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Prefa
e

The Eleventh Prague Midsummer Combinatorial Workshop was held from

July 26 to July 30, 2004 in our newly re
onstru
ted building Malostransk�e

n�am�est�� 25. This of 
ourse 
ontributed to the 
omfort of the parti
ipants

as all the a
tivities (in
luding the lun
hes) 
ould be taken on the same site.

Besides, as it was expressed by several parti
ipants, the renovated fa
ulty

building surely belongs to the most beautiful math and CS departments

in the world! The workshop was organized by the Department of Applied

Mathemati
s (KAM) of Charles University jointly with the DIMATIA 
en-

tre. Only a small but distinguished group of mathemati
ians was invited

and we were parti
ularly happy to have Endre Szemeredi and Paul Seymour

among the parti
ipants. The list of parti
ipants is in
luded in this booklet.

As it already be
ame a tradition, the workshop bene�ted from parti
ipa-

tion of young resear
hers and PhD students. Five undergraduate students

from the USA and three undergraduate students from Charles University,

together with their mentors Martin Mare�s and Brenda Latka, took part

in the workshop, within a joint DIMATIA-DIMACS program International

REU (supported jointly by NSF and Cze
h ministry of edu
ation).

The workshop followed an informal daily routine with morning and early

afternoon dis
ussions and presentations. This report re
e
ts some of the

presentations during the workshop. Perhaps you 
an digest some of the

atmosphere at the workshop from these pro
eedings, and you 
an also see

that the fruitful ex
hange of ideas led dire
tly to some new results and

papers.

This volume was edited by Zden�ek Dvo�r�ak. Most of the 
ontributions

were supplied by the authors in ele
troni
 form. In a few 
ases, slight typo-

graphi
al 
hanges were ne
essary. We apologize for any possible ina

ura
ies

whi
h might have o

urred in the editing pro
ess.

The Eleventh Midsummer Combinatorial Workshop was supported by

Kontakt CS-US Grants and by our institute ITI (�nan
ed by the Ministry

of Edu
ation of the Cze
h Republi
 as proje
t LN00A056) and the publi
a-

tion of these series is supported by the newly approved ITI 1M0021620808.

DIMATIA was the main organizer.

Based on our past experien
e and being en
ouraged by several parti
i-

pants, we hope to organize the Twelfth Prague Midsummer Combinatorial

Workshop in the summer of 2005 (July 24-29). We hope to meet you there!

Jaroslav Ne�set�ril
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Augmentations, ar
 reversals and

deorientations in digraphs

J�rgen Bang-Jensen

University of Southern Denmark

Odense University, Denmark

Abstra
t

We survey results and problems related to 
onne
tivity of di-

graphs.

1 Basi
s

Notation not de�ned here follows [1℄. For a given digraph D(V;A) and

X � V we denote by d

�

(X) the in-degree and by d

+

(X) the out-degree of

X , that is, the number of ar
s leaving, respe
tively entering X . The number

of in-neighbours (out-neighbours) of X is denoted by N

�

(X) (N

+

(X)).

A digraph D = (V;A) is strong if and only if it 
ontains a dire
ted path

from x to y for every 
hoi
e of verti
es x; y 2 V . A digraph D = (V;A) is

k-strong if D �X is strong for every subset X of at most k � 1 verti
es.

A digraph D = (V;A) is k-ar
-strong if D �X is strong for every subset

X of at most k � 1 ar
s.

Proposition 1 Let D = (V;A) be a dire
ted multigraph and let X;Y be

subsets of V . Then the following holds:

d

+

(X) + d

+

(Y ) = d

+

(X [ Y ) + d

+

(X \ Y ) + d(X;Y )

d

�

(X) + d

�

(Y ) = d

�

(X [ Y ) + d

�

(X \ Y ) + d(X;Y ): (1)

10



2 Augmenting 
onne
tivity by adding new ar
s

De�nition 1 Let D = (V;A) be a dire
ted multigraph. Then 


k

(D) is the

smallest integer 
 su
h that

X

X

i

2F

(k � d

�

(X

i

)) � 
 and

X

X

i

2F

(k � d

+

(X

i

)) � 
;

for every subpartition F = fX

1

; : : : ; X

t

g of V .

Theorem 2 (Frank) [7℄ Let D = (V;A) be a digraph and k a natural

number su
h that 


k

(D) > 0.

(a) The minimum number a

0

k

(D) of new ar
s that must be added to D in

order to give a k-ar
-strong digraph D

0

= (V;A [ F ) equals 


k

(D).

(b) Using 
ows in networks one 
an �nd an optimal augmenting set of

ar
s in polynomial time.

De�nition 2 Let D = (V;A) be a dire
ted graph. Then 


�

k

(D) is the small-

est integer 
 su
h that

X

X2F

�

(k � jN

�

(X)j) � 
 and

X

X2F

+

(k � jN

+

(X)j) � 
;

for every 
hoi
e of subpartitions F

�

;F

+

of V with the property that every

X 2 F

�

satis�es N

�

[X ℄ 6= V and every X 2 F

+

satis�es N

+

[X ℄ 6= V .

We 
all the number 


�

k

(D) the subpartition lower bound for the vertex-

strong 
onne
tivity.

Let a

k

(D) denote the minimum number of new ar
s that must be added

to a digraph D = (V;A) in order to obtain a k-strong digraph. It is easy to

see that a

k

(D) is well-de�ned provided that D has at least k + 1 verti
es.

We also 
all a

k

(D) the k-strong augmentation number of D.

Let X;Y be disjoint non-empty proper subsets of V . The ordered pair

(X;Y ) is a one-way pair in D = (V;A) if D has no ar
 with tail in

11



(a) (b)
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Figure 1: An example, due to Jord�an, showing that the subpartition lower

bound for vertex 
onne
tivity augmentation is not always attainable. The

desired 
onne
tivity is k = 2 and the value 


�

2

(D) is 2 and it is realized by the

subpartitions ffdg; fegg; ffag; ffgg, respe
tively, (see (a)). Part (b) shows

three pairwise independent one-way pairs (T

1

; H

1

); (T

2

; H

2

); (T

3

; H

3

) (tails

are indi
ated by boxes). This shows that a

2

(D) � 3. In fa
t a

2

(D) = 3,

sin
e adding the ar
s af; ed; da will result in a 2-strong digraph.

X and head in Y . This de�nition is due to Frank and Jord�an [9℄. For

su
h a pair (X;Y ) we refer to X (Y ) as the tail (head) of the pair. Let

h(X;Y ) = jV � X � Y j. The de�
ien
y of a one-way pair (X;Y ) with

respe
t to k-strong 
onne
tivity is

�

k

(X;Y ) = maxf0; k � h(X;Y )g: (2)

Lemma 3 (Frank and Jord�an) [9℄ A digraph D = (V;A) is k-strong if

and only if we have h(X;Y ) � k for every one-way pair (X;Y ) in D.

Two one-way pairs (X;Y ); (X

0

; Y

0

) are independent if either their

heads or their tails are disjoint.

Note that one-way pairs that 
ontribute to the sums in De�nition 2 are

always independent sin
e either all heads or all tails are disjoint for those

pairs.

Theorem 4 (Frank and Jord�an) [9℄ For every digraph D on at least k+

1 verti
es we have

a

k

(D) = max

F

f

X

(X;Y )2F

�

k

(X;Y )g; (3)

where F is a family of independent one-way pairs in D.

12



Theorem 5 (Frank and Jord�an) [9℄ There exists a polynomial algorithm

whi
h given a digraph D = (V;A) and a natural number k �nds a minimum


ardinality set F of new ar
s to add to D so that the resulting graph is

k-strong. �

The algorithm uses the ellipsoid algorithm and hen
e is not purely 
om-

binatorial.

Problem 1 Find a purely 
ombinatorial polynomial algorithm for deter-

mining a

k

(D).

The existen
e of su
h an algorithm is open, ex
ept for the 
ase when D

is already (k � 1)-strong. Here Frank has an algorithm.

3 Orienting edges and reversing ar
s

Problem 2 Given natural number k and a digraph D = (V;A) on at least

k+1 verti
es, �nd a minimum set F � A of ar
s in D su
h that the digraph

D

0

obtained from D by reversing every ar
 in F is k-strong.

If su
h a subset exists, then we let r

k

(D) = jF j, where F is a minimum


ardinality subset of A, whose reversal makes the resulting digraph k-strong.

Otherwise we let r

k

(D) =1.

Sin
e adding a new 
opy of an ar
 xy 2 A(D) have 
annot a�e
t the ver-

tex 
onne
tivity of a digraph it is easy to see that if D is an oriented graph,

then a good reversal exists if and only if there exist a k-strong orientation of

the underlying graph UG(D). De
iding the existen
e of su
h an orientation

seems very hard and it is not known whether there is any fun
tion f(k) will

guarantee that every f(k)-
onne
ted graph has a k-strong orientation when

k > 2. For k = 2 Jord�an has proved re
ently (private 
ommuni
ation) that

f(2) � 18. He also proved that for eulerian graphs there is a polynomial

algorithm for de
iding the existen
e of a 2-strong orientation.

Conje
ture 1 (Ja
kson and Thomassen) [12℄ Every 2k-
onne
ted graph

has a k-strong orientation.

Theorem 6 (Bang-Jensen and Jordan) [2℄ If D is a semi
omplete di-

graph on at least 3k � 1 verti
es for some k � 2 then a

k

(D) = r

k

(D).

13



Conje
ture 2 [2℄ If D is a tournament on at least 2k+1 verti
es for some

k � 2 then a

k

(D) = r

k

(D).

Conje
ture 3 (Bang-Jensen, 1994) For every tournament T with n �

2k + 1 verti
es we have r

k

(T ) �

k(k+1)

2

Using the following two easy observations it is easy to show that r

k

(T )

is bounded by a fun
tion of k for every tournament T on at least 2k + 1

verti
es.

(a) If D is a k-strong digraph and D

0

is obtained from D by adding a

new vertex x and ar
s from x to every vertex in a set X of k distin
t

verti
es ofD and ar
s from every vertex of a set Y of k distin
t verti
es

of D to x, then D

0

is also k-strong.

(b) If T is a tournament on at least 4k � 1 verti
es, then T 
ontains a

vertex with in-degree and out-degree at least k.

Let F be a family of subsets of S and let b : F ! Z[f1g be a fun
tion

de�ned on F . The fun
tion b is fully submodular on F if the inequality

b(X) + b(Y ) � b(X \ Y ) + b(X [ Y ) (4)

holds for every 
hoi
e of members X;Y of F . If (4) is only required to hold

for interse
ting (
rossing) members of F , then b is interse
ting (
rossing)

submodular on F .

A fun
tion f : S ! R ismodular if f(X)+f(Y ) = f(X\Y )+f(X[Y )

holds for every 
hoi
e of X;Y � S.

Let D = (V;A) be a dire
ted multigraph let F be a family of subsets

of V su
h that ;; V 2 F and let b : F ! Z [ f1g be fully submodular on

F . A fun
tion x : A ! R is a submodular 
ow with respe
t to F ; b if it

satis�es

x

�

(U)� x

+

(U) � b(U) for all U 2 F : (5)

Theorem 7 (Edmonds and Giles) [4℄ Let D = (V;A) be a dire
ted multi-

graph. Let F be a 
rossing family of subsets of V su
h that ;; V 2 F , let

b : F ! Z [ f�1g be 
rossing submodular on F with b(;) = b(V ) = 0,

and let f � g be modular fun
tions on A su
h that f : A! Z [ f�1g and

g : A! Z [ f1g. The linear system

ff � x � g and x

�

(U)� x

+

(U) � b(U) for all U 2 Fg (6)

14



is totally dual integral. That is if f; g; b are all integer valued, then the

linear program min f


T

x : x satis�es (6)g has an integer optimum solution

(provided it has a solution). Furthermore, if 
 is integer valued, then the

dual linear program has an integer valued optimum solution (provided it has

a solution).

Theorem 8 (Frank) [5℄ One 
an verify in polynomial time whether a

given submodular 
ow problem has a feasible solution. If f; g; b are all in-

teger valued and there exists a feasible submodular 
ow, then there exist a

feasible integer valued submodular 
ow. Furthermore, if there is also a 
ost

fun
tion on the ar
s, then one 
an �nd a minimum 
ost feasible submodular


ow in polynomial time.

