: 0 � i < kg) ;

and the k-
y
le is

C

k

� (fv

i

: 0 � i � k � 1g ; fv

i

v

i+1

: 0 � i < k � 1g [ fv

k�1

v

0

g) :

We introdu
e one more spe
ial graph whi
h will play a role in Se
tion 6.

A � (fv

i

: 1 � i � 5g ; fv

0

v

1

; v

1

v

2

; v

1

v

4

; v

2

v

3

; v

3

v

4

; v

4

v

5

g) :

We say that a 
lique a in a 
olored graph is simple if it is 
omplete, and

if either

� jaj = 2, or

� jaj = 4, and a has two mono
hromes isomorphi
 to P

3

, or

� jaj = 5, and a has two mono
hromes isomorphi
 to C

5

.

For the sake of 
on
ise exposition in what follows, we shorten the phrase

\the triangle with verti
es u

0

, u

1

and u

2

" to \the triangle u

0

u

1

u

2

."

12



Figure 3. Proving Proposition 4.4.

�

�

� �

u

0

u

3

u

1

u

2

� �

� �

�

�

u

0

u

1

u

4

u

2

u

3

Proposition 4.4. A 
lique is simple i� it is a nonsingleton irredu
ible

Gallai 2-
lique.

Proof. Let a be a nonsingleton irredu
ible Gallai 2-
lique. a 
annot have six

or more elements, for the most basi
 form of Ramsey's Theorem ([8℄) asserts

that a 2-
lique with six verti
es has a mono
hromati
 triangle. a 
annot

have three elements, for identi�
ation of the two verti
es 
onne
ted by the

edge with minority 
olor 
onstitutes a nontrivial homogenous partition.

Let a = fu

0

; u

1

; u

2

; u

3

g. Without loss of generality u

0

u

1

= u

0

u

3

= �. If

u

0

u

2

= � then ffu

0

g ; fu

1

; u

2

; u

3

gg is a nontrivial homogeneous partition,

hen
e u

0

u

2

= � 6= �. The triangle u

0

u

1

u

3


annot be mono
hromati
, hen
e

u

1

u

3

= �. We are now in the situation depi
ted in Figure 3, and it is easy

to see that a is simple.

Let a = fu

0

; u

1

; u

2

; u

3

; u

4

g. Without loss of generality u

0

u

1

= u

0

u

4

= �,

and u

0

u

3

= u

1

u

4

= �. If u

0

u

2

= � then u

1

u

2

= �, but in that 
ase any


olor assigned to u

2

u

4

would result in a 
olorful triangle. Thus u

0

u

2

= �,

u

2

u

3

= �, and we are in the situation depi
ted in Figure 3. It is then easy

to see that a is simple. �

Theorem 4.5. A 
lique is exa
tly Gallai i� it is a hereditarily irredu
ible

2-
lique with simple fa
tors, su
h that higher fa
tors use di�erent 
olors

than lower fa
tors.
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Proof. Let a by a hereditarily irredu
ible 2-
lique with simple fa
tors. As

long as higher fa
tors use di�erent 
olors than lower fa
tors, the argument

given in Proposition 3.3 
an be readily modi�ed to show that every triangle

has edges of exa
tly two 
olors. Now 
onsider an exa
t Gallai 
lique in

a 
olored graph. Apply Theorem 3.7 to express it as a tree 2-
lique with

irredu
ible fa
tors. Then these fa
tors are exa
t by Proposition 4.4, and


learly higher fa
tors use di�ered 
olors than lower fa
tors, sin
e otherwise

a mono
hromati
 triangle exists. �

5. Full homomorphisms

A full homomorphism ([5℄) is a map f : G ! H between (un
olored)

graphs su
h that for all v

i

2 V

G

,

v

1

v

2

2 E

G

() f (v

1

) f (v

2

) 2 E

H

:

Note that the identity map is a full homomorphism, and that the 
ompo-

sition of full homomorphisms is itself a full homomorphism. Thus, graphs

with full homomorphisms 
onstitute a 
ategory. For our purposes we need

only a few simple properties of these maps, given in the following lemmas.

In these lemmas and in what follows, we reserve the term embedding for

the identity map on an indu
ed subgraph.

