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Abstra
t

We determine the 
ir
ular 
hromati
 index of 
ower snarks, by

showing that �

0




(F

3

) = 7=2, �

0




(F

5

) = 17=5 and �

0




(F

k

) = 10=3 for

every odd integer k � 7, where F

k

denotes the 
ower snark on 4k

verti
es.

1 Introdu
tion

All graphs in this paper are �nite and simple. A graph is k-edge-
olorable

if its edges 
an be 
olored using k 
olors in su
h a way that no two ad-

ja
ent edges re
eive the same 
olor. By a 
lassi
al theorem of Vizing [11℄

every 
ubi
 graph is 4-edge-
olorable, and hen
e 
ubi
 graphs fall into two


ategories: those that are 3-edge-
olorable, and those that require four 
ol-

ors. Those of the latter kind that satisfy a mild 
onne
tivity requirement

(
y
li
 4-edge-
onne
tivity) are 
alled snarks. Snarks are of great inter-

est [2, 4, 5, 12℄ be
ause the non-existen
e of planar snarks is equivalent to
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the Four Color Theorem [9℄, and it is known that a minimal 
ounterexample

to several important 
onje
tures must be a snark, see e.g. [5, 13℄.

Are some snarks 
loser to being 3-edge-
olorable than others? This

question 
an be made pre
ise using the 
on
ept of 
ir
ular 
oloring, in-

trodu
ed by Vin
e [10℄ under the name of star 
oloring. For r > 0, an

r-
ir
ular edge-
oloring of a graph G is a mapping 
 : E(G) ! [0; r) su
h

that 1 � j
(e)�
(f)j � r�1 for every two adja
ent edges e and f of G. The


ir
ular 
hromati
 index of G is the in�mum (in fa
t, the minimum) of all

r > 0 su
h that G has an r-
ir
ular edge-
oloring. The 
ir
ular 
hromati


index of G is denoted by �

0




(G). It is not hard to show that the 
hromati


index of G (the least k su
h that G is k-edge-
olorable) is equal to d�

0




(G)e,

and hen
e the 
ir
ular 
hromati
 number provides a �ner measure of edge-


olorability than the 
hromati
 index. We refer the reader to the survey [14℄

for more details on 
ir
ular 
olorings of graphs.

Zhu [14℄ asked whether there exists a snark with 
ir
ular 
hromati
 index

four. Afshani et al. [1℄ answered the question in the negative by showing

that the 
ir
ular 
hromati
 index of every bridgeless 
ubi
 graph is at most

11=3. The bound is tight as witnessed by the Petersen graph. However,

the Petersen graph is the only known bridgeless 
ubi
 graph with 
ir
ular


hromati
 index equal to 11=3, and so it seems natural to look for other

examples among known families of snarks.

There is another result on 
ir
ular edge 
olorings that motivated our

work. Ko
hol [8℄ disproved the 
onje
ture of Jaeger and Swart [3℄ that the

girth of every snark is bounded by an absolute 
onstant by 
onstru
ting

snarks of arbitrarily high girth. However, the 
onje
ture holds in an ap-

proximate sense when relaxed to 
ir
ular 
olorings: Kaiser et al. [6℄ proved

that for every " > 0 there exists an integer g su
h that every 
ubi
 bridgeless

graph of girth at least g has 
ir
ular 
hromati
 index at most 3 + ". This

result was extended in [7℄ to graphs with arbitrary maximum degree.

It is natural to ask whether perhaps the same 
on
lusion (at least for


ubi
 graphs) holds under the weaker assumption that the graph have odd

girth at least g, i.e., that the graph have no odd 
y
le of length stri
tly less

than g. We show that this is not the 
ase by proving that the family of

snarks known as 
ower snarks provide a 
ounterexample. We were a
tu-

ally able to 
ompute the 
ir
ular 
hromati
 index of 
ower snarks exa
tly.

Let us re
all that for an odd integer k � 3 the 
ower snark F

k

, is the fol-

lowing graph [4℄: the vertex set of F

k


onsists of 4(k) verti
es v

1

; : : : ; v

k

and u

1

1

; u

2

1

; u

3

1

; : : : ; u

1

k

; u

2

k

; u

3

k

. The graph is 
omprised of a 
y
le u

1

1

� � �u

1

k

of

length k and a 
y
le u

2

1

� � �u

2

k

u

3

1

� � �u

3

k

of length 2(k), and in addition, ea
h

2



vertex v

i

is adja
ent to u

1

i

, u

2

i

and u

3

i

.