Let G = (V;E) be an undire
ted graph. Let D be an arbitrary ori-

entation of G. Clearly G has a k-ar
-strong orientation if and only if it

is possible to reorient some ar
s of D so as to get a k-ar
-strong dire
ted

multigraph. Suppose we interpret the fun
tion x : A ! f0; 1g as follows:

x(a) = 1 means that we reorient a in D and x(a) = 0 means that we leave

the orientation of a as it is in D. Then G has a k-ar
-strong orientation if

and only if we 
an 
hoose x so that the following holds:

d

�

D

(U) + x

+

(U)� x

�

(U) � k for all ; 6= U � V: (7)

This is equivalent to

x

�

(U)� x

+

(U) � (d

�

D

(U)� k) = b(U) for all U � V; U 6= ;; V; (8)

b(;) = b(V ) = 0: (9)

Observe that the fun
tion b is 
rossing submodular on F = 2

V

(it is not

fully submodular in general, sin
e we have taken b(;) = b(V ) = 0). Thus

we have shown that G has a k-ar
-strong orientation if and only if there

exists a feasible integer valued submodular 
ow in D with respe
t to the

fun
tions f � 0; g � 1 and b.

Theorem 9 (Nash-Williams) [11℄ A multigraph G has a k-ar
-strong

orientation if and only if G is 2k-edge-
onne
ted.

Proof: ([6℄, [10℄) Suppose that G is 2k-edge-
onne
ted, that is d

G

(X) �

2k for all proper non-empty subsets of V (by Menger's theorem). We 
laim

15



that x �

1

2

is a feasible submodular 
ow. This follows from the following


al
ulation:

d

�

D

(U) + x

+

(U)� x

�

(U) = d

�

D

(U) +

1

2

d

+

D

(U)�

1

2

d

�

D

(U)

=

1

2

d

�

D

(U) +

1

2

d

+

D

(U)

�

1

2

(2k � d

+

D

(U)) +

1

2

d

+

D

(U)

= k:

(10)

Hen
e it follows from the integrality statement of Theorem 8 and the

equivalen
e between (7) and (8) that there is a feasible integer valued sub-

modular 
ow x in D with respe
t to f; g and b. As des
ribed above this

implies that G has a k-ar
-strong orientation where the values of x pres
ribe

whi
h ar
s to reverse in order to obtain su
h an orientation from D. �

Noti
e that by formulating the problem as a minimum 
ost submodular


ow problem, we 
an also solve the weighted version where the two possible

orientations of an edge may have di�erent 
osts and the goal is to �nd the


heapest k-ar
-strong orientation of the graph. This 
learly in
ludes the

problem where we wish to �nd the minimum number of ar
s to reverse in

order to obtain a k-ar
-strong dire
ted multigraph, hen
e we have

Theorem 10 (Frank) [5℄ Given a dire
ted multigraph D, one 
an �nd in

polynomial time the minimum number of ar
s whose reversal in D results

in a k-ar
-strong dire
ted multigraph.

This in
ludes the 
ase whenD has no su
h reversal whi
h 
an be dete
ted

by 
he
king whether the submodular 
ow problem above has a feasible

solution.

Theorem 11 (Ja
kson, 1988) [10℄ Every 2k-ar
-strong digraph 
ontains

a spanning k-ar
-strong oriented graph.

Conje
ture 1 is a spe
ial 
ase of the following 
onje
ture.

Conje
ture 4 (Ja
kson and Thomassen) [12℄ Every 2k-strong digraph


ontains a spanning k-strong oriented graph.
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This 
onje
ture is open even for semi
omplete digraphs (digraphs with

no non-adja
ent verti
es). Here the best known bound is 3k � 2 see [1,

Se
tion 7.14℄.

Conje
ture 5 (Frank) [8℄ A graph G = (V;E) has a k-strong orientation

if and only if G�X is 2(k� j)-edge-
onne
ted for every set X of j verti
es

(0 � j � k).

A mixed graph is a graph M = (V;A [ E) whi
h has both ar
s (A)

and undire
ted edges (E). A mixed graph M is k-ar
-strong is the digraph

we obtain from M by repla
ing every undire
ted edge by a dire
ted 2-
y
le

is k-ar
-strong.

By an orientation of a mixed graphM we mean any digraph that 
an be

obtained by assigning an orientation to ea
h edge of M . Using submodular


ows one 
an de
ide in polynomial time whether a given mixed graph has

a k-ar
-strong orientation.

Problem 3 Is there a polynomial algorithm for the following problem:

Given a k-ar
-strong mixed graph M = (V;A [ E) whi
h does not have a

k-ar
-strong orientation. Find a maximum 
ardinality subset of E whi
h


an be oriented su
h that the resulting mixed graph is still k-ar
 strong.

4 Deorienting ar
s

By deorienting an ar
 ij in a digraph we mean the operation of adding

the opposite ar
 ji to the digraph. We will only allow to deorient an ar


whi
h is not in a dire
ted 2-
y
le.

Let Deor

k

(D) denote the minimum number of ar
s one must deorient in

D in order to obtain a k-ar
-strong superdigraph of D. Clearly Deor

k

(D) <

1 pre
isely when the underlying graph UG(D) is k-edge-
onne
ted.

Sin
e deorienting ar
s is a spe
ial (restri
ted) form of augmentation and

instead of reversing a set of ar
s we may add the 
orresponding set of op-

positely oriented ar
s, we have that for every oriented graph D

r

0

k

(D) � Deor

k

(D) � a

0

k

(D)

As we have seen, the �rst number 
an be 
al
ulated in polynomial time

using submodular 
ows and the third 
an be 
al
ulated in polynomial time

using 
ows (via Franks algorithm).

17



x

y

Figure 2: A digraph D with r

0

2

(D) > Deor

2

(D) = 1. All ar
s into y are


riti
al showing that r

0

2

(D) > 1.

Problem 4 Is there a polynomial algorithm for 
al
ulating Deor

k

(D)?

In the spe
ial 
ase of tournaments, the answer is yes.

Theorem 12 (Bang-Jensen and Yeo) [3℄ Let T be a tournament on n �

2k + 1 verti
es. Then

(a) Deor

k

(T ) = r

0

k

(T )

(b) One 
an 
al
ulate Deor

k

(T ) and �nd an optimal set of ar
s to deorient

using 
ows in networks.

(
) Deor

k

(T ) �

k(k+1)

2

.
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The Roots of the Stable Set

Polynomial of a Clawfree Graph

Extended Abstra
t

Maria Chudnovsky

�

Prin
eton University, Prin
eton NJ 08544

Joint work with Paul Seymour

A stable set in a graph is a set of pairwise non-adja
ent verti
es. The

stable set polynomial of a graph G is the polynomial

S(G)(x) = �

i�0

a

i

x

i

where a

i

is the number of stable sets in G of size i.

Given a graph H , its line graph L(H) is the graph whose vertex set is

the set of edges of H , and two verti
es are adja
ent if they share an end in

H . In [2℄ Heilmann and Lieb proved that if G is a line graph, then all the

roots of S(G) are real. This property does not hold for all graphs, sin
e the

stable set polynomial of a 
law is

1 + 4x+ 3x

2

+ x

3

and not all its roots are real (a 
law is the graph with vertex set fv

1

; v

2

; v

3

; v

4

g

and three edges v

1

v

2

, v

1

v

3

and v

1

v

4

.)

A graph G is said to be 
lawfree if no indu
ed subgraph of it is a 
law.

We answer a question of Hamidoune [1℄ that was later posed as a 
onje
ture

by Stanley [3℄.

Theorem 1 If G is 
lawfree then all roots of S(G) are real.

�

This resear
h was 
ondu
ted during the period the author served as a Clay Mathe-

mati
s Institute Resear
h Fellow.
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Sin
e all line graphs are 
lawfree, this extends the result of [2℄.

The proof of 1 
onsists of two parts. First we prove a lemma about poly-

nomials, that allows us to dedu
e that non-negative linear 
ombinations of


ertain polynomials have all roots real. Then we �nd a re
ursion formula for

S(G), des
ribing S(G) as a non-negative linear 
ombination of polynomials,

satisfying the hypotheses of the lemma. We then 
ombine the two parts,

applying the lemma to the re
ursive formula for S(G), to 
on
lude that all

roots of S(G) are real.
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Three Optimal Algorithms for Balls of

Three Colors

Zden�ek Dvo�r�ak

Joint work with V��t Jel��nek, Daniel Kr�al', Jan Kyn�
l,

and Mi
hael Saks

We 
onsider a game played by two players, Paul and Carol. Carol �xes

a 
oloring of n balls with three 
olors. At ea
h step, Paul 
hooses a pair of

balls an asks Carol whether the balls have the same 
olor. Carol truthfully

answers yes or no. In the Plurality problem, Paul wants to �nd a ball

with the most 
ommon 
olor. In the Partition problem, Paul wants to

partition the balls a

ording to their 
olors. He wants to ask Carol the least

number of questions to rea
h his goal. We des
ribe optimal deterministi


and probabilisti
 strategies for the Partition problem and an asymptoti
ally

optimal probabilisti
 strategy for the plurality problem.
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1 Introdu
tion

The well-known H-Coloring problem asks whether for a graph G (the

instan
e) a graph homomorphism f : V

G

! V

H

exists, meaning that f

is an edge preserving mapping. The H-Coloring problem is solvable in

polynomial time if H is bipartite, and it is NP-
omplete otherwise [6℄.

In this paper we study lo
ally 
onstrained graph homomorphisms [9℄.

The adje
tive \lo
ally 
onstrained" expresses the 
ondition that the map-

ping f restri
ted to the neighborhood of any vertex u must satisfy further

properties. (See [15, 7℄ for a more general model of su
h 
onditions.) The

mapping f may be required to be lo
ally

1

Supported by the Ministry of Edu
ation of the Cze
h Republi
 as proje
t LN00A056.
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� bije
tive, then f is 
alled a lo
al isomorphism or a full 
overing pro-

je
tion to H , and the 
orresponding de
ision problem whether su
h a

mapping exists is 
alled H-Cover [1, 14℄,

� inje
tive, then it is 
alled a lo
al monomorphism or a partial 
overing,

and the asso
iated problem is H-PCover [8, 9℄,

� surje
tive, then we get a lo
al epimorphism or a lo
ally surje
tive ho-

momorphism of H or a H-role assignment of G, and de
ision prob-

lem is H-Colordomination [15℄ also known as H-Role Assign-

ment [12℄.

Full 
overs have important appli
ations, for example in distributed 
om-

puting [5℄, in re
ognizing graphs by networks of pro
essors [2, 3℄, or in


onstru
ting highly transitive regular graphs [4℄. Partial 
overs are used in

distan
e 
onstrained labelings of graphs [10℄ and also as indi
ators of the

existen
e of homomorphisms of derivate graphs (line graphs) [17℄. Lo
ally

surje
tive 
overs are of interest in so
ial network theory where networks

are modeled, in whi
h individuals of the same so
ial role relate to other

individuals in the same way.

In [12℄ it is proven that for 
onne
ted graphsH H-Colordomination is

polynomially solvable if H 
ontains at most two verti
es, and NP-
omplete

if H 
ontains at least three verti
es. This is in 
ontrary to the related

H-Cover and H-PCover problem for lo
ally bije
tive and lo
ally inje
-

tive homomorphisms. For these problems many nontrivial graphs H are

known, for whi
h the asso
iated problems are polynomially solvable, and

where up today no 
omputational 
omplexity 
lassi�
ation is known (or

even 
onje
tured).

We introdu
e (partial) orderings on a family of graphs, in whi
h a graph

H is smaller than a graph G, if a lo
ally 
onstrained homomorphism from

G to H exists (Se
t. 3.1). We show that a similar order 
an be derived also

for matri
es des
ribing the degree stru
ture of the graph (Se
t. 3.3).

2 Preliminaries

A graph homomorphism from G to H is a vertex mapping f : V

G

! V

H

satisfying the property that whenever an edge (u; v) appears in E

G

, then

(f(u); f(v)) belongs to E

H

as well, i.e., f(N

G

(u)) � N

H

(f(u)) for all u 2

V

G

.
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De�nition 1 For graphs G and H we say that G 
overs H fully, denoted

by G

B

�! H, if a graph homomorphism f : V

G

! V

H

exists satisfying:

for all u 2 V

G

: f(N

G

(u)) = N

H

(f(u)) and jf(N

G

(u))j = jN

G

(u)j:

The fun
tion f is 
alled a lo
ally bije
tive homomorphism or a (full) 
ov-

ering proje
tion from G to H.

We denote by G

I

�! H when G 
overs H partially, i.e., if there exists a

graph homomorphism f : V

G

! V

H

su
h that:

for all u 2 V

G

: jf(N

G

(u))j = jN

G

(u)j:

The mapping f is then 
alled a lo
ally inje
tive homomorphism or a partial


overing proje
tion from G to H.