Lemma 5.1. An embedding is a full homomorphism, and every full homo-

morphism fa
tors into a full surje
tion followed by an embedding. That is,

ea
h full homomorphism f : G! H fa
tors as f = jf

0

,

G

f

0

! f (G)

j=�

! H;

where f

0

is the map v 7�! f (v) onto the indu
ed subgraph with vertex set

f (G), and j is the embedding of this subgraph into H.

A graph G = (V;E) is said to be redu
ed if for all v

i

2 V ,

v

1

E = v

2

E =) v

1

= v

2

:

Lemma 5.2. A full homomorphism out of a redu
ed graph is inje
tive,

hen
e an embedding.

Proof. Let f : G ! H be a full homomorphism, let G be redu
ed, and let

v

i

2 V satisfy f (v

1

) = f (v

2

). Sin
e for any v 2 V we have

v

1

v 2 E

G

() f (v

1

) f (v) 2 E

H

() f (v

2

) f (v)() v

2

v 2 E

G

;

it is 
lear that v

1

E

G

= v

2

E

G

. Be
ause G is redu
ed, v

1

= v

2

. �
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For our purposes, a graph 
an be repla
ed by a spe
i�
 redu
ed version as

follows. For a given graph G = (V

G

; E

G

), �xed for the next several lemmas,

de�ne

b

G � (V

b

G

; E

b

G

) by setting

V

b

G

� fvE : v 2 V

G

g ; E

b

G

� f(v

1

E) (v

2

E) : v

1

v

2

2 E

G

g :

We �rst show that this de�nition makes sense.

Lemma 5.3. If u

1

E = u

2

E and v

1

E = v

2

E then

u

1

Ev

1

() u

2

Ev

2

:

Proof. Sin
e

u

1

Ev

1

() v

1

2 u

1

E = u

2

E () u

2

2 v

1

E = v

2

E () u

2

Ev

2

;

the result is 
lear. �

We de�ne the 
anoni
al map r

G

: G!

b

G by the rule v 7�! vE.

Lemma 5.4.

b

G is redu
ed and r

G

is a full surje
tion. And any fun
tion

h

G

:

b

G ! G whi
h satis�es h

G

(vE) 2 vE for all v 2 V

G


onstitutes a full

homomorphism su
h that r

G

h

G

is the identity map on

b

G.

The signi�
an
e of

b

G is that it is the smallest full quotient of G.

Lemma 5.5. r

G

is the smallest full surje
tion out of G. That is, if f :

G! H is a full surje
tion then there is a unique full surje
tion g : H !

b

G

su
h that gf = r

G

.

Proof. If f (v

1

) = f (v

2

) then we 
laim that v

1

E

G

= v

2

E

G

. For if v 2 v

1

E

G

then f (v

1

)E

H

f (v), hen
e f (v

2

)E

H

f (v) and v

2

E

G

v, and 
onversely. Thus

we 
an de�ne g by setting g (f (v)) � vE. It is routine to verify that g has

the properties 
laimed for it. �

It follows from Lemma 5.5 that G is redu
ed i� r

G

is an isomorphism.

We refer to

b

G as the redu
ed form of G, and we refer to the isomorphism

type of

b

G as the type of G. Note that if G is 
onne
ted then so is its type.

Exa
t Gallai mono
hromes are 
hara
terized by their types.

Proposition 5.6. Mono
hromes of exa
t Gallai 
liques are of type P

1

,

P

3

, or C

5

, and every graph of one of these types appears as a (spanning)

mono
hrome in an exa
t Gallai 
lique.

Proof. A

ording to Theorem 4.5, we may think of an exa
t Gallai 
lique as

a tree 2-
lique K (T ) with simple fa
tors. Let G = (V;E) be a mono
hrome

inK (T ), i.e., a 
omponent ofK (T ) (�) for some 
olor �. Now every edge of
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E inherits its 
olor from that of an edge 
onne
ting a sibling pair in S (T )

as in Proposition 3.2, and all these sibling pairs have a 
ommon parent

t be
ause higher fa
tors use di�erent 
olors than lower fa
tors. Let b =

ft

0

2 T : t

0

� tg be the fa
tor at t, and let H be b (�). Let f : G ! H be

the map whi
h takes ea
h v 2 V to its unique an
estor in b. Then f is


learly a full homomorphism, and sin
e b is simple, H is isomorphi
 to P

1

,

P

3

, or C

5

. �

An indu
ed subgraph of a redu
ed graph need not be redu
ed. The

redu
ed indu
ed subgraphs of C

5

are P

1

, P

3

, and C

5

(the remaining P

2

re-

du
es to P

1

), the very graphs used to de�ne simple 
liques. This observation

permits a se
ond 
hara
terization of exa
t Gallai types in Corollary 5.8, a

result whi
h uses the following trivial lemma.