2 General bound

Let " > 0 and set r = 10=3 � ". We show that no 
ower snark has an

r-
ir
ular edge-
oloring. If b�a < r+a� b, then we say that b follows a; if

b�a > r+a� b, then a follows b. Note that �(x; y) is the distan
e between

x and y on a 
ir
le of perimeter r.

The elements of [0; r) are referred to as 
olors. For 0 � a � b � r,

de�ne �(a; b) = �(b; a) to be minfb� a; r + a� bg. Two 
olors x and y are


lose if �(x; y) < 2=3 and they are far apart if �(x; y) > 2=3. A sequen
e

(


0

; 


1

; 


2

) of 
olors is of type A if 


0

, 


1

and 


2

are pairwise far apart, and it

is of type B if two of the 
olors are 
lose and the remaining one is far apart

from both of the other two. A sequen
e (


0

; 


1

; 


2

) of type A has positive

sign if 0 � 


i

� 


i+1

� 


i+2

< r for some i = 0; 1; 2, where index arithmeti


is taken modulo 3, and it has negative sign otherwise. In other words, the

sequen
e (


0

; 


1

; 


2

) has positive sign if it 
an be obtained from the sorted

sequen
e 
omprised of 


0

, 


1

and 


2

by an even number of transpositions.

We now de�ne signs for sequen
es of type B. Let (


0

; 


1

; 


2

) be a sequen
e

of 
olors of type B and let i; j; k be su
h that fi; j; kg = f0; 1; 2g and 


i

and




j

are 
lose. The sequen
e (


0

; 


1

; 


2

) has positive sign if the 
olor 


k

follows

both 


i

and 


j

, and we say that it has negative sign if 


i

and 


j

both follow

the 
olor 


k

. Note that for sequen
es of type B the sign need not be de�ned

and in 
ase it is de�ned, it does not depend on the order of the elements in

the sequen
e.

Similarly as in the original proof that 
ower snarks are not 3-edge-


olored, a 
ertain parity argument is also involved in our proof. The follow-

ing lemma 
aptures this:

Lemma 1. Let 
 be an r-
ir
ular edge-
oloring of a 
ubi
 graph G for r =

10=3� " with " > 0. Let v be a vertex of G, u

1

, u

2

and u

3

be its neighbors,

and e

i

and f

i

edges in
ident with u

i

but not with v (for i 2 f1; 2; 3g).

If all the edges e

1

, e

2

, e

3

, f

1

, f

2

and f

3

are distin
t, then the following

holds: either (
(e

1

); 
(e

2

); 
(e

3

)) and (
(f

1

); 
(f

2

); 
(f

3

)) are both of type A

and have the same sign or the two sequen
es are both of type B and have

di�erent signs (in parti
ular, the signs of both of them are de�ned).

Proof. For every 
olor a let I(a) = fa + x : 1 � x � 4=3� �g and J(a) =

fa�x : 1 � x � 4=3��g, where addition and subtra
tion is modulo r. Note

3



that if the edges e, e

0

and e

00

are distin
t and share a vertex, then exa
tly

one of 
(e

0

) and 
(e

00

) belongs to I(
(e)) and the other belongs to J(
(e)).

Let 


i

= 
(vu

i

), a

i

= 
(e

i

) and b

i

= 
(f

i

) for i = 1; 2; 3. Sin
e the edges

vu

1

, vu

2

and vu

3

share a vertex, the sequen
e (


1

; 


2

; 


3

) is of type A. By

symmetry, we may assume that it has positive sign, i.e., 


1

2 I(


3

) \ J(


2

),




2

2 I(


1

) \ J(


3

), and 


3

2 I(


2

) \ J(


1

). Hen
e, any two 
olors in I(


3

) [

J(


2

) are 
lose, and the same holds for I(


1

) [ J(


3

) and I(


2

) [ J(


1

).

By reversing the roles of I and J , we may assume that a

1

2 I(


1

) and

b

1

2 J(


1

). Assume �rst that a

1

, a

2

and a

3

are pairwise far apart. Then,

a

3

2 I(


3

) (be
ause a

3

62 J(


3

) sin
e it is far apart from a

1

), and similarly

a

2

2 I(


2

). Consequently, b

3

2 J(


3

) and b

2

2 J(


2

). The 
ir
ular intervals

I(


1

), I(


2

) and I(


3

) are pairwise at distan
e at least 2=3, and the same

holds for J(


1

), J(


2

) and J(


3

). It follows that (a

1

; a

2

; a

3

) has positive

sign, and that (b

1

; b

2

; b

3

) is of type A and it also has positive sign.