Finally, G 
overs H surje
tively, denoted by G

S

�! H, if G allows a homo-

morphism f : V

G

! V

H

satisfying:

for all u 2 V

G

: f(N

G

(u)) = N

H

(f(u)):

In this 
ase the fun
tion f is 
alled a lo
ally surje
tive homomorphism.

Note that whenever G 
overs H fully, it also 
overs H both partially

and surje
tively. Hen
e, any result valid for lo
ally inje
tive or for lo
ally

surje
tive homomorphisms is also valid for full 
overing proje
tions.

We provide here also an alternative de�nition of these three kinds of

mappings via subgraphs indu
ed by preimages of edges. Surprisingly, upto

our knowledge, this useful de�nition didn't yet appear in literature.

Observation 1 Let f : G! H be a graph homomorphism. For every edge

(x; y) of H, the subgraph of G indu
ed by f

�1

(x) [ f

�1

(y) is

� a perfe
t mat
hing if and only if f is lo
ally bije
tive,

� a mat
hing i� f is lo
ally inje
tive,

� a bipartite graph without isolated verti
es i� f is lo
ally surje
tive.

For a �nite 
onne
ted graph F we de�ne the universal 
over T

F

as the

only (possibly in�nite) tree whi
h allows a lo
ally bije
tive homomorphism

T

F

B

�! F . The verti
es of T

F


an be represented as walks in F starting in a

�xed vertex u that do not traverse the same edge in two 
onse
utive steps.
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Edges in T

F


onne
t those walks that di�er in the presen
e of the last edge.

The mapping f

0

: T

f

B

�! F sending a walk in V (T

F

) to its last vertex is a

lo
ally bije
tive homomorphism.

It was shown in [11℄ that if a 
onne
ted graph G partially 
overs a


onne
ted graph H , then a lo
ally inje
tive homomorphism g

0

: T

G

I

�! T

H


an be derived from any homomorphism g : G

I

�! H . Moreover, the same


onstru
tion provides a lo
ally surje
tive homomorphism g

0

: T

G

S

�! T

H

from a homomorphism g : G

S

�! H .

In the sequel we 
onsider all isomorphism 
lasses of 
onne
ted simple

graphs. We assume that ea
h of these 
lasses is represented by one of

its elements, and these representatives form the set C, 
alled the set of


onne
ted (unlabeled) graphs.

3 Homomorphism-indu
ed orders

It is well known that graph homomorphisms de�ne a quasiorder on the 
lass

of all graphs, whi
h 
an be fa
torized into a partial order (for an overview

of these results see e.g. re
ent monograph [13℄).

We show that a similar interesting stru
ture exists on the 
lass of 
on-

ne
ted graphs C for lo
ally 
onstrained homomorphisms. For this purposes

we will view

B

�!,

I

�! and

S

�! as binary relations on C, denoted by (C;

�

�!) if

ne
essary, where � will indi
ate the appropriate lo
al 
onstraint.

3.1 Partial orders on graphs

We �rst show that (C;

�

�!) is a partial order for any of the three lo
al 
on-

straints � = B; I; S:

Observe �rst that for any G 2 C the identity mapping i : G! G 
lari�es

that all three relations

�

�! are re
exive.

Also for any kind of the lo
al 
onstraint, the 
omposition of two graph

homomorphisms is a graph homomorphism of the same sort (
omposition of

two lo
al bije
tions is a lo
al bije
tion, et
.) Hen
e ea
h

�

�! is also transitive.

Proposition 2 ([11℄) If G allows a lo
ally inje
tive and also a lo
ally sur-

je
tive homomorphism to the same 
onne
ted graph H, then both these ho-

momorphisms are lo
ally bije
tive.

Finally, for G;H 2 C suppose that f : G

�

�! H , g : H

�

�! G, where f; g

and 
onsequently also f Æ g : G

�

�! G are all of the same lo
al 
onstraint.
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But the identity mapping assure also G

B

�! G, hen
e f Æg, and 
onsequently

f and g are graph isomorphisms. As G ' H we get that all three relations

are antisymmetri
.

We note here that the antisymmetry of

I

�! was proved by an iterative

proof in [17℄ in a di�erent setting.

Proposition 3 All three relations (C;

B

�!); (C;

I

�!) and (C;

S

�!) are partial

orders.

In view of Proposition 2 we 
an 
on
lude:

(C;

B

�!) = (C;

I

�!) \ (C;

S

�!)

3.2 Degree partitions and their matri
es

During studying lo
ally bije
tive homomorphisms, it was shown that the

notion of degree partition and the asso
iated degree re�nement matri
es

provide a ne
essary 
ondition for the existen
e of su
h a mapping. Moreover,

these matri
es are 
omputable in polynomial time, so this 
ondition 
an

be tested in polynomial time as well. (This among others imply that the

H-PCover problem is NP-
omplete whenever the 
orrespondingH-Cover

problem is NP-
omplete [9℄.)

These notions are based on the property of lo
ally bije
tive homomor-

phisms (originally graph isomorphisms) that these mappings maintain ver-

tex degree and this property propagates also on the neighborhood of any

vertex.

De�nition 2 The degree partition of a graph G is a partition of the vertex

set V

G

into the disjoint sets B = fB

1

; : : : ; B

k

g, 
alled blo
ks su
h that

whenever two verti
es u and v belong to the same blo
k B

i

, then for any

j 2 f1; : : : ; kg it holds jN(u) \ B

j

j = jN(v) \ B

j

j = m

i;j

.

The matrix M

B

su
h that (M

B

)

i;j

= m

i;j

is 
alled degree partition

matrix for B.

Observe that the in
iden
e matri
es appear as a spe
ial kind of degree

partition matri
es. Moreover, for any graph, the degree partition with the

minimum number of 
lasses is unique upto a permutation of its 
lasses.

Su
h a partition 
an be 
omputed (in O(n

3

) time) by the following iterative

pro
edure:
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Algorithm for minimal degree partition

Input: A graph G

Output: The minimal degree partition B

0. Set B

0

= fB

0

1

g = fV

G

g, t = 1.

1. For ea
h vertex u 
ompute the degree ve
tor

��!

d(u) :=

�

jN(u) \B

t

1

j; jN(u) \ B

t

2

j; : : :

�

.

2. Set t := t+ 1 and de�ne the new partition B

t

of V

G

su
h that

{ u; v 2 B

t

i

if and only if

��!

d(u) =

��!

d(v),

{ u 2 B

t

i

, v 2 B

t

i

0

i � i

0

if and only if

��!

d(u) �

Lex

��!

d(v),

where �

Lex

is the lexi
ographi
 order on integer sequen
es.

3. If B

t

= B

t�1

then set B = B

t

and stop,

otherwise 
ontinue by the step 1.

As a side-e�e
t the pro
edure provides also an unique 
anoni
al ordering

of the blo
ks and in the rest we assume that the blo
ks of any minimal

partition B are ordered in this manner The unique matrix drm(G) = M

B

is then 
alled the degree re�nement matrix of G.

Clearly ea
h degree partition matrix is symmetri
 in the sense that sym-

metri
 entries are either both zero or both non-zero. On the other hand for

no su
h a matrix is a degree re�nement matrix. E.g. the degree partition

matrix

�

0 k

k 0

�

with k � 1, des
ribes bipartite k-regular graphs, but the

degree re�nement matrix of this 
lass is the 1� 1 matrix (k).

The test whether a given matrix M is a degree re�nement matrix, i.e.

whether there exists a graph G and its minimal degree partition B s.t.

M = M

B

= drm(G), 
an be resolved in polynomial time by an algorithm

similar for 
omputing the minimal degree partition. Assume that the given

matrixM is of order k. We will introdu
e a row partition R = fR

1

; R

2

; : : : g

of the set of row indi
es f1; 2; : : : ; kg, whi
h will imitate the degree partition

B of the vertex set V

G

of a possible graph G with that degree re�nement

matrix.
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Algorithm 
onstru
ting degree refinement matrix

Input: A degree partition matrix M

Output: A degree re�nement matrix M

0

, whi
h en
ode the same 
lass of

graphs as M .

0. Set R

0

= fR

0

1

g = f1; : : : ; kg, t = 1.

1. For ea
h row r = 1; : : : ; k 
ompute the row-degree ve
tor

��!

d(r) :=

�

P

i2R

t

1

m

r;i

;

P

i2R

t

2

m

r;i

; : : :

�

.

2. Set t := t + 1 and de�ne the new partition R

t

of f1; : : : ; kg su
h

that

{ r; s 2 B

t

i

if and only if

��!

d(r) =

��!

d(s),

{ r 2 B

t

i

, s 2 B

t

i

0

i � i

0

if and only if

��!

d(r) �

Lex

��!

d(s),

3. If R

t

= R

t�1

then set M

0

=

0

B

B

�

��!

d(r) : r 2 R

t

1

��!

d(r) : r 2 R

t

1

.

.

.

1

C

C

A

and stop,

otherwise 
ontinue by the step 1.

Clearly, for any graph G allowing a (possibly non-minimal) degree par-

tition B with matrix M , and any vertex u belonging to a 
lass B

r

in any

time interval t the degree ve
tor of and the asso
iated row-degree ve
tors

are equal:

��!

d(u) =

��!

d(r).

Let us note, that for a given matrix M it would not be worth to try

to 
onstru
t impli
itly a graph G, su
h that drm(G) = M , sin
e even for

M = (k), su
h smallest G is the 
omplete graph on k+1 verti
es, and its size

is exponential in the size of M if k is en
oded in binary. On the other hand

(i.e. if the exponential spa
e and time is not an issue), given an positive

integer-valued matrix M with all zeros pla
ed symmetri
ally around the

diagonal, a graphG and and its degree partition B with asso
iated matrixM


an be 
onstru
ted on at most n = l
m(fm

i;j

: m

i;j

6= 0; i 6= jg[fm

i;i

+1g)

verti
es. (We leave this simple assertion as an exer
ise.)

3.3 Derived orders on matri
es

Let us re
all here a folklore fa
t that (e.g. proved expli
itly in a wider


ontext in [16℄) a lo
ally bije
tive homomorphism from a graph G to a graph
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H may exists only if G and H have the same degree re�nement matrix:

Theorem 4 ([16℄) Two �nite 
onne
ted graphs G and H have a 
ommon

degree re�nement matrix if and only if they share a 
ommon �nite 
over as

well as i� their universal 
overs are isomorphi
.

In view of this theorem we 
an de�ne the universal 
over T

M

asso
iated

with a degree re�nement matrix M as the universal 
over T

G

= T

M

of any

graph G s.t. drm(G) =M .

Observe that the symmetri
 and transitive 
losure of the partial order

B

�! is an equivalen
e relation whose 
lasses 
an be naturally represented

by degree re�nement matri
es. Speaking in the negative manner, whenever

two graphs have di�erent representatives (i.e. matri
es), no lo
ally bije
tive

homomorphism 
an exist.

The above observation lead Jan Arne Telle to ask whether the other two

kinds of lo
ally 
onstrained homomorphisms would be 
onditioned by the

existen
e of a well de�ned relation (e.g. a nontrivial partial order) on the

degree re�nement matri
es. Here we prove, that su
h a relation exists and

moreover, that it is a partial order.

De�nition 3 Denote by M the set of all degree re�nement matri
es of


onne
ted graphs and de�ne three relations

B

�!,

I

�!, and

S

�! resp., on M,

where for two matri
es M;N 2 M holds M

�

�! N if there exist �nite graphs

G and H su
h that M = drm(G) and N = drm(H), where G

�

�! H for the

appropriate lo
al 
onstraint.

As stated above (M;

B

�!) is a trivial order where no distin
t element

are 
omparable. For the other two relations, the re
exivity of the relation

follows straightforwardly from existen
e the identity mapping on any un-

derlying graph (where at least one must exist to assert the membership of

the matrix in M).

The other two properties would require more e�ort: For proving antisym-

metry we involve again the notion of universal 
over. Assume (a

ording to

the de�nition) thatM

I

�! N and N

I

�!M , where the lo
ally inje
tive homo-

morphism f : G

1

I

�! H

1

justi�es the �rst 
omparison and g : G

2

I

�! H

2

the

se
ond. But f

0

: T

M

I

�! T

N

is a lo
ally inje
tive homomorphism between the

asso
iated universal 
overs as well as the derived mapping g

0

: T

N

I

�! T

M

.

As in the previous se
tion we get that f

0

Æ g

0

is an automorphism of T

M

,

then the universal 
overs T

M

and T

N

are isomorphi
 and hen
eM = N due

to Theorem 4.
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The antisymmetry of

S

�! 
an be proven a

ording to exa
tly same argu-

ments: By the 
omposition of the derived homomorphisms we get that the

universal 
overs T

N

and T

M

are isomorphi
, and hen
e both 
orrespond to

the same matrix.

