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Abstra
t

The Loebl Conje
ture asks whether any graph on n verti
es, at

least half of whi
h have degree

n

2

, 
ontains any tree of order

n

2

+1 as

a subgraph. We prove the 
onje
ture for trees with diameter � 5.

1 Introdu
tion

The below 
onje
ture, whi
h is also 
alled the (

n

2

;

n

2

;

n

2

)-
onje
ture, was �rst

formulated in 1994 in [3℄.

Conje
ture 1 (Loebl Conje
ture). Any graph on n verti
es of whi
h at

least

n

2

have degree at least

n

2

, 
ontains, as a subgraph, any tree with at most

n

2

edges.

1

Supported by grants LN00A056 and 1M0021620808 of the Cze
h Ministry of Edu
a-

tion.

2

Supported by the European training network COMBSTRU.

3

The paper was written within the Programme for pre-do
toral and do
toral students

DOCCOURSE PRAGUE 2005, supported by the European network COMBSTRU.

1



This 
onje
ture is trivially true for stars. It also holds for dumbbells,

i.e. trees that 
onsist of two stars with adja
ent 
enters, as the set of verti
es

of large degree 
annot be independent.

Bazgan, Li, and Wo�zniak [1℄ have proved the Loebl Conje
ture for paths,

and also for trees that are obtained from paths of whi
h one vertex is iden-

ti�ed with the 
entre of a star

4

.

Zhao 
laims to have solved the 
onje
ture 
ompletely, but a �nal version of

his proof has not yet appeared.

If true, the Loebl Conje
ture implies at on
e the following 
onje
ture.

Conje
ture 2. The Ramsey number of a tree with n edges is at most 2n.

Haxell,  Lu
zak, and Tingley [2℄ have solved this latter 
onje
ture for trees

of small maximum degree.

In this paper we prove the Loebl 
onje
ture for trees T = (V

T

; E

T

) with

diameter maxfd(u; v); u; v 2 V

T

g � 5, where d(u; v) is the usual distan
e

between two verti
es in a graph, i.e. the number of edges in the minimal

path from u to v.

Theorem 3. Let G be a graph of order n su
h that at least half of its

verti
es have degree at least

n

2

. Then any tree T of order at most

n

2

+1 with

diameter at most 5 embeds into G.

2 Proof of Theorem 3

In order to prove Theorem 3, assume that we are given a graph G on n 2 N

verti
es, of whi
h at least

n

2

have degree at least

n

2

, and a tree T of order

�

n

2

+ 1. Denote the set of the verti
es in V (G) that have degree �

n

2

by

V

1

, and set V

2

:= V (G) n V

1

. Observe that we may assume the set V

2

to be

independent.

Furthermore, we may assume that exa
tly d

n

2

e verti
es of G have degree at

least

n

2

. Indeed, otherwise we 
an delete any edge of G, de
reasing jV

1

j by

at most 2. Continue in this manner, until we arrive at a subgraph G

0

of G

4

In fa
t, they prove these spe
ial 
ases for a generalisation of the Loebl Conje
ture,

the Loebl-Koml�os-S�os Conje
ture. This latter 
onje
tures that for any k � n, any graph

on n verti
es of whi
h �

n

2

have degree � k, 
ontains, as a subgraph, any tree with at

most k edges.
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whi
h has at most d

n

2

e+ 1 verti
es of degree �

n

2

. Now, if G

0

has no V

1

{V

2

edges, then G

0

[V

1

℄ in the 
omplete graph, and T embeds without a problem

in G

0

, and hen
e in G. So assume there is a V

1

{V

2

edge e. Then G

0

� e has

exa
tly d

n

2

e verti
es of degree �

n

2

. If Theorem 3 holds for G

0

, it 
ertainly

holds for G.

Let fr

1

; r

2

g be the 
entral edge of T (or some edge 
ontaining the 
enter,

for the 
ase that the diameter of T is even). Set P := N(r

1

) n fr

2

g; Q :=

N(r

2

) n fr

1

g; R := N(P ) n fr

1

g; S := N(Q) n fr

2

g. Then V

T

= fr

1

g [

fr

2

g [ P [Q [ R [ S. Set P

0

:= N(R) and Q

0

:= N(S).

r1
r2

P Q

R S

Figure 1: The tree T

Let us now re�ne our partition (V

1

; V

2

) of V (G). First, let us divide V

1

into

the two sets A and B, where A 
onsists of all verti
es in V

1

that send less

than

n

4

edges to the rest of V

1

, and B = V

1

n A. Then ea
h vertex in A

sends at least

n

4

edges to V

2

. Next, we divide V

2

into sets C and D. Set

C := fv 2 V

2

: deg(v) �

n

4

g and D := V

2

n C.

Lemma 4. If there is an edge xy 2 E(G) su
h that jN(x) \ V

1

j �

n

4

,

jN(y) nDj �

n

4

, and y 2 V

1

, then T embeds in G.