The other 
ase to 
onsider is that two of a

1

, a

2

and a

3

are 
lose. By

the symmetry, we may assume that a

2

and a

3

are 
lose, i.e., a

2

2 J(


2

)

and a

3

2 I(


3

). Hen
e, b

2

2 I(


2

) and b

3

2 J(


3

). We have that every

member of I(


1

) follows every member of I(


3

) [ J(


2

), be
ause 


1

is at

distan
e one from one end of the 
ir
ular interval I(


1

), and ea
h of the


ir
ular intervals involved has length 1=3 � �. Thus a

1

follows a

2

and a

3

.

Sin
e b

1

; b

2

2 I(


2

)[J(


1

), we dedu
e that b

1

and b

2

are 
lose, and it follows

similarly as above that both b

1

and b

2

follow b

3

, as desired. We 
on
lude that

both (a

1

; a

2

; a

3

) and (b

1

; b

2

; b

3

) are of type B and have di�erent signs.

We are now ready to dedu
e the lower bound on the 
ir
ular 
hromati


indi
es of 
ower snarks:

Theorem 1. For every t � 1, the 
ir
ular 
hromati
 index of the 
ower

snark F

2t+1

is at least 10=3. Moreover, if t � 3, then �

0




(F

2t+1

) = 10=3.

Proof. Let t � 1 and suppose for a 
ontradi
tion that 
 is an r-
ir
ular edge-


oloring of F

2t+1

with r < 10=3. We repeatedly apply Lemma 1 with v = v

i

,

e

1

= u

1

i

u

1

i�1

, e

2

= u

2

i

u

2

i�1

, e

3

= u

3

i

u

3

i�1

, f

1

= u

1

i

u

1

i+1

, f

2

= u

2

i

u

2

i+1

and

f

3

= u

3

i

u

3

i+1

for i = 1; : : : ; 2t+1 (we set u

1

0

= u

1

2t+1

, u

1

2t+2

= u

1

1

, u

2

0

= u

3

2t+1

,

u

2

2t+2

= u

3

1

, u

3

0

= u

2

2t+1

and u

3

2t+2

= u

2

1

where appropriate). In this way, we


on
lude that either the sequen
es (
(u

1

2t+1

u

1

1

); 
(u

3

2t+1

u

2

1

); 
(u

2

2t+1

u

3

1

)) and

(
(u

1

2t+1

u

1

1

); 
(u

2

2t+1

u

3

1

); 
(u

3

2t+1

u

2

1

)) are both of type A and have the same

sign (whi
h is impossible sin
e they di�er by a single transposition) or they

are both of type B and have di�erent signs (whi
h is again impossible by the

de�nition of the sign in this 
ase). This establishes that �

0




(F

2t+1

) � 10=3.
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Figure 1: The 
onstru
tion of a 10=3-
ir
ular edge-
oloring of large 
ower

snarks. The 
olors of the edges are multiplied by three in the �gure.

Figure 1 shows the 
onstru
tion of a 10=3-
ir
ular edge-
oloring of F

2t+1

for t � 3. The edges of the snark F

2t+1

in
ident with the verti
es v

1

; : : : ; v

7

,

u

1

1

; : : : ; u

1

7

, u

2

1

; : : : ; u

2

7

and u

3

1

; : : : ; u

3

7

are always 
olored as in the �gure. The

remaining edges of F

2t+1

are 
olored using the pattern shown on the dashed

edges. Note that the 
olors in the �gure are multiplied by three for better


larity.

3 The 
ower snark F

3

An easy 
onsequen
e of Lemma 1.3 of [14℄ is the following:

Proposition 1. Let G be a graph. If �

0




(G) = p=q (where p and q are

relatively prime), then there exists a p=q-
ir
ular edge-
oloring of G with


olors 0=q; : : : ; (p� 1)=q only and ea
h of these 
olors is assigned to at least

one edge of G.

Sin
e the edges 
olored with the 
olors 0=q; : : : ; (q � 1)=q must form a

mat
hing in G, we obtain the following from Proposition 1:

Proposition 2. Let G be a graph. If �

0




(G) = p=q (where p and q are

relatively prime), then q is at most the 
ardinality of a maximum mat
hing

of G.
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u
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Figure 2: A 7=2-
ir
ular edge-
oloring of F

3

. The dashed edges wrap

\around" the �gure. The 
olors of all the edges are multiplied by two.