For the transitivity property of

I

�! assume that M

I

�! N and N

I

�! Q

and let lo
ally inje
tive homomorphisms f : G

1

I

�! H

1

witnesses the �rst

and g : G

2

I

�! H

2

the se
ond relation, where all four graphs are �nite a


onne
ted. If H

1

= G

2

then the 
omposition f Æ g would justify M

I

�! Q. If

this is not the 
ase, we 
an only relay on the fa
t that H

1

and G

2

share the

same degree re�nement matrix. Now the transitivity property of

I

�! follows

from the 
onstru
tion established in the next lemma.

Lemma 5 Let for �nite 
onne
ted graphs G

1

; G

2

; H

1

; H

2

hold that G

1

I

�!

H

1

and G

2

I

�! H

2

where H

1

and G

2

share the same degree re�nement ma-

trix. Then there exists a �nite 
onne
ted graph F su
h that F

I

�! H

2

and

F

B

�! G

1

.

The same assertion 
an be proved also for the order

S

�! with exa
tly

same arguments, the only di�eren
e is that the preimage in G

1

of any edge

(x; y) 2 E

H

1

is a spanning bipartite graph, and the same holds also for the

preimage of any 
orresponding (x

i

; y

j

) 2 E

F

0

in F .

Hen
e we 
an 
on
lude:

Theorem 6 All the three relations (M;

B

�!), (M;

I

�!) and (M;

S

�!) are par-

tial orders and moreover

(M;

B

�!) = (M;

I

�!) \ (M;

S

�!) = (M; f(M;M) :M 2Mg):

Corollary 7 For an arbitrary kind of lo
al 
onstraint � = B; I; S the order

(M;

�

�!) arises as a fa
tor of the order (C;

�

�!), when we unify the graphs

that have the same degree re�nement matri
es.

Finally let us note that any partial 
overing proje
tion G

I

�! H 
an be

extended to a full 
overing proje
tion G

0

B

�! H where G � G

0

. This yields

an alternative de�nition of the order (M;

I

�!):

Observation 8 For any pair of matri
es M;N 2 M it holds M

I

�! N if

and only if there exists graphs G and H with degree re�nement matri
es M

and N , resp. su
h that G is a subgraph of H.

Similarly, for universal 
overs hold that

Theorem 9 For any degree re�nement matri
es M;N 2 M it holds that

M

I

�! N if and only if T

M

� T

N

, and similarly M

S

�! N i� T

N

� T

M

.
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Uniform Abelian Group Labels on

Hamiltonian Cy
les

John Gimbel

Mathemati
al S
ien
es, P.O. Box 756660, University of Alaska,

Fairbanks, Alaska, 99775 U.S.A.

We 
onsider labeling edges of graphs with elements from abelian groups.

Parti
ular attention is given to graphs where the labels on any two hamil-

tonian 
y
les sum to the same value. We �nd several 
hara
terizations for

su
h labelings for 
ubes, 
omplete graphs and 
omplete bipartite graphs.

This extends work done in a variety of pla
es, where the group under 
on-

sideration is the integers with standard addition.

Let G be a graph of order n. By group we shall mean an abelian group.

We shall let (A;+) represent an arbitrary group. Given x 2 A let 2x

represent x + x. We shall refer to 2x as twi
e the value of x. We shall say

y is even if it is twi
e the value of some group element. A vertex labeling

of G is a mapping from V (G) into A. An edge labeling is de�ned similarly.

When 
larity allows, we will refer to an edge labeling simply as a labeling.

An edge labeling 
 is indu
ed by a vertex labeling � if 
(uv) = �(u)+�(v),

for ea
h edge uv. We will say a labeling is indu
ed if it is indu
ed by some

vertex labeling. Given a labeled graph G, the weight of G, denoted !(G),

is the sum of the edge labels. This term will often be applied to edges in

a subgraph. Given a labeled graph G, if we speak of a subgraph H we

will mean that H is labeled with the labeling on E(G) restri
ted to E(H).

We wish to study labelings whi
h have the property that given any pair of

hamiltonian 
y
les, the 
y
les have the same weight.

Let us say a labeling is hamilton-stable if every pair of hamiltonian 
y
les

has the same weight. Suppose the verti
es of a 
ir
uit appear sequentially

as v

1

, v

2

, . . . , v

k

. We shall represent the 
ir
uit as (v

1

; v

2

; : : : ; v

k

). At

times it will be important to similarly represent a 
ir
uit by sequentially

listing its edges e.g. (e

1

; e

2

; : : : ; e

k

). In a graph labeled by 
, an even


ir
uit (e

1

; e

2

; : : : ; e

k

) is balan
ed if 
(e

1

) � 
(e

2

) + : : : � 
(e

k

) = 0. A
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labeling 
 is C

4

-balan
ed if ea
h 4-
y
le is balan
ed. Let us say an odd 
y
le

(e

1

; e

2

; : : : ; e

k

) is even if 
(e

1

)� 
(e

2

) + 
(e

3

)� 
(e

4

) + : : :+ 
(e

k

) is even.

If the labels on any pair of k-fa
tors have the same weight, we will say the

labeling is k-stable. Thus, if a labeling is 2-stable then it is hamilton-stable.

This leads us to de�ne the following problem.

HAMILTON STABLE

Instan
e: A labeled graph G.

Question: Is G not hamilton-stable?

Theorem 1 The Hamilton Stable problem remains NP-
omplete when re-

stri
ted to integer labeled graphs that are planar, 
ubi
, 3-
onne
ted and

have fa
e girth at least �ve.

Observation 2 Given r and s where 1 � s � r, a labeling of an r-regular

graph is s-stable if and only if it is (r � s)-stable.

Let Q

n

denote the n-dimensional 
ube.

Theorem 3 A labeling of Q

n

is indu
ed if and only if it is C

4

-balan
ed.

A proof is by indu
tion on the dimension.

A 3-
ube may be hamilton-stable yet fail to be C

4

-balan
ed. Our next

result shows that for larger dimensions, this is not the 
ase.

Theorem 4 For n � 4, a labeling of Q

n

is C

4

-balan
ed if and only if it is

hamilton-stable.

Thus, while being hamilton-stable is a global property, it is equivalent

to a lo
al property.

Theorem 5 A labeling of Q

3

with elements from the real numbers is hamilton-

stable if and only if it is C

4

-balan
ed.

Theorem 6 If a labeling of Q

n

is 1-stable then it is hamilton-stable.

Theorem 7 For n � 4 and k �xed between 1 and n � 1, a labeling of Q

n

is hamilton-stable if and only if it is k-stable.

Similar results 
an be stated for 
omplete and 
omplete bipartite graphs.

However, the proofs are somewhat di�erent.
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The 
ir
ular 
hromati
 index of

graphs of high girth

Daniel Kr�al' (Charles University, Prague), joint work with

Tom�a�s Kaiser (University of West Bohemia, Pilsen)

Riste

�

Skrekovski (University of Ljubljana, Ljubljana)

Xuding Zhu (National Sun yat-sen University, Kaohsiung)

Colorings of graphs form a prominent topi
 in graph theory. Several

relaxations of usual 
olorings have been introdu
ed and intensively studied.

In this talk, we fo
used on 
ir
ular 
olorings of line graphs. A proper 
ir
ular

k-edge-
oloring, for a real k � 1, is a 
oloring by real numbers from the

interval h0; k) su
h that the di�eren
e modulo k of the 
olors 


1

and 


2

assigned to in
ident edges is at least one, i.e., 1 � j


1

� 


2

j � k � 1.

A 
lassi
al theorem of Vizing states that the edges of every graph G with

maximum degree D 
an be 
olored by at most D + 1 
olors so that no two

in
ident edges have the same 
olor, i.e., the 
hromati
 index of G is at most

D + 1. We show that for every " > 0, there exists g su
h that the 
ir
ular


hromati
 index of a graphG with maximum degreeD whose girth is at least

g does not ex
eed D + ". Note that the 
ir
ular 
hromati
 index must be

at least D be
ause the line graph of su
h graph G 
ontains a 
lique of order

D. A key ingredient of our proof is re
ent results on systems of independent

representatives and hypergraph mat
hability of Aharoni, Haxell, Meshulam

and others.

Our resear
h has been motivated by a 
onje
ture of Jaeger and Swart

1979 that high girth 
ubi
 graphs have 
hromati
 index three, whi
h was

disproved by Ko
hol in 1996. Our results imply that the 
onje
ture is true

when relaxed to 
ir
ular 
olorings: the 
ir
ular 
hromati
 index of high girth


ubi
 graphs is 
lose to three.

At the end of the talk, we posed several open problems and questions

in
luding the following ones:

� Can the assumption that the girth of a graph G is high be repla
ed

by a weaker assumption that its odd girth is high?
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� What is the least g su
h that 
ir
ular 
hromati
 index of every 
ubi


bridgeless graph of girth at least g is at most 5=2?

For the latter problem, the best upper bound on g whi
h we know is 14.
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Reptile Simpli
es Could Help the Net

Poli
e

But Probably They Do Not Exist

Ji�r�� Matou�sek

A simplex S is 
alled an m-reptile if it 
an be tiled without overlaps by

simpli
es S

1

; S

2

; : : : ; S

m

that are all 
ongruent and similar to S. The only

m-reptile d-simpli
es that seem to be known for d � 3 have m = k

d

, k � 2.

We prove, using eigenvalues, that there are no 2-reptile simpli
es of dimen-

sions d � 3. This investigation has been motivated by a probabilisti
 pa
ket

marking problem in theoreti
al 
omputer s
ien
e, introdu
ed by Adler in

2002.
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Comments on the Erd}os-Tur�an


onje
ture

Jaroslav Ne�set�ril

Joint work with Oriol Serra

Abstra
t

An old 
onje
ture of Erd}os and Tur�an states that the represen-

tation fun
tion of an additive basis 
an not be bounded. We survey

some of the main results related to this 
onje
ture.

Let (G; �) be a semigroup and X � G. A subset A � X is a basis of X

if X � A �A. When X is an in�nite set, a subset A is an asymptoti
 basis

if X n (A �A) is �nite.

For g 2 G we denote by r

A

(g) the number of pairs (a; a

0

) 2 A�A su
h

that g = a � a

0

. We 
all r

A

the representation fun
tion of A in (G; �).

Given a positive integer k, we say thatX has the k-Erd}os-Tur�an property

ET (k) if, for any base A of X , there is an element x 2 X with r

A

(x) � k.

We say that X has the Erd}os-Tur�an property ET if it has ET (k) for every

k 2 N .

A famous 
onje
ture of Erd}os and Tur�an [5℄ formulated in 1941 states

that the set of positive integers with addition has the ET property.

Here we survey some of the main results 
onne
ted to this 
onje
ture.

Even if the 
onje
ture is originally formulated for sets whi
h are additive

basis, it 
an be easily shown that sets with large density do have unbounded

representation fun
tions, regardless of them being a basis.

Erd}os [1℄ proved in 1964 that (N ; �) does have the ET property. Ne�set�ril

and R�odl [8℄ gave a simple proof of this result by using Ramsey Theorem.

Pu�s [10℄ extended this result by showing that a semigroup with an in�nite

set of primes and a �nite number of units has the ET property.

A broader view of the problem 
an be taken by 
onsidering more general

binary operations. We 
an for example show that dire
t sums of latti
es do

have the ET property. In parti
ular, the family of �nite sets of a 
ountable

set with union or interse
tion do have the ET property. The proof goes

along the lines of Ne�st�ril-R�odl method.
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As another appli
ation of this method, the 
onje
ture was proved to be

true for the 
lass of so-
alled d-bounded additive basis of N . We dis
uss

this appli
ation to the original problem and some possible limitations of the

method for this 
ase.

On the negative side, it is known that the group of integers with addi-

tion has basis with unique representation (up to 
ommutativity), a result

whi
h 
an be extended to any abelian free group. Ruzsa [11℄ shows that,

for any prime p, there are bases of Z

p

� Z

p

whose representation fun
-

tion is bounded by 18. This result has been re
ently extended by Haddad

and Helou [6℄ by showing that the 
lass of 
y
li
 groups does not have the

ET -property. These authors also show that ve
tor spa
es over �nite �elds

of odd 
hara
teristi
 or algebrai
 
losed �elds do not have the ET{property.
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Perfe
t Mat
hing Preservers

(Extended Abstra
t)

Ond�rej Pangr�a


Joint work with Martin Loebl

A subset M � E(G) of the edge set of a graph G is 
alled a mat
hing

if no two edges in M have a vertex in 
ommon. A mat
hing M is 
alled

a perfe
t mat
hing if ea
h vertex of G is in
ident with one edge in M . A

graph G is k-extendable, where k is an integer, if every mat
hing in G of

size at most k 
an be extended to a perfe
t mat
hing in G.