Lemma 5.7. There exists a full homomorphism from G into H i� the type

of G is embedded in the type of H.

Proof. In light of the r

X

: X !

b

X and h

X

:

b

X ! X from Lemma 5.4, there

is an f : G ! H i� there is a

b

f :

b

G !

b

H . By Lemma 5.2 the latter is an

embedding. �

Corollary 5.8. A 
onne
ted graph is an exa
t Gallai mono
hrome i� it 
an

be mapped into C

5

by a full homomorphism.

C

5

reappears in a pivotal role in Se
tion 6.

Most questions about exa
t Gallai 
liques 
an now be answered by straight-

forward 
al
ulations. For example, we o�er a 
on
ise proof of Theorem 1 of

[2℄.

Theorem 5.9. The largest number of verti
es of an exa
t Gallai 
lique


olored by k 
olors is 5

k

2

if k is even and 2 � 5

k�1

2

if k is odd.

Proof. Theorem 4.5 permits us to view an exa
t Gallai 
lique as a tree 2-


lique with fa
tors isomorphi
 to P

1

, P

3

, or C

5

, in whi
h higher fa
tors use

di�erent 
olors than lower fa
tors. Sin
e ea
h fa
tor 
ontributes exa
tly two


olors, the obje
tive of building an exa
t Gallai 
lique with the fewest 
olors

and most verti
es is obviously a
hieved by using fa
tor 
liques isomorphi


to C

5

. The result follows. �

6. Homomorphism dualities

In this se
tion, all graphs are assumed to be 
onne
ted. LetM be a 
lass

of graph homomorphisms. We write

G!

M

H

16



to mean that there is an f : G! H in M. Otherwise we write

G9

M

H:

Two sets A and B of graphs are said to be in a homomorphism duality ([7℄)

if

8A 2 A (A9

M

G)() 9B 2 B (G!

M

B) :

In this se
tion we take M to be the 
lass of full homomorphisms.

Theorem 6.1. We have the homomorphism duality

fC

3

; P

4

; Ag9

M

G i� G!

M

C

5

;

and the graphs G 
hara
terized by this 
ondition are pre
isely the mono-


hromes in exa
t Gallai 
liques.

Proof. The 
ondition displayed on the right 
hara
terizes the mono
hromes

in exa
t Gallai 
liques by Lemma 5.7 
ombined with Proposition 5.6. The

same lemma also shows that the 
ondition displayed on the right implies the

one on the left. Thus we have only to show that for any 
onne
ted graph

G,

fC

3

; P

4

; Ag9

M

G ) G!

M

C

5

:

Suppose G = (V;E) 
ontains a 
opy of C

5

, designated as in 4.3. First

observe that for every v 2 V there is an index i for whi
h vv

i

2 E. Indeed,

if this were not the 
ase then there would exist verti
es u and w and index

j su
h that uw;wv

j

2 E but uv

j

=2 E. (Consider the last three verti
es

on a shortest path from v to C

5

.) In order to prevent fu;w; v

j

; v

j+1

; v

j+2

g

and fu;w; v

j

; v

j�1

; v

j�2

g from being 
opies of P

4

, we would have to have

uv

j+2

, uv

j�2

2 E, but then we would have a triangle. Furthermore, v


annot be 
onne
ted with only one v

j

2 C

5

, or else there would be a P

4

-

path fw; v

j

; v

j+1

; v

j+2

; v

j+3

g. To avoid triangles, v 
annot be 
onne
ted

with two neighboring points v

j

, v

j+1

of C

5

. Therefore,

� for every v 2 V there is exa
tly one i, 0 � i � 4, su
h that vv

i�1

,

vv

i+1

2 E; set f(v) = i.

We need to demonstrate that the map v 7�! v

f(v)

is a full homomorphism.

If uv 2 E then we must have f(u) = f(v)� 1, sin
e otherwise

�

v

f(u)�1

; v

f(u)+1

	

\

�

v

f(v)�1

; v

f(v)+1

	

6= ;;

resulting in a triangle. Finally, if f(u) = i and f(v) = i + 1 then uv 2 E

lest fu; v

i�1

; v

i�2

; v

i+2

; vg be a 
opy of P

4

.