Proof. Sin
e the union of P [ S and R [Q has 
ardinality <

n

2

, one of the

two sets has 
ardinality <

n

4

, say jR[Qj <

n

4

. Observe that jRj <

n

4

�1, as

otherwise Q would be empty, whi
h 
ontradi
ts fr

1

; r

2

g being the 
entral

edge of T .

Now, embed r

2

in x and r

1

in y, and embed P

0

in N(y) n D. Denote by

~

P the verti
es of P

0

embedded in C. Then l := jP

0

n

~

P j is the number of

verti
es of P

0

that are embedded in V

1

.

Next, we want to embed N(

~

P ) \ R. Sin
e ea
h vertex in P

0

n

~

P has a

neighbour in R, we have jN(

~

P )\Rj � jRj� l <

n

4

� l�1. So, we 
an embed
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N(

~

P ) \ R appropriately into V

1

. Indeed, ea
h vertex of C has at least

n

4

neighbours in V

1

, of whi
h at most l + 2 were used to embed r

1

; r

2

and P

0

.

Up to now we have embedded at most jRj + 2 verti
es in V

1

. One of these

is x, whi
h by assumption has degree �

n

4

in V

1

. Hen
e, as jR[Qj <

n

4

, we


an embed Q in N(x) \ V

1

. After this, all what is left to embed are leaves

of T that are adja
ent to verti
es already embedded in V

1

. This is easy, as

the verti
es in V

1

have large enough degree.

Lemma 5. If there is an edge fx; yg su
h that x 2 B, y 2 V

1

, and jN(y)\

V

1

j �

n

8

, then T embeds in G.

Proof. Clearly, ea
h vertex in P

0

[Q

0

has degree at least 2. If jP

0

[Q

0

j �

n

4

,

then jE(T ) n fr

1

r

2

gj �

n

2

, 
ontradi
ting the assumption that jE(T )j �

n

2

.

Hen
e, jP

0

[ Q

0

j <

n

4

. Without loss of generality, assume that jP

0

j <

n

8

.

Embed r

2

in x and r

1

in y. Next, embed P

0

in N(y) \ V

1

, then embed the

<

n

4

� jP

0

j verti
es of Q

0

in verti
es of N(x) \ V

1

not yet used. The rest of

the tree are leaves of T , whi
h are adja
ent to verti
es embedded in V

1

, and

as su
h easy to embed.

Lemma 6. G has an edge fx; yg, so that one of the following holds:

(i) x 2 B, y 2 V

1

and jN(y) \ V

1

j �

n

8

, or

(ii) y 2 V

1

, jN(y) nDj �

n

4

and jN(x) \ V

1

j �

n

4

.

Proof. Suppose otherwise. Now, if B = ;, then, sin
e there is no edge sat-

isfying (ii), we have

n

2

n

4

� jAj

n

4

� e(V

1

; D) < jDj

n

4

�

n

2

n

4

, a 
ontradi
tion.

So we may assume that B 6= ;. Moreover, B is independent, as otherwise

it spans an edge that sati�es (i). Hen
e,

jN(B) \ Aj �

n

4

: (1)

As there is no edge for whi
h (i) holds, we have that jN(v)\Dj >

3n

8

� jCj

for all v 2 N(B) \ A. This together with (1) implies that

e(A;D) � jAj

n

4

+ jN(B) \ Aj(

n

8

� jCj) � jAj

n

4

+

n

4

(

n

8

� jCj): (2)

Now, if there is B{C edge, then it satis�es (i). Thus, there are no B{C

edges, and so

e(B;D) � jBj

2

; (3)
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be
ause ea
h b 2 B sends at least

n

2

� jAj = jBj edges to V

2

.

Observe that the fun
tion f(a) = a

n

4

+ (

n

2

� a)

2

has its only extremum at

a =

3n

8

. This is indeed a minimum, whi
h implies that

jAj

n

4

+ jBj

2

�

3n

8

n

4

+ (

n

8

)

2

: (4)

Next, suppose that jCj <

n

8

. Then (2), (3), and (4) together imply that

e(V

1

; D) � jAj

n

4

+

n

4

(

n

8

� jCj) + jBj

2

�

3n

8

n

4

+

n

4

(

n

8

� jCj) + (

n

8

)

2

= 9(

n

8

)

2

�

n

4

jCj:

On the other hand, by de�nition of D,

e(V

1

; D) < jDj

n

4

� (

n

2

� jCj)

n

4

= 8(

n

8

)

2

�

n

4

jCj;

a 
ontradi
tion.

Hen
e, we may asssume that jCj �

n

8

. Sin
e there is no edge satisfying (ii),

we have that jN(v) \Dj >

n

4

for all v 2 N(C). So, ea
h vertex of A sends

at least

n

4

edges to D. Together with (3) and (4), this gives

3n

8

n

4

+ (

n

8

)

2

� jAj

n

4

+ jBj

2

� e(V

1

; D) < jDj

n

4

�

3n

8

n

4

;

a 
ontradi
tion.

Now, Theorem 3 follows dire
tly from Lemmas 4, 5, and 6.
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