In this note we 
hara
terize the bipartite graphs whi
h have the same

perfe
t mat
hings. We will a
hieve it by a full des
ription of mat
hing

preservers de�ned as follows: A bije
tion  : E(G) ! E(G

0

) is 
alled a

mat
hing preserving mapping, or a mat
hing preserver, if M � E(G) forms

a perfe
t mat
hing in G if and only if  (M) does in G

0

. The question of the

existen
e of mat
hing preservers arise from the theory of permutation linear

preservers and our result answers the 
onje
ture of Brualdi (R. Brualdi: Lin-

ear Preservers and Diagonal Hypergraphs. Linear Alg. Appli
s., to appear)

on the stru
ture of permanent preserving permutation linear operators on


oordinate subspa
es.

If G is bipartite then we say that a twist is a bitwist if the 
orresponding

verti
es u; v belong to di�erent parts of G. It is easy to observe that bitwists

do not preserve only 
ir
uits but also perfe
t mat
hings. In the language of

bipartite graphs, the 
onje
ture of Brualdi 
an be stated as follows.

Conje
ture 1 Let G and G

0

be two bipartite 1-extendable graphs and let

 : E(G) ! E(G

0

) be a mat
hing preserver. Then there is a sequen
e of

bitwists of G resulting in a graph isomorphi
 to G

0

and  is indu
ed by this

isomorphism.

We show that this is not true: one more operation is needed to des
ribe

mat
hing preservers.

Let G be a 2-
onne
ted bipartite graph and G

1

; G

2

; G

3

be subgraphs of

G and let a

i

; b

i

be verti
es of G

i

both from the same part of G

i

, i = 1; 2; 3.
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Further let G be obtained from a disjoint union of G

1

; G

2

; G

3

by identifying

pairs b

1

; a

2

; b

2

; a

3

and b

3

; a

1

. Then we 
an de�ne bitransposition as follows:

Let G

0

be a graph obtained from a disjoint union of G

1

; G

2

; G

3

by identifying

pairs b

1

; a

3

; b

2

; a

1

and b

3

; a

2

. The graph G

0

is said to be obtained from G

by bitransposition of G

1

and G

2

. The operation of bitransposition also

preserves both 
ir
uits and perfe
t mat
hings.

Theorem 1 Let G and G

0

be two bipartite 1-extendable graphs and let  :

E(G)! E(G

0

) be a mat
hing preserver. Then there is a sequen
e of bitwists

and bitranspositions of G resulting in a graph isomorphi
 to G

0

and  is

indu
ed by this isomorphism.
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Prisms, why, how and what

Moshe Rosenfeld

1

Abstra
t

A brief history of prisms over graphs and the Prague summer

workshops.

1 Before the summer workshops...

The prism over a graph G is the Cartesian produ
t G2K

2

of G with the


omplete graphK

2

. In plain words, we take two disjoint 
opies of a graph G

and add a perfe
t mat
hing that mat
hes a vertex in G with its 
lone in the

other 
opy. Initially, my study of prisms was motivated by D. Barnette's


onje
ture that all simple 4-polytopes are Hamiltonian (these are 
ertain

4-regular, 4-
onne
ted graphs). Prisms over simple 3-polytopes (planar,

3-
onne
ted 
ubi
 graphs) are examples of simple 4-polytopes. In 1973 [19℄

we observed that if G is the graph of a simple 3-polytope and the 4 
olor


onje
ture is true then the prism over G is Hamiltonian. After the estab-

lishment of the 4-
olor theorem, we 
arried this study further. In 1978 while

visiting Simon Fraser University, B. Alspa
h and I [1℄ observed that not only

the prisms over 
ertain 
ubi
 graphs are Hamiltonian but a
tually they 
an

be de
omposed into two disjoint Hamiltonian 
y
les. We 
onje
tured that

the prisms over all 
ubi
, 3-
onne
ted graphs 
an be de
omposed into two

disjoint Hamiltonian 
y
les. This 
onje
ture is still open.

2 Prague summer workshops

I presented the de
omposition 
onje
ture in the Prague 2001 summer work-

shop. Immediately following the workshop, together with R.

�

Cada, T. Kaiser

and Z. Ryj�a�
ek [6℄ we proved that prisms over 3-
onne
ted, 
ubi
, bipartite

planar graphs have a Hamiltonian de
omposition.

3

Computing and Software Systems Program, University of Washington, Ta
oma,

Washington 98402, USA. E-mail: moishe�u.washington.edu.
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In the 2002 summer workshop, just before the 
oods, we noted a 
lose


onne
tion between prisms and Hamiltonian 
y
les and paths in graphs.

The hunt for Hamiltonian 
y
les in graphs pre
edes Graph Theory by

hundreds of years. The famous knight's tour problem on a 
hess board, a

sear
h for a Hamiltonian path or 
y
le in a graph of order 64 
an be tra
ed

ba
k to 840 AD. Its �rst mathemati
al formulation, or more pre
isely, the

�rst mathemati
al paper on the subje
t was the paper by L. Euler [12℄ in

1759. OÆ
ially, the notion of Hamiltonian 
y
le was introdu
ed almost a

100 years later by Hamilton. Thus the mathemati
al gestation period (the

time elapsed from its �rst mathemati
al appearan
e to the formal intro-

du
tion of the 
on
ept) of Hamiltonian 
y
les is about 100 years. George

Jelliss' web site http://www.ktn.freeuk.
om/ is full of gems on the history

and 
urrent a�airs of the knight's tour.

Nowadays we are 
ooded by theorems, 
onje
tures, refuted 
onje
tures,

web sites all devoted to �nding Hamiltonian 
y
les in graphs. The sear
h

for Hamiltonian 
y
les 
an be broken roughly into three 
ategories:

� Spe
i�
 graphs, su
h as the knight's tour or I. Havel's \mid 
ube"

graph, Kneser graphs and many more.

� If G has property P then G is Hamiltonian.

� Find long 
y
les in graphs.

The long sear
h for Hamiltonian 
y
les has left us with many theorems,

intri
ate 
onstru
tions, 
onje
tures, some refuted and many still open (not

surprisingly the diÆ
ult ones). The vast list of theorems, open problems,


onje
tures and 
ounter examples 
an be easily found in the numerous sur-

vey papers on Hamiltonian 
y
les su
h as Ron Gould's re
ent survey [14℄,

Adrian Bondy's [4℄ a quarter 
entury earlier and many more.

As the remaining problems on Hamiltonian 
y
les are tough, the tough

sear
h for alternative problems. Various approa
hes have been adopted by

resear
hers to modify the Hamilton 
y
le (or path) and sear
h for 
losely

related stru
tures in graphs. Resear
hers are also trying to develop measures

of \
loseness" to Hamiltoni
ity. An ex
ellent natural example of su
h a

measure was proposed by B. Ja
kson and N. Wormald [16℄.

A Hamilton 
y
le is a spanning 
losed walk that visits ea
h vertex exa
tly

on
e and a Hamiltonian path is a spanning tree of maximum degree 2. It

is then very natural to explore the following modi�
ations:

Instead of sear
hing for a Hamilton 
y
le in a graph, sear
h for a span-

ning, 
losed walk in whi
h every vertex is visited at most twi
e (or k times).

45



Instead of sear
hing for a Hamilton path, look for a spanning tree of max-

imum degree 3 (or more). We 
all these spanning stru
tures k-walks and

k-trees respe
tively.

It is not hard to show that any graph with a k-tree has a k-walk, and

that the existen
e of a k-walk guarantees the existen
e of a (k+1)-tree (see

[16℄). This 
reates the following hierar
hy among families of graphs:

1-walk (Hamilton 
y
le)) 2-tree (Hamilton path)) 2-walk) 3-tree) : : :

This hierar
hy provides a natural setting for de�ning 
loseness to being

Hamiltonian. For more information on k-walks, k-trees and related topi
s

refer, e.g., to [10℄.

In 2002 we observed that having a Hamiltonian prism is `sandwi
hed'

between the existen
e of a 2-tree and the existen
e of a 2-walk. That is:

2-tree) Hamiltonian prism) 2-walk (1)

and all of the impli
ations are sharp. This means that having a Hamiltonian

prism is \
loser" to Hamiltonian than having a 
losed 2-walk. This observa-

tion naturally led us to revisit and 
onsider many theorems and 
onje
tures

on Hamiltonian 
y
les and paths. As am example, 
onsider the following

sequen
e of proofs: D. Barnette [2℄ proved in 1966 that planar 3-
onne
ted

graphs have a spanning 3-tree. Gao and Ri
hter [13℄ improved Barnette's

result. They proved that 3-
onne
ted planar graphs have 2-walks, or are

even \
loser" to Hamiltonian graphs. Are 3-
onne
ted planar graphs even


loser to being Hamiltonian?

Conje
ture 1 The prisms over 3-
onne
ted planar graphs are Hamilto-

nian.

Immediately following the workshop, we expanded our team and man-

aged to show that 
ertain families of graphs, su
h as Kleetopes, general-

ized Halin graphs, 2-
onne
ted line-graphs and others have a Hamiltonian

prism [17℄. Kleetopes are planar triangulations, but not all planar trian-

gulations are Kleetopes. Probably the next step should be to prove that

all 3-
onne
ted planar triangulations have Hamiltonian prisms. We are

now 
onsidering more related questions. Nash-Williams [18℄ 
onje
tured

that 4-regular, 4-
onne
ted graphs are Hamiltonian. This was disproved by

Meredith [5℄. Sin
e these graphs are Eulerian they have a 
losed 2-walk.

Are these graphs 
loser than having a 2-walk to being Hamiltonian?
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Conje
ture 2 The prisms over 4-
onne
ted 4-regular graphs are Hamilto-

nian.

In 1973, Chv�atal [8℄ stated the beautiful 
onje
ture that every 2-tough

graph is Hamiltonian. 27 Years later, in 2000, the 
onje
ture was disproved

by Bauer, Broersma and Veldman [3℄ by 
onstru
ting non-Hamiltonian

9=4� "-tough graphs (for small "). A weaker form of the 
onje
ture, that

there is a �xed k su
h that k-toughness implies Hamiltoni
ity, is still open.

The 
onstru
tion from [3℄ was modi�ed by Ellingham and Zha [11℄ who


onstru
ted (17=24 � ")-tough graphs with no 2-walk. An upper bound

for toughness that guarantees the existen
e of a 2-walk was also obtained in

[11℄: every 4-tough graph has a 2-walk. These are the best bounds available,

but a 
onje
ture from [16℄ states that the truth is mu
h 
loser to the lower

bound: namely that 1-tough graphs have a 2-walk. This would improve a

result of Win [21℄ that all 1-tough graphs have a spanning 3-trees. Clearly,

if G is t-tough then G2K

2

is 2t-tough. Thus if G has a Hamiltonian prism

it must be

1

2

-tough. We were able to 
onstru
t (9=8�")-tough graphs whose

prisms are not Hamiltonian. These led us to the following 
onje
ture:

Conje
ture 3 If G is 2-tough then the prism over G is Hamiltonian.

The notorious "middle two levels" problem (as Tom Trotter refers to it

in his web site): \Let n = 2k+1 be an odd integer and 
onsider the subset

latti
e 
onsisting of all subsets of f1; : : : ; 2k + 1g. The middle two levels


onsisting of the sets of size k and k+1 form a bipartite graph. A k subset

is 
onne
ted by an edge to all k+1 subsets that 
ontain it. It is 
onje
tured

that this graph is Hamiltonian. Known to be true for n at most 15. The

origins of this problem are not 
ompletely 
lear, but it was �rst posed to

me by Ivan Havel in the summer of 1982. Havel in fa
t showed me a reprint

in whi
h the problem was posed. [15℄"

Papers 
onsidering this problem proved existen
e of long 
y
les in the

middle level graph e.g. [20℄ or 
onstru
ted expli
it 
omplete fa
torization

hoping that two disjoint 1-fa
tors will produ
e the elusive Hamiltonian 
y-


le. Days before the 2004 summer workshop, using the modular expli
it

fa
torization [9℄, we were able to show that the prism over the middle two

levels graph is Hamiltonian. Other related graphs, su
h as the \odd graph",

the graph whose verti
es are the k subsets of f1; : : : ; 2k+1g where two ver-

ti
es (k-subsets) are 
onne
ted by an edge if the two subsets are disjoint

(also known as the Kneser Graph K(2k+1; k)) so far resisted our attempts

to prove that the prisms over these graphs are Hamiltonian. We 
onje
ture:
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Conje
ture 4 The prisms over the Kneser Graphs K(2k+1; k) are Hamil-

tonian.