Suppose (V;E) does not 
ontain a 
opy of C

5

. Then the longest indu
ed

path is a 
opy of P

k

, k = 1, 2, or 3. Choose su
h a path in G, 
all it P

k

, and
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designate its verti
es as in 4.3. Sin
e P

k

!

M

C

5

, it suÆ
es to 
onstru
t a

strong homomorphism f : G! P

k

.

If k = 1 then G, by 
onne
tedness, is P

1

itself and the statement is

obvious. So suppose k = 2, so that P

k

is fv

0

; v

1

; v

2

g. Then for every v 2 V

we have either vv

1

or vv

0

in E, and in the latter 
ase we also have vv

2

in

E, sin
e otherwise there would be a P

3

-path. Set

f(v) =

�

v

1

if vv

0

; vv

2

2 E

v

0

if v

1

2 E

:

(Note that the range of f is a
tually a P

1

-path. This is not surprising, for the

redu
ed form of a P

2

-path is a P

1

-path, so that by Lemma 5.7, G admits a

strong homomorphism into a P

2

path i� it admits a strong homomorphism

into a P

1

-path.) Now if uv 2 E we 
ould not have f(u) = f(v) = v

i

,

for there would be the triangle uvv

1�i

. And if f(u)f(v) is an edge, say

f(u) = v

1

and f(v) = v

0

, then, in order to prevent fu; v

0

; v

1

; vg from being

a P

3

-path, we have to have uv 2 E.

It remains only to handle the 
ase in whi
h k = 3. We 
laim that ea
h

v 2 V has to be immediately 
onne
ted with some v

i

2 P

3

. For otherwise


onsider the last three points, 
all them u, w and v

i

, on a shortest path


onne
ting v to P

3

. Note that, sin
e u is not 
onne
ted to P

3

, avoiding a

P

4

-path requires a se
ond edge (other than wv

i

) joining w to P

3

. If i is 0

then the possibilities for the se
ond edge are wv

1

, wv

2

and wv

3

, but these


hoi
es lead to a 
opy of C

3

, a 
opy of A, or a 
opy of P

4

, respe
tively. If

i is 1 then the possibilities are wv

0

, wv

2

and wv

3

, but these 
hoi
es lead

to a 
opy of C

3

, a 
opy of C

3

, or a 
opy of A, respe
tively. Symmetri
al

arguments rule out the possibility that i 
ould be 2 or 3, and the 
laim is

proven.

Set

f (v) �

8

>

>

<

>

>

:

v

0

if vv

1

2 E and vv

3

=2 E

v

1

if vv

0

2 E and vv

2

2 E

v

2

if vv

1

2 E and vv

3

2 E

v

3

if vv

2

2 E and vv

0

=2 E

:

The de�nition is 
orre
t, for if vv

0

2 E then vv

2

2 E to prevent fv; v

0

; v

1

; v

2

; v

3

g

from being either P

4

or C

5

, and similarly, if vv

3

2 E then also vv

1

2 E.

And the value of the fun
tion at any argument is unique, sin
e otherwise we

would have a 
opy of C

3

. For the same reason, if f(u) = f(v) then uv =2 E.

Now we must show that if f (u) and f (v) are 
onne
ted by an edge then

so are u and v. If f(u) = v

0

and f(v) = v

1

then uv 2 E, sin
e otherwise

we would have an A-subgraph fu; v

1

; v

0

; v

2

; v

3

g; likewise f(u) = v

2

and

18



f(v) = v

3

imply uv 2 E. If f(u) = v

1

and f(v) = v

2

then uv 2 E, sin
e

otherwise we would have a P

4

-path fu; v

0

; v

1

; v; v

3

g.

At last, we must show that if f (u) and f (v) are not 
onne
ted by an edge

then neither are u and v. If f(u) = v

0

and f(v) = v

2

then uv =2 E be
ause

of the triangle uvv

1

, and similarly uv =2 E if f(u) = v

1

and f(v) = v

3

.

Finally, if f(u) = v

0

and f(v) = v

3

then uv =2 E sin
e otherwise we would

have an A-subgraph fv

0

; v

1

; u; v; v

2

; v

3

g. �
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