We are now ready to determine the 
ir
ular 
hromati
 index of F

3

:

Theorem 2. The 
ir
ular 
hromati
 index of F

3

is 7=2.

Proof. A 7=2-
ir
ular edge-
oloring of F

3


an be found in Figure 2. By The-

orem 1, the 
ir
ular 
hromati
 index of F

3

is at least 10=3. By Proposition 2,

�

0




(F

3

) 2 f10=3; 17=5; 7=2g.

Assume that �

0




(F

3

) = 10=3. By Proposition 1, there exists a 10=3-


ir
ular edge-
oloring 
 of F

3

whi
h is onto the set f0=3; : : : ; 9=3g. By

the pigeon-hole prin
iple, at least one of the 
olors is assigned to a sin-

gle edge of F

3

(the size of F

3

is 18). Assume that j


�1

(9=3)j = 1. Ob-

serve that all the three sets 


�1

(f0=3; 1=3; 2=3g), 


�1

(f3=3; 4=3; 5=3g) and




�1

(f6=3; 7=3; 8=3g) of edges form mat
hings in F

3

and at least two of them

are mat
hings of size six, i.e., perfe
t mat
hings. However, F

3

does not


ontain two disjoint perfe
t mat
hings sin
e it is not 3-edge-
olorable.

Assume that �

0




(F

3

) = 17=5. By Proposition 1, there exists a 17=5-


ir
ular edge-
oloring 
 of F

3

whi
h maps onto the set f0=5; : : : ; 16=5g.

Observe that ea
h of the 
olors is assigned to a single edge of F

3

ex
ept

for one of the 
olors whi
h is assigned to two edges of F

3

. Assume that

the ex
eptional 
olor is 1=5. Both the sets 


�1

(f0=5; 1=5; 2=5; 3=5; 4=5g)

and 


�1

(f1=5; 2=5; 3=5; 4=5; 5=5g) of edges of F

3

are perfe
t mat
hings, say

6



M

1

and M

2

. By their 
hoi
e, jM

1

\ M

2

j = 5. However, F

3


ontains no

two perfe
t mat
hings that di�er at a single edge (in fa
t, no simple graph

does).

4 The 
ower snark F

5

A 
onstru
tion of 17=5-
ir
ular edge 
oloring of F

5

depi
ted in Figure 3

shows that �

0




(F

5

) � 17=5. We were not able to provide the mat
hing

lower bound without the assistan
e of a 
omputer. By Theorem 1 and

Proposition 2, it is enough to ex
lude the 
ases that �

0




(F

5

) = 10=3 or

�

0




(F

5

) = 27=8. A brute for
e algorithm for �nding su
h an edge-
oloring

will be too slow. Therefore, we designed a faster algorithm for verifying

the existen
e of p=q-
ir
ular edge-
oloring of F

2t+1

based on the following

idea: �rst, we 
onstru
t an auxiliary graph of order p

3

. The verti
es of this

graph are all the sequen
es of 
olors of length three. Two su
h sequen
es

(a

1

; a

2

; a

3

) and (a

0

1

; a

0

2

; a

0

3

) are joined by an edge if it is possible to extend the

partial 
oloring 
(u

i

1

u

i

2

) = a

i

and 
(u

i

2

u

i

3

) = a

0

i

to the three edges in
ident

with the vertex v

2

. It is not hard to observe that F

2t+1

has a p=q-
ir
ular


oloring if and only if the auxiliary graph 
ontains a walk of length 2t+1 from

a vertex (a

1

; a

2

; a

3

) to a vertex (a

1

; a

3

; a

2

) for some 
hoi
e of a

1

; a

2

; a

3

2

f0=q; : : : ; (p � 1)=qg. On
e the auxiliary graph is 
onstru
ted (whi
h may

be done quite fast even if the brute for
e algorithm for determining the

adja
en
y of its verti
es is used), the existen
e of the walk 
an be de
ided

in time linear in the size of the auxiliary graph. In this way, we veri�ed that

F

5

has neither 10=3-
ir
ular nor 27=8-
ir
ular edge-
oloring. Based on the

dis
ussion of the previous two se
tions, we 
on
lude:

Theorem 3. The following holds for every t � 1:

�

0




(F

2t+1

) =

8

<

:

7=2 if t = 1,

17=5 if t = 2, and

10=3 otherwise.
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Figure 3: An 17=5-
ir
ular edge-
oloring of F

5

. The dashed edges wrap

\around" the �gure. The 
olors of all the edges are multiplied by �ve.
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