More generally, the Kneser GraphsK(n; k) are known to be Hamiltonian

for n � 3k [7℄. We 
onje
ture:

Conje
ture 5 The prisms over the Kneser Graphs K(n; k) are Hamilto-

nian.
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On the Regularity Method for

Hypergraphs

Mathias S
ha
ht

joint work with Brendan Nagle, Vojt�e
h R�odl, and Jozef Skokan

The Regularity Lemma of Szemer�edi [22℄, proved to be a powerful tool

in Combinatori
s. This lemma states that all suÆ
iently large graphs 
an

be approximated, in some sense, by random graphs. Sin
e \random-like"

graphs are often easier to handle than arbitrary graphs, the Regularity

Lemma is espe
ially useful in situations when the problem in question is

easier to prove for random graphs.

Let G = (V;E) be a graph and A, B � V be a pair of disjoint sets of

verti
es of G. Denote by e(A;B) the number of edges of G between A and

B. The density of the pair (A;B) is de�ned by d(A;B) = e(A;B)=(jAjjBj).

The pair is 
alled "-regular if for any A

0

� A, B

0

� B with jA

0

j � "jAj,

jB

0

j � "jBj, we have jd(A;B) � d(A

0

; B

0

)j < ".

Theorem 1 (Szemer�edi's Regularity Lemma) For every " > 0 there

exist a T

0

su
h that the vertex set V (G) of any graph G 
an be partitioned

into t � T

0


lasses V (G) = V

1

[ � � � [ V

t

, so that all but "t

2

pairs (V

i

; V

j

)

are "-regular.

Many appli
ations of the Regularity Lemma are based on its a

ompa-

nying Counting Lemma (see, e.g., [11, 12℄ for a survey).

Theorem 2 (Counting Lemma) If G is an `-partite graph with V (G) =

V

1

[� � �[V

`

and jV

i

j = n for all i 2 [`℄, and all pairs (V

i

; V

j

) are "-regular of

density d for 1 � i < j � `, then G 
ontains (1� f

`

("))d

(

`

2

)

� n

`


liques K

`

of order `, where f

`

(")! 0 as "! 0.

We dis
uss a generalization of Szemer�edi's Regularity Lemma from graphs

to k-uniform hypergraphs, whi
h allows us to prove an a

ompanying Count-

ing Lemma. Unlike for graphs, there are several \natural ways" to de�ne

\regularity" for k-uniform hypergraphs. Consequently, various forms of a
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Regularity Lemma for hypergraphs have been already 
onsidered in [1, 2,

4, 6, 15℄. None of these Regularity Lemmas seemed to admit a 
ompanion


ounting result (i.e., a 
orresponding generalization of Theorem 2). The

�rst attempt of developing a Hypergraph Regularity Lemma with a 
or-

responding Counting Lemma was undertaken by Frankl and R�odl in [5℄

for 3-uniform hypergraphs. Re
ently, R�odl and Skokan [19℄ established a

generalization of this Regularity Lemma to k-uniform hypergraphs for any

k � 3.

Analogously to the feature that Szemer�edi's Regularity Lemma de
om-

poses a given graph into an "-regular partition, this Hypergraph Regu-

larity Lemma de
omposes the edge set of a given k-uniform hypergraph

into 
onstantly many \blo
ks", almost all of whi
h are, in a spe
i�
 sense,

\quasi-random". The 
on
ept of hypergraph regularity whi
h plays the

analogous role of the "-regular pair is, unfortunately, 
onsiderably more

te
hni
al than its graph 
ounterpart, and we 
annot give the pre
ise de�ni-

tions here.

Just as Theorem 2, the Counting Lemma, is an important 
ompanion

statement to Szemer�edi's Regularity Lemma, most appli
ations of the Hy-

pergraph Regularity Lemma from [19℄ require a similar 
ompanion lemma

- the \general Counting Lemma". Analogously to Theorem 2, the general

Counting Lemma estimates the number of 
opies of the 
lique K

(k)

`

(i.e., the


omplete k-uniform hypergraph on ` verti
es) 
ontained in an appropriate


olle
tion of \dense and regular blo
ks" within a regular partition provided

by the Hypergraph Regularity Lemma. Su
h a Counting Lemma was es-

tablished for spe
ial 
ases (k = 3, ` > 3 and k = 4, ` = 5) in [5, 13, 18℄.

Re
ently, in [14℄ we su

eeded to prove the general Counting Lemma for any

` > k � 2, redu
ing it to an earlier result from [10℄. This Counting Lemma

together with the Hypergraph Regularity Lemma of [19℄ 
an be viewed as

a generalization of the Regularity Method from graphs to uniform hyper-

graphs. A similar extension was independently obtained by Gowers [9℄.

These generalizations 
an be applied to several extremal hypergraph

problems. In parti
ular, answering a question of Erd}os, Frankl, and R�odl [3℄,

the following theorem was proved in [17℄

Theorem 3 Suppose an n-vertex k-uniform hypergraph H 
ontains only

o(n

`

) 
opies of K

(k)

`

. Then one 
an delete o(n

k

) edges of H to make it

K

(k)

`

-free.

It is known that this theorem 
an be used to give an alternative proof the

well-known Density Theorem of Szemer�edi [21℄ regarding the upper density
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of sets 
ontaining no arithmeti
 progression of �xed length (see [5, 17℄).

Moreover, it 
an also be used to derive 
ombinatorial proofs to some of the

density theorems of Furstenberg and Katznelson [7, 8℄ (see [9, 16, 20℄).
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Open problems of separoids

Ri
ardo Strausz

strausz�math.unam.mx

A separoid is a set S endowed with a symmetri
 relation y �

�

2

S

2

�

de�ned

on its pairs of disjoint subsets whi
h is 
losed as a �lter in the natural partial

order indu
ed by the in
lusion. That is, if A;B � S then

� A yB =) A \ B = ;;

�� A yB & B � B

0

(� S nA) =) A yB

0

:

The pair A y B is a Radon partition, ea
h part (A and B) is a 
omponent

and the union A[B is the support of the partition. The separoid is a
y
li


if A yB =) jAjjBj > 0.

Theorem 1 (Aro
ha et al. [1℄ and Strausz [2, 9℄) Every �nite separoid


an be represented by a family of 
onvex sets in some Eu
lidean spa
e; that

is, for every separoid S there exists a family of 
onvex sets F = fC

i

� IE

d

:

i 2 Sg su
h that, for A;B � S

(�)

A y B () hC

a

2 F : a 2 Ai \ hC

b

2 F : b 2 Bi 6= ; (and A \ B = ;);

where h�i denotes the 
onvex hull. Furthermore, if the separoid is a
y
li
,

then su
h a representation 
an be done in the (jSj�1)-dimensional Eu
lidean

spa
e.

For the a
y
li
 
ase, let S be identi�ed with the set f1; : : : ; ng. For ea
h

element i 2 S and ea
h pair A yB su
h that i 2 A, let �

i

AyB

be the point of

IR

n

de�ned by

�

i

AyB

= e

i

+

1

2

"

1

jBj

X

b2B

e

b

�

1

jAj

X

a2A

e

a

#

;

where fe

i

g is the 
anoni
al basis of IR

n

. Observe that all su
h points are

in the aÆne hyperplane spanned by the basis. Now, ea
h element i 2 S is

represented by the 
onvex hull of all su
h points:

i 7! C

i

=




�

i

AyB

: i 2 A and A yB

�

:
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From here, it is easy to prove (�). �

Question 1 >Is there a geometri
 representation theorem for in�nite sep-

aroids? Guess: YES.

The minimum dimension where the separoid S 
an be represented is the

geometri
 dimension of S and it is denoted by gd(S). The (
ombinatorial)

dimension d(S) is the minimum d su
h that every subset with d+2 elements

is the support of a Radon partition. The separoid S is in general position

if no d(S) + 1 elements are the support of a Radon partition. The separoid

S is a point separoid if it 
an be represented by a family of points P � IE

d

in some Eu
lidean spa
e (
f. [3℄).

Theorem 2 (Bra
ho & Strausz [4℄) Let S be a separoid in general po-

sition. S is a point separoid if and only if d(S) = gd(S).

Mar
os: The smallest non-point separoid S su
h that d(S) = gd(S).

Question 2 >Is there a polynomial-veri�able property of separoids 	 whi
h

makes the following statement true: S is a point separoid if and only if 	(S)

and d(S) = gd(S)? Guess: YES.

Given two separoids S and T , a mapping h : S ! T is a homomorphism

if the image of minimal Radon partitions are minimal Radon partitions;

that is, for A;B � S,

A y B minimal =) h(A) y h(B) minimal:

Theorem 3 (Ne�set�ril & Strausz [5℄) The 
ategory of separoids endowed

with homomorphisms is a universal 
ategory. That is, every 
ategory 
an

be represented by an indu
ed sub
ategory of separoids' homomorphisms.

Question 3 >Is the sub
ategory of point separoids universal? Guess: NO.
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The homomorphisms order of separoids is de�ned with the relation

S � T () 9h : S �! T;

and identifying those separoids S and S

0

whi
h S � S

0

and S

0

� S. A

partially ordered set (X;�) is fra
tal if for ea
h interval [x; y℄ := fz 2 X :

x � z � yg there exists a monotone and inje
tive fun
tion � : X ,! [x; y℄.

Theorem 4 (Ne�set�ril [6℄) The homomorphisms order of graphs is fra
tal.

Question 4 >Is the homomorphisms order of separoids fra
tal? Guess:

YES.

A pair of disjoint subsets A\B = ; whi
h are not a Radon partition, are

said to be separated and denoted A j B. A mapping � : S ! T is amorphism

if the preimage of separations are separations; that is, for C;D � T ,

C j D =) �

�1

(C) j �

�1

(D):

A morphism is a monomorphism if it is inje
tive.

Theorem 5 (Strausz [8℄) Let S be a d-dimensional separoid of order

jSj = (k � 1)(d+ 1) + 1. Suppose that in addition there exists a monomor-

phism � : S �! P into a d-dimensional point separoid P in general posi-

tion. Then there exists a k-
olouring & : S ! f1; : : : ; kg su
h that ea
h pair

of 
hromati
 
lasses are the 
omponents of a Radon partition; that is,

1 � i < j � k =) &

�1

(i) y &

�1

(j):

Question 5 >How far the additional hypothesis 
an be weakened |the hy-

pothesis \9� : : : "| while maintaining the 
on
lusion of the previous Theo-

rem? >Is there a purely 
ombinatorial Tverberg-type theorem for separoids?

Guess: Not mu
h and. . . I do not know.

A morphism is an epimorphism if it is surje
tive. An epimorphism

& : S ! T is a 
hromomorphism if the preimage of minimal Radon par-

titions are Radon partitions; that is, for C;D � T ,

C yD minimal =) &

�1

(C) y &

�1

(D):

The 
omplete separoid K

k

is the separoid of k elements su
h that i y j, for

all i; j 2 K

k

. The (k; d)-Tverberg number #(k; d) is the minimum n su
h
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that all d-dimensional separoids of order at least n maps onto K

k

with a


hromomorphism; that is, #(k; d) is minimal with the property

jSj � #(k; d(S)) =) 9& : S �! K

k

:

Theorem 6 (Montellano et al. [7℄) For all d > 0 and k > 2 it follows

that

(k � 1)(d+ 1) + 1 < #(k; d) <

�

k

2

�

(d+ 1) + 1:

Furthermore, for ea
h d > 0 there exists a 
onstant C

d

su
h that for all

k � d+ 2,

#(k; d) � C

d

k log k:

Question 6 >Is it true that #(k; d) 2 O(kd)? >Can #(k; d) be pre
isely

determined? Guess: YES and. . . I do not know, I am working on that.

Metaproblem. Choose your favourite problem from graph theory and/or

dis
rete geometry and generalise it to in
lude all separoids. Now, solve it!

For instan
e:

>Does the perfe
t separoids 
onje
ture hold?

>Does Erd}os-Szekeres theorem hold for separoids?

>Do visibility separoids have 
hromati
 number bounded by a fun
tion of

their 
lique number?
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Weak Pentagon Problem

or

On a Certain 5-Edge-Coloring

Robert

�

S�amal

Joint work with Matt J. DeVos

�y

Abstra
t

We prove that edges of a 
ubi
 graph of girth at least 16 
an

be 5-
olored so that the 
omplement of any 
olor 
lass is bipartite

(see Fig. 1). Equivalent formulation is that any su
h graph admits a

homomorphism to the Clebs
h graph (see Fig. 2). This is an approa
h

to the Pentagon Conje
ture; it also provides a 
oloring version of

results of [1℄ and [5℄ on the size of maximal bipartite subgraph.

For a graph G let MAXCUT(G) be the maximum number of edges in a

bipartite subgraph of G, we normalize and write

b(G) =

MAXCUT(G)

jE(G)j

:

It is an easy exer
ise to show that b(G) � 1=2 for any graph G and

b(G) � 2=3 when G is 
ubi
, that is 3-regular graph. The former inequality

is almost attained by a large 
omplete graph, the latter is attained for G =

K

4

: any triangle 
ontains at most two edges from any bipartite subgraph,

and every edge ofK

4

is in the same number of triangles. This shows triangle

has a spe
ial role and rises a natural question to determine b(G) for a

(
ubi
) G that 
ontains no triangle, or perhaps even no short 
ir
uits. In

1980's several authors independently 
onsidered this problem ([5℄, [1℄, [11℄,

. . . ); the strongest results being

�
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Figure 1: Petersen graph with edges partitioned into �ve odd-
ir
uit blo
k-

ers.

� b(G) � 4=5 for G with maximum degree 3 and no triangle ([1℄)

� b(G) � 6=7� o(1) for 
ubi
 G with girth (the length of the shortest


ir
uit) tending to in�nity [11℄

On the other hand, by 
onsidering random 
ubi
 graph we 
an prove that

there are 
ubi
 graphs of arbitrarily high girth with b(G) < 0:999 ([7℄).

Call a set F � E(G) an odd-
ir
uit blo
ker (OCB) if it 
ontains an edge

from every odd 
ir
uit of G, that is if GnF is bipartite. The fa
t b(G) � 4=5


an be reformulated as

(9F � E(G))

jF j

jE(G)j

�

1

5

and F is an OCB.

We prove a 
oloring version of this holds when G has high girth.

Theorem 1 Let G be a graph with maximum degree 3 and girth at least

16. Then we 
an partition the edges of G into �ve odd-
ir
uit blo
kers.

Moreover, there is a linear-time algorithm that 
omputes this partition.

We remark the girth assumption is only for
ed by the proof, for all what

we know it may be enough to suppose G is triangle-free.

60



Figure 2: Clebs
h graph

We 
on
lude the Introdu
tion by the relation of our theorem to the

Ne�set�ril's Pentagon Conje
ture ([6℄). Re
all that a mapping f : V (G) !

V (H) is a homomorphism if f(u)f(v) is an edge of H for any edge uv of G.

Conje
ture 1 If G is a 
ubi
 graph of suÆ
iently high girth then there is

a homomorphism from G to C

5

.

When we repla
e C

5

by C

3

we get an easy 
onsequen
e of Brook's theo-

rem. It is known that the Conje
ture is false if we repla
e C

5

by C

1

1 ([6℄),

by C

9

([10℄) and (proved re
ently) by C

7

([4℄). If the 
onje
ture is true, our

theorem follows immediately (possibly with a di�erent girth assumption):

If f is a homomorphism from G to C

5

, 
olor the edge e 2 E(G) by f(e). As

no odd 
ir
uit 
an be homomorphi
ally mapped to a proper subgraph of C

5

we see that ea
h 
olor 
lass is an OCB. On the other hand we probably 
an't

obtain the 
onje
ture using Theorem 1, as for example Figure 1 shows that

Petersen graph has desired partition but it has no homomorphism to C

5

.

Call a mapping g : E(G) ! E(H) 
ut-
ontinuous if for every 
ut X �

E(H) the set g

�1

(X) is a 
ut in G. This 
on
ept is introdu
ed in [2℄. In [9℄

the relation between statements \there is a homomorphism from G to H"

and \there is a 
ut-
ontinuous mapping from G to H" is studied in greater

detail. Here we just show how Theorem 1 
an be reformulated using this

notion.
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Lemma 2 For any graph G the following are equivalent.

1. There is a partition of E(G) into �ve odd-
ir
uit blo
kers.

2. There is a 
ut-
ontinuous mapping from G to C

5

.

3. There is a homomorphism from G to the Clebs
h graph (depi
ted in

Figure 2).

This Lemma shows that Reza ([8℄ using results of Guenin [3℄) proves the

same result from di�erent assumption.

Theorem 3 Any planar triangle-free graph admits a homomorphism to the

Clebs
h graph.
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A new multipli
ative graph

Claude Tardif

�

Keywords: Categori
al produ
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Abstra
t

A graph K is 
alled multipli
ative if whenever a 
ategori
al prod-

u
t of two graphs admits a homomorphism to K, then one of the

fa
tors also admits a homomorphism to K. We use right adjoints in

(the skeleton of) the 
ategory of graphs to provide a new example of

a multipli
ative graph

1 Introdu
tion: Multipli
ativity

The 
ategori
al produ
t of two graphs G and H is the graph G � H with

vertex-set V (G�H) = V (G)� V (H) and edge-set

E(G�H) = f[(u; v); (w; x)℄ : [u;w℄ 2 E(G) and [v; x℄ 2 E(H)g:

A graph K is 
alled multipli
ative if whenever a produ
t G � H admits a

homomorphism (that is, an edge-preserving map) to K, one of the fa
tors

G, H also admits a homomorphism to K. This 
on
ept was introdu
ed in

[2℄ and [3℄ in 
onne
tion with Hedetniemi's 
onje
ture whi
h states that the


hromati
 number of a 
ategori
al produ
t of graphs is equal to the mini-

mum of the 
hromati
 numbers of the fa
tors. In terms of multipli
ativity,

this 
onje
ture is equivalent to the statement that every 
omplete graph is

multipli
ative.

The fa
t thatK

2

is multipli
ative is an easy 
onsequen
e of K�onig's 
har-

a
terisation of bipartite graphs as the graphs that do not 
ontain odd 
y
les.

However, as this 
hara
terisation amounts to a polynomial 
hara
terisation

�
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of bipartite graphs, no obvious generalisation is available for larger 
om-

plete graphs. A 
onsiderable breakthrough was obtained by El-Zahar and

Sauer [1℄ who used \topologi
al" properties of the 3-
olourings of 
y
les to

prove that K

3

is multipli
ative. Their result was generalised by Haggvist

et al [2℄ who proved that all odd 
y
les are multipli
ative. No other graph

has been shown to be multipli
ative sin
e.

In this note we show that the family of known multipli
ative graphs 
an

be enri
hed by using the right adjoints in the 
ategory of graphs, whi
h

have been des
ribed by Pultr [6℄. The idea of the method is apparently due

to Roman Ba
ik and was 
ommuni
ated to the author by Xuding Zhu. We

will limit ourselves to one example here, and dis
uss the generalisations and

limitations of the method afterwards.

2 A new multipli
ative graph

Figure 1: M

The reader 
an easily verify that the graphM above 
an be des
ribed as

follows: Its verti
es are the 
ouples (A;B) of nonempty subsets of f0; 1; 2g

su
h that A\B 6= ;, and its edges are the pairs f(A;B); (A

0

; B

0

)g su
h that

A \A

0

= ;, B \ B

0

= ;, A \ B

0

6= ; and B \A

0

6= ;.

Next we de�ne a 
onstru
tion �




making a graph �




(G) from an input

graph G. The verti
es of �




(G) are the homomorphisms from K

2

to G,

(where V (K

2

) = f0; 1g), and the edges of �




(G) are the pairs ff; gg su
h
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that there exists a homomorphism h from the 6-
y
le C

6

to G su
h that

f(0) = h(0); f(1) = h(1); g(0) = h(3) and g(1) = h(4) (where V (C

6

) =

f0; 1; : : : ; 6g). Thus, the verti
es of �




(G) 
orrespond to the ar
s of G, and

the edges of �




(G) join opposite ar
s in a 
losed walk of length 6 in G. The

fun
torial de�nition of �




has the following 
onsequen
e (whose proof is a

straightforward appli
ation of the de�nition:

Lemma 1 �




(G�H) = �




(G)� �




(H)

We also have the following:

Lemma 2 �




(G) is 3-
olourable if and only if G admits a homomorphism

to M .

Sket
h of proof. A �nite veri�
ation shows that �




(M) is 3-
olourable.

Hen
e if there is a homomorphism from G to M , then there is a homomor-

phism from �(G) to �(M), from whi
h we 
an pull ba
k a 3-
olouring of

G. Conversely, if  : �(G) 7! K

3

is a homomorphism (where V (K

3

) =

f0; 1; 2g), then we 
an de�ne a homomorphism

^

 : G 7! M by putting

^

 (u) = (A

u

; B

u

), where A

u

= f (f) : f(1) = ug and B

u

= f (f) : f(0) =

ug.

Corollary 3 M is multipli
ative.

Proof. Let G, H be graphs su
h that there is a homomorphism from G�H

toM . Then �




(G�H) is 3-
olourable by the se
ond lemma when
e �




(G)�

�




(H) is 3-
olourable by the �rst lemma. Sin
e K

3

is multipli
ative by [1℄,

�




(G) or �




(H) is 3-
olourable, when
e G or H admits a homomorphism

to M by the �rst lemma.

3 Con
luding 
omments

The method employed above 
an be generalized as follows: If K andM are

graphs and � is a 
onstru
tion making a graph �(G) out of the graph G,

with the following properties:

(i) �(G�H) ' �(G)� �(H),
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(ii) �(G) admits a homomorphism to M if and only if G admits a homo-

morphism to K.

Then if M is multipli
ative, so is K. In [7℄ we showed that this method is

suÆ
ient to prove the multipli
ativity of the 
ir
ulants used in the de�nition

of the 
ir
ular 
hromati
 number up to (but not in
luding)K

4

. There seems

to be a "topologi
al gap" preventing the method from being useful to prove

the multipli
ativity of other 
omplete graphs, so it may be worth the while

to investigate semi-latti
e homomorphisms from the 
ategory of graphs to

other semi-latti
es.

On the other hand, the ar
 graph 
onstru
tion of Poljak and R�odl is also

a right adjoint. In [5℄ and [4℄, it has been used to show that if the fun
tion

f is bounded above, then the bound is at most 9, where

f(n) = minf�(G�H) : �(G) � �(H) � ng:

Other right adjoints 
ould perhaps be used to sharpen this bound.
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Colouring Visibility Graphs

�

David R. Wood

zx

Joint work with Jan K�ara

x

and Attila P�or

x

Let P � R

2

be a set of points in the plane. Let vw denote the 
losed

line-segment between points v 2 R

2

and w 2 R

2

. Two distin
t points

v; w 2 P are visible with respe
t to P if P \ vw = fv; wg. The visibility

graph V(P ) of P has vertex set P , with an edge between every pair of visible

points in P . This paper studies the following open problem.

Open Problem 1 Are visibility graphs �-bounded? That is, is there a

fun
tion f su
h that �(V(P )) � f(!(V(P ))) for every �nite point set P?

As an example, 
onsider the integer latti
e P = f(x; y) : x; y 2 Zg, as

illustrated in Figure 1. Let f((x; y)) = (x mod 2; y mod 2) for all (x; y) 2 P .

For any two mono
hromati
 points (x

1

; y

1

) and (x

2

; y

2

) in P , both jx

1

�x

2

j

and jy

1

� y

2

j are even. Thus the midpoint of the segment (x

1

; y

1

)(x

2

; y

2

) is

in P , and (x

1

; y

1

) and (x

2

; y

2

) are not visible. Hen
e f is a 4-
olouring of

V(P ). There is no 3-
olouring sin
e f(0; 0); (1; 0); (1; 1); (0; 1)g is a 4-
lique.

Therefore �(V(P )) = 4.

The bipartite visibility graphs are easily 
hara
terised as follows.

Theorem 1 Let P be a �nite point set. Then the following are equivalent:

(a) �(V(P )) � 2,

(b) all the points in P are 
ollinear,

(
) V(P ) has no K

3

subgraph.

Eppstein [2℄ 
hara
terised the planar visibility graphs as follows, as il-

lustrated in Figure 2.

x
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Figure 1: 4-
olouring of the visibility graph of the integer latti
e.

Lemma 2 ([2℄) Let P be a point set. Then V(P ) is planar if and only if

at least one of the following 
onditions hold:

(a) all the points in P are 
ollinear,

(b) all the points in P , ex
ept for one, are 
ollinear,

(
) all the points in P are 
ollinear, ex
ept for two non-visible points,

(d) all the points in P are 
ollinear, ex
ept for two points v; w 2 P , su
h

that the line-segment vw does not interse
t the line-segment that 
ontains

P n fv; wg,

(e) V(P ) is the drawing of the o
tahedron shown in Figure 2(e).

Lemma 2 and a result of Develin et al. [1℄ are the key ingredients to the

proof of the following 
hara
terisation of 3-
olourable visibility graphs.

Theorem 3 Let P be a �nite point set. Then the following are equivalent:

(i) �(V(P )) � 3,

(ii) P satis�es 
onditions (a), (b), (
) or (e) in Lemma 2,

(iii) V(P ) has no K

4

subgraph.
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(a)

(b)

(c)

(d)

(e)

Figure 2: The planar visibility graphs.

Our main result is the following super-polynomial lower bound on the


hromati
 number of a visibility graph.

Theorem 4 There are 
onstants 


1

; 


2

; 


3

; 


4

> 0 and an in�nite sequen
e

of visibility graphs G

0

; G

1

; G

2

; : : : , su
h that !(G

i

)!1 and

�(G

i

) � (


1

log!(G

i

))




2

log!(G

i

)

= (


3

!(G

i

))




4

+log log!(G

i

)

:

The next interesting 
ase in Open Problem 1 is !(V(P )) = 4. There is

a visibility graph V(P ) with !(V(P )) = 4 and �(V(P )) = 5. It is an open

problem whether every visibility graph with !(V(P )) � 4 has �(V(P )) � 5.
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ir
ular


hromati
 number of series parallel

graphs
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Abstra
t

This paper gives a simple proof of the result of Z. Pan and X. Zhu

[2℄, that gives an upper bound for �




(G) of a series-parallel graph G.

1 Introdu
tion

For two integers k � d � 1, a (k; d)-
oloring of a graphG is a 
oloring 
 of the

verti
es of G with 
olors 0; 1; 2; : : : ; k�1 su
h that d � j
(x)�
(y)j � k�d,

whenever fx; yg is an edge of G. The in�mum of the ratio k=d for whi
h

there exists a (k; d)-
oloring is denoted by �




(G) and we say �




(G) is the


ir
ular 
hromati
 number of G.

Finding a tight upper bound for �




(G), in a 
lass of K

n

-minor-free graphs,

(G=K

n

), is a diÆ
ult problem even for small n. The 
ase n � 5 is unsolved.

For planar graphs, to date the best known upper bound is given by Zhu,

[5℄, but we are far from the 
onje
tured upper bound. Pan and Zhu have

settled this problem for G=K

4

(the 
lass of series-parallel-graphs) in [2℄ and

proved in [3℄ that their bound is indeed the best possible by 
onstru
ting a

�
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PSfrag repla
ements

P

3

P

2

v

1

v

2

x

x

0

y

v

w

u v

0

v

00

C

C

0

C

00

C

00

C

1

C

1

C

2

Figure 1: Example of an eye C (left), a 3-lens v (middle) and a 4-lens

v

00

(right). The labels C

00

; w; v

0

; x; x

0

; y are used in proof of Lemma 3.

graph G, with �




(G) arbitrarily 
lose to the given bounds. The following

is the main result of [2℄, for whi
h we give a new proof. We rewrite their

theorem in this way for 
onvenien
e in our proof.

Theorem 1 (Pan, Zhu) Suppose r 2 f�1; 1; 3g and G 2 G=K

4

has

odd-girth g. If g � 6k + r, then �




(G) � 2g

0

=(g

0

� 1), where g

0

= 4k +

(r + jrj)=2.

The results by Pan and Zhu are based on the so-
alled labelling method

and a 
lever 
onstru
tion. Although the labelling method has been quite

useful in several proofs, it leads to long 
ase analysis and 
al
ulations, and

so resulted omitting of some te
hni
al details. In this note, we give a short

stru
tural proof of Theorem 1.

We assume graphs are �nite and simple. Let G;G

0

be graphs. A homo-

morphism from G to G

0

is a mapping f :V (G) ! V (G

0

) whi
h preserves

adja
en
y, (i.e., fu; vg 2 E(G) implies ff(u); f(v)g 2 E(G

0

)). The notation

G ! G

0

means there is a homomorphism from G to G

0

. Note that "!" is

a re
exive and transitive relation.

Let G be a graph. If C � G, is an indu
ed 
y
le in G then (C; v

1

; v

2

) is

an eye of G, if C has exa
tly two verti
es v

1

and v

2

of degree at least 3.

Let (C

1

; v; u) be an eye of G. Then v is a 3-lens if degree(v) = 3 in G. If

degree(v) = 4 and v 2 V (C

1

)\V (C

2

), for some eye (C

2

; v; u

0

); u 6= u

0

, then

we 
all v a 4-lens of G. (See Figure 1). We say v is a lens when its degree

is irrelevant. A simple graph G is hom-simple if every eye of G is an odd


y
le.

Lemma 2 Every 2-
onne
ted hom-simple graph G 2 G=K

4

whi
h is not a


y
le 
ontains a lens.
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Proof: Let G 2 G=K

4

be 2-
onne
ted. Let

�

G 2 G=K

4

be the graph we

obtain from G by repla
ing every path of degree 2 verti
es by an edge, and

by identifying resulting parallel edges. Sin
e G is hom-simple and not a


y
le, we have jV (

�

G)j > 2, and that

�

G is simple and 2-
onne
ted. Note

that

�

G 2 G=K

4

and so a degree 2 vertex �v in

�

G exists and �v is a lens in G,

be
ause G is hom-simple. 2

The following is a key lemma whi
h we use in the next se
tion.

Lemma 3 (Folding lemma for G=K

4

) Let G 2 G=K

4

be a 2-
onne
ted

hom-simple graph of odd-girth(G) = g > 3. If G has a 3-lens v or if G

has eyes (C

1

; v; u) and (C

2

; v; u

0

), su
h that v is a 4-lens and jC

1

j > g

or jC

2

j > g, then there exists a graph G

0

2 G=K

4

of same odd-girth, and

a 4-lens z 2 V (G

0

), with eyes (C

0

1

; u

0

; z); (C

0

2

; z; w

0

), su
h that G ! G

0

,

jV (G

0

)j < jV (G)j and jC

0

1

j = jC

0

2

j = g.

Proof: Let G be 
ontrary to the lemma, where jV (G)j is minimal. Let v

be a lens of an eye (C

1

; v; u) of G. If v is a 3-lens as in Figure 1 middle,

let H be obtained by identifying v

0

with a neighbor, w of v; w 6= u. If v

is a 4-lens as in Figure 1, right, and jC

1

j > g > 3, let H be obtained by

identifying verti
es x and x

0

of C

1

, that have a 
ommon degree 2 neighbor

y and identifying y with a neighbor of x or x

0

. We see that H remains

2-
onne
ted and hom-simple. Moreover, H has odd girth g, for otherwise

some 
y
le C

00

, where E(C

00

) \ E(C

1

) 6= ; has length g (See Figure 1).

But this implies the edges of E(C

1

)nE(C

00

) 
an be identi�ed with E(C

00

),


ontrary to G being minimal. Hen
e, in both 
ases we have G ! H and

jH j < jGj. The indu
tion assumption and transitivity of "!" obtains a


ontradi
tion and the result follows. 2

2 Proof of Theorem 1

Let G 2 G=K

4

of odd girth g be a 
ounterexample to Theorem 1, with

jV (G)j as small as possible. For integers q � p � 1, let G

p

q

denote the

graph with vertex set f0; 1; : : : ; q � 1g in whi
h i is adja
ent to j when

p � ji � jj � q � p. To prove �




(G) � p=q, it suÆ
es to show G ! G

p

q

.

We prove that if r 6= �1 then G ! G

2k+(r�1)=2

4k+r

= C

4k+r

and if r = �1,

G! G

4k�1

8k

= V

8k

, whi
h 
ontradi
ts the 
hoi
e of G.
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Figure 2: Left: G with its 4-lens v and eyes C

1

and C

2

. The label P

n

denotes a path of length n � 1. In the right, fP

�

; P

�

g = fP

L

2

; P

l

2

g su
h

that L

1

� l

3

= � modulo 2.

It is easy to see that G must be 2-
onne
ted, be
ause G

p

q

is vertex-transitive

and so indu
tively a homomorphism f

i

: H

i

! G

p

q

for ea
h 2-
onne
ted


omponent H

i

; i = 1; 2; : : : ;m � 2, 
an be extended to f : G ! G

p

q

, a 
on-

tradi
tion. By Lemma 3, G has odd-girth g = 6k + r, r 2 f�1; 1; 3g, and a

4-lens v, su
h that jC

1

j = jC

2

j = g (i.e. in Figure 2, L

i

+l

i

= 6k+r, i = 1; 2).

Let G

0

be obtained by deleting C

1

and C

2

. Then by indu
tion, f : V (G

0

)!

G

p

q

exists. Note that if G

p

q

= V

8k

, then f(v

1

) and f(v

2

) 
an be found on some

C

4k+1

� V

8k

(See Figure 3, left). We may assume f(v

1

) = 0 and f(v

2

) = l

3

,

l

3

+ l

0

3

= 4k + jrj, l

3

< l

0

3

and that L

1

� L

2

> l

2

. Then l

2

� l

1

. We may

also assume that L

1

< 4k+ (r + jrj)=2, for otherwise GnP

L

1

! C

4k+jrj


an

be extended to G ! C

4k+jrj

, and we are done. Then, we have l

1

> 2k, if

r 6= �1 and l

1

� 2k, if r = �1. In addition, we 
an assume l

3

� 2, for if

0 � l

3

� 1, we 
learly have G! C

4k+jrj

. It follows, l

1

+ l

2

> l

0

3

.

Let f�; �g = fL

2

; l

2

g su
h that L

1

�

=

� + l

3

modulo 2. Then � > L

1

� l

3

,

for otherwise we have L

1

� � + l

3

and � � l

1

+ l

3

. Hen
e, in the middle

graph in Figure 2, we may identify P

L

1

with P

�

[P

l

3

and P

�

with P

l

1

[P

l

3

. Sin
e l

1

+ � � l

1

+; : : : ;

2

> l

0

3

, we get G ! C

4k+jrj

. We now extend f

by f

�

as follows: If r = �1, L

1

= L

2

= 3k, and l

3

= 2k, map G to V

8k

by letting f

�

(v) = 5k. (See Figure 3, right). Otherwise let f

�

(v) = L

1

,

74



00

PSfrag repla
ements

f

�

(v)

f

�

(v)

l

3

l

0

3

k

k

2k

2k

3k

3k

P

3k

P

3k

P

(3k�1)

P

(3k�1)

4k

4k

5k

5k

6k

6k

7k

7k

8k

V

8k

=

v

Figure 3: Left: A C

4k+1

subgraph in V

8k

is highlighted. Right: Case r = �1,

L

1

= L

2

= 3k. By symmetry, f

�

(v) = 5k is a unique solution for G! V

8k

.

(Figure 2, right) and we verify f

�

is a map to C

4k+jrj

by showing ea
h

path: P

L

1

; P

l

1

; P

�

and P

�

depi
ted in Figure 2, 
an be identi�ed with their


orresponding subpaths of C

4k+jrj

. For P

L

1

, we have L

1

< 4k + jrj, be-


ause L

1

< 4k + (r + jrj)=2 � 4k + jrj. Note also that L

1

> l

3

sin
e

l

3

< l

0

3

and l

3

+ l

0

3

� L

1

+ l

1

. For P

l

1

, we have l

1

� 4k + jrj � L

1

, be
ause

L

1

+ l

1

= 6k + r. For P

�

, we have � > L

1

� l

3

, as shown above. For P

�

we

show, � � l

3

+(4k+ jrj�L

1

). Substituting �+� = 6k+ r and rearranging

we shall verify:

L

1

� � � (l

3

� 2k) + (jrj � r) (�)

Note that L

1

� � � 0. If r 6= �1, then jrj � r = 0, and so if 2k � l

3

, we

are done. Otherwise, l

3

= 2k + 1, then L

1

6

�

=

� modulo 2, (i.e. L

1

> �),

whi
h implies (*) holds. Next, let r = �1, (i.e. jrj� r = 2 and l

3

� 2k). By

assumption if l

3

= 2k, then L

1

6= � and so L

1

�� = 2t; t � 1 and if l

3

< 2k,

we see on
e more (*) holds.

Note that the 
ase l

3

� 2k + 1 is symmetri
, sin
e l

0

3

= 4k + 1 � l

3

� 2k.

This 
on
ludes the proof that no 
ounterexample exists to Theorem 1.

A
knowledgement I am indebted to J. Ne�set�ril for several insightful dis-


ussions and ongoing joint work in graph homomorphisms, from whi
h I

bene�ted tremendously. I also owe many thanks to X. Zhu for answering

questions (private 
omm.) and for making his most valuable works easy to

a

ess